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1 Introduction

In equiaffine differential geometry, the variational problem for the equiaffine
area integral leads to equiaffine minimal surfaces. Such surfaces have zero equi-
affine mean curvature H (e) = 0. These surfaces were called affine minimal by
Blaschke and his school ([Bla-II]). Calabi [Cal-2] pointed out that, for locally
strongly convex surface with H (e¢) = 0, the second variation of the area integral
is negative. So he suggested that the surfaces with H(e) = 0 should be called
affine maximal surfaces. For a locally strongly convex surface, the equiaffine
Euler-Lagrange equation is a nonlinear PDE of fourth order ([V-V]). In the
following, we will call the solutions of the equiaffine Euler-Lagrange equations
“extremal” surfaces, in case of locally strongly convex surfaces also “affine
maximal”. To find examples of equiaffine extremal (the equiaffine metric is
definite or indefinite) hypersurfaces is a very interesting and important problem.
Wang ([Wang]) studied the variation of the centroaffine area integral and intro-
duced centroaffine extremal hypersurfaces. Such hypersurfaces have the prop-
erty of tracecﬁf = 0, where G is the centroaffine metric, V the centroaffine
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Levi-Civita connection and T the centroaffine Tchebychev form. Many exam-
ples of centroaffine extremal surfaces and hypersurfaces are given in [Li-W],
[Liu-W-1], [Liu-1], etc.. In [Liu-1], the surfaces which are centroaffine extremal
and equiaffine extremal are classified. There are few examples of hypersurfaces
which are equiaffine extremal.

In this paper, we will give many examples of equiaffine extremal hypersurfaces
using the knowledge of centroaffine extremal hypersurfaces. We will prove the
following theorem.

Theorem 1.1. Let x : M — R"*! be a centroaffine extremal hypersurface
immersion. Then x is also an equiaffine extremal hypersurface if and only if the
centroaffine Tchebychev vector field T of x satisfies

Lt

2 TiT)
T|I" = G;T'T! = 72

Therefore, we can find examples of equiaffine extremal hypersurfaces within
the class of centroaffine extremal hypersurfaces. In this class, many examples are
known as the centroaffine normalization is the most natural and simple relative
normalization ([S-S-V]).

2 Centroaffine hypersurfaces

Let x : M — R"*! be a hypersurface immersion and [ , ... , ] the standard
determinant in R"*!. x is said to be a centroaffine hypersurface if the position
vector of x, denoted also by x, is always transversal to the tangent space x,(TM)
at each point of M in R"*!. We define a symmetric bilinear form G on TM by

0’ ® 6/, 2.1
[e1(x), e2(x), ..., e,(x), x] ® 2.1)

c— i [e1(x), e2(x), ..., s (x), €ie;(x)]
ij=1

where {e;, e, . .., e,} is a local basis of TM with the dual basis {#!, 62, ..., 8"}.
Note that G is globally defined. A centroaffine hypersurface x is said to be non-
degenerate if G is nondegenerate. We call G the centroaffine metric of x. We
say that a hypersurface is definite (or indefinite) if G is definite (or indefinite).
Geometrically, a hypersurface x with positive (resp. negative) definate cen-
troaffine metric G is the locally strongly convex hypersurface in R"*! and such
hypersurface is called hyperbolic type (respectively, elliptic type) in [L-L-S].

For a centroaffine hypersurface x, let V = {Ff‘j} be the induced connection and

V= {Ffj} the Levi-Civita connection of centroaffine metric G. The coefficients
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of cubic form C of x are defined by (in the following, we use the Einstein
summation convention)

k Tk _. ok
ré —Tf = C|

. m
ij? Cijk = kac

i i,j,k,m=1,2,...,n. (2.2)

We know that C = C;;;6'0/6" is the centroaffine Fubini-Pick form for x which
is totally symmetric. Tchebychev vector field and Tchebychev form of x are
defined by

. 1 ., .
T = Tle;=—-G*Cle; (2:3)
n
and
T = T,6/ =G,;T¢0/ (2.4)

respectively. It is well-known that 7 and T are centroaffine invariants. The
Gauss equation of x is
0%x

oxiox/

= I'fjer(x) + Gyjx. (2.5)

Definition 2.1. Letx: M— R"*! be a centroaffine hypersurface. If tracegﬁf
= GYV,;T; = 0, x is called a centroaffine extremal hypersurface. ([Wang])

Remark 2.1. VT is symmetric (| Wang]).

Remark 2.2. From the definition of centroaffine extremal hypersurface we
know that

1. the proper affine hyperspheres are centroaffine extremal,
2. the centroaffine hypersurfaces with parallel Tchebychev form are cen-
troaffine extremal.
3 Proof of the theorem and the examples
3.1 The proof of the theorem

Let x : M — R"*! be a centroaffine hypersurface. We denote the equiaffine
support function and the equiaffine Weingarten operator by p(¢) and S(e¢). Then
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we have the following relation between the equiaffine quantities and the cen-
troaffine quantities of x (cf. [S-S-V], 5.1.3; [L-S-W], 4.3.2; [Liu-1], 3.2)

p(e)S(e) = +id —

2 sr_ 2 e 2 7erl. @)
— ,0) — . .
n—+2 n—+2 n—+2

If x is both equiaffine extremal and centroaffine extremal, from (3.1) we get

2n 2n
0==xn— TP — =TI},
n—+2 n+2
that is ,
o 2
ITIP = Gy T = 2
2n?
This proves the theorem. O
3.2 Example one
The hypersurface
xn+1=x;’"xgz...x,‘;‘”, Za,-;él;oz,-;éo,izl,2,...,n (3.2.1)
i=1

is centroaffine extremal. The centroaffine metric of this hypersurface is flat
(cf. (3.2.8)) and the coefficients of the cubic form are constant (cf. (3.2.9)). With
parameter (uy, us, ..., u,), the hypersurface (3.2.1) can be written as

_ _ u u u QU +ouUy+-+ayu
X = (xl,xz,...,x,,,an) = (e e, . .., e, ettimanin " "). (3.2.2)
In R”, introducing the canonical scalar product («, u) := ). a;u;, we have
(o, u) = aquy + ooy + -+ - + a,uy,

(A+a),u) =A+apu; + (I +axuz + - + (1 + a,)uy,,
here1 = (1,1,...,1) € R". We denote

ax 3%x
X = —, x,j = .
8141' Huiauj
Then
ui U +apuy+ o u
x,~=(0,...,e’,...,0,al~e“ 242 "”)

323
= (0,...,e”",...,O,aie(a’m)’ ( )
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xii = (0,...,8;€",...,0,qo;e* 1T Tontn
=t o ’ ) (3.2.4)
= (O’ L] 5ijeulv ceey O, aiaje@(’u)).
Therefore
[xl,xz,...,x,,,x] = (1_20[) (1+oz)u (325)
[)C], X2y oovy Xy xij] = (051'06_,' — aiél_j)e((l-l-a),u)’ (326)
(1_..._0[,{_1 — 02 — apyy
[xl,---,xkj,...,xn,x]z —'-'—Oln)e((l+“)’”>, j=k (3.2.7)
—Olj(xk€<(1+a)’”>, ] #k

By the definition of the centroaffine metric, we get

[x1, x2, .o X0, x5] ooy — @6y
G,y = _ %%y — idy (32.8)
[x17x27"'9xn9x] 1_Zt:lat

Since the centroaffine metric is flat, we have Cikj = I‘lkj So we obtain

Ck — [xl’xz""yxkj""7xn7x]
Jk [x17x27---7xn9x]
(I —oy—- =y —;X;%—Olkﬂ _"'_O{n)’ =k (329
— 1— Z[:l o
—Q 0l .
J# k.
1 - Zt laf
For the Tchebychev form, we have
1+
T, _Zc +“. (3.2.10)
We denote the matrix of the centroaffine metric G also by G, then
G = (Gy)
O(%—Otl 10 o100y,
. 1 o 03—y ... (3.2.11)
1=« . ’
o0 o0y ... o2 —a,
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The determinant of G is
DO a — DT ey

|G| = detG =
(1 - Zz laf)
(3.2.12)
(=DM e
(1=
The inverse matrix G~ of G is
-1 _ -1
G~ = (G;H
LWL 1 . 1
o | DYATECI . (3.2.13)
1 1 ]72?.:.1.&[%”
Then for the Tchebychev vector field 7, we obtain
1 "1
2 — —_——
1717 = - n(n—i—l)—i-zat Z S+Zat (3.2.14)
t=1 t,s=1,t#s
From Theorem 1 and Remark 2.2 we have
Theorem 3.1. The hypersurface
xn+1—x1‘x§2...x3”, Za[;«él;a[y&o,izl,Z,...,n

i=1

is an equiaffine extremal hypersurface when «y, ..., oy, satisfy

1 "1 (n + 2)2

t,s=1,t#s s

3.3 Example two

The hypersurface

X2

X
Xn+1 = €Xp (ocl arctan —)(x1 +x)2xPxgt L x af a5 #0; (3.3.1)

200+ ) o # Ly £0,t=3,....n

t=3
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is centroaffine extremal. The centroaffine metric of this hypersurface is flat
(cf. (3.3.29)-(3.3.34)) and the coefficients of the cubic form are constant
(cf. (3.3.19)-(3.3.28)). With parameter (u1, u,, ..., u,), thehypersurface (3.3.1)
can be written as

X = (X1,X2, ..., Xp, X
— Ee‘l‘z siznul, e”:conz;ll), e, ..., e, eX1itlmunt e tantn ) (3:32)
Let 8 = (a1, 20, ..., 0), Yy = (1,2 + 205, ..., 1 + ;) we have
(B, u) = ayuy + 2001 + - - - + auuy,
and
(you) = O+ apur + 2+ 20)uy + -+ - + (I + ap)up.
Then
X (e"2 cosuy, —e* sinuy, 0, ...,0,are#"), (3.3.3)
x; = (esinuy, e cosui,0,...,0,2ae"), (3.3.4)
xi o= (0,...,¢", ..., 0, e "), i>3, (3.3.5)
X1 ( e?sinuy, —e*?* cosuy,0,...,0, afew’“)), (3.3.6)
X12 (6”2 cosuy, —e**sinu;,0,...,0, 20{10(2@“8’“)), (3.3.7)
xii = (0,...... L0, ajae?), i>3, (3.3.8)
xn = (e“sinuy, e cosuy,0,...,0,4a5e"), (3.3.9)
x = (0,...... ,0, 2000, 71), i>3, (3.3.10)
xie = (0,...,8ie", ..., 0, azopet®), i,k >3. (3.3.11)
Therefore
D = [x1,x2,...,%,,x] = (1 — 20, — iat) el (3.3.12)
=3
[X1, X2, .00y Xn, X11] = (a% + Zaz)e(’””), (3.3.13)
[X1, X2, .00y Xn, X12] = (2051052 - al)e(}””), (3.3.14)
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[X1, X2,y oo Xy X17] = 010;@”), i >3,

[xX1, X2, ..., Xp, X02] = (40{% — Zaz)e(y””,

[X1, X2, ..., Xp, X2:] = 20000671, i >3,

[xl,xz, .. .,xn,x,-j] = (oeiozj —aj8ij)e(”’”>, i,j>3.

1
DC]] = [xll’-x2s~~~’xn’x] :O7

2

DC12 = [x17x127x39""xn7x]:
k

DCY = [x1, . o X1k, oy Xns

x] =

(a1 — 2ajap)er™,

—Otlotke<y’“),

k>3,

n
DC211 = [X12, %2, X3, ..., Xy, X] = (1 — 20y — Z%) e
=3

DC222 = [xl,sz,X3, ...,xn,x] = ( 40(2 Zat> ’

k
DCy, = [X1, ..., X0ky oo oy Xy

x] =

1
DC;, = [xi1,x2,...,%,,x] =0,

2
DC[Z = [xlaxi2ax35 ""xn7x] =

k
DCkk = [xl,...,xkk,...,xn,

= (1—20[2—0[3—

DC{‘,c = (X1, ey Xiy ooy Xy X] =

x]

2

207 k>3,
i >3,
20,7 i >3,
cee— oz,,)e<”'”), k>3,
—ajoe” ) ik >3,0 + k.

By the definition of the centroaffine metric, we get

2
G [x1, x2, ...y Xp, X11] ai + 2a;
1= = ,
[x1, X2, ..., Xp, X] "
1-2@2— E o
=3
(X1, X2, ..., Xy, X12] 20100 — o

[x17x25""xnvx]
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1 — 20, — ia,
=3

(3.3.15)
(3.3.16)
(3.3.17)

(3.3.18)

(3.3.19)
(3.3.20)

(3.3.21)

(3.3.22)

(3.3.23)

(3.3.24)
(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

(3.3.30)
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Gh‘ — [x19x2’ "'7xnaxll'] — o1Q; ’ i 2 3’ (3331)
[x1, X2, ..., Xy, X] !
1= 20— > o
=3
[x1, X2, ..., Xu, X22] _ 4a3 — 20 (3.3.32)

Gn = —,
[x1, X2, ..., Xy, X]
1—2(12— E Oy
=3

AR ) n» i 2 i
[x1, x2 Xn, X2i] X i >3, (3.3.33)

G2! - — n )
[xl’x27""xn’x]
1 — 20, — E o
t=3

[x1, %2, ..o X, X1 ooy — o6y =3 (3334)

Glj == — n )
[x17x27"'vxn7x] 1 2
— 40 — E oy
t=3

For the Tchebychev form, we have

ClLi+Ch+) C,
T = = % (3.3.35)
n n
Ch+Ch+ ) Cy
- 242
I = = _ftim (3.3.36)
n n
n
Ch+Ch+) C,
~ 1+
T, = =8 _ it i>3 (3337
n n

n

We denote d :=1 — 205 — Z o;. The matrix of the centroaffine metric G is

t=3
a% + 20y  2a10p — oy aru3 a0y oo,
2010p — o 40{% —2an 20003 200004 2000y
2
o3 2030 oy — o oz o3
G = — 301 302 3T 3% 1. (3.3.38)
d o400 204000 403 oy — oy 40y
oo 20,000 o3 o0 a% — oy
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The determinant of G is

(=11 (40 + o2) (1 e, - Zat> [Te
|G| — . [n:3 t=3
(1 — 20— ) a,)
o7 (3.3.39)
(—1)rt! (401% + a%) 1_[ o
_ =3
- n n—1 "
(1 — 20— a,)
t=3
The inverse matrix G~! of G is
20pd —ad
4055—2!—0:% 405%-‘,1-0@ 0 U 0 \
n
—(a%+2a2—2a2 Zat)
—a1d t=3 _1 _1
4a§+a]2 4a§+a]2 e
G'= 0 1 wd o1 |- B340)
0 —1 -1 ... —1
0 —1 e
Then for the Tchebychev vector field 7', we obtain
ITI? = GV T;T; (3.3.41)
n
—203d + (2 + 2a)) (4012 > a4y — (n+ Do —4(n — 1)a§)
t=3

- n2(4a§ + ozf)

" (I4+a)d+ (n+ D)

n2o,

]

t=3

From Theorem 1 and Remark 2.2 we have
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Theorem 3.1. The hypersurface

X1 2 2 03 _« 2 2
Xpi1 = €xp (oel arctan x_) (] +x3) Xyt x, ay +o;y #0;
2

2a2+2a,7él;at7é0,t=3,...,n

=3
is an equiaffine extremal hypersurface when oy, ay, a3, . .., &, satisfy
—2a2d + (2 + 20(2)(4012 Z o —day — (n + Dot —4(n — 1)a§>

=3
n? (40:% + ozlz)

Z Atae)d+ @+ Da) (4 2)°

nloy; 2n?

3.4 Example three

The hypersurface
1
Xnyl = E(xg + .- +x12,_1) - (OlzXz +---+ OlU71XU71)
1
— x1 (o logx; + oy logxy + -+ - + &, log x,,), (3.4.1)

a1+2at#0;a,#O,t:v,(v—l-l),...,n

t=v

is centroaffine extremal. The centroaffine metric of this hypersurface is flat
(cf. (3.4.28)-(3.4.33)) and the coefficients of the cubic form are constant (cf.
(3.4.19)-(3.4.27)). With parameter (up, u, ..., u,), the hypersurface (3.4.1)
can be written as

X = (x11x27""xn’xl’l+l)

u u u u u
= (e Leluy, oo, e uy_q, e, et L,
(34.2)

v—1 n
“ (l Zui - Z“#”u))
2 A=2 n=1
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Then

1 v—1 5 n
X1 = (elll’ euluz’ ceey euluv_l, 0, ceey O, eul (521,{)\ — Zlolu _a])), (343)
= n=

xi =(0,0,...,e",...,0,0,...,0, " (u; —a;)), 2<i<v-—1,

xp=10(0,0,...,0,0,...,¢e", ...,0,e" (—ay)), v<k<n,

1v—l n
X1 = (eul, eluz, ..., " uy-1,0,...,0,e" <§ doui =y - 2051)),
r=2 n=1

x1; =(0,0,...,€%,...,0,0,...,0,e"" (u; —o;)), 2<i<v-—1,

xie =(0,0,...,0,0,...,0, "' (—ay)), v<k<n,

xij =(0,0,...,0,0,...,0,e"'(5;;)), 2<i,j<v-—1,

xix =(0,0,...,0,0,...,0,0), 2<i<v—-—1l,v<k<n,
xpg =1(0,0,...,0,0,...,8€e",...,0,0), v<kl<n.
Therefore
n
D — [xl,xz,...,x,,,x] — (al+§ :at>evu1+uv+..~+un,
t=v
[X1, X2, ooy Xy x11] = —aget Pt
[xX1,x0, ..., X, x;;)] =0, 2<i=<v-—1,
X1, X2, ..o, X, x1] = —age?T Ty <k <o,
[xl,xz, . -,Xn,x[j] = et ) <, j<v—1,
[x1,x2, ..., %, x] =0, 2<i<v—1,v=<k=<n,
[X1, X2, ooy Xy Xpr] = Sproge”™ Ty <kl <.

n
1
DCy, = [x11,X2, ..., Xy, X] = (2a1+ E at>e””‘+””+ T
t=v

i
DCli = [X1,eeey X1y eees X, X]

n

— (011 + § :al)evu1+ul,+---+un’ 2 < i <v-— 1’

t=v
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DC{‘k = X1, ooy Xy ooy X, X] = eIt ) < <o,

DC, = [xi1, %2, ..., %,,x] =0, 2<i<v-—1,

DCé = [xl,...,x,-j,...,x,,,x]=O, 2<i,j<v-—1,

DC;‘,{ = [X1y ooy Xy enns Xifyooos Xn, X] =0,
2<i<v—1l,v<k<n,

DC,ll = [Xp1, X2, .., Xp, X] = ettt gy < k< p,

DC;;[ = [xl,...,xki,...,xv,l,...,xn,x]:0,
2<i<v—l,v<k<n,

DC,ld = [Xly e ooy Xy ooy XRly oo ey Xy X

n
= 8y (al + E o — ozk)e””‘+“”+'"+“”, v<kI<n.
t=v

By the definition of the centroaffine metric, we get

G X1, X2, ..., Xp, X11] —a
1 = = )
[x1, X2, ..., Xy, X] !
051+E oy
t=v
[x1, X2, .oy Xuy X14]
Gll — ’ ’ ’ ’ :0’ 2<Z<U—1,
[x15x25""xn’x]
[x1 X2y ooy Xy xlk] —
G = — —> UV=<k=<n,
[x1, x2, ..., Xy, X]
051+E oy
t=v
[x1, X2, ..o\ Xu, Xi] i) .
GUZ 1) b ) ’ ] — ]n , 251,]<v_1,
[x1,x2, ..., x4, X]
051+E o
t=v
[x1, x2, ...y X, Xis]
Gy = AL LA 0, 2<i<v—1,v<k<n,
[xl,xz,---’xn’x]
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(3.4.21)
(3.4.22)

(3.4.23)

(3.4.24)
(3.4.25)

(3.4.26)

(3.4.27)

(3.4.28)

(3.4.29)

(3.4.30)

(3.4.31)

(3.4.32)
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’ ERC I 4 /X 5
Gy = Dv¥edmdal _ Swd g (3.4.33)
[XI,XZ,...,xn,x] "
o+ Z o
t=v
For the Tchebychev form, we have
v—1 ' n
Ch+2 Cli+) ¢
T, = j=2 = Y (3.4.34)
n n
v—1 ) n
NS
T, = /= = 0, 2<i<v-1, (3.4.35)
n
v—1 ' n
Ch+2_Cij+_Cu
T, = /=2 = v<k<n (3.4.36)
n n
The matrix of the centroaffine metric G is
- 0 0o ... 0 —ay =0y ... —p
0 1 0 0 0 0 0
0 0o 1 0 0 0 0
G=—o> | 0 0 o 0 o o |. (3437
—0y 0 0 0 oy 0 0
o+ o a1 00 0 0 oy 0
=v
—ay 0 0 . 0 0 0 . oy
The determinant of G is
— (al + Z at) I, o
t=v
G| = e
o + 05:)
( ; (3.4.38)
_H?—vat

n_ n—1"
<a1 + Zaz)
t=v
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The inverse matrix G~! of G is

-1 0 0 -1 -1
n
0 ety o .. 0 0 0
0 0 0 0 0
"
0 0 Y o 0 0
t=v
—1 n
G = ] +Zu[7uv . (3439)
-1 0 0 — = . ~1
-1 0 0 (ili -1
n
a1+2atfoty,
-1 0 0 -1 _t=v

on

Then for the Tchebychev vector field 7', we obtain

TP =GUTT; = — ((al —i—Zat)Z——(n—i—l)z) (3.4.40)

From Theorem 1 and Remark 2.2 we have

Theorem 3.1. The hypersurface

1
Xpt1 = g(xzz + - +X371) — (062)62 +---+ av_lxv_l)
1
—x1 (o1 logx; + ey logx, + - -+ + o, logx,),
Y o #E 0w A0 =0, D, n
t=v
is an equiaffine extremal hypersurface when ay, oy, Qyi1, - .., 0y SQLisfy

o

22
((011 +Zat> Z_ —(m+1) ) (n;;z)

4 Remark and problem.

Remark. From Theorem 3.2, Theorem 3.3 and Theorem 3.4, at least locally,
we can easily get the examples of equiaffine extremal hypersurfaces with definite
(or indefinite) equiaffine metric.
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Problem. Classify all hypersurfaces which are both equiaffine extremal and
centroaffine extremal.
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