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1 Introduction

In equiaffine differential geometry, the variational problem for the equiaffine
area integral leads to equiaffine minimal surfaces. Such surfaces have zero equi-
affine mean curvature H(e) = 0. These surfaces were called affine minimal by
Blaschke and his school ([Bla-II]). Calabi [Cal-2] pointed out that, for locally
strongly convex surface with H(e) = 0, the second variation of the area integral
is negative. So he suggested that the surfaces with H(e) = 0 should be called
affine maximal surfaces. For a locally strongly convex surface, the equiaffine
Euler-Lagrange equation is a nonlinear PDE of fourth order ([V-V]). In the
following, we will call the solutions of the equiaffine Euler-Lagrange equations
“extremal” surfaces, in case of locally strongly convex surfaces also “affine
maximal”. To find examples of equiaffine extremal (the equiaffine metric is
definite or indefinite) hypersurfaces is a very interesting and important problem.
Wang ([Wang]) studied the variation of the centroaffine area integral and intro-
duced centroaffine extremal hypersurfaces. Such hypersurfaces have the prop-
erty of traceG∇̂ T̂ ≡ 0, where G is the centroaffine metric, ∇̂ the centroaffine
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Levi-Civita connection and T̂ the centroaffine Tchebychev form. Many exam-
ples of centroaffine extremal surfaces and hypersurfaces are given in [Li-W],
[Liu-W-1], [Liu-1], etc.. In [Liu-1], the surfaces which are centroaffine extremal
and equiaffine extremal are classified. There are few examples of hypersurfaces
which are equiaffine extremal.

In this paper, we will give many examples of equiaffine extremal hypersurfaces
using the knowledge of centroaffine extremal hypersurfaces. We will prove the
following theorem.

Theorem 1.1. Let x : M → Rn+1 be a centroaffine extremal hypersurface
immersion. Then x is also an equiaffine extremal hypersurface if and only if the
centroaffine Tchebychev vector field T of x satisfies

||T ||2 := Gi j T
i T j = ±

(n + 2)2

2n2
.

Therefore, we can find examples of equiaffine extremal hypersurfaces within
the class of centroaffine extremal hypersurfaces. In this class, many examples are
known as the centroaffine normalization is the most natural and simple relative
normalization ([S-S-V]).

2 Centroaffine hypersurfaces

Let x : M → Rn+1 be a hypersurface immersion and [ , … , ] the standard
determinant in Rn+1. x is said to be a centroaffine hypersurface if the position
vector of x , denoted also by x , is always transversal to the tangent space x∗(TM)

at each point of M in Rn+1. We define a symmetric bilinear form G on TM by

G =
n∑

i, j=1

[e1(x), e2(x), . . . , en(x), ei e j (x)]

[e1(x), e2(x), . . . , en(x), x]
θ i ⊗ θ j , (2.1)

where {e1, e2, . . . , en} is a local basis of TM with the dual basis {θ1, θ2, . . . , θ n}.
Note that G is globally defined. A centroaffine hypersurface x is said to be non-
degenerate if G is nondegenerate. We call G the centroaffine metric of x . We
say that a hypersurface is definite (or indefinite) if G is definite (or indefinite).
Geometrically, a hypersurface x with positive (resp. negative) definate cen-
troaffine metric G is the locally strongly convex hypersurface in Rn+1 and such
hypersurface is called hyperbolic type (respectively, elliptic type) in [L-L-S].

For a centroaffine hypersurface x , let ∇ = {0k
i j } be the induced connection and

∇̂ = {0̂k
i j } the Levi-Civita connection of centroaffine metric G. The coefficients
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of cubic form C of x are defined by (in the following, we use the Einstein
summation convention)

0k
i j − 0̂k

i j =: Ck
i j , Ci jk := GkmCm

i j , i, j, k, m = 1, 2, . . . , n. (2.2)

We know that C = Ci jkθ
iθ jθ k is the centroaffine Fubini-Pick form for x which

is totally symmetric. Tchebychev vector field and Tchebychev form of x are
defined by

T := T j e j =
1

n
GikC j

ike j (2.3)

and

T̂ := Tjθ
j = Gi j T

iθ j (2.4)

respectively. It is well-known that T and T̂ are centroaffine invariants. The
Gauss equation of x is

∂2x

∂xi∂x j
= 0k

i j ek(x) + Gi j x . (2.5)

Definition 2.1. Let x : M→Rn+1 be a centroaffine hypersurface. If traceG∇̂ T̂
= Gi j ∇̂i Tj ≡ 0, x is called a centroaffine extremal hypersurface. ([Wang])

Remark 2.1. ∇̂ T̂ is symmetric ([Wang]).

Remark 2.2. From the definition of centroaffine extremal hypersurface we
know that

1. the proper affine hyperspheres are centroaffine extremal;

2. the centroaffine hypersurfaces with parallel Tchebychev form are cen-
troaffine extremal.

3 Proof of the theorem and the examples

3.1 The proof of the theorem

Let x : M → Rn+1 be a centroaffine hypersurface. We denote the equiaffine
support function and the equiaffine Weingarten operator by ρ(e) and S(e). Then
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we have the following relation between the equiaffine quantities and the cen-
troaffine quantities of x (cf. [S-S-V], 5.1.3; [L-S-W], 4.3.2; [Liu-1], 3.2)

ρ(e)S(e) = ±id −
2n

n + 2
∇̂T −

2n

n + 2

{
C(T, ◦) −

2n

n + 2
T̂ ⊗ T

}
. (3.1)

If x is both equiaffine extremal and centroaffine extremal, from (3.1) we get

0 = ±n −
2n

n + 2
{n||T ||2 −

2n

n + 2
||T ||2},

that is

||T ||2 := Gi j T
i T j = ±

(n + 2)2

2n2
.

This proves the theorem. �

3.2 Example one

The hypersurface

xn+1 = xα1
1 xα2

2 . . . xαn
n ,

n∑

i=1

αi 6= 1; αi 6= 0, i = 1, 2, . . . , n (3.2.1)

is centroaffine extremal. The centroaffine metric of this hypersurface is flat
(cf. (3.2.8)) and the coefficients of the cubic form are constant (cf. (3.2.9)). With
parameter (u1, u2, . . . , un), the hypersurface (3.2.1) can be written as

x =
(
x1, x2, . . . , xn, xn+1

)
=

(
eu1, eu2, . . . , eun , eα1u1+α2u2+∙∙∙+αnun

)
. (3.2.2)

In Rn , introducing the canonical scalar product 〈α, u〉 :=
∑

i αi ui , we have

〈α, u〉 = α1u1 + α2u2 + ∙ ∙ ∙ + αnun,

〈(1 + α), u〉 = (1 + α1)u1 + (1 + α2)u2 + ∙ ∙ ∙ + (1 + αn)un,

here 1 = (1, 1, . . . , 1) ∈ Rn . We denote

xi =
∂x

∂ui
, xi j =

∂2x

∂ui∂u j
.

Then
xi =

(
0, . . . , eui , . . . , 0, αi e

α1u1+α2u2+∙∙∙+αnun
)

=
(
0, . . . , eui , . . . , 0, αi e

〈α,u〉
)
,

(3.2.3)
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xi j =
(
0, . . . , δi j e

ui , . . . , 0, αiα j e
α1u1+∙∙∙+αnun

)

=
(
0, . . . , δi j e

ui , . . . , 0, αiα j e
〈α,u〉

)
.

(3.2.4)

Therefore

[x1, x2, . . . , xn, x] =

(

1 −
n∑

t=1

αt

)

e〈(1+α),u〉, (3.2.5)

[
x1, x2, . . . , xn, xi j

]
= (αiα j − αiδi j )e

〈(1+α),u〉, (3.2.6)

[x1, . . . , xk j , . . . , xn, x] =






(
1 − ∙ ∙ ∙ − αk−1 − α2

k − αk+1

− ∙ ∙ ∙ − αn
)
e〈(1+α),u〉, j = k

−α jαke〈(1+α),u〉, j 6= k.

(3.2.7)

By the definition of the centroaffine metric, we get

Gi j =
[x1, x2, . . . , xn, xi j ]

[x1, x2, . . . , xn, x]
=

αiα j − αiδi j

1 −
∑n

t=1 αt
. (3.2.8)

Since the centroaffine metric is flat, we have Ck
i j = 0k

i j . So we obtain

Ck
jk =

[x1, x2, . . . , xk j , . . . , xn, x]

[x1, x2, . . . , xn, x]

=






(1 − α1 − ∙ ∙ ∙ − αk−1 − α2
k − αk+1 − ∙ ∙ ∙ − αn)

1 −
∑n

t=1 αt
, j = k

−α jαk

1 −
∑n

t=1 αt
, j 6= k.

(3.2.9)

For the Tchebychev form, we have

Ti =
n∑

t=1

Ct
it =

1 + αi

n
. (3.2.10)

We denote the matrix of the centroaffine metric G also by G, then

G = (Gi j )

=
1

1 −
∑n

t=1 αt







α2
1 − α1 α1α2 . . . α1αn

α2α1 α2
2 − α2 . . . α2αn

. . . . . . . . . . . .

αnα1 αnα2 . . . α2
n − αn





 .

(3.2.11)
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The determinant of G is

|G| = detG =
(−1)n−1(

∑n
t=1 αt − 1)5n

t=1αt

(1 −
∑n

t=1 αt)n

=
(−1)n5n

t=1αt

(1 −
∑n

t=1 αt)n−1
.

(3.2.12)

The inverse matrix G−1 of G is

G−1 = (G−1
i j )

= −









1−
∑n

t=1 αt +α1
α1

1 . . . 1

1 1−
∑n

t=1 αt +α2
α2

. . . 1
. . . . . . . . . . . .

1 1 . . .
1−

∑n
t=1 αt +αn
αn









.
(3.2.13)

Then for the Tchebychev vector field T , we obtain

||T ||2 =
1

n2



n(n + 1) +
n∑

t=1

1

αt
−

n∑

t,s=1,t 6=s

αt

αs
+

n∑

t=1

αt



 . (3.2.14)

From Theorem 1 and Remark 2.2 we have

Theorem 3.1. The hypersurface

xn+1 = xα1
1 xα2

2 . . . xαn
n ,

n∑

i=1

αi 6= 1; αi 6= 0, i = 1, 2, . . . , n

is an equiaffine extremal hypersurface when α1, . . . , αn satisfy

1

n2



n(n + 1) +
n∑

t=1

1

αt
−

n∑

t,s=1,t 6=s

αt

αs
+

n∑

t=1

αt



 = ±
(n + 2)2

2n2
.

3.3 Example two

The hypersurface

xn+1 = exp
(

α1 arctan
x1

x2

)
(x2

1 + x2
2)

α2 xα3
3 xα4

4 . . . xαn
n , α2

1 + α2
2 6= 0; (3.3.1)

2α2 +
n∑

t=3

αt 6= 1; αt 6= 0, t = 3, . . . , n
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is centroaffine extremal. The centroaffine metric of this hypersurface is flat
(cf. (3.3.29)-(3.3.34)) and the coefficients of the cubic form are constant
(cf. (3.3.19)-(3.3.28)). With parameter (u1, u2, . . . , un), the hypersurface (3.3.1)
can be written as

x = (x1, x2, . . . , xn, xn+1)

= (eu2 sin u1, eu2 cos u1, eu3, . . . , eun , eα1u1+2α2u2+∙∙∙+αnun )
(3.3.2)

Let β = (α1, 2α2, . . . , αn), γ = (α1, 2 + 2α2, . . . , 1 + αn) we have

〈β, u〉 = α1u1 + 2α2u2 + ∙ ∙ ∙ + αnun

and
〈γ, u〉 = (0 + α1)u1 + (2 + 2α2)u2 + ∙ ∙ ∙ + (1 + αn)un.

Then

x1 =
(
eu2 cos u1, −eu2 sin u1, 0, . . . , 0, α1e〈β,u〉

)
, (3.3.3)

x2 =
(
eu2 sin u1, eu2 cos u1, 0, . . . , 0, 2α2e〈β,u〉

)
, (3.3.4)

xi =
(
0, . . . , eui , . . . , 0, αi e

〈β,u〉
)
, i ≥ 3, (3.3.5)

x11 =
(
− eu2 sin u1, −eu2 cos u1, 0, . . . , 0, α2

1e〈β,u〉
)
, (3.3.6)

x12 =
(
eu2 cos u1, −eu2 sin u1, 0, . . . , 0, 2α1α2e〈β,u〉

)
, (3.3.7)

x1i =
(
0, . . . . . . , 0, α1αi e

〈β,u〉
)
, i ≥ 3, (3.3.8)

x22 =
(
eu2 sin u1, eu2 cos u1, 0, . . . , 0, 4α2

2e〈β,u〉
)
, (3.3.9)

x2i =
(
0, . . . . . . , 0, 2α2αi e

〈β,u〉
)
, i ≥ 3, (3.3.10)

xik =
(
0, . . . , δikeuk , . . . , 0, αiαke〈β,u〉

)
, i, k ≥ 3. (3.3.11)

Therefore

D = [x1, x2, . . . , xn, x] =

(

1 − 2α2 −
n∑

t=3

αt

)

e〈γ,u〉, (3.3.12)

[x1, x2, . . . , xn, x11] =
(
α2

1 + 2α2
)
e〈γ,u〉, (3.3.13)

[x1, x2, . . . , xn, x12] =
(
2α1α2 − α1

)
e〈γ,u〉, (3.3.14)
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[x1, x2, . . . , xn, x1i ] = α1αi e
〈γ,u〉, i ≥ 3, (3.3.15)

[x1, x2, . . . , xn, x22] =
(
4α2

2 − 2α2
)
e〈γ,u〉, (3.3.16)

[x1, x2, . . . , xn, x2i ] = 2α2αi e
〈γ,u〉, i ≥ 3, (3.3.17)

[
x1, x2, . . . , xn, xi j

]
=

(
αiα j − α jδi j

)
e〈γ,u〉, i, j ≥ 3. (3.3.18)

DC1
11 = [x11, x2, . . . , xn, x] = 0, (3.3.19)

DC2
12 = [x1, x12, x3, . . . , xn, x] = (α1 − 2α1α2)e

〈γ,u〉, (3.3.20)

DCk
1k = [x1, . . . , x1k, . . . , xn, x] = −α1αke〈γ,u〉, k ≥ 3, (3.3.21)

DC1
21 = [x12, x2, x3, . . . , xn, x] =

(

1 − 2α2 −
n∑

t=3

αt

)

e〈γ,u〉, (3.3.22)

DC2
22 = [x1, x22, x3, . . . , xn, x] =

(

1 − 4α2
2 −

n∑

t=3

αt

)

e〈γ,u〉, (3.3.23)

DCk
2k = [x1, . . . , x2k, . . . , xn, x] = −2α2αke〈γ,u〉, k ≥ 3, (3.3.24)

DC1
i1 = [xi1, x2, . . . , xn, x] = 0, i ≥ 3, (3.3.25)

DC2
i2 = [x1, xi2, x3, . . . , xn, x] = −2α2αi e

〈γ,u〉, i ≥ 3, (3.3.26)

DCk
kk = [x1, . . . , xkk, . . . , xn, x]

=
(
1 − 2α2 − α3 − ∙ ∙ ∙ − α2

k − ∙ ∙ ∙ − αn
)
e〈γ,u〉, k ≥ 3, (3.3.27)

DCk
ik = [x1, . . . , xik, . . . , xn, x] = −αiαke〈γ,u〉, i, k ≥ 3, i 6= k. (3.3.28)

By the definition of the centroaffine metric, we get

G11 =
[x1, x2, . . . , xn, x11]

[x1, x2, . . . , xn, x]
=

α2
1 + 2α2

1 − 2α2 −
n∑

t=3

αt

, (3.3.29)

G12 =
[x1, x2, . . . , xn, x12]

[x1, x2, . . . , xn, x]
=

2α1α2 − α1

1 − 2α2 −
n∑

t=3

αt

, (3.3.30)

Bull Braz Math Soc, Vol. 38, N. 4, 2007



“main” — 2007/11/30 — 17:20 — page 563 — #9

HYPERSURFACES WHICH ARE EQUIAFFINE AND CENTROAFFINE EXTREMAL 563

G1i =
[x1, x2, . . . , xn, x1i ]

[x1, x2, . . . , xn, x]
=

α1αi

1 − 2α2 −
n∑

t=3

αt

, i ≥ 3, (3.3.31)

G22 =
[x1, x2, . . . , xn, x22]

[x1, x2, . . . , xn, x]
=

4α2
2 − 2α2

1 − 2α2 −
n∑

t=3

αt

, (3.3.32)

G2i =
[x1, x2, . . . , xn, x2i ]

[x1, x2, . . . , xn, x]
=

2α2αi

1 − 2α2 −
n∑

t=3

αt

, i ≥ 3, (3.3.33)

Gi j =
[x1, x2, . . . , xn, xi j ]

[x1, x2, . . . , xn, x]
=

αiα j − α jδi j

1 − 2α2 −
n∑

t=3

αt

, i, j ≥ 3. (3.3.34)

For the Tchebychev form, we have

T1 =

C1
11 + C2

12 +
n∑

t=3

Ct
1t

n
=

α1

n
, (3.3.35)

T2 =

C1
21 + C2

22 +
n∑

t=3

Ct
2t

n
=

2 + 2α2

n
, (3.3.36)

Ti =

C1
i1 + C2

i2 +
n∑

t=3

Ct
it

n
=

1 + αi

n
, i ≥ 3. (3.3.37)

We denote d := 1 − 2α2 −
n∑

t=3

αt . The matrix of the centroaffine metric G is

G =
1

d









α2
1 + 2α2 2α1α2 − α1 α1α3 α1α4 . . . α1αn

2α1α2 − α1 4α2
2 − 2α2 2α2α3 2α2α4 . . . 2α2αn

α3α1 2α3α2 α2
3 − α3 α3α4 . . . α3αn

α4α1 2α4α2 α4α3 α2
4 − α4 . . . α4αn

. . . . . . . . . . . . . . . . . .

αnα1 2αnα2 αnα3 αnα4 . . . α2
n − αn









. (3.3.38)
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The determinant of G is

|G| =

(−1)n+1
(
4α2

2 + α2
1

)
(

1 − 2α2 −
n∑

t=3

αt

) n∏

t=3

αt

(
1 − 2α2 −

n∑

t=3

αt

)n

=

(−1)n+1
(
4α2

2 + α2
1

) n∏

t=3

αt

(
1 − 2α2 −

n∑

t=3

αt

)n−1
.

(3.3.39)

The inverse matrix G−1 of G is

G−1 =























2α2d
4α2

2+α2
1

−α1d
4α2

2+α2
1

0 . . . 0

−α1d
4α2

2+α2
1

−

(
α2

1+2α2−2α2

n∑

t=3

αt

)

4α2
2+α2

1
−1 . . . −1

0 −1 −α3−d
α3

. . . −1

0 −1 −1 . . . −1

. . . . . . . . . . . . . . .

0 −1 −1 . . . −αn−d
αn























. (3.3.40)

Then for the Tchebychev vector field T , we obtain

||T ||2 = Gi j Ti Tj (3.3.41)

=

−2α2
1d + (2 + 2α2)

(
4α2

n∑

t=3

αt − 4α2 − (n + 1)α2
1 − 4(n − 1)α2

2

)

n2
(
4α2

2 + α2
1

)

−
n∑

t=3

(1 + αt)(d + (n + 1)αt)

n2αt
.

From Theorem 1 and Remark 2.2 we have
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Theorem 3.1. The hypersurface

xn+1 = exp
(

α1 arctan
x1

x2

)
(
x2

1 + x2
2

)α2 xα3
3 xα4

4 . . . xαn
n , α2

1 + α2
2 6= 0;

2α2 +
n∑

t=3

αt 6= 1; αt 6= 0, t = 3, . . . , n

is an equiaffine extremal hypersurface when α1, α2, α3, . . . , αn satisfy

−2α2
1d + (2 + 2α2)

(
4α2

n∑

t=3

αt − 4α2 − (n + 1)α2
1 − 4(n − 1)α2

2

)

n2
(
4α2

2 + α2
1

)

−
n∑

t=3

(1 + αt)(d + (n + 1)αt)

n2αt
= ±

(n + 2)2

2n2
.

3.4 Example three

The hypersurface

xn+1 =
1

2x1

(
x2

2 + ∙ ∙ ∙ + x2
v−1

)
−

(
α2x2 + ∙ ∙ ∙ + αv−1xv−1

)

− x1
(
α1 log x1 + αv log xv + ∙ ∙ ∙ + αn log xn

)
,

α1 +
n∑

t=v

αt 6= 0; αt 6= 0, t = v, (v + 1), . . . , n

(3.4.1)

is centroaffine extremal. The centroaffine metric of this hypersurface is flat
(cf. (3.4.28)-(3.4.33)) and the coefficients of the cubic form are constant (cf.
(3.4.19)-(3.4.27)). With parameter (u1, u2, . . . , un), the hypersurface (3.4.1)
can be written as

x = (x1, x2, . . . , xn, xn+1)

=
(

eu1, eu1u2, . . . , eu1uv−1, euv , euv+1, . . . ,

eun , eu1

(
1

2

v−1∑

λ=2

u2
λ −

n∑

μ=1

αμuμ

))
.

(3.4.2)
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Then

x1 =
(

eu1 , eu1 u2, . . . , eu1uv−1, 0, . . . , 0, eu1

(
1

2

v−1∑

λ=2

u2
λ −

n∑

μ=1

αμ − α1

))
, (3.4.3)

xi = (0, 0, . . . , eu1 , . . . , 0, 0, . . . , 0, eu1(ui − αi )), 2 ≤ i ≤ v − 1, (3.4.4)

xk = (0, 0, . . . , 0, 0, . . . , euk , . . . , 0, eu1(−αk)), v ≤ k ≤ n, (3.4.5)

x11 =
(

eu1 , eu1 u2, . . . , eu1 uv−1, 0, . . . , 0, eu1

(
1

2

v−1∑

λ=2

u2
λ −

n∑

μ=1

αμ − 2α1

))
, (3.4.6)

x1i = (0, 0, . . . , eu1 , . . . , 0, 0, . . . , 0, eu1(ui − αi )), 2 ≤ i ≤ v − 1, (3.4.7)

x1k = (0, 0, . . . , 0, 0, . . . , 0, eu1(−αk)), v ≤ k ≤ n, (3.4.8)

xi j = (0, 0, . . . , 0, 0, . . . , 0, eu1(δi j )), 2 ≤ i, j ≤ v − 1, (3.4.9)

xik = (0, 0, . . . , 0, 0, . . . , 0, 0), 2 ≤ i ≤ v − 1, v ≤ k ≤ n, (3.4.10)

xkl = (0, 0, . . . , 0, 0, . . . , δkle
uk , . . . , 0, 0), v ≤ k, l ≤ n. (3.4.11)

Therefore

D = [x1, x2, . . . , xn, x] =
(

α1 +
n∑

t=v

αt

)
evu1+uv+∙∙∙+un , (3.4.12)

[x1, x2, . . . , xn, x11] = −α1evu1+uv+∙∙∙+un , (3.4.13)

[x1, x2, . . . , xn, x1i ] = 0, 2 ≤ i ≤ v − 1, (3.4.14)

[x1, x2, . . . , xn, x1k] = −αkevu1+uv+∙∙∙+un , v ≤ k ≤ n, (3.4.15)
[
x1, x2, . . . , xn, xi j

]
= δi j e

vu1+uv+∙∙∙+un , 2 ≤ i, j ≤ v − 1, (3.4.16)

[x1, x2, . . . , xn, xik] = 0, 2 ≤ i ≤ v − 1, v ≤ k ≤ n, (3.4.17)

[x1, x2, . . . , xn, xkl] = δklαkevu1+uv+∙∙∙+un , v ≤ k, l ≤ n. (3.4.18)

DC1
11 = [x11, x2, . . . , xn, x] =

(
2α1 +

n∑

t=v

αt

)
evu1+uv+∙∙∙+un , (3.4.19)

DCi
1i = [x1, . . . , x1i , . . . , xn, x]

=
(

α1 +
n∑

t=v

αt

)
evu1+uv+∙∙∙+un , 2 ≤ i ≤ v − 1, (3.4.20)
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DCk
1k = [x1, . . . , x1k, . . . , xn, x] = αkevu1+uv+∙∙∙+un , v ≤ k ≤ n, (3.4.21)

DC1
i1 = [xi1, x2, . . . , xn, x] = 0, 2 ≤ i ≤ v − 1, (3.4.22)

DC j
i j =

[
x1, . . . , xi j , . . . , xn, x

]
= 0, 2 ≤ i, j ≤ v − 1, (3.4.23)

DCk
ik = [x1, . . . , xv, . . . , xik, . . . , xn, x] = 0,

2 ≤ i ≤ v − 1, v ≤ k ≤ n, (3.4.24)

DC1
k1 = [xk1, x2, . . . , xn, x] = αkevu1+uv+∙∙∙+un , v ≤ k ≤ n, (3.4.25)

DCi
ki =

[
x1, . . . , xki , . . . , xv−1, . . . , xn, x

]
= 0,

2 ≤ i ≤ v − 1, v ≤ k ≤ n, (3.4.26)

DCl
kl = [x1, . . . , xv, . . . , xkl, . . . , xn, x]

= δkl

(
α1 +

n∑

t=v

αt − αk

)
evu1+uv+∙∙∙+un , v ≤ k, l ≤ n. (3.4.27)

By the definition of the centroaffine metric, we get

G11 =
[x1, x2, . . . , xn, x11]

[x1, x2, . . . , xn, x]
=

−α1

α1 +
n∑

t=v

αt

, (3.4.28)

G1i =
[x1, x2, . . . , xn, x1i ]

[x1, x2, . . . , xn, x]
= 0, 2 ≤ i ≤ v − 1, (3.4.29)

G1k =
[x1, x2, . . . , xn, x1k]

[x1, x2, . . . , xn, x]
=

−αk

α1 +
n∑

t=v

αt

, v ≤ k ≤ n, (3.4.30)

Gi j =
[x1, x2, . . . , xn, xi j ]

[x1, x2, . . . , xn, x]
=

δi j

α1 +
n∑

t=v

αt

, 2 ≤ i, j ≤ v − 1, (3.4.31)

Gik =
[x1, x2, . . . , xn, xik]

[x1, x2, . . . , xn, x]
= 0, 2 ≤ i ≤ v − 1, v ≤ k ≤ n, (3.4.32)
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Gkl =
[x1, x2, . . . , xn, xkl]

[x1, x2, . . . , xn, x]
=

δklαk

α1 +
n∑

t=v

αt

, v ≤ k, l ≤ n. (3.4.33)

For the Tchebychev form, we have

T1 =

C1
11 +

v−1∑

j=2

C j
1 j +

n∑

l=v

Cl
1l

n
=

v

n
, (3.4.34)

Ti =

C1
i1 +

v−1∑

j=2

C j
i j +

n∑

l=v

Cl
il

n
= 0, 2 ≤ i ≤ v − 1, (3.4.35)

Tk =

C1
k1 +

v−1∑

j=2

C j
k j +

n∑

l=v

Cl
kl

n
=

1

n
, v ≤ k ≤ n. (3.4.36)

The matrix of the centroaffine metric G is

G =
1

α1 +
n∑

t=v

αt














−α1 0 0 . . . 0 −αv −αv+1 . . . −αn
0 1 0 . . . 0 0 0 . . . 0
0 0 1 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 1 0 0 . . . 0
−αv 0 0 . . . 0 αv 0 . . . 0

−αv+1 0 0 . . . 0 0 αv+1 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .

−αn 0 0 . . . 0 0 0 . . . αn














. (3.4.37)

The determinant of G is

|G| =

−
(

α1 +
n∑

t=v

αt

)
5n

t=vαt

(
α1 +

n∑

t=v

αt

)n

=
−5n

t=vαt
(

α1 +
n∑

t=v

αt

)n−1
.

(3.4.38)
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The inverse matrix G−1 of G is

G−1 =























−1 0 . . . 0 −1 . . . −1

0 α1 +
n∑

t=v

αt . . . 0 0 . . . 0

0 0 . . . 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .

0 0 . . . α1 +
n∑

t=v

αt 0 . . . 0

−1 0 . . . 0

α1 +
n∑

t=v

αt − αv

αv

. . . −1

−1 0 . . . 0 −1 . . . −1
. . . . . . . . . . . . . . . . . . . . .

−1 0 . . . 0 −1 . . .

α1 +
n∑

t=v

αt − αn

αn























. (3.4.39)

Then for the Tchebychev vector field T , we obtain

||T ||2 = Gi j Ti Tj =
1

n2

((
α1 +

n∑

t=v

αt

) n∑

t=v

1

αt
− (n + 1)2

)

. (3.4.40)

From Theorem 1 and Remark 2.2 we have

Theorem 3.1. The hypersurface

xn+1 =
1

2x1

(
x2

2 + ∙ ∙ ∙ + x2
v−1

)
−

(
α2x2 + ∙ ∙ ∙ + αv−1xv−1

)

−x1
(
α1 log x1 + αv log xv + ∙ ∙ ∙ + αn log xn

)
,

α1 +
n∑

t=v

αt 6= 0; αt 6= 0, t = v, (v + 1), . . . , n

is an equiaffine extremal hypersurface when α1, αv, αv+1, . . . , αn satisfy

1

n2

((
α1 +

n∑

t=v

αt

) n∑

t=v

1

αt
− (n + 1)2

)

= ±
(n + 2)2

2n2
.

4 Remark and problem.

Remark. From Theorem 3.2, Theorem 3.3 and Theorem 3.4, at least locally,
we can easily get the examples of equiaffine extremal hypersurfaces with definite
(or indefinite) equiaffine metric.
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Problem. Classify all hypersurfaces which are both equiaffine extremal and
centroaffine extremal.
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