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New examples of Cantor sets in S! that
are not C'-minimal

Aldo Portela

Abstract. Although every Cantor subset of the circle (S') is the minimal set of some
homeomorphism of S', not every such set is minimal for a C' diffeomorphism of S'.
In this work, we construct new examples of Cantor sets in S! that are not minimal for
any C'-diffeomorphim of S'.
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1 Introduction and main results

To study the dynamics of a homeomorphism f: S' — S! itisimportant to study
the invariant sets for /. We say that a set K is a minimal set for f ifitis compact,
non empty, invariant and minimal (relative to the inclusion) with regard to the
former three properties. Simple examples of minimal sets are the fixed points
and the periodic orbits of a homeomorphism, and in general the w-limit («-limit)
of any point. Zorn’s lemma implies that every homeomorphism of S' has at least
one minimal set. If /" has periodic points (for example when f does not preserve
orientation) then any minimal set is finite. On the other hand, if f does not have
periodic points the minimal set is unique, infinite and it is the set of accumulation
points of the past orbit and future orbit of any point x € S'. In the latter case
the minimal set is a Cantor set (intransitive case) or all S! (transitive case). The
following theorem allows us to state that the intransitive case cannot happen
when £ is a diffeomorphism of class C2.

Theorem 1.1 (Denjoy). If f is a diffeomorphism of class C' of S' without
periodic points and with derivate of bounded variation then f is transitive.
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We can find a proof of this theorem in [1]. In this work, Denjoy also constructs
intransitive diffeomorphisms of class C' (so called Denjoy’s examples). Also
there exist examples of intransitive diffeomorphisms of class C'** for o < 1,
constructed by Herman in [3]. From the existence of intransitive diffeomor-
phisms and since any two Cantor sets of S' are homeomorphic, it follows that
any Cantor set of S' is C’-minimal (i.e. it is minimal for some homeomorphism).
This is not true when f is a diffeomorphism of class C'. It is easy to verify that
any finite subset of S! is C'-minimal (i.e. it is minimal for some diffeomorphism
of class C), but not every Cantor set of S' is C'-minimal. In [2] Mc Duff proved
that the usual ternary Cantor set is not C'-minimal and in [4] Norton proved that
the affine Cantor sets are not C'-minimal.

Let K be a Cantor set of circle and let K¢ = | J I; where /; are the connected
components of K¢. We define the spectrum of K (Ex) as the ordered set {A;}
(Aix1 < A;), with A; the lengths of /; for some j. We call covering of the
spectrum of K to every separate family of closed intervals {J; = [«;, B;]} such
that Ex C UZJ; and o1 < Bix1 < ;. In this condition each connected
component /; of K¢ is associated to an integer n(/;) such that |I;| € Ju,)-
In [2] Mc Duff conjectured that if A, /A, # 1 the Cantor set K is not C'-
minimal (all known C'-minimal Cantor sets satisfy A, /A,+1 — 1).

Definition 1.1. We say that the Cantor set K satisfies the p-separation con-
dition for a covering {J;} if there exists a non negative integer p such that for
any N > 0 there exists n(N) > 0 such that

> (1+1(N)) /_3-"

j+ptn Ajtp

Ajtn—1

(1

for any integer n, |n| < N, and for all j, sufficiently large.
Adapting the techniques used by Mc Duffin [2], we obtain the following result.

Theorem 1.2. Ifthe Cantor set K satisfies the p-separation condition then the
Cantor set K is not C'-minimal.

This theorem is a generalization of the following theorem proved by Mc Duff
in [2].

Theorem 1.3. Ifa Cantor set K satisfies the p-separation condition for p = 0
then the Cantor set K is not C'-minimal.
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We say that a covering {7;} of the spectrum of K is a e-covering (with € > 0)

o
if —— =1+ ¢, for every j. The other result obtained is the following.

j+1
Theorem 1.4. [ {J;} is a e-covering of the spectrum of a Cantor set K and
Bi/a; = k then the Cantor set K is not C'-minimal.

Finally, in the last section we give the construction of a Cantor set that satisfies
the p-separation condition for p = 1, but does not satisfy the condition given by
Mc Duff in [2] (this is the p-separation condition for p = 0).

2 Proof of Theorems 1.2 and 1.4

The following lemmas will be used in the proof of Theorem 1.2.

Lemma 1. [fthe Cantor set K is C'-minimal and {7J;} is a covering of Ex then

ﬁfi is bounded.
i+1

Proof. We can suppose that any interval of the covering of Ex contains some
element of Ex. Let f be a diffeomorphism for which K is C'-minimal. If /
is a connected component of K< and {| f"(/)|: n € N} = {y1, ..., ¥, ...} with

Yj+1 < ¥j, we have
Vi

< max{M,l/m}, ()
Vi+1

where M and m are the maximum and minimum of f” respectively. For every i

there exists j; such that y;, € J; and y;,41 € Ji41. Then

o; < Vii . (3)
Bit1 — V1

Therefore using (2) and (3) we have

Q;
— < max{M, l/m}.
Bit

This ends the proof. 0

Lemma 2. [If the Cantor set K is C'-minimal and satisfies the p-separation

condition for {J;} then & is bounded.
&
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Proof. Taking N =n =1 1in (1) we have

U (14 ) 2

Bj+p+1 Ujtp

for all j sufficiently large. Then

a; ~ 14+n0) Bigpt

The result follows from the previous lemma. ]

Bi 1 ojyp

It is simple to verify the following properties.

1. If the Cantor set K is C'-minimal for f, then for every » > 1 there exists
a finite covering of K formed by disjoint closed intervals 7; such that if
x, y belong to a same 7;,

(x
<r
o~

2. If the Cantor set K satisfies the p-separation condition for {7} then

~

=

N | =

> 141
j+1

for all j, sufficiently large.

Lemma 3. If the Cantor set K is C'-minimal for f and satisfies the p-

separation condition then for every component I of K¢, |n(I) — n(f(1))| is
bounded.

Proof. If m and M are the minimum and maximum of f” respectively then
m|l| <|fU)| < M|I| Ifn(f)) > n(l), using property 2 we have

(1+n(1))n(f(1))—n(1) < 27105 ) Qp()+1 An(f(1))—1

B IBn(I)-H ,Bn(l)+2 IBn(f(I))

(077105 < |1] < l
= Buray IS T om
Ifn(f(I)) < n(l) then

(1 + n(1))"DO=1 M) < In(fU) |/ ()] M
- By — M T
In both cases we conclude that |n(/) — n(f())| is bounded. [l
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2.1 Proof of Theorem 1.2

Proof. Suppose by contradiction that the Cantor set K is C'-minimal for f
and satisfies the p-separation condition for the covering {7;}. From Lemma 3
there exists a non negative integer Ny such that [n(/) — n(f(1))| < Ny for any
connected component / of K¢. Consider a covering of K formed by disjoint
open intervals 77, ..., Ty, such that if x and y belong to a same T;, then

S () <14 n(No) ‘

S 3
From property 1 we know that such covering exists. Let / and J be two inter-
vals of K¢ contained in a same T;, such that n(/) — n(J) < p (p is the integer
given by the condition of p-separation). We will prove now that n(f(/)) —
n(f(J)) < p. Suppose by contradiction that n( /' (J)) < n(f([)) — p. Then

“4)

[f (DI NZI0A 0 N TPA))
[f(DI — Baray — Baray+p+1

Using the p-separation condition and that |n(J) — n(f(J))| < Ny, we obtain
Bu()

1o
PR 1 Ny)) ——.
) = @

On the other hand, using (4) we obtain

|f(J)| [J] ( U(NO)) < U(N0)> IBn(J) ( H(NO)) ,Bn(J)
24+ 22 1+ —= ) —= 14+ — ) ——
o=\ T3 )0 T ) an SV T o

and this is a contradiction. Therefore, if / and J are in the same component 7;
such that n(/) — n(J) < p then n(f (1)) — n(f(J)) < p. For each compo-
nent of the complement of UT7; there exists a component of K¢ that contains it.
Let us denote such components by L1, ..., L,. Let / be a component of K¢.
As | f/(I)] — 0 when j — oo then there exists jo such that for all j > j,

n(f/(D) > p+max {n(L):i=1,....s}.
In these conditions there exists iy such that /(1) = (a Jjo» bj,) 18 contained in

T;,. Let ¢, be a point of K contained in T}, such that |(cj,, a;,)| < |f7(I)].
From here, if J is a connected component of K¢ contained in (¢}, a,) then

n(f) —n(J) < p, and a(foTND) —n(f(J)) <p.
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From the choice of j, we have that n(f(J)) > max{n(L;):i =1,...,s} so
f(J) # L; fori = 1,...,s. This shows that (1) and f((c},,a;,)) are
in the same 7;. Proceeding inductively we have that for any interval J of K¢

contained in (cj,, a;,)), f"(J) # L;, for all positive integer n andi =1, ..., s.
This is a contradiction because for any interval L; there exist infinite n > 0
such that /=" (L;) C (cj,, aj,). O

2.2 Proof of Theorem 1.4
Proof. Suppose by contradiction that the Cantor set K is C'-minimal for a

diffeomorphism f.

Claim. There exist connected components, 7" and /, of K¢ such that |T'| and
| /] belong to the same interval J;, but | f(T)| and | /()| belong to different ones.

Let § > 0 be as small as necessary. Let 71,..., Ty be as in the proof of
Theorem 1.2 such that if x and y belong to a same T}, then
1 /
B e 5)
L+ 7 1)

Let 1, ig, aj, and cj, be as in the proof of Theorem 1.2. Recall that ) =
(aj,, bj,) C T;,. Denote R = f/°(I). If L is any connected component of K*
contained in (¢, aj,), then
q
UL _ @)l |L]

= 14 8)7—
A+50 1R = 1@ =T

while qu((ch, bj,)) is contained in UT; for 0 < g < g. As {J;} is a e-covering
with B; /a; = k, if § is taken sufficiently small, it follows that

|(n (S (L)) —n(f""(R))) — (n(f"(L)) —n(fT(R))| <1  (6)

for 0 < g; < ¢g. As remarked at the end of the proof of Theorem 1.2, we can
take L = f~92(L) for an adequate ¢, > 0. Then

n(f~2(L)) —n(R) =0 and n(f?(f2(L)))—n(f*R) <1.

Then (6) implies that there exist g3, g4 > 0 and L ; such that
n(fEfHLN)) —n(fPR) =0
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and
n(fE TR = n(fPR) =~ 1

Taking T = f479(L;) and I = f%(R) the proof of the claim is finished.

Note, from the proof of the claim, that the intervals 7" and / are so close
as necessary. Also note that given 8’ > 0 there exists n > 0 such that, if
x,y € E(z,n) we have

1 Sf(x)
<<
1+46  f'(»)

forany z € K. Then, given §’ > 0, thereexistn > 0,z € Kand 7,1 C E(z,n)
as in the claim, such that, if x, y € E(z, n) then x, y satisfy (7). As | f(T)|
and | £ (/)| do not belong to the same 7J;, there exists a ‘gap’ between | f(T)|
and | £ (I)|. Therefore, as by hypothesis 8;/«; = k, this ‘gap’ produces a new
‘gap’ for the spectrum of the Cantor set K N E(z, ) in between each one of the
original ‘gaps’. Formally, we have that there exists a covering

(97 = e B2} 0 {7 = (o 7).

<1+ (7)

of the spectrum of K, = E(z, n) N K such that jl.zl U jlgz C J; and
withr = 1, 2 (see figure 1).

B 148
a? <k I+e

_ 11
jTH-t jn+1 - '-7n+1 TIn = jél

} } step 0

Sl DL Lol

I PP
NN R R I A

22 21 22 21 22 21
Jn-Hf \7n+t ‘77L+ 1 Jn"’ 1 Jn j”

Figure 1

As any C'-minimal Cantor set is locally C'-minimal (see [2]), there exists

K, C K,, C'-minimal with {J?'} U {J??} as a covering of its spectrum. Pro-

ceeding inductively we obtain a Cantor set K/, C'-minimal with

{jfl}U{-’]i”z}U”'U{j;m}
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. . nr -1 .
as a covering of its spectrum and such that 1 < P < k(ﬂ)" . As € is fixed
a; 1+e

and &’ is as small as we want, taking n sufficiently large we obtain a contradiction,
and the proof is finished. (I

3 Examples of Cantor sets that satisfy the p-separation condition

In this section we will construct a family of Cantor sets that satisfy the p-separ-
ation condition for p = 1 but does not satisfy the McDuff’s condition [2].

3.1 Construction of the Cantor set

First we determine a set of real numbers that will be the spectrum of the Cantor
set (here we are not considering the order). Let v be a positive number such that
y < 3and y3/? > 3. For each positive integer n we consider the set

e
Y2 .
A(n) = {Unj ZW:] =—n,...,n}.

If S(n) is the sum of the elements of A4(n) we have

2n+1 12 _ Y
S(n) = Z Mi = S V= T
j=—n

1/2

Then ) 7, S(n) is finite, so the sum of the elements of

B:{n,»_ zeN} UA(:)

is finite too. We denote this sum by . For the set B we have the figure 2.

Consider the set
27w x
C=]1—:x€B}.

7

The sum of the elements of C is 2. Let Ry be a rotation of irrational angle 6
in S and x a pointin S'. Let m: Z — C be a bijection. We define a family of
open intervals (a;, b;), j € Z as follows.

ay) = 0, b() = m(O)

and for any positive integer j

a; = by + Z m(k), bj=a;+m(j).

RE()e(x, R) (x))
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A(n) A1)
| |Nl1|lli 1lllill\| ‘ ‘ |Il}l|1|| ||1l|l)|| ‘ ‘ ‘
| | |IOIHIIUIHII1illHNiIlHIUIlHIUIHIIUIIHIUIIHI1| | |1lIl)II(IIl)II(lIl)II(IIl)ll(lll)ll(lllbll{| |%
1 _1 1 1 1
1 34n+2 34n+1 37 36 1 32
Figure 2
We define

K =S"\ <U (e, e"bf)) .

jezZ

Then K is a Cantor set and C is its spectrum.

3.2 p-separation condition for K

We will show that the Cantor set K satisfies the p-separation condition for p = 1.
The elements of C are of the form

2 271)/2%'
R @i =R
withi € Nand j = —i, ..., i. Therefore
277)/‘% 277)/'2%' Zny%
<oy = < .
M34l+2 J M34l+2 M34l+2

Now we construct a covering {J;} of C, J; = [«;, B;], j > 0. If j = 4k + 2 for
some k > 0 then we define

_ 27ry‘% _ 27ry%
% w3 Bj e
if not .
a; =f; = E
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So, for all integer n we have
Ojn—1 B;
1

Bjtnt1 — y2 a1

Nl—=

9
> — and

<3y

As y < 3, then K satisfies a p-separation condition for p = 1. Note that from
Theorem 1.2 we know that the Cantor set K is not C'-minimal.

3.3 The Cantor set K does not satisfy McDuff’s condition

Suppose that K satisfies the McDuff’s condition (the 0-separation condition) for
a covering {L;}, L; = [«;, B;]. Note that the McDuff’s condition implies that
o

every ‘gap’ — s greater than every ‘non gap’ f;/«;. For a fixed k we have
i+1

A
wk] . J/2k 1

W, j—1 Yy ®

and it limits is 1 wheni — oo. Then, for a sufficiently large k, every wy; belongs
to the same interval L;, = [o;,, B;, 1, sO Py > y.
Olik

2w . .
1. Ifg;, < AT then there exists «, with » < i; such that
7
2
ﬁik < O =< s
34+

SO 5
T

@ _ 3 Bi.

By 2 =y <Y S
ke 1372 Y Tk

Then there exists a ‘gap’ smaller than o, /8;,, which is smaller than a ‘non
gap’ B;, /., and this is a contradiction.

2 e . .
2. foy, > RS a contradiction is proved in a similar way.
°
T 27 ﬂik
3. If,B[k > m and (077 < W then O{—Zk > 9. Then we have that the

‘gap’ B;, /a;, 1s greater than every ‘non gap’ (every non ‘gap’ is equal or
smaller than 3) and this is a contradiction.

Then the Cantor set K do not satisfy the McDuft’s condition.

Bull Braz Math Soc, Vol. 38, N. 4, 2007



NEW EXAMPLES OF CANTOR SETS IN S! THAT ARE NOT C!-MINIMAL 633

Acknowledgment. This work is part of my PHD thesis. I would like to thank
my advisor, Edson de Faria, not only for our helpful discussions and his many
useful remarks on mathematical structure and style, but also for his constant
encouragement. I would like to thank J. Paulo Almeida, Jorge Iglesias, Roberto
Markarian and Alvaro Rovella too for our helpful discussions. This work was
partially supported by CNPq.

References

[1] A.Denjoy, Sur les courbes défines par les équations différentielles a la surface du
tore. J. de Math Pure et Appl., 9(11) (1932), 333-375.

[2] D. McDuff. C'-minimal subset of the circle. Ann. Inst. Fourier, Grenoble, 31
(1981), 177-193.

[3] M.R. Herman, Sur la conjugaison différentiable des difféomorphismes du cercle a
des rotations. Publ. Math. LH.E.S., 49 (1979), 5-234.

[4] A.Norton. Denjoy minimal sets are far from affine. Ergod. Th. & Dynam. Sys., 22
(2002), 1803-1812.

Aldo Portela

Instituto de Matematica y Estadistica “Prof. Ing. Rafael Laguardia”
Facultad de Ingenieria

CC30, CP 11300

Universidad de la Republica

URUGUAY

E-mail: aldo@fing.edu.uy

Bull Braz Math Soc, Vol. 38, N. 4, 2007



