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On a problem of D.H. Lehmer and pseudorandom
binary sequences*

Huaning Liu and Cundian Yang

Abstract. Let p be an odd prime, and f (x), g(x) ∈ Fp[x]. Define

e′
n =

{
+1, if f (n) ≡ Rp(g(n))(mod 2),

−1, if f (n) 6≡ Rp(g(n))(mod 2),

where x is the inverse of x modulo p with x ∈ {1, . . . , p − 1}, and Rp(x) denotes the
unique r ∈ {0, 1, . . . , p − 1} with x ≡ r(mod p). This paper shows that the sequences
{e′

n} is a “good” pseudorandom binary sequences, and give a generalization on a problem
of D.H. Lehmer.
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1 Introduction

Let p be an odd prime number, and let n be the multiplicative inverse of n modulo
p such that 1 ≤ n ≤ p − 1 and nn ≡ 1(mod p). D.H. Lehmer [10] asked us to
study the case that n and n are of opposite parity. W. Zhang [22] showed that

p−1∑

n=1
2-n+n

1 =
1

2
p + O

(
p1/2 log2 p

)
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by proving the estimate
∣
∣
∣
∣
∣

p−1∑

n=1

(−1)n+n

∣
∣
∣
∣
∣
� p1/2 log2 p. (1.1)

This means that almost half of the p − 1 integers n ∈ {1, . . . , p − 1} satisfy
n ≡ n(mod 2) while the other half satisfy n 6≡ n(mod 2). S.R. Louboutin et al.
[15] generalized (1.1) to short sums. For details, they proved that

∣
∣
∣
∣
∣

∑

M≤n≤N

(−1)n+n

∣
∣
∣
∣
∣
≤

8

π2
p1/2 log2(5p) + 2, for 1 ≤ M < N < p.

This shows that the sequence {(−1)n+n} forms a “good” pseudorandom binary
sequence.

In a series of papers C. Mauduit, J. Rivat and A. Sárközy (partly with other
coauthors) studied finite pseudorandom binary sequences

EN = {e1, . . . , eN } ∈ {−1, +1}N .

In particular in [17] C. Mauduit and A. Sárközy first introduced the following
measures of pseudorandomness: the well-distribution measure of EN is defined
by

W (EN ) = max
a,b,t

∣
∣
∣
∣
∣
∣

t−1∑

j=0

ea+ jb

∣
∣
∣
∣
∣
∣
,

where the maximum is taken over all a, b, t ∈ Nwith 1 ≤ a ≤ a+(t −1)b ≤ N .
The correlation measure of order k of EN is denoted as

Ck (EN ) = max
M,D

∣
∣
∣
∣
∣

M∑

n=1

en+d1en+d2 ∙ ∙ ∙ en+dk

∣
∣
∣
∣
∣
,

where the maximum is taken over all D = (d1, . . . , dk) and M with 0 ≤ d1 <

∙ ∙ ∙ < dk ≤ N − M , and the combined (well-distribution-correlation) PR- mea-
sure of order k

Qk (EN ) = max
a,b,t,D

∣
∣
∣
∣
∣
∣

t∑

j=0

ea+ jb+d1ea+ jb+d2 ∙ ∙ ∙ ea+ jb+dk

∣
∣
∣
∣
∣
∣

is defined for all a, b, t , D = (d1, . . . , dk) with 1 ≤ a + jb + di ≤ N (i =
1, 2, . . . , k). In [18] the connection between the measures W and C2 was studied.
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The sequence is considered as a “good” pseudorandom sequence if both
W (EN ) and Ck (EN ) (at least for small k) are “small” in terms of N . J. Cas-
saigne, C. Mauduit and A. Sárközy [6] proved that this terminology is justified
since for almost all EN ∈ {−1, +1}N , both W (EN ) and Ck (EN ) are less than
N

1
2 (log N )c. Later a few pseudorandom binary sequences were given and stud-

ied (see [4], [5], [8], [9], [11], [12], [13], [14], [16], [17], [19], [21]), and the
properties of the pseudorandom measures were also researched in [2] and [3].

Define

e(1)
n =

{
(−1)n+n+x , if p - n(n + x),

1, otherwise,
e(2)

n = (−1)n+n

(
n

p

)
,

and
E (1)

p−1 =
(
e(1)

1 , . . . , e(1)

p−1

)
, E (2)

p−1 =
(
e(2)

1 , . . . , e(2)

p−1

)
.

The first author proved that

W
(

E (1)

p−1

)
� p1/2 (log p)3 , C2

(
E (1)

p−1

)
� p1/2 (log p)5 ,

Q2

(
E (1)

p−1

)
� p1/2 (log p)5 ,

W
(

E (2)

p−1

)
� p1/2 (log p)2 , C2

(
E (2)

p−1

)
� p1/2 (log p)3 ,

Q2

(
E (2)

p−1

)
� p1/2 (log p)3 ,

in [12] and [13] respectively. Moreover, suppose that f (x) ∈ Fp[x] has degree
(0 <)d(< p) and no multiple zero in Fp. Let E (3)

p−1 =
(
e(3)

1 , . . . , e(3)

p−1

)
be

defined by

e(3)
n =

{
(−1) f (n)+ f (n+x), if p - f (n) f (n + x),

1, otherwise.

Assume that k ∈ N such that k = 2 or (4d)k < p. The first author [14] showed
that

W (E (3)

p−1) � dp1/2(log p)3, Ck(E (3)

p−1) � kdp1/2(log p)2k+1,

Qk(E (3)

p−1) � kdp1/2(log p)2k+1.

Furthermore, let f (x) ∈ Fp[x] of degree d with 1 ≤ d < p, and let s be its
number of distinct roots in Fp[x]. Define

en =

{
+1, if f (n) ≡ Rp( f (n))(mod 2),

−1, if f (n) 6≡ Rp( f (n))(mod 2),
(1.2)
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and E p = (e1, . . . , ep), where Rp(x) denotes the unique r ∈ {0, 1, . . . , p − 1}
with x ≡ r(mod p). S.R. Louboutin et al. [15] proved that

W (E p) � (d + s)p1/2(log p)3, C2(E p) � (d + s)p1/2(log p)5.

This shows that {en} is a “good” pseudorandom binary sequence.
In this paper we shall give a generalization on (1.2) by using Lemma 5 of [19].

Following is the main theorem.

Theorem 1.1. Let p be an odd prime, f (x) ∈ Fp[x] has degree (0 <)d(< p)

and no multiple zero in Fp. For any g(x) ∈ Fp[x], define

e′
n =

{
+1, if f (n) ≡ Rp(g(n))(mod 2),

−1, if f (n) 6≡ Rp(g(n))(mod 2),
(1.3)

and E ′
p = {e′

1, . . . , e′
p}. Assume that k ∈ N with 2 ≤ k ≤ p, and one of the

following conditions holds:

(i) k = 2; (i i) (4d)k < p.

Then we have

W
(
E ′

p

)
� (d + deg g)p1/2 (log p)3 ,

Ck
(
E ′

p

)
� (kd + deg g)p1/2 (log p)2k+1 ,

Qk
(
E ′

p

)
� (kd + deg g)p1/2 (log p)2k+1 .

There are some generalizations on the problem of D.H. Lehmer. Let q > 2 be
an odd number, and

N (q) =
q∑

n=1
(n,q)=1
2-n+n

1.

W. Zhang [23] proved that

N (q) =
1

2
φ(q) + O

(
q

1
2 d2(q) log2 q

)
,

where φ(q) is the Euler function, and d(q) is the divisor function. For any
nonnegative integer k, let

N (q, k) =
q∑

n=1
(n,q)=1
2-n+n

(n − n)2k .
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W. Zhang [24] gave a sharp asymptotic formula for N (q, k) as following:

N (q, k) =
1

(2k + 1)(2k + 2)
φ(q)q2k + O

(
4kq2k+ 1

2 d2(q) log2 q
)

.

Moreover, for 0 ≤ x, y ≤ 1, he [24] proved that

Fq(x, y) =
∑

n≤xq,n≤yq
(n,q)=1
2-n+n

1 =
1

2
xyφ(q) + O

(
q

1
2 d2(q) log2 q

)
.

C. Cobeli and A. Zaharescu [7] gave a generalization on this problem. For
details, let p be a prime, C be an irreducible curve of degree ≤ d in Ar

(
Fp

)
,

defined over Fp and not contained in any hyperplane. Let a = (a1, . . . , ar ),
b = (b1, . . . , br ) ∈ Zr with a1, . . . , ar ≥ 1. We say that an x = (x1, . . . , xr ) ∈
Zr , with 0 ≤ x1, . . . , xr < p, is a Lehmer point with respect to p, r , C, a
and b if x(mod p) ∈ C and x j ≡ b j (mod a j ), for 1 ≤ j ≤ r . We denote
by L(p, r,C, a, b) the set of Lehmer points. For t = (t1, . . . , tr ), 0 ≤ t1, . . . ,
tr ≤ 1, let

F(p, r,C, a, b; t) = #
{
x = (x1, . . . , xr ) ∈ L(p, r,C, a, b) : x j ≤ t j p, 1 ≤ j ≤ r

}
.

C. Cobeli and A. Zaharescu showed that

F(p, r,C, a, b; t) =
t1 ∙ ∙ ∙ tr
a1 ∙ ∙ ∙ ar

p + Or,d

(
p

1
2 logr p

)
.

Furthermore, let k ≥ 1, q ≥ 2 be integers and let a1, . . . , ak+1 ≥ 2 and
b1, . . . , bk+1 ≥ 0 with 0 ≤ bi < ai , for all i ∈ {1, 2, . . . , k + 1}, be integers
such that (q, a1a2 ∙ ∙ ∙ ak+1) = 1. Denote

N (a, b; q) =
q−1∑

n1=1
(n1,q)=1

n1≡b1( mod a1)

∙ ∙ ∙
q−1∑

nk=1
(nk ,q)=1

nk≡bk ( mod ak )

n1∙∙∙nk≡bk+1( mod ak+1)

1.

E. Alkan, F. Stan and A. Zaharescu [1] showed that

N (a, b; q) =
φk(q)

a1a2 ∙ ∙ ∙ ak+1
+ Ok,ε

(
qk− 1

2 +ε
)
.

Now we give a generalization on the problem of D.H. Lehmer, by using
Theorem 1.1. We shall prove the following:

Bull Braz Math Soc, Vol. 39, N. 3, 2008
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Theorem 1.2. Define p, f (x), g(x), d and k in the same way as in Theorem
1.1. For any integers a, b, d1, d2, . . . , dk with 0 ≤ a < b, (b, p) = 1 and
0 ≤ d1 < d2 < ∙ ∙ ∙ < dk, define D = (d1, d2, . . . , dk), and

N (a, b, D, k, f, g, p) =
p∑

n=1
n≡a( mod b)

p- f (n+d1)∙∙∙ f (n+dk )

2-Rp(g(n+d1))+ f (n+d1)

∙∙∙∙∙∙
2-Rp(g(n+dk ))+ f (n+dk )

1. (1.4)

Then we have

N (a, b, D, k, f, g, p) =
p

2kb
+ O

(
(kd + deg g)p1/2 (log p)2k+1) .

2 Some Lemmas

To prove the theorems, we need the following lemmas.

Lemma 2.1 ([20]). For any polynomials g(x), h(x) ∈ Fp[x] such that the
rational function f (x) = g(x)/h(x) is not constant on Fp, let s be the number
of distinct roots of the polynomial h(x), then we have

∣
∣
∣
∣
∣
∣
∣
∣
∣

∑

n∈Fp

h(n) 6=0

e
(

g(n)

h(n)p

)

∣
∣
∣
∣
∣
∣
∣
∣
∣

≤ (max (deg g, deg h) + s − 1)
√

p.

Lemma 2.2. Define p, f (x), d and k in the same way as in Theorem 1.1. Then
for any integers l, d1, . . . , dl , s1, . . . , sl with 1 ≤ l ≤ k, d1 < d2 < ∙ ∙ ∙ < dl and
(s1 ∙ ∙ ∙ sl, p) = 1, the polynomial

�(n) :=
l∑

i=1

si

l∏

j=1
j 6=i

f (n + d j )

is not constant on Fp.

Proof. This lemma can be easily deduced from Lemma 5 of [19]. ¤

Bull Braz Math Soc, Vol. 39, N. 3, 2008
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Lemma 2.3. Define p, f (x), g(x), d and k in the same way as in Theorem 1.1.
For any integers a, b, u, d1, d2, . . . , dk, r1, . . . , rk, s1, . . . , sk such that d1 <
d2 < ∙ ∙ ∙ < dk and (br1 ∙ ∙ ∙ rk, p) = 1, we have

9 :=
p−1∑

j=0
p- f (a+ jb+d1)∙∙∙ f (a+ jb+dk )

e

(
r1 f (a + jb + d1) + ∙ ∙ ∙ + rk f (a + jb + dk)

p

)

× e
(

s1g(a + jb + d1) + ∙ ∙ ∙ + sk g(a + jb + dk) + u j

p

)

� (kd + deg g)
√

p.

Proof. From the properties of residue systems we have

9 =
p−1∑

j=0
p- f ( j+d1)∙∙∙ f ( j+dk )

e

(
r1 f ( j + d1) + ∙ ∙ ∙ + rk f ( j + dk)

p

)

× e

(
s1g( j + d1) + ∙ ∙ ∙ + sk g( j + dk) + ub( j − a)

p

)

.

Define R( j) =
∏k

t=1 f ( j + dt), and

Q( j) =
k∑

i=1

ri

k∏

t=1
t 6=i

f ( j + dt)

+
(
s1g( j + d1) + ∙ ∙ ∙ + sk g( j + dk) + ub( j − a)

) k∏

t=1

f ( j + dt).

Therefore

9 =
∑

j∈Fp

R( j) 6=0

e
(

Q( j)

R( j)p

)
.

If p - s1g( j + d1) + ∙ ∙ ∙ + sk g( j + dk) + ub( j − a), then 0 < deg R < deg Q
and the rational function Q/R over Fp is not constant. Then from Lemma 2.1
we have 9 � (kd + deg g)

√
p.

Bull Braz Math Soc, Vol. 39, N. 3, 2008
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If p | s1g( j + d1) + ∙ ∙ ∙ + sk g( j + dk) + ub( j − a), by Lemma 2.2 we know
that Q( j) can not be constant on Fp. Then from Lemma 2.1 we get 9 � kd

√
p.

Therefore 9 � (kd + deg g)
√

p. ¤

3 Proof of the theorems

First we prove Theorem 1.1. For 1 ≤ a + tb + di ≤ p, i = 1, 2, . . . , k,
0 ≤ d1 < d2 < ∙ ∙ ∙ < dk , by (1.3) and the trigonometric identity

p∑

u=1

e
(

un

p

)
=

{
p, if p | n,

0, if p - n.
(3.1)

we have
t∑

j=0

e′
a+ jb+d1

∙ ∙ ∙ e′
a+ jb+dk

=
t∑

j=0
p- f (a+ jb+d1)

∙∙∙
f (a+ jb+dk )

(−1) f (a+ jb+d1)+Rp(g(a+ jb+d1))+∙∙∙+ f (a+ jb+dk )+Rp(g(a+ jb+dk )) + O(kd)

=
1

p2k+1

p−1∑

j=0
p- f (a+ jb+d1)

∙∙∙
f (a+ jb+dk )

t∑

l=0

p∑

u=1

e
(

u( j − l)

p

) p−1∑

m1=1

p∑

r1=1

e

(
r1

(
f (a + jb + d1) − m1

)

p

)

×
p∑

n1=1

p∑

s1=1

e

(
s1

(
g(a + jb + d1) − n1

)

p

)

∙ ∙ ∙
p−1∑

mk=1

p∑

rk=1

e

(
rk

(
f (a + jb + dk) − mk

)

p

)

×
p∑

nk=1

p∑

sk=1

e

(
sk

(
g(a + jb + dk) − nk

)

p

)

(−1)m1+n1+∙∙∙+mk+nk + O(kd)

=
1

p2k+1

p−1∑

r1=1




p−1∑

m1=1

(−1)m1 e
(

−
m1r1

p

)



p∑

s1=1




p∑

n1=1

(−1)n1 e
(

−
n1s1

p

)


 ∙ ∙ ∙

×
p−1∑

rk=1




p−1∑

mk=1

(−1)mk e
(

−
mkrk

p

)



p∑

sk=1




p∑

nk=1

(−1)nk e
(

−
nksk

p

)



p∑

u=1




t∑

l=0

e
(

−
ul

p

)



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×
p−1∑

j=0
p- f (a+ jb+d1)

∙∙∙
f (a+ jb+dk )

e

(
r1 f

(
a + jb + d1

)
+ ∙ ∙ ∙ + rk f

(
a + jb + dk

)

p

)

× e

(
s1g

(
a + jb + d1

)
+ ∙ ∙ ∙ + sk g

(
a + jb + dk

)
+ u j

p

)

+ O(kd).

Since

t∑

l=0

e
(

−
ul

p

)
�

1
∣
∣
∣sin

(
πu
p

)∣
∣
∣
, for p - u;

p−1∑

m=1

(−1)me
(

−
mr

p

)
�

1
∣
∣
∣sin

(
π
2 − πr

p

)∣
∣
∣
,

from Lemma 2.3 we have

t∑

j=0

e′
a+ jb+d1

∙ ∙ ∙ e′
a+ jb+dk

�
t

p2k+1




p−1∑

r=1

1
∣
∣
∣sin

(
π
2 − πr

p

)∣
∣
∣





k 


p∑

s=1

1
∣
∣
∣sin

(
π
2 − πs

p

)∣
∣
∣





k

(kd + deg g)
√

p

+
1

p2k+1




p−1∑

r=1

1
∣
∣
∣sin

(
π
2 − πr

p

)∣
∣
∣





k 


p∑

s=1

1
∣
∣
∣sin

(
π
2 − πs

p

)∣
∣
∣





k 


p−1∑

u=1

1
∣
∣
∣sin

(
πu
p

)∣
∣
∣



 (kd + deg g)
√

p

� (kd + deg g)p1/2(log p)2k+1.

Therefore

Qk
(
E ′

p

)
= max

a,b,t,D

∣
∣
∣
∣
∣
∣

t∑

j=0

e′
a+ jb+d1

∙ ∙ ∙ e′
a+ jb+dk

∣
∣
∣
∣
∣
∣

� (kd + deg g)p1/2(log p)2k+1.

(3.2)

Taking k = 1 and d1 = 0 in (3.2), we get

W
(
E ′

p

)
= max

a,b,t

∣
∣
∣
∣
∣
∣

t−1∑

j=0

e′
a+ jb

∣
∣
∣
∣
∣
∣
� (d + deg g)p1/2(log p)3.
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And taking a = 0, b = 1, j = n − 1 and t = M − 1 in (3.2), we immediately
have

Ck
(
E ′

p

)
= max

M,D

∣
∣
∣
∣
∣

M∑

n=1

e′
n+d1

∙ ∙ ∙ e′
n+dk

∣
∣
∣
∣
∣
� (kd + deg g)p1/2(log p)2k+1.

This proves Theorem 1.1.

Now we prove Theorem 1.2. By (1.4) we get

N (a, b, D, k, f, g, p) =
p∑

n=1
n≡a( mod b)

p- f (n+d1)∙∙∙ f (n+dk )

2-Rp(g(n+d1))+ f (n+d1)

∙∙∙∙∙∙
2-Rp(g(n+dk ))+ f (n+dk )

1

=
1

2k

p∑

n=1
n≡a( mod b)

p- f (n+d1)∙∙∙ f (n+dk )

(
1 − (−1)Rp(g(n+d1))+ f (n+d1)

)
∙ ∙ ∙

(
1 − (−1)Rp(g(n+dk ))+ f (n+dk )

)

=
1

2k

p∑

n=1
n≡a( mod b)

p- f (n+d1)∙∙∙ f (n+dk )

1 +
1

2k

k∑

l=1

(−1)l
∑

1≤i1<∙∙∙<il≤k

×
p∑

n=1
n≡a( mod b)

p- f (n+d1)∙∙∙ f (n+dk )

(−1)
Rp(g(n+di1 ))+ f (n+di1 )+∙∙∙+Rp(g(n+dil ))+ f (n+dil ).

It is easy to show that

1

2k

p∑

n=1
n≡a( mod b)

p- f (n+d1)∙∙∙ f (n+dk )

1 =
p

2kb
+ O(d).

On the other hand, by (3.2) we have
p∑

n=1
n≡a( mod b)

p- f (n+d1)∙∙∙ f (n+dk )

(−1)
Rp(g(n+di1 ))+ f (n+di1 )+∙∙∙+Rp(g(n+dil ))+ f (n+dil )
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=
∑

0≤ j≤(p−a)/b
p- f (a+ jb+di1 )∙∙∙ f (a+ jb+dil )

(−1)
Rp(g(n+di1 ))+ f (n+di1 )+∙∙∙+Rp(g(n+dil ))+ f (n+dil ) + O(kd)

=
∑

0≤ j≤(p−a)/b

e′
a+ jb+di1

∙ ∙ ∙ e′
a+ jb+dil

+ O(kd)

� (kd + deg g)p1/2(log p)2k+1.

Therefore

N (a, b, D, k, f, g, p) =
p

2kb
+ O

(
(kd + deg g)p1/2 (log p)2k+1) .

This completes the proof of Theorem 1.2.

Acknowledgments. The authors express their gratitude to the referee for his
helpful comments.
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