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Abstract. This paper is devoted to discuss the regularity of the weak solution to a class
of non-linear equations corresponding to Hardy-Sobolev type inequality on the H-type
group. Combining the Serrin’s idea and the Moser’s iteratidhestimates of the weak
solution are obtained, which generalize the results of Garofalo and Vassilev in [6, 14].
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doubling property and unique continuation of the weak solution are given.
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1 Introduction

On the Carnot group, Garofalo and Vassilev (see [6, 13]) had studied the non-
linear Dirichlet problem

Q+2
Lu=—uQ-2,
(1.1)
ue D), u=0,

corresponding to Sobolev inequality due to Folland and Stein [2, 3]

1

</ |u|p*dH>p* 50(/|Xu|de>p, uUeCX(@,  (1.2)
Q Q
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where X is the horizontal gradient; is the sub-Laplacian associatedXo Q
is the homogeneous dimensiget, = QQTF’p is the Sobolev conjugat®; () is
the closure ofC3°(£2) under the norm

1
2
ull = (/ |Xu|2dH> .
Q

They proved the existence of extremal function of (1.2) by Concentration-Com-
pactness principle of Lions (see [12]) and got tHeestimates by combining the
Serrin’s idea (see [11]) and Moser’s iteration technique (see [10]).

In 2005, the first author of this paper and Prof. Niu (see [8]) generalized
Sobolev inequality (1.2) and obtained the Hardy-Sobolev type inequality on the
H-type group.

Proposition 1.1 (Hardy-Sobolev type inequality).Letl < p< Q, 0<s=<p
and p,(s) = %Qf’ps). For anyu € Dé’p(sz), the following inequality holds:

XS [u]P+© ) v
(/ —S—dedy> < C6.p.Q) (/ |><u|pdxdy) T
Q P> P Q2

whereQ2 c G (H-type group) is an open sechl,’p(Q) is the closure oC3°(£2)
with respect to the norm

1
lujl = </ |Xu|pdxdy)p
Q

andC(s, p, Q) is a positive constant independentuof

Remark 1.2. In the Euclidean space, Sobolev-Hardy inequalities similar to
(1.3) were obtained by Badiale and Tarantello (see [1]) in 2002.

Let )
lsp = inf { (f | XulP dxdy)'D |u € Dcl,’p(G),
G

X|S [u|P=®

/ %' | c—dxdy=10<s< p}.
G P 1Y

Using Lions’ idea of Concentration-Compactness principle and choosing the

suitable concentration function, the existence of extremal function of (1.4) was

given.

(1.4)
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Proposition 1.3. In the extremal problenil.4) the infimun is attained at a
functionu e Dy (G) which satisfies

X|S [u|P=(®
/ |IXu|P dxdy=1(s, p)°, / %% dxdy= 1.
G G P Y
Henceforth, non-linear equation
{ — YTy X (IXv|P2X v) = BLype-L,

o (1.5)
v>0,veDG),0<s<p

P
admits the nontrivial solution = 15 "u, whereu is an extremal function
for (1.4).

The proof of the above proposition is given by Garofalo and Vassilev (see
[6, 13]) for the cases = 0 and by us (see [8]) for the case<0s < p.

In this paper, we will discuss its regularity by Serrin’s idea and Moser’s iter-
ation technique, which generalize the results obtained by Vassilev (see [14]) in
then-dimensional Euclidean space.

The paper is organized as follows. In Section 2, we present some basic defini-
tions and notations. Section 3 is devotedl tbestimate for the extremal function
of (1.4). As an application, we can study its asymptotic behavior. In Section 4,
its doubling property is obtained and this leads to the strong unique continuation.

2 Preliminary

Consider a Carnot grou@® of step 2, with Lie algebrgy = V; & V.. We
assume thag is equipped with a scalar produet -, - >, with respect to which
the V/'s are mutually orthogonal. We use the exponential mapping gxp-
G to define analytic maps: G — V,,i = 1,2, through the equatiog =
expé1(9) + §2(9)). Here,£(9) = &1(9) + §2(9) is such thag = exp(§(Q)).
Withm = dim(Vy) andV; = spari Xy, ..., X} (X4, ..., Xy are orthonormal),

the coordinates of the projectidn in the basisXy, ..., X, are denoted by
X1 = X1(Q), ..., Xm = Xm(Q); that is,
X](g)=<€(g), XJ)» J =1....m,
and we sekx = x(g) = (X1(Q), ..., Xm(g)) € R™. Similarly, we fix an orthonor-
mal basisys, . .., Yy of V, and define the exponential coordinates in the second
layerV, of a pointg € G by letting
Yi(@=(¢@.Y), i=1..kK
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andy - (yl’ Tty yk) € Rk'
For eachv € V4, consider the orthogonal decomposition

Vl: KU@ Rv,

whereK, = ker(ad,: V1 - Vo) = {v' € V1: [v, v'] = 0}. We shall say that the
Lie algebragis of H-type if the mappingd, : R, — V, is a surjective isometry
for every unit vectow € V; and the corresponding simple connected grGup
named H-type group, which was introduced first by Kaplan[9] and extensively
investigated by many authors (see [6, 7] etc.). If the dimension of the center
of Lie algebra of an H-type is trivial, then the H-type group is isomorphic to a
Heisenberg group.

In [6, 7], Garofalo and Vassilev pointed out that

k
o 1 9
Xj = ——+> Y (EXLY) —
j 8x,—+2 2 ([5, Xjl, '>8yi

Il
P
3

1 0
- = XY s
+3 2 (X)W g ]

where
E=b+8eg=ViPVox=0.... %) € RNy =(,.... Y0 € R.
For any differentiable function on G, let Xu = (X1u, ..., Xpu) denote the
horizontal gradient anfX u| = (Z?Ll IX; u|2)%.
A family of dilations is defined by
81 (X, y) = (AX, A2y), foranyx > 0, (X, y) € G.

The homogeneous dimension®@fwith respect to dilations iQ = m+ 2k. The
norm function onG has the form

p(@) = d(@, 0) = (IX@I* + 16ly(@)[?)* |

where 0 is the unit element @&. It is clear thatp is quasi-homogeneous of
degree one with respect to dilations above. DenotBhi) = B(§, R) = {n €
Gld(g, n) = p(n %) < R} the ball centered @t with radiusR.
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3 Regularity and asymptotic of extremal function

Letl< p < Q, 0 <s < p. Denote byp,(s) the Hardy-Sobolev conjugate

pP(Q—9)
Q-p

. For anys as above we define the ex-
ate of the exponent r’(s) defined by

E

and byp’ the Holder conjugat@’ = =
ponent = r(s) to be the Holder conju

/ p* Q

«Qr

r'= = , (3.2)
p«(S) — p p—s
thusr = Q_%+s >1,0<rs < pand
rp = p«(rs). (3.3)

In the sequel, we usually 162 C G be an open set (not necessarily bounded),
l<p<QandO<s<p.

Theorem 3.1. Assume thati Dol’p(sz) is a non-negative weak solution of
the inequality
m
=X (IXulP?Xju) <V
j=1

IX[® |uP~2

s ps

in Q (3.4)

i.e., for any non-negative functighe C5°(2),

S p—2
/|Xu|”‘2<Xu, X¢)dxdy§/V%|uls u¢ dxdy:. (3.5)
Q Q P 1Y

1) If V € L (), thenu e L <% dxdy) forany0 <t <s, q > p.(s);

p

2) If V e L(©) N L"(Q) for somety > r’, thenu € L>().
In particularu € L9(2) for everyp* < q < oc.

Proof. The assumptiolV e L (£2) and Hardy-Sobolev type inequality (1.3)
show that (3.5) holds for any non-negative Dé”’(sz). In fact, take a sequence
of test functionsp, € Cg§°(£2) which converge tap in Dg*p(sz). Observing
|Xu|P~1 e LP, we can put the limit function in the left-hand side of (3.5). On

Bull Braz Math Soc, Vol. 38, N. 3, 2007
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the other hand, for any € C§°(£2), Holder inequality and Hardy-Sobolev type
inequality (1.3) lead to

gt
/ VIS

1
|X["S Ju|" (P=D '
snvnu/<g P lp|” dxdy
1
|x|f5|u|fp<p 1> |x|rs |¢|rp G 3.6
< IVIl ( (3.6)

p—1 1
|X|I’S |u|p*(l’s) px(rs) |X|I'S |¢|p*(rs) ps(rs)
= ”V”Lr' rs rs dxdy rs rs dxdy
QP 1Y QP Y

< 15 pIVIILe IIXullfﬁlllxqblle,
which allows to pass to the limit in the right-hand side of (3.5).
1) DefineG(t)(t € R) on the real line as follows

(3.7)

]

q
signt)jtje> if 0 <|t| <I,
G =1 o, .
I'p~1t it 1<t

Obviously,G is a piece-wise smooth, globally Lipschitz function. Set

F(u) = / |G’ (1)|P dt. (3.8)
0
It is easy to obtain that
JulPHF W < C@)IG)|P < C(q)ul9, (3.9)

whereC(q) < CqP, C is dependent on the constant but independent aof
andl. From the chain ruleG(u), F(u) € D%P(Q). We claim that for any

0> ps(s), 0<t <s,ifuelLd ('X' dxdy) thenu e L« ('X‘ dxdy) where
Kt = pT(t) and there exists a constabtdepending orp, d, [V] - such that

||u||LKtq(‘X‘[ dxdy) — CHUHLQ(‘X‘S dxdy) (310)
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Taking¢ = F(u) and substituting into (3.5), the left-hand side can be re-
written as

/ IXu|P™2 < Xu, XF(u) > dxdy:/ IXG()|P dxdy. (3.11)
Q Q

Let M > 0 be a constant that will be fixed in the sequel and estimate the integral
in the right-hand side of (3.5) as follows.

S p—1
/ V% ul —F dxdy
PS> p

x|S Ju|P-1
:/ V%' |s F(u) dxdy
(vjismy p7 P

x| |u p—1
+f V%l |S F(u) dxdy
(Vi=M) P P

(3.12)

IA

S G P
X | (L:)I dxdy

C( VI—
(IVI=M) p

1
X|"S G (u)['P B
+ C@OIVIIL vi=m) (f lp—ls| | dXdy)
Q

IOI'S

< C@Mijul’, >+C(q)Ir‘;,pnv||L~<|V|>M)||><G<u>||[’p.

(‘;—2‘: dxdy

Because oW/ € L, so we can tak®/ sufficiently large such that
o 1

C(q)lrs,pl|v|||_r’(|v|>M) =< 5

Combining (3.11), (3.12) and Hardy-Sobolev type inequality (1.3), we have

IG)||P

P
LP*(I)(‘:%I dXdy) 5 2C(q)M IS

q
pHuuLQ(%: dXdy>. (313)

Letl — oo in the definition ofG. By Fatou’s theorem we get
1

The proof of part 1) is finished.
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2) The assumptioty > r’ implies thatty = T < r and then O< tjs < rs.

Therefore, )
X st , atp
([ 2 o) < s
Q

due to part 1). In the following, we will prove that for any> q, = t;p.(s),

[lul| ‘ ‘Sto are uniformly bounded and there exists cons@usuch that
La(ZL= dxdy

%50
1 1
|X|St6|u|q dxd q <C X% [u|% dxd K
o IOZSt() y - o 25t0 y :
For anyg > p.(s), taking¢ = F(u) as in the part 1) and substituting in (3.5),
by (3.11), we have

IXGII{»

[A

p—1
/| |X| IUI F(u) dxdy

C(q)||V|||_to||U||q %
L ‘o(IX‘ dxdy)
=)

Noting thatC(q) < C(p)gP, whenl — oo, Hardy-Sobolev type inequality (1.3)
and Fatou’s theorem lead to

P
X STO u pP*(STO) p*(STé>
( IX[556 | dxdy

[A

st st
Q p P
L (3.14)
) )
P p XP° aty
= lgp.,C(PA ||V||Lro< 2 Ut dxdy)
_ p«(sty P«(Sf) _ p«(Siy) .
Lets = T e i 1. (3.14) can be rewritten as
u ;s
I ||Ls%(% iy
P
I3 ,CT Qe IV u I g
( = dxdy) (3.15)
o
% 5

—_— IO :
= C(p, s, to) "o (qty) % |V”L‘OH ” t{)(@ dxdy)'
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Lettlng qO = p*(s)téa qk = Skq()? C= C(p’ S, tO)l we haVe

= VR =L
lull /oo [Cal® " VIS " Il . (3.16)
qu< ) =0 LQO(T% dxdy)
/> p
Becausé > 1, thus
=1 =1 >, logq;
o Z <o Y 99 _ o, (3.17)
i—o i 0 =0 =0 Ui
Whenk — o0, (3.16) leads to
[[ull e SCIIUII " : O
(‘x‘ =7 dxdy)

Corollary 3.2. If Re L*® andu € Dé’p(sz) is a non-negative weak solution of
inequality
m IX|S |u| P2

—Z XJ (|Xv|p_2XjU) < RFTU in  Q,
=1

thenu € L*°(2).

Proof. LetV = R|u|P®~P and thenV ¢ L 555 (). By the part 1) of
Theorem 3.1u € LY9Q)(p* < g < o0) andV € ngw(sz). Combining the
part 2) of Theorem 3.1y € L*°(2) holds. O

Theorem 3.3. Assume thaV/ e L™, Vo € LN L". Ifu e DFP(Q) is
non-negative locally bounded weak solution of the inequality

u IX|® Ju|P—2
— > X (IXulP?Xju )<V—
=1 p°

thenu e L <‘X' dxdy) for everyp*(s> < < p.(9). In particular,u e L9 for

every®; < q < p*.

Bull Braz Math Soc, Vol. 38, N. 3, 2007
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Proof. Obviously,u e LP® <‘px—2': dxdy). Henceforth, it is enough to discuss
the casep*p—ﬁs) < (g < p«(s). Let0< 6 < % and define the functior = u'~?.

If we can prove||Xf|L» < oo, then we can gef e LP® (2L dxdy) and
P
complete the proof.

Define functionm(t) as follows

ti-op, if t>2
mmt) =1 2mPt — L), if L <t<i (3.19)
0, if t<,-.

Itis easy to prove thajny(t) is a piece-wise smooth, globally Lipschitz function
and there exists a constad{p, 6) such that

0 < ym(t) < 22 PIt|*P = Cpgt|* 7P (3.20)

Takegm = nm(u) > 0 and thenp,, € DYP(Q).

Let ,
(e
1-6p p*—(1—-6p)’
Obviously,
/ p* .
Pf=e— 1. 3.21
pe-p 7 (3:21)

The factVp € LN L" implies thatVy € L1. Taking¢ = ¢ as a test function,
substituting it into (3.18) and notingr = p.(rs), we have the following three
estimates:

f IXU[P72Xu - X¢m dxdy
Q

/ . IXU[P72XU - X¢m dxdy
m<u<m

(3.22)
+ /1 IXU[P72XUu - X¢m dxdy
m=u

1-—
= 2m9|°/ . |XulP dxdy+ op |Xf|P dxdy,

1 <uU<g (1_9)p %Su

2m

Bull Braz Math Soc, Vol. 38, N. 3, 2007
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XS |u|P-1
[ s

XIS [u|P~1 X|S upl
:/ V||$| | ¢mdxdy+/ | "] | ¢m dxdy
TEE Y p3 L

s
2m<u<l p

IA

IA

1

TP )

CoslIVIlL </ | e dxdly
u>1

m

1

|x|"S |u|rp ’
+ 2m9P|IV|||_r/ (/1 LT dxdy
se<U<= P p's

2m m

IA

cpenvuu/lrsp/ X F|P dxdy
u

=

Ell

+ 2mfP IV 12, p/ IXulP dxdy

2m<U<7

/Vo¢mdxdy< Cp9/ [Volul=?P dxdy

2m<U<7

—m

+ Cpﬁ/ IVolul=?P dxdy < Cp,gmep‘lf [Vo| dxdy
u>1 L <u<i

1—
+ CosllVoll (. 4 I 7P

L (u=7)
Combining (3.18), (3.22), (3.23) and (3.24), we have

2mP (1 - 18 p||V|||_r/)/ |Xu|P dxdy

2m<U<7

1-0p 0 .
" (<1_' 6)p ‘Cp»e'rs,pllVlle) L;'Xf' dxdy

gcp,em"plfl , IVol dxdy+Cpa Vol . 1) 1ull 7
m<u<

2i

Bull Braz Math Soc, Vol. 38, N. 3, 2007
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Let

1-6p
Co=2P (1= 18 plIVIlL) . Co= =5 = CoalpllVilLr

If C1, C, > 0, then for every, || X f||Lpr < co.

With this in mind, fix a sufficiently large constai > 0 and a sufficiently
small constan > 0, which we shall choose in a moment. LB g, =
G\ Br,(0) U By;(0) and take the function € C3°(By;s r,) satisfying0< o < 1
anda = 1 onB; 2R,. LetV’' = «aV and then for every, we choose and Ry
such that

1-06p
(7
2mp(1—l'°p||V|||_r) 0, m—cpel p||V|||_r’>0
Take )
|x]® |U|p

g==1- )V—

u+Vo=0do+ Vo

and therg € L. On the other hand, the fact sugpC Bys r, and the fact that
u is locally bounded lead to

1 1 /
0ol dxdy < Cmax{ }/ IV|" dxdy < co.
/Zéfpro % (28)3 RO 25<p=<Ry

Because o¥y € L", thusg € L"". Henceforthg e L.
Rewriting the inequality (3.18) in the form

u |X[® Ju|P—2

= > X (IXulP2Xju) < V=

] ps  p°

u+g, (3.26)

replacing V, Vp with V', g and applying (3.25) to (3.26), we obtain that
[ Xf]lLr < oo holds for every. O

Remark 3.4.1f u € Dé’p(Q) is a non-negative solution of nonlinear equation
(1.5), then Theorem 2 and Theorem .3 show thatu € L9, wherep—; <g=
+00.

Theorem 3.5. Letu € Dé’p(Q) be a non-negative weak solution to the equation
- X[ o2
=X (IXUPXju) = - ———Uu  in Q, (3.27)
. ps pS
j=1

Bull Braz Math Soc, Vol. 38, N. 3, 2007
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i.e., for everyp € C3°(Q2),
[X[® |u[ P2
/ |Xu|P~2(Xu, X¢) dxdy=/ F—SUQb dxdy:. (3.28)
Q Q

0

We assume that has been extended with zero outsidle Suppose thag > p
is an exponent such thate L9(2). There exist&€ = C(p) > 0 such that for
everyé € G\Bs3(0)

1
esssup < C ( [u| dxdy)q ) (3.29)

1
B(£,1) B, 2)| Jee,2

In particular, we can takg = p* in the above inequality.

Proof. Given a non-negative functian e C3°(G), for y > 1 we consider the
function¢ = «Pu” € Dcl,’p(Q). Using¢ as a test function in (3.28) we find

X|S |u y+p«(8)—1 XIS |u p«(s)—2
o pP° p3 o P> p°

= y/apuy‘1|Xu|pdxdy
Q
+ pf oP U | XulP~2(Xu, Xa) dxdy,
Q
At this point we choos¢ = g — p + 1 to obtain
[X|S [u|d+P<()—P
/“p—s—s dxdy = (q— p+1)/ aPud=P|Xu|P
Q p p Q

+ p/ o P tud P X u|P~2(X U, Xar) dxdy
“ (3.30)
> (q— p+1)/apqu|Xu|pdxdy
Q

— p/ap‘luq‘p+1|Xu|p‘l|Xa|dxdy.
Q

Bull Braz Math Soc, Vol. 38, N. 3, 2007



450 YAZHOU HAN and SHUTAO ZHANG

Now Young’s inequality gives

/ap-luq—p+1|Xu|p—l|xa| dxdy
Q

= /aplulempluglxmdxdy
Q
. (3.31)

1 1
</ aPud=P|Xu|P dxdy)p (/ ud| Xa|P dxdy)p
Q Q

I

i, aPud=P|Xu|P dxdy—r—ifu‘ﬂxmIO dxdy,
P Je p Ja

IA

IA

wheree > Oisan arbitrary constant fixed in a moment. Substituting (3.31) into
(3.30) and choosing = =, we have

X S u q+p*(5)—P
/ap%—| | . dxdy
Q Y Y

> (q— p+%)/apuq‘p|Xu|p dxdy
Q

(3.32)
— pp‘1/Uq|Xa|pdxdy
Q
1 - -1
> — [ «PuP|Xu|P dxdy— pP ud| Xe|P dxdy.
PJa Q
Lety = u? and then Xy |P = (%)Puq‘p|Xu|p. We obtain from (3.32)
q)\"
/ap|Xw|pdxdy: <—) /apuq‘p|Xu|pdxdy
Q p Q
(3.33)

p s y+p«(8)—1
< p<g> /a |XLM—dxdy-r—q /uq|Xa|pdxdy
P Q P p®

Foré e Bs(O)and1<r < R < 2, leta € C§°(B(£, R)) such thatx = 1
in the B(&,r) and|Xa| < <&. Assumings = % > 1, Hardy-Sobolev type
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inequality (1.3) and Theorem 3.1 lead to

5 3
(/ u’d dxdy) = (/ wp*dxdy)
B BG.r)

<18 [ Xy dxdy
" JBER

Zplo?p(fB A ocpIX1//|pdxdy+[B A |9 |P[ Xex|P dxdy)
¢é,R &R

p XS |u|atP-(5—P
2P1g, (p<9) / aP = dxdy (3.34)
P P/ Jeer  P° p®

IA

IA

+@P+1 ud| Xa|P dxdy)
B(¢,R)

a\?  pe-
2pI0’fp(p<—p) ||U|||[_)<><(>?)Q)pfB(S R)ozpuq dxdy

+@P+1 ud| Xa|P dxdy),
B(&.R)

namely, there exist& = K(p, ||ul|_~()) such that

5 kil :
</ u’d dxdy) < —qp (/ ud dxdy) .
B&,r) IR—r]a \JBe.R)

Assuming the finiteness of the integral in the right-hand side of the latter inequal-
ity, Moser’s iteration procedure finally gives (3.29). O

IA

Corollary 3.6. LetQ2 C G be an unbounded open setulE Dé’p(sz) is a weak
solution to the equatioi3.27), then

lim uE) =0.
£e€G,d(&,8)—> 00 (5)

4 Unique continuation

Theorem 4.1.Letu € Dcl,’ P(Q) be a non-negative weak solution of the equation

m s p—2
X7 [u
=30 % (1xuP2xy) = vEE T
=t PP
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withV € L7 (Q), i.e., for anyg € DLP(Q)
v X |° Ju|P—2

/|Xu|p‘2(Xu, X¢>)dxdy:/ ————Ug dxdy. (4.1)
Q Q P o

There exist] = q(G, IVl q)) > 0andC = C(G, [Vl )) > 0such that
for everyB(&, 2r) ¢ Q one has

/ uddxdy< C/ u? dxdy.
B(¢,2r) B(.r)

Proof. Let¢ = aP(U+e) P e > Owitha € C°(RQ) satisfying 0< o < 1,
a = 1inB(,r), o = 0 outsideB(¢, 2r), [ Xa| < C/r. Substitutingg into
(4.1), we have

(p— 1)/ aP(u+e)7P|XulP dxdy

X[

< p/ P~L(u+ €)= P+ Xu|P- 1|Xo¢|dxdy+/ |V|——dxdy

Letv = log(u + ¢) and then the above formula can be rewritten as follows

X% o

(p— 1)/ aP|Xv|P dxdy < p/ aP7LXv|P~ 1|Xa|dxdy+/ |V|——dxdy
S

Applying Hoélder inequality, Young inequality and Hardy-Sobolev type inequal-
ity (1.3), for everyo > 0 we have

/ aP|Xv|P dxdy
Q

S
< p//ap L X P~ 1|Xoc|dxdy+—/| |u— dxdy
<p (/ p|Xv|”dxdy> (/ |on|pdxdy)
| |I’S I’p r;
”V”Lr (B(,2r)) </ PIE prs )
< afoz
Q

Irgp
+ —==IVIl, f|Xa¢|IO dxdy.
p_1' Ee) [
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Choosingr = 5% we get

PIXp|P P_\"C"
/Qoz [ Xv|P dxdy < (m) r—p|B(§,2r)|
p CP
" pTlr_p| BE. 201V ee.2r))
|B(, 2r)|
= C(p)r—p (1+ ”V”LF,(B(é,ZI‘))) ,
whereC(p) = (%)pcp. Repeating the procedure of Theorem 10.6 in [6],
we finish the proof. O

By Theorem 4.1, we immediately deduce a unique continuation as follows

Corollary 4.2. Letu € DYP(Q2) be a non-negative weak solution@®?27) in a
connected, open s& C G. If u vanishes to infinite order at one poigte €,
thenu=0in Q.

The proof is similar to the proof of Corollary 10.7 in [6].
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