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Periodic solutions of generalized Liénard
equations with a p-Laplacian-like operator*
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Abstract. In this paper, sufficient conditions are established to guarantee the existence
ofatleast one periodic solution to a generalized Liénard equation with a p-Laplacian-like
operator. Generalized polar coordinates are employed in our proof.

Keywords: generalized polar coordinates, Liénard equation, Laplacian-like operator,
periodic solutions.
Mathematical subject classification: 34C25, 34B15.

1 Introduction

In recent years the existence of periodic solutions for second order Liénard
equations of the form

u" + fu,u ' +gu) =e(t,u,u’),

have been studied by many authors (see e.g. [1-12] and the references therein).
More general equations or systems involving periodic boundary conditions have
also been considered. For example, in [15], R. Manasevich and J. Mawhin
investigated the existence of periodic solutions to the boundary value problem

@) = f(t,u,u), u(0) = u(T), u'(0) = u'(T),

where the function ¢: RV — RY is quite general and satisfies some monotonic-
ity conditions which ensure that ¢ is an homeomorphism onto R . On the other
hand, when ¢ = ¢,: R — R is the so-called one-dimensional p-Laplacian
operator given by ¢,(s) = |s|’~%s for s # 0 and ¢,(0) = 0, corresponding
periodic boundary value problems have also been considered in [13, 14].
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In[16, 17], the authors studied the existence of periodic solutions for nonlinear
differential equations of the form

@@ + f(t,u,u’) =0,

where ¢ is or is a slightly more general than the p-Laplacian operator. In this
paper, we will go one step beyond and consider the following generalized Liénard
equations with p-Laplacian-like operator

@) + fu,u )y’ + gu) = e(t,u,u), tel0, T, p>1, (1)

where ¢, g € C(R, R), f € C(R?,R)ande € C([0, T]xRR?, R). The reason for
studying such an equation is as follows, the term f'(u, u’)u’ stands for a damping
factor and the term e(¢, u, u’) stands for a control. Such terms are missing in
the previous equation while in the the original Liénard equation, such damping
and control factors have been proven to be important in designing devices that
generate periodic phenomena.

Our technique is motivated by that used in [ 18] and employs a polar coordinate
transformation to investigate the existence of periodic solutions for (1). That
there is a periodic solution of (1) under some conditions may not be surprising,
yet to find good and meaingful conditions may be quite challenging. Our goal
here is quite modest and is to find one such set of sufficient conditions which
can also be illustrated by simple examples. Indeed, by a great deal of efforts, we
succeed in finding the following conditions:

(H1) ¢ is continuous and strictly increasing, y¢(y) > 0 for y # 0, and there
exist p > 2, my > my > 0, such that

mily|P~! < lp)] < maly|P .

(H2) e € C([0, T] x R?,R) is T-periodic in ¢ and there exist oy, B1, ¥1, 81,
s1 > 0, p > 51 + 1 such that

|e(t,x,y)| < al|x|p_1 +ﬂ1|x|p—sl—1|y|sl i )/1|y|p_1 L,
for (¢, x, y) € [0, T] x R?.

(H3) f e C(R?, R), there exist oz, B2, ¥, 82, 52 > 0, p > s2 + 2 such that

£ )] < aalxl?2 4 Balx P22l 4 galy P72 4 6,
for (x,y) € R2.
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4
(H4) There exist A > 09 n > O: )"la )\'23 )"37 )\'47 Z)"l € (09 1)5 M1, U2, U3,
i=1

4
ta, Y i € (0,00) and n > 0 such that

i=1

4 I-p
m 2nm, \?
hl(alaa2’ﬂ17ﬂ2’y1’y2)+m_2(1_2)\1') ( TP)
1 i=1

<A< % < u < =hy(ay, oz, Bi, Bas Vi, ¥2)

| 2+ D,
g ey

where
1 = 5
h, = - |:oz1+L1a2 +L2ﬂ2 21—|—L ﬁl‘" 1—i—L4()/1—|-)/2)”]
1
1 pspzl #
hy = " O!1+P1Ol2 + P.p, +PB T + Pa(vi )7 |
2
1
-1 vl
L= Z—Gupp-1mm (’"—;)( L
p nmy
L, = p—s2—1 (hop(p—1) 5 my I
2T )4 s34+ 1 m? ’
I P — s (kzp(p—l))_'flfl (mz)w—';lp—m
3 = > ;
p 81 mf
_ 1-p M2
Ly = —(/\ p) "—,
my
p— —p
P = —(mp(p—l)) ﬂ‘m ;
p
so+1 )
b P=si— 1 (mp(p—1) “ra rzlm—p;%;il
P p s2+1 : ’
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_ S B
p, = P (Msp(p—l)) o ’"1_‘”‘1‘”’
p s1
_ 1 l-p,. 1=-p
Py = —(uap) Pm; 7,
p
and ]
_ 2n(p—1Dr
P psin(e/p)

(HS5) The solutions of Eq. (1) are unique with respect to initial values.

Our main result is then

Theorem 1. Suppose (H1)-(HS5) hold. Then Eq. (1) has at least one T-
periodic solution.

The condition (H1) restricts the growth of the function ¢. The condition (H2)
requires the control term to be periodic (for synchronizing purpose) and bounded
by mixed powers of |x| and |y|. Similarly, the growth of the damping term is
restricted by the condition (H3). The condition (H4) imposes bounds for the
ratio g(x)/¢ (x).

In the next section, we will transform Eq. (1) into a first order nonlinear system
so that polar coordinate transformation can be introduced further. Then estimates
for the modulus function and the rate of change of the phase angle function are
found in Lemma 1 and Lemma 2 respectively. The number 7, arises since we
need to estimate the time for traversing a cycle around the origin (see Lemma 3
below). The main result is then proved by means of degree argument. A concrete
example is given in the last section which clarifies our hypotheses.

2 Periodic solutions

In this section, we present some lemmas and prove our main result.
Let v = ¢ (/). Since ¢ is strictly increasing by (H1), Eq. (1) is equivalent to
the system
{ u'=¢~'(v),
vV =—g) = fu, " W) (V) +et, u, 7" (v)).
Given £ and n € R, by (HS5), there is a unique solution u(¢, &, n) of Eq. (1)
satisfying the initial value condition

u©,8,7) =%, v0,&n =n.

2)
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Applying generalized polar coordinates

12 2-p
u = prre|cosf| r coséb,
p=1 2wl 2 (3)
v = (—) r r |sinf| r sind,
p—1
or
rcosf = L|u|p74u
= > ,
: T 2p 4)
rsing = pp |v|2P-Dy
then
= =l + e )
and
2—p
. [ D
6 = tan p_lT .
lul = u

Lemma 1. Suppose (H1)-(H5) hold. Then for each ¢ > 0, there exists A > 0
such that ifr(0) = A, thenr(t) > cforallt € [0, T].

Proof. Consider

p

—1 P
lv(@)]7~T.

1
() = — )’ +
p p

It is clear that (H1) implies

_1

PRI _ o]\ 7
— <l Wl=|— :
my m

So we have
dr? =
rdt(t) = [ lu@)” 2u@)u' @) + @O~ o)V (@)

< [P W) + V| 7T — g@) — f(u, 6~ (0)$ ()
+ e(t,u, ¢ (v))]

1

L _
< [ulP o W)+ wlvl 7T P )] + [v] 7T (aa|ul? 2
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+ Bolul”™ 2o W2 + 12l )P + 8o (V)]

L — —s1— - s - -
+ 7T (@ ul? ™+ BilulP T e T O+ pile T )P+ 8)

L 1 -4 NG 71
< my P ulPT ol T A+ o ul P T 4 apmy P [u| P2 v

s+l +2 ‘)/ ! 2
+ Bam, T PR ] +m_|v|” Tt Somy T v

S1
+ anfulP~ o] 7 + Bimy " ul P 1|v|1’ ' + —Ivlp T 8y o] T

= LulP 7T A+ L] T+ BjulP R o] ET 4 o] P + 8[|

s+l 242
+ Is|ulP T ] T glul PR o T,

where
1 1
T V2 Y1 -1
h=m " +pumy+o, bh=-—"—4+-— L=om’',
mi mi
L 5 _52+1
—1 p—1 p—
14_82m1 ’ 15=/31m1 ’ l6=ﬁ2m] ’
while

—1 1
Iul”) <1 (p )rz,
p—1

1
hul?~" )7 <1, <;|v|/’1 + 2

ph rz,
p—1

p
L[t <

2
Lol 7T lul? ™2 < 1y (—|v|pf1 +
p

2 2 2 -2
Lol 7T < St + 22 < Z 2 B0y

p p p—1 p

1 —1 -z 1 —1 -z
Sl 7T < — T 4 P < 2 BT T

p p p—1 p

o1 1 p 1 1 s1+1  »

IslulP =1 | 77T < s lul? + i
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s9+2 —_ —2 2 2
Islul? 2] 7T sla(—p e m”")
p p

2
§l6<p—S2—2+S2+ )7‘2.

p—1
So,
dr(t
rdt() < bri(t) +a,
where
) -1 2
a = p I4ﬁ+p—8{’_',
p P
1 / 2 3
b = n(p-1+ + 22— p-2)
p—1 p—1 p—1 p—1

s1+ 1 S+ 2
+15(P—S1—1+ 1 >+16<p—32—2+ 2 )
p—1 p—1
It follows that

(r2(0) n %) e < (rz(O) +

a

b

A

e =rtn+ 5

IA

(r2(0) n %) & < (r2(0) + %) H 0<r<T.

1
Ifwelet4 = [(02 + %) elT — %]7,thenA > candr(0) = A impliesr(¢) > ¢
for all ¢ € [0, T]. The proof is complete.

Lemma 2. Suppose the conditions of (H1)-(H5) are satisfied. Thereis R > 0

such that if r(0) > R, then % <O0forallt €10, T].

Proof. We have

— 2—
] ol 7

O s e G
= —%[ug(u) +uf (¢~ )~ (v)

+ (p— D' (v) —ue(t,u, ¢~ ' (W)].
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As

ug(u) +uf (u, ¢~ )~ (V) + (p — Dvp ™ (v) —ue(t, u, ¢~ (v))
> dugp(u) + (p — Dod ™" (v) — [ul(aalul’7 + BolulP 27 |¢p ! (v) ]
+ 1l P2+ 81T W) — [ul(an [ul”" + BilulP o (v) [
+nle™ @I +68)

1 1
T 2 —p1 T
> (Amy —a)|ul” + (p — Dmy " |o[P=T —opmy " |u]P7 v 7

_stl 1 o, r NG =
— Bomy " ulPT T o T — (m_ + _> llo] = amy " fullo] 7
I

my
| s
— Bumy T Pl T — 8.
Let .
1 —%l 60[2 myp p=T
n:—p(p—l)m” , 601=—<— s
6 ? p(p—1) \m
then
=T L -1
comy "l ol = 1y ([l e ful )
1 -1
<7 <—|v|"p1 +p—(w1|u|”')pﬂ)
p p
1 --L 71 -1 p
< —pm," " [ =lulf + —— |77
= 6]? 2 (p| | » [v] )
+p_ rla)lﬁluV’.
Let
o lpm_ﬁ o = 2T
2 6 2 ) 2 pm, 2
so we have

4 V:
<_1+_2) lullv] = w(w2|ul)lv]

mi ny
1 —1
m(—mWw+p mﬁ)
P P

1 L /1 -1 1
< —pmy"" (—Iul” +2 Ivlpﬁ) + —nf |ul?.
6 p p p

IA
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Let |
! 7%1 682 mj p=T
bt e (2
6 ? p(p_l) ni
then
__1
Sam, 7 ullo] 7T = f3|u|(|vlﬁw3)
— p—1
< T =2
3|”|(p_1|v|—|-—_1a)3 )
sl + 5t 5
= gpmy lullvl+ 2 plp = 2my " w0 Jul
1 _1 /1 1
< cpmy” <—|u|p+p Ivlppl)
6 p »
+8P(P—2)m2 ! ul.
Let
1
plp—1) 3= 62+ Dpy (ma\ 7T —2
= ——m," g = —— 2= _—y
02+ 1) p(p—1 \m,
then
o o "
ﬂzml p-1 |1/l|1’—s2—1|v|ﬁ =17 <|U|ﬁa)4|u|p_52—1>
N +l — 5 _1 7577
= l(p—l)m P2 ] T
6 2
p_S2_1 1’—?2_1| |P
1 1/ .
= - = ul? + vlr-T
— 6p 2 <p| | [v] )
p—s—1 p_sz_ll v
p
Let
p(p - 1) _ﬁ 6S1ﬂ1 my ﬁ L)_—‘]l
Ts=——-—m," , ws = —"1 == mP
6S1 p(P—l) mi
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then
51

S _
Bum, " ulP” T = (ol wslul )

S1 _pP_ — 81 _L
< T (—Ivlp-1 +p—w5” ! Iulp>
p p

1 S - —a
= 6<p—1)m2”“|v|ﬁ+p 2wl ful?
1 ‘ -1 5
< <pm —| P+ 2yt
s 2
—|—p rsa)s Yul?.

We select A large enough such that
p—1 |

— _ _ = _ _ P
§ = Amp— Tiw1? T,
p
P p 1
p_SZ_l —sy—1 P — 51 — — 51
-, - sl ' —my " >0,
p

Letd =8 + p(p — 2)m, " i, we also have
d d \ 1
dlu| = éplul (—) <8lul’ +(p—1)8 (—) :
op pé

ug() +ufw, ¢~ NP~ (v) + (p — Dvp~'(v) — ue(t, u, ¢~ (v))

r

1 T -1 d \r!

= —pm,’ [ ul? + £ |v|p’*}—<p—1>a(—>’”
pé

P

therefore

-6
1

= Lomme s (<L)
= gPm r()—(p—)(ﬁ) -

Lemma 1 implies that there is R > 0, such that

1

1 e d \rT
gpmz re(t) > (p—1)é ﬁ ,

when (0) > R, then our assertion is verified.
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Lemma 3. Suppose that conditions (H1)-(H5) hold. Given an arbitrary pos-
itive number v, there exists A >> 1 such that if r (0) = A, then

(T, &,m),v(T, & 1) # @7PEP=DPy),

Proof. It follows from Lemma 1 that,
r(0)=A=r@)>c for te[0,T]

On the other hand, when (0) — oo, it holds uniformly from (H1)-(H3) that

_ 2—
ju] = v| D

-0 = ugw) +ufw, d ') (v
zm,,z[gU [, ¢~ )™ (V)
+ (p — Dop ™' (v) —ue(t,u, ¢ (v))]
jul T o] D !
4 — 751 _P_
> N—H [y — ) ul? + (p — Dmy " |7
v2+l +1
—aym, ” W Yo 7T — Bym, * " JulP=52 o 3T
1
- <ﬁ+ y2)|u||v|—82ml =
m mi
| s
— Bimy T P ] 7T — 8y ul].
Let
-4 ST p(p—1) -4
Cl=hp(p—Dm,"", C7 = s, + 1 my ",
L - 1) - . __
C;l :)\’3p(p )m2 p—l’ C4p71 =)»4pm2 p*l’
S1

1
-1 o2
L=2"0upp-1) (’"—f,) R
p ny
sp+1

s+l
L _p=s=1 (hap(p= D\ PR ()T
*T p sy 41 mf '

L. P8 (kpPp—1) T (my \ T
T S1 my ’

1 _,my
Ly=—0up)'™?—
p 1
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4
where A1, A2, A3, Aq, »_ A; € (0, 1), so we have the following inequalities
i=1

1

1
=AY S T oom, Py P! P
R 7 e Y (Cl R T )(C1|v|1’*1)
-1 —Lby e 1
< pT(Cflazm1pl)p Iul”+pC”|v| -

P .
= L " [ul” + A (p — Dm, " |77,

32+1 | +1 32+1
=1 =1
Bomy 7T ul P Ivlp1 = (C5'Bom, "7 ulP 1)(Czlvlpl)
_S2 32+] p
< P22l pom, )
_P
+S2+1C32+1| |L1
1
— 751 P
= Lypy" TP 4 g (p — Dmy " ] 77T,
— T s s =
Bum, " ulP w7 = (CyBim, Iulp )(Cslv|7T)
p ‘11 51
< (C pim,” )”Iul’“r ey

= Ly " & ul? + A3 (p — ym, a |77,

_ +
(ﬂ N ﬁ) uljo] = [04 1 (u) |u|] (CalvD)
mp  m mi

1 -1 -2
< —|:C41 <V1+V2):| u |p+P_C4p 1|v|%
P mi p

S,
= Ls(y1 + )P ul? + da(p — Dym, 77 Jv| 7T,
So

_ 2—
u| T |v] %D 2

Amy —ay — Lot
2@”2 [( 1 — o 10,
4 -
—La(y1 + v2)")ul” + (1 - in) (p— Dmy " |71
i=1

_9/ zﬂpszl_L ﬂpsl
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1

-4 L
—8am " ul[v] 7T — 8y ul]

. 2-p p=2
plsinf| r |cosB| »

2p — )7

p

_p
|:()»m1 —ay— L) — Lop "

4 L
— L3l T La(n + 1)) cos? 6 + (1 - Zki>m2 o
i=1

_L
—T

ST

2p - Dir T

821111 p
2(p

2

81pp

2(p—1rr

1 20—

p

4—p
|cos€||sm9| P

. 2p
| cos@||sinf| »

= ai;(bycos O +sin“O)|sinf| 7 |cosbO]| »

1

s
2my; - p

2 2(p=2)

_2(p — Drr

5119%

P

2(p—Derr v

where

b =

1 2(p=D

p(l_Zl 1)\’)

1
-1

2(p — l)f’m

1
1-3

=

LA

’

. 4-p
| cos@||sinf| »

. 2-p
|cosO||sinf| 7,

_P_

[)»ml —ay; — Lia)™ — LBy o

i

_pr
— L3 = La(yi + )" mJ

_1

Denote b = min{b;, 1}. Then we have

2— -2
0" > aj(bycos’0 +sin’0)|sind| 7 |cosO| 7

2b(p — V)rr 7

_L
-1

82}’}11

p’

2

2

2(p=2)

2b(p —1rr >

51])1’

1
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~ 2 .2 . 2-p p=2
= di(bycos” O +sin“0)|sinf| » |cosbh| 7,

where
-2 2 1
dom, pPr S1p»
22 20— °

2(p—1)ir T 2b(p—1yir

a; = a

Assume that it takes time At for the motion (r(¢), 6(¢))(r(0) = 4, 6(0) = 6,)
to complete one cycle around the origin. It follows from above inequality that

Op+2m do
At < / A o, . 2= =
) ay(by cos20 +sin”0)|sin@| » |cosO]| »

- /z do
- 2= =2 -
ai Jo (b, cos?6 + sin?@)|sin6| 7 |cosO| 7

Let

1
n = tan~' —tand.

NG
Then

T

4 (%7 d 2 1 p—1 27
At < T / ﬂz;p = 1B(—, P ) = T ,
abr Y0 ftanylr gpr NP aib] sin 2

from (H4), we have
1
arb{ sinZ
p
4 p=1 % p—sy—1 F% » 1
_l(l_ZA) ()‘ml_o‘l_Ll"‘z —L2p —L3py ' —Lani +2) )p
Tp - l my
2nmw
> —.
T

So there exists o > 0 such that (¢ — cr)bf sin% > Z”T” For the o > 0, there
exists R’ > 0 such that

1, .

-1 = 1

Sym, " pr 4 S p?
20-2) 20-1)

0 < — 2 20 N 1
2b(p — )rr » 2b(p — D)rr—»

< 0,
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for 4 > R’ large enough. So we have

_L
527’)’11 1p% Slp% b% ;1

2 20-2 =~ 1 2(-1) ] Sm—

2b(p — l)Pr P 2b(p — )rr—»

1
fl]blp sin — = ay —

1 T 2nw
> (a; —o)b/ sin— > —.
P T

Therefore
T
E >n.
Let
1 _p_ (p—1) -
D _ 1 = , D32+1 — p p—1 ,
= uip(p )ml 2 1%%) 5+ 1 m,
» —1) —_ . o
D;] =M3p(p )’n1 p—l’ DI_I =M4pm1 p—l’

S1

1
—1

pP—
P = T(Mlp(p — 1)) »- ‘m1 ,

’

_ st B
p—s:—1 (pap(p—1D\ 721 -2
P = p so+ 1 "
s .
p—s (sz(p — 1)> T
p S1 ! ’

Py =

1 _
Py = ]—)(M4p)l_pm} ?

4
where w1, 1o, 13, ta, »_ (i € (0, 00). Then we have the following inequalities
i=1

--L 1 -4 L
aym, P ulP | T = (Dflazmlp Hul P~ (Dy]v]|7T)

= Pal” 'Iulp—i-m(p— Dym, " |v|7T,
92+1 1 ?2+11 sp+1
Bom, " |u|P |77 = (D3 Bomy 7T julP2 Y)Y (Dafv] 7T)
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— 5 — 1 s+l
< p—z(D Bam, 7)Y |y
p
_P

1 P

= PB) Pt ul? + pa(p — Dm P |71,

31

| s
-1 - _ 21
Bum, " ulP ol = (D5 Bimy P w0 ) (Ds ] 7T)

pP—-

A

51 P
S1 7 P
(D Bim,” 1)” T ul?” + ;D? lo] 7=

P

1
—s ~7-1 _P_
= Py ul? + pus(p — ymy 7 o],

(ﬂ+£) ullol = [D4 (V1+”>| @ (Dalol)
m;  m m

1 + —1 2
_[D“l(yl yz)] jul? + L= D)7
p my p

IA

1
=1 P
= Pi(yi + )P [ul” + pa(p — Hymy "~ o] 77T,
Similarly, we have

—9 = M[ug(u) —+ uf(z,[ ¢71 (’U))¢71 (U)
2Jp —1r? ’

+(p — Dop ™' (v) —ue(t,u, ¢~ (v))]
]2 o] 1

=1 L
2¢—12 7 [(ma + @) |ul” + (p — Dy, " [v] 77
sp+1 5+l

T aamy Pl |7 amy P P o B

A

--L 1
+ (ﬂ + ﬁ) ullv] + Sam, " ful o]
nmi mi

5]

+ Bimy " ul P ] T — 8 Ju]

— 2—
jul 2" o] D

2/ p — 1r?

[(umy + ey +P1062 + Py T +Pspl R
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4 1
+ Py(y1 + v2)P)ul? + (1 + Z/M)(P — Dm, " v| 71

+ 8omy " Iullvlf’ T4 8 ful]

2-p -2
p|sing|7 |cos9|PT[

: (ums + a1 + Pl + P8I .
2(p— 1

_P _ 1
+ P3B" + Py(yr + 2)P) cos® 0 + (1 + Zm)ml 71 gin? 6]
i—1

_ o,
8 =y

e zlz |COS@||sm9| 7
2(17— l)Pr P

1

Sip» .

+ lpl 2-1) |0059||Sin0|7p
20p—1)rr »

= ap(bycos” O +sin“H)|sinf| 7 |cosO| »

L2
521’/’11 lpE . iy
T 35y | cosO|[sinb| »
2(p—1rr »
1
Sipr -
T 1pl 2p—1) |COSQ||sin9| pp’
2(p—Drr v
where
_pd +Z?=1 i)
@ = i
20p — Drm!”!
b 1 [ +a + P 7T +P IBP SI; T
2= T m o Lo )
1+Z?:1 Mi 2

p 1

+ P+ Pa(yi 4+ )P m T

with the similar argument, we also get
d +1
— <n+1.
At

Therefore 7
n<—<n-+l.
At
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T

To complete our proof, we show thatif n < = < n + 1, then

(T, &, n), v(T. &, 7)) # (v?s, v””p”n).

2(p—1)

Indeed, if there is v > 0 such that (u(7, &, n), v(T,&,n)) = (v%f;‘, voP n),

then
1

( 1 2 2=p P pT 2(p=1)
pPr(T)r|cosO(T)| P cosO(T), (;) r(T) P |sm9(T)| P sin6(T)

2(p—1) 2(p—1)

r=1
- (vppl’r(O)f’lcose(O)l 7 cos0(0),v P (ﬁ) PO 7 |sino©) 7 sme(O))

So
F(T)7| cosO(T)| 7 cos O(T) = v7r(0)7 | cos8(0)| 7 cosB(0),  (5)

r(T) |sm9(T)| > sinf(T) = v v r(O) |s1n9(0)| a sin4(0). (6)
From (5) we have
F(T) 7| cos O(T)|7sgncos O(T) = (vr(0)) 7| cos B(0)| 7 sgn cos 0(0),
s0, sgn cos (T) = sgn cos H(0), therefore,
r(T)?] cos6(T)|? = (vr(0))?] cos6(0)| 7,

moreover,
r(T)cosO(T) = vr(0)cosO(0). @)
Similarly from (6) one has
r(T)sin@(T) = vr(0) sin6(0). ®)

So, from (7) and (8) we have
r(T) = vr(0), (cosO(T),sinB(T)) = (cosH(0), sinH(0)).

Therefore,

0(T) = 0(0) + 2km, or 0(T) —6(0) = 2km.
However, from nAt < T < (n + 1)At, we have

0(T) —0(0) < O(nAt) —6(0) = —2nm,

0(T)—60) >6((n+1At) —0(0) = =2(n + D,

since 8’ < 0. So there is no integer k such that (7)) — 6(0) = 2kmw. This

contradiction completes our proof.
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Proof Theorem 1. By Lemma 3 we know that there exists 4 > 1 such that, if
1 -1, »
—Jl? + P 7T = A2,
p p
then
2. 2p-D
(“(T,éf, T])7 U(ng’ n)) # <)\‘p€:’)\' p 7]) for A > O

Assume that
& =u(l,§&n), m=vT,§n).
Consider a two-dimensional open region D 4 bounded by

Dy= {(E, m: =1+ ——Inl7T = A2}.
p p
Define the topological mapping

H:Dy+— R*,  (&,n) —> (&1, m).

It follows from Lemma 3 that
2 2(p-1)
GuLn) # (A28 4 7 ), (., n)€dDy.

Now we define a homotopy 4: D4 x [0, 1] — R? by

2(p—1)

2 2 2(p=1
héE,n,pn) = —<W’$,M » n>+((1—u)1’$1,(1—u) » 171)

2 2
P 0 1—w)r 0

= — (M 2(p1)> 1, n)+ <( 2 2(p1)> H(E,n),
0w r 0 (I—p) »

for u € [0, 1]. It is easy to see that 4(&, n, 0), h(§,7n,1) £ O for (§,n) € 0D 4.
Then we show that 4 (&, n, u) # 0 for (&, n) € 0Dy, where u € (0, 1). If not,
there is g € (0, 1), (¢, n) € dD4 such that A(&, n, we) = 0. i.e.,

2 2p-1)
E,m) = < Fo )pfv( Fo ) ’ nl,
1 — o 1 — o

which is impossible. So 4(&, n, u) # 0 for u € [0, 1].
Then, deg{h(§,n,0), D4, 0} = deg{h(§,n,1), D4, 0}, ie,
deg{H, D 4,0} = deg{—1, D4, 0} #0.

Therefore, H has at least one fixed point (§*, n*) € D,. It is easy to see that
u(t) =u(t, &%, n*) is a T-periodic solution of the Eq. (1).
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3 Example

In this section, we present an example to illustrate our main result. Consider the
following differential equation

@) + fu,u )y’ +gu) =et,u,u), t€[0,T]. )

where

p(x) = ¢s(x) = |xPx,

1
Sy = P+l +a, a0,
gx) = 20¢s(x),
3 1
e(t,x,y) = —§|x|3x — |x)’y — §|y|3y +bcos2nt, b>0.
Herea; = 2,00 =B =1L, =0, =y =1,8=a 8 =b,
st =5 = 1. Let Ay = puy =)»3=M3=%,?»2=M2=%,M=M4=%,

n=0,T =1. Then

; g(x) S\' s
<k<¢5(x <u<-3+ o 2ms)”,

and hence conditions (H1)-(H4) are satisfied.
Now, we check the condition (HY) is satisfied. Suppose x;(¢) and x;(¢) are
two different solutions to equation (9) satisfying

x1(ty) = x2(tg) = x0,  x1(to) = x5(to) = xy.

Lety = ¢(x'), then (x;(¢), y; () = (x;(t), d(x/(?))), i = 1, 2, are two different
solutions to the system

{ x'=¢7 (),
Y =—gx)— f(x, 07O ) +elt, x, 7 (),

satisfying (x; (t), yi (fo)) = (x0, ®(x'(%))), i = 1, 2. Without loss of generality,
we assume that there exists #; > #, such that

(10)

x2(t) > x1(t), t e (t, ]

As x1(t)) = x2(ty) = xo, xi(to) = xé(l‘o) = x(’), and x; € Cz[l‘o, t], so there
exists t* € (ty, t1) such that

xy(t) > x((t), t€ (f,t*].
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So, for t € (1, t*],

! 1
f (Ix2()Px5(s) — [x1()Px[(s))ds = Z(lxz(f)|3x2(l‘) — [x1 () Px1(2)) > 0.

Therefore, for t € (¢, t*], we have

@ =@ = —/ {[gG2(5)) — gri(N] + [ (x2(), ¥5(5))x3(s)

1e.,

— F 1), X ()x](9)] = [els, x2(5), x3(5))
— e(s, x1(s), x1(s)] }ds

--/ " (20[85Cea(s)) — dsCer)] + 2[xa) Pxbs)
- |x01 P71 ()] + [y () Pxi(s) — () Pxi ()]

3
+ a(xy(s) —x|(s)) + g[IXz(S)PXz(S) — |x1()Px1(s)] }ds
< 0.

d(x5(1) — p(x1(1)) <0, e (f, "]

So, x5(t) < x{(t), t € (t, t*]. This is a contradiction.

Therefore, by Theorem 1, we can conclude that equation (9) has at least one
1-periodic solution.

References

(1]
(2]
(3]
(4]
(3]

(6]

Z. Wang. Periodic solutions of the second-order forced Liénard equation via time
maps. Nonlinear Anal., 48 (2002), 445-460.

P. Omari, G. Villari and F. Zanolin. Periodic solutions of the Liénard equation with
one-sided growth restrictions. J. Differential Equations, 67 (1987), 278-293.

G. Villari. Existence of periodic solutions for Liénard’s equation. Nonlinear Anal.,
7 (1983), 71-78.

J. Mawhin and J. Ward. Periodic solutions of second order forced Liénard differ-
ential equations at resonance. Arch. Math., 41 (1983), 337-351.

T.A. Burton and C.G. Townsend. On the generalized Liénard equation with forcing
term. J. Differential Equations, 4 (1968), 620—633.

A. Sandqvist and K.M. Andersen. A necessary and sufficient conditions for the
existence of a unique nontrivial periodic solution to a class of equation of Liénards
type. J. Differential Equations, 46 (1982), 356-378.

Bull Braz Math Soc, Vol. 39, N. 1, 2008



42

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

YOUYU WANG, SUI SUN CHENG and WEIGAO GE

P.N. Savel’ev. The dissipativity of the generalized Liénard equation. Differential
Equations, 28 (1992), 794-800.

M.A. Del Pino, R. Manasevich and A. Murua. On the number of 2w periodic
solutions for u” + g(u) = s(1 + h(t)) using the Poincaré-Birkhoff theorem.
J. Differential Equations, 95 (1992), 240-258.

C. Fabry, J. Mawhin and N. Nkashama. 4 multiplicity result for periodic solution
of forced nonlinear second order ordinary differential equations. Bull. London
Math. Soc., 18 (1986), 173-180.

T. Ding, R. lannacci and F. Zanolin. Existence and multiplicity results for periodic
solutions of semilinear Duffing equation. J. Differential Equations, 105 (1993),
364-409.

J.P. Gossez and P. Omari. Periodic solutions of a second order ordinary differential
equation: a necessary and sufficient condition for nonresonance. J. Differential
Equations, 94 (1991), 67-82.

R. Reissig. Contraction mappings and periodically perturbed nonconservative
system. Atti Accad. Naz. Lincei RC, 58 (1975), 696-702.

M. Del Pino, R. Manasevich and A. Murua. Existence and multiplicity of solu-
tions with prescribed period for a second order quasilinear ordinary differential
equation. Nonlinear Anal., 18 (1992), 79-92.

C. Fabry and D. Fayyad. Periodic solutions of second order differential equations
with a p-Laplacian and asymmetric nonlinearities. Rend. Istit. Mat. Univ. Trieste,
24 (1992), 207-227.

R. Manésevich and J. Mawhin. Periodic solutions for nonlinear systems with p-
Laplacian-like operators. J. Differential Equations, 145 (1998), 367-393.

Y. Wang and W. Ge. Existence of periodic solutions for nonlinear differential
equations with a p-Laplacian-like operator. Appl. Math. Lett., 19 (2006), 241—
259.

M. del Pino, M. Elgueta and R. Manésevich. 4 homotopic deformation along p
of a Leray-Schauder degree result and existence for (o' |P72u") + ft,u) =0,
u(0) = u(T) =0, p > 1.]. Differential Equations, 80 (1989), 1-13.

W. Sun and W. Ge. The existence of solutions to Sturm-Liouville boundary
value problems with Laplacian-like operator. Acta Math. Appl. Sinica, 18 (2002),
314-348.

Bull Braz Math Soc, Vol. 39, N. 1, 2008



LIENARD EQUATIONS WITH A p-LAPLACIAN-LIKE OPERATOR

Youyu Wang

Department of Mathematics

Tianjin University of Finance and Economics
Tianjin 300222

P.R. CHINA

E-mail: wang_youyu@163.com

Sui Sun Cheng

Department of Mathematics
Tsing Hua University, Hsinchu
Taiwan 30043

R.O. CHINA

E-mail: sscheng@math.nthu.edu.tw
Weigao Ge

Department of Mathematics

Beijing Institute of Technology

Beijing 100081
P.R. CHINA

E-mail: gew@bit.edu.cn

Bull Braz Math Soc, Vol. 39, N. 1, 2008

43



