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Generators for semigroup of Lipman
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Abstract. There is a correspondence between functions in the maximal ideal of the
local ring of a rational singularity and certain positive divisors supported on the excep-
tional fiber of a resolution of the singularity. Here we give an algorithm to obtain a
generating set over Z of these divisors.
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1 Introduction

An isolated singularity of a complex surface is called rational if the geometric
genus of the surface does not change under a resolution of the singularity. Here
we are interested in the functions in the maximal ideal of the local ring of a
rational singularity. There is a correspondence between these functions and
certain positive divisors supported on the exceptional fiber of a resolution of the
singularity (see [2] or [7]). The set of such divisors forms a semigroup, called
the semigroup of Lipman.

In this work, we give an algorithm to obtain a minimal generating set over Z
of the semigroup of Lipman by using the construction of a toric variety corre-
sponding to a given semigroup of Lipman. This algorithm works not only for
rational singularities but also for other type of singularities. The motivation for
such a work comes from a deep connection between the elements of the semi-
group of Lipman and topological invariants of the corresponding singularity. For
instance, these divisors can be used to calculate Seiberg—Witten invariants of the
plumbed manifold corresponding to a singularity (see [8]), also to read the open
book structure of this manifold (see [3], [1]).
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2 Semigroup of Lipman

Let S be a sufficiently small representative of a germ (S, 0) of a normal analytic
surface singularity embedded in CV. A resolution of S is a complex analytic
surface X and a proper holomorphic map 7 : X — S such that its restriction to
X —~1(0) is a biholomorphic map and X — 7 ~!(0) is dense in X. By the Main
Theorem of Zariski, the exceptional fiber £ := 7~ (0) is a connected curve. Let
us denote by Ey, - -- , E, its irreducible components and by M(E) = (a;;) its
associated intersection matrix, where a;; is the self-intersection of £;, and g;; is
the number of the intersection points of E; and E;. It is well known that M (E)
is negative definite.
Let G denotes the set of divisors supported on £ with integer coefficients:

g= {imiEl- |m,~ GZ}
i=1

When m; € N the elements of G are called positive divisors supported on E.
As in [7], consider the set

FYE)={YeG| (Y -E)=<0 foralli}.

In [11], Zariski proves that the subset £ (E) of G is not empty. Furthermore,
for any element ¥ = Y m;E; in ET(E), it is easy to see that the inequality
(Y - E;) < 0 implies that m; > 1 for all i. Moreover, £1(E) is a semigroup,
called the semigroup of Lipman. A partial order on 7 (E) is defined as follows:
Given two elements

n

Y] ZZ(I,’EI' and YZZibiEi
i=l1

i=1

of T (E), we write Y| < Y, ifa; < b; for all i. The smallest element of E+(E)
can be calculated by Laufer’s algorithm (see [5], 4.1). By using a similar process,
we can find all other elements in 7 (E) (see [9, 10]).

Theorem 2.1 (see [2]). A singularity of a normal analytic surface in CV is
rational if and only if the arithmetic genus of the smallest element in E*(E)
associated to a resolution of the singularity vanishes.

Then we obtain:
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Corollary 2.2 (see [2]). The exceptional fiber of any resolution of a rational
singularity is a normal crossing divisor, with each E; nonsingular and of genus
zero, and any two distinct components intersecting transversally in at most one
point.

A proof of this corollary can be also found in [10].

Generally speaking, we are interested in the semigroup of Lipman associated
to the exceptional fiber of a resolution of a rational singularity. Nevertheless the
same algorithm also holds for nonrational singularities.

3 Generators of the semigroup of Lipman

For any element Y' = 3", m; E; in G we have

M(E) - (ml,mz,...,m,,)t = (yl,yz,...,y,,)t.

This says that (Y’ - E;) = y;. Let us denote by §; the column matrix with
coefficients 0 everywhere except in the i-th row, where the entry is —1, and
consider M(E) - (m;1, mj2, ..., m;,)" = 8. We have m;; € Qt. Set F; =
Z’J':l m;; E ;. Then we can write F; as F; = k; - F;' for some k; € Q7 such that
the coordinates of the F;’ are positive integers and relatively prime. Hence F;’
is an element of Z+(E).

Definition 3.1. Let UT(E) = {Dy, ..., D,} be a subset of E*(E) such that
each element in E*(E) can be written as a linear combination of D;’s with
coefficients in Z" (in Q). The elements of U (E) are called Z-generators
(resp. Q-generators) of E*(E).

Remark 3.2. Notice that the F] generate £*(E) over Q.

3.1 Z-generators of the semigroup of Lipman

We present an algorithm to find the minimal generators over Z of the semigroup
of Lipman.

Algorithm. To determine generators over Z of the semigroup of Lipman, we
consider £t (E) as ET(E) = 0¥ N N, where oV is the rational polyhedral cone
generated by the F;, and N is the lattice G. The ring S(E) = C[ET(E)] is
called the semigroup ring associated to the exceptional fiber £ of a resolution
of a rational singularity. We can now reduce our problem to one of determining
the ring structure of this semigroup ring.
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Let N = (Eq, ..., E,) be a lattice generated by the components of £ and
M = (E},..., E;) be the dual lattice of N with dual pairing denoted by ¢, )
such that (E;, E;‘) = 1ifi = j, 0 otherwise. We denote N ®z R by Nr and
the dual space M ®z R by My. Let oV be the rational polyhedral cone defined
by £T(E) in Ng. The semigroup o¥ N N is finitely generated. The associated
semigroup ring S(E) is C[oY N N].

We consider Fi, ..., F, as above. Let N' = ([}, ..., F,) be a lattice and
M’ be the dual lattice of N’ generated by F}', ..., F such that (F;, F}‘) =1
if i = j, and 0 otherwise. We obtain:

Proposition 3.3. The dual lattice M’ of N' is generated by the rows of M (E)
multiplied by —1.

Proof. The proof follows from the construction of the F;. More explicitly, let
Fi = Y)_, a;;E; such that M(E)(ai1, @, - . -, ain)T = 8;, where §; isan x 1
matrix with i-th row —1 and other entries 0. Since M (FE) is invertible we can

write .
ils « s Uin =—bi7"'5bin
(an Ain) detM(E)( 1 )
for some b;;. From the following condition (F;, F' f) = 1ifi = j, 0 otherwise

we obtain (¢;;) (a1, - . ., ai)” = —8;, where

n
* .. *
= E c,JEj.
j=1

Thus (cij) = —M(E)
The lattice M’ is a sublattice of finite index of M and eV NN C ¥ N N'.
Then we have the following Proposition:

Proposition 3.4.  With the preceding notation, C[o¥ N N] = C[N /]%.
Proof. See page 34 in Fulton [4].

Remark 3.5. The affine variety Spec C[o¥ N N] has only quotient singu-

larities.
To explicitly find the associated semigroup ring C[o¥ N N, we first determine
M
the ring C[N'] and then the ring of invariants C[N’]» under the %-action.
As examples, we determine Z-generators of the semigroup of Lipman for simple
singularities, a determinantal singularity and a minimally elliptic singularity.
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3.2 Examples

Example 3.6. Let £ be the exceptional divisor of the minimal resolution of an
A,—1-type singularity. We have E; - E; = 1if [j —i| =1, -2ifi = jand 0
otherwise. The F; for £ (E) are

1
F, = ;[(n—i)E1+2(n—i)E2+- cti(n—i)Ei+i(n—i—DE;1+- - +iE,_].

Note that the semigroup of Lipman £+ (E) (respectively the semigroup ring
S(E)) for a given singularity of type 4,_; is sometimes denoted by £+ (4,_1)
or ET(T") (respectively S(A4,_1) or S(I')), where I' is the dual graph of given
singularity. The same notation also applies to other type of singularities.

We denote the ring C[N] by C[xy, ..., x,_1]. Thus we can write C[N'] =
Cluy, - -+, up—11, where
(n—i) 2(n—i) i(n—i) i(n—i—1) i
—_— n n .. n n .. n
Up =X = X Yi o Xip Xn-1-

On the other hand, the finite group % can be described as follows:

Proposition 3.7. The group % is a cyclic group of order n generated by € for
a singularity of type A,_\, where € is a primitive nth root of unity.

Proof. LetF = F+M' € M’ where F = b1Ef+---+b,_E*_| € M. Then
F € M'. In other words, there exist integers a; such that

bB\Ef+---+b, EfY | =a)F} +---+a, |F" |.

Since the F* can be written in terms of the £, we can solve the a; in terms of
the b;. More explicitly, we have the following system:

a; = F;b' (M

fori =1,...,n—1,where b = (b, bs,...,b,_1). f wesetb;, =0 fori # 1,
then we can observe that the smallest integer for b; satisfying the system (1)
should be n. This means that ord Ef = n. Similarly, it can be shown that
ord E,_; = n. It suffices to solve the system (1) for i = 1. In other words, the
system (1) is equivalent to the following equation

1
ar = —((n = Dby +(n = by + -+ + by).
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From here we can observe that
2Ef —EX3E¥ —Ef,...,(n—2)Ef —E, ,,Ef +E'_ e M.

Hence M /M’ is generated by E_]" Setting € = E_f, the result follows.
Any element ¥ = Z?:_ll a;E; € Et(A,_) should satisfy M(E)a’ = —b'

for some b; > 0 where a = (ay,ay...,a,—1) and b = (b1, b, ..., b,_1). This
condition is equivalent to (n — 1)b; + (n — 2)by + ... + 2b,_» + b,—1 € nZ.
Thus we obtain S(A4,_;) = Clu;, ..., u,—1]1', where the action

€. u[flugz . uzn:ll — E(n—l)bl+(n—2)b2+‘..+2b,,,2+b,,,1ul]’lugz o uflrrll‘

For instance, in the case of 43, the F; for £7(43) are
F—1(321)F—1(242)F—1(123)
1 = 4 ’ ’ ’ 2 = 4 ’ ’ ’ 3 = 4 ’ ’ .

The group % is a cyclic group generated by an element € of order 4. The ring
of invariants under the action € - u?‘ué’zu? = e3b1+2b2+b3uf‘u1272u13’3 should sat-
isfy the following condition 35, 4+ 2b; + b3 = 0 mod 4. Therefore the ring of

invariants is generated by monomials

4 2 4 2 2
Uy, Uy, Uy, U1U3, UjU, UzU3.
In other words, the corresponding Z-generators of 1 (E) are

3,2, 1), (1,2,1), (1,2,3), (1,1, 1), (2,2,1), (1,2,2).

Example 3.8. Let £ be the exceptional divisor of the minimal resolution of
a D,-type singularity for n > 4. The intersection matrix M (D,)) is defined by
(Ei-Ej)=1ifj=i+1fori=1,...,n—2,(E,—»-E,) =1land(E;-E;) =0
otherwise. We have det M (D,)) = 4 when n is even; det M(D,) = —4 when n
is odd. Then the F; for £ (E) are the following:

Fi = E\+2E+--+ (@ —DE 1 +i(Ei + Ei1 + -+ Ey2)

i

+ E(Enfl + En) for i =n- 2»
1 n (n—2)
F,_, = E(El +2Ey 44 (n—2)E,5) + ZE,H + = E,,
1 (n—=2) n
F, = 5(E1 +2E+- 4+ (n—2)E, ) + TE’H + ZE”'
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We let C[N] = Cl[xy, ..., x,]and C[N'] = C[u,, ..., u,], where

i i

wp = x1x3 - x,xixtoexl_ox2 xi o for i <n-—2,
1 2 n=2) n (n—2)
2 2 7 7
Up—1 = Xy Xy =Xy XytXn s
1 2 n=2) m=2) =n
2.2 2 7 7
Uy = X[X5 X, 5 X, Xp.

The finite group % is more complicated to describe explicitly in the case of D,

than in the case of 4,,.
Let F = F+ M € M'where F = b Ef +---+b,E; € M. Then F ¢ M'.
In other words, there exist integers @; such that

biEf+ -+ bEf =a)F} +--- +a,F?.

Since the F* can be written in terms of the £, we can solve the a; in terms of
the b; as in the case of the proof of Proposition 3.7. More explicitly, we have the

following system:
a; = F;b' 2)

fori =1,...,n,where b = (b1, by, ..., b,).

Proposition 3.9.

(a) Ifnis odd, then the ring of invariants is generated by the following:

2 2 2 2 4 4
u]? u27 u35 u47 R ] un_4a u}’l739 un_25 un_lv un?

wiu; for i,j=1,3,...,n—2 and i # j,u,_1u,,

u,»uil for i=1,3,...,n—2,uiui fori=1,3,...,n—2.

(b) Ifn is even, then the ring of invariants is generated by the following:

2 2 2 2 2
u19u27u37u47"'aun—47 un_39un—27un_]9un$
wiu; for i,j=1,3,...,n—3 and i # j,

Uiy u, for i=1,3,...,n—3.

Proof. Assume that (a) holds. From the system of the equations (2), if we
set b; = 0 for all i # 1, then the smallest integer for b; will be 2. Similarly,
we can prove that the smallest integers for other b; are 2 fori = 3,...,n — 2,
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b,_.1 = b, = 4,b; = 1 otherwise. In other words, ordE_;k = 2fori =
1,3,...,n—2, ordm = ordE_;;‘ = 4, ordE_l?k = 1 otherwise. By a simple
observation the system of the equations is equivalent to the following system of
equations:
boit b oy,

: 3)

bt + by
b1+b3+-~+bn_z+bn+lTezz.

bi+by+--+bya+b, 1+

where b; can be at most 2 fori = 1,3,...,n — 2 mod 2; at most 4 mod 4
fori = n — 1, n; 1 otherwise. Then by solving the system of equations (3) (a)
follows.

Now we assume that n is even. In a similarly way, we can prove that ordE_;k =2
fori =1,3,...,n—3,n —1,n; 1 otherwise. Finding generators for the ring
of invariants is equivalent to solving the following system of equations:

bn_1+bn€22, b1+b3...+bn—3+bn€2Z,
bl +b3 e +bn—3 +bn—1 e 27.

We can observe that the b; can be at most 2 fori = 1,3,...,n —3,n — 1,n
mod 2. By solving this system we can deduce that (b) follows.

This proposition explicitly gives Z-generators for £ (D,). For instance, in
the case of Dy, the F; for the semigroup are

1
F1=E1+E2+§(E3+E4), F, =FE+2E, + Es + Ey,

1 1 1 1
Fy = 2(Ey +2E2) + Es + 5 Eq. Fy=5(E1 +2E2) + S Es + Ey.

2 2 2
In this case we can explicitly determine the group M/M' ~ Z, x Z,. Any
element ¥ = Z;’:—]l a;E; € ET(D,) should satisfy M(E)a' = —b' for some

b; > 0 where a = (ay,az...,a,) and b = (by, b, ..., b,). This condition is
equivalent to the following the system of equations:

by +bs €27, by+bye2Z, by+bze?Z,

where by, b3, by can be at most 2 mod 2 and b, = 1. This gives the generators

for the ring of invariants: u?, u3, u3, uy, ujuzus.

Example 3.10. Let £ be the exceptional divisor of the minimal resolution of
an £, -type singularity forn = 6, 7, 8. The intersection matrix M (E,) is given by
(Ei-E;) =—2fori=1,...,n,(E3-E,) =1,(E;-E;)=1fori=1,...,n—-2
if j =i + 1 and O otherwise.
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Remark 3.11. By the formula F; = M(E)~'8; we can obtain:
(1) if n = 6 then det M(E¢) = 3 and

1 1
F1=§(475’634’273)3 F2=§(5710’ 1278’436)1

1
F3=1(2,4,6,4,2,3), Fy = 5(4, 8,12,10,5,6),

1
Fs = 5(2,4, 6,5,4,3), Fs=1(1,2,3,2,1,2);

(ii) if n = 7 then det M(E;) = —2 and
F1=(23,43212), F=(36806424),

1
F3=(4,8,12,9,6,3,6), Fy = 5(6, 12,18, 15, 10, 5, 9),

1
F5=(2547655147293)1 F6=§(2s49675147313)5
1
= 5(4, 8,12,9,6,3,7);
(iti) if n = 8 then det M(Eg) = 1 and

F1=04,7,10,8,6,4,2,5), = (7,14, 20, 16, 12, 8, 4, 10),
F3 = (10, 20, 30,24, 18, 12, 6, 15), Fs = (8, 16, 24, 20, 15, 10, 5, 12),
Fs=(6,12,18,15,12,8,4,9),  Fs= (48, 12,10,8,6.3,6),
F;=(2,4,6,5,4,3,2,3), Fy =(5,10,15,12,9,6, 3, 8);

We give the following proposition for E¢, E7, Es without proof. It can be
proved by using the same technique as in the other examples above.

Proposition 3.12.

(1) In the case of an E¢-type singularity, the generators for the ring of invari-
ants are

3 .3 3 .3 2 2 2 2
Uy, Uy, U3, Uy, Us, Ue, UTU2, UTU5, UU4, U4US5, UsUs, UpUs, U U4, U Uy,

where
4 05 6 4 2 5010 12 8 4 6
3 3 3 3 3 3 3 3 3 3
Uy = X; X5 X3X; X3 X, Uy = X7 Xy X3 X5 X3 X(
246,423 005 SO S U
3 3 3 3 3 3
U3 = X{XyX3X4X5X¢, Usg = X[ X5 X7 X0 X3 X[,
2 04 6 5 4 s 30 o
3 3 3 3 3
Us = X| X5 X3 X; X5 X, Us = X1X5X3X5X5X¢.
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(1) In the case of an E7-type singularity, the generators for the ring of invari-

ants are
2 2 2
Uy, U, Uz, Uy, Us, Ug, U7, U4lUe, U4UT, UclUT,
where
2.3.4.3 2 2 3.6,8 6 4 2 4
U = X{X)X5X3X5X6X7, Uy = X{X)X3X X5 X5X7,
4.8.12.9 6.3 6 S5 5 R 53
2 2 2 2 2,2
U3 = X[ X3X3°X, XX %7, Uy = X[ Xy Xy X4 X5 X X7,
2.4.6.5 4 2 3 53553533
2,2,2,2,2,2,2
Us = X{XyX3X3X5X5X7, U = X[ Xy X3X;X5XE X7,
4 8 12 .9 6 3 1
U7 = X[ X5 X3 X[ X5 X3 X7

(iii) In the case of an Eg-type singularity, the generators for ring of invari-
ants are
Uy, Uz, U3, Uq, Us, Ue, U7, Ug,

where

4.7,10,.8.6.4.25 7,14 .20 16,12 .8 _4_ 10

Ul = X Xy X3 Xy X5XgX7Xg, Uy = XXy X3 Xy Xg"XgX7Xg",
Uz = xlloxzzoxgoxf“xslgxézx?xés, Ug = x?x216x324x30x515x610x$x§2,
Us = x?lezxggxisxézxgx?xg, Ug = xf'xgx;zxjoxgxgx;xg,
uy = xlzxgxgxfxg‘xé’x%xé’, ug = X15x210x315xi2)€59x66x%x88.

Example 3.13. Now we consider a determinantal rational surface singularity.
Let E be the exceptional fiber of the minimal resolution of an A43-type singularity
such that E4 - E; = 0 fori = 1,3, E4- E; =1,Ef = —3and E; - E; = 1 if
|j —il=1,—=2ifi = j and 0 otherwise fori =1, 2, 3.

From the formula F; = M (E)~'8; for each i we obtain

1 1

Fi=20.632. F=g(61264,
1 1

F3 = §(37 6’ 7, 2)’ F4 = 5(254’2’4)

Now we consider the ring C[N] = C[xy, x2, x3, x4]. Then we obtain C[N'] =
Clur, uz, uz, us), where

16
Uy =X Xy X3 X

o

6 12
8, 8
, Uy =X|'X,

00|

6 71 2
8,-8,-8
U3 =X Xy X3 Xy,

B ooito

6 4
8,8
X3 Xy,
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In order to understand the group structure of M/M’, we consider an element
F=F+M e M where F = biE{ + byE] + b3E] + bsE; € M. Hence
F € M’. Therefore there exist elements a; such that

blEik + sz;‘ + b3E;k + byEs = Cl]Fl* + aze* + a3F3* + a4Fj‘.

Since the F}* can be written in terms of the £} we can solve the g; in terms of
the b;. In other words,
a; = F;b', “)

where_ b = (b, bzﬁ, bs). Sirﬁr the a; € Z we can deduce that ord(E_]") =
ord(E}) = 8,ord(E}) = ord(E}) = 4. Under the M/M’-action the ring of
invariants u?l ugzu?ui“ come from the solutions (by, by, b3, bs) of the system of

equations (4). This system is equivalent to the following system of equations:
6b; + 7by +3b3 +2bs € 8Z, 2by + by + by + 2b4 € 47.

Therefore by solving the latter system of equations we can obtain the generators
of the ring of invariants:

8 4 8 4 3.3 5.7 7.5 2 2 3,2 2 4
Uy, Uy, Uz, Uy, Uil UTU3, U, U, u3,u2u4,u3u4,u Ug, UyU3, USUS,

6 2.3 4.2 6 4.6 6 3.5,2 2.4 3

4.2 3
UUzUy, u1u3u4, uiuous.

Example 3.14. We examine a Tr-type singularity, which is a minimally elliptic
singularity. In the minimal resolution of a Tr-type singularity there are three
nonsingular rational curves E; meeting transversely at the same point. We are
interested in such a Tr-type singularity for which the self intersections of the
exceptional curves E; are E} = E3 = —2 and E3 = —3.

By a similar argument as above we can determine the F;:

1 1 !
F] = 5(5, 4’ 1)7 F2 = 3(47 55 1)’ F3 = 5(3’ 3’ 3)'

Now we consider the ring C[N] = C[x, x5, x3]. Then we obtain C[N'] =
Clui, ua, us] where
50401 4 05 1
UL =X X5 X35, Uy = X[ X3 X5, U3 = X|X2X3.
By examining the structure of M/M’ we obtain that M /M’ is a cyclic group of
order 3 generated by E_j‘ and ord(E_]k) = ord(E_§) = 3, ord(E_gk) = 1. We set
E_;“ = €. Therefore the ring of invariants under the action

by by b by by b
€-u 1u22u 3 €5b1+4b2+3b3u 1u 2u33
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should satisfy the following condition 2b; + b, = 0 mod 3. Hence we can
obtain the generators of the ring of invariants as follows:

u?, u%, us, uiuy.
Remark 3.15. With the preceding notation, the ring of invariants C[N’ ]%
is given by the monomials lying on the compact part of the Newton polygon of

¥) ()
d dy d,(,Y>

ul uz .-.un

foreach Y € T (E), where di(Y) =—(Y - E).
Let

S:={(d@",d",....d") | d" = —(¥ - E) forall ¥ € E"(E)}.

Consider the convex hull of the points (4", dy",...,d") in S. Then the
elements of S which are on the compact part of the boundary of the convex hull
(called the Newton polygon) generate S.
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