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Average distribution of prime ideals in
families of number fields
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Abstract. We view an algebraic curve over Q as providing a one-parameter family
of number fields and obtain bounds for the average value of some standard prime ideal
counting functions over these families which are better than averaging the standard
estimates for these functions.
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1 Introduction

Let f (x, y) be a general polynomial with integer coefficients and, for an integer
a > 0 such that f (a, y) is irreducible let Ka be the number field generated by a
root of f (a, y) = 0 (clearly all roots lead to isomorphic fields). We regard Ka

as a “one-parameter family of number fields”. We want to consider the average
of the prime ideal theorem over this family and, for this purpose, let A(X) be
the set of integers a 6 X such that f (a, y) is irreducible. We now define

S(X, Y ) =
1

X

∑

a∈A(X)

∑

P⊂Oa
Nm P6Y

log Nm P,

where the inner sum runs through prime ideals P in the ring of integers Oa of
Ka and Nm P is the norm of P . Applying the prime ideal theorem and ignoring
error terms, the inner sum is asymptotic to Y so one expects S(X, Y ) to be
asymptotic to Y under certain conditions on X, Y . We prove such estimates in
a wider range and with a better error term than that provided by applying the
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prime ideal theorem for each Ka individually. We also discuss similar estimates
for the Chebotarev density theorem. Finally, we consider the special case of the
family of quadratic fields Ka = Q(

√
a), which admit stronger bounds.

We remark that our method can also be used (without any substantial losses in
the error term) to obtain asymptotic formulas for sums over short intervals, that
is, for sums

S(X, Y, Z) =
1

X

∑

a∈A(X,Z)

∑

P⊂Oa
Nm P6Y

log Nm P,

where A(X, Z) = A(X + Z) \A(Z).

2 Curves as families of number fields

Let f (x, y) be an absolutely irreducible polynomial with integer coefficients.
The Hilbert Irreducibility Theorem (see [13, Sections 9.6, 9.7]) ensures that,
for most a ∈ Z, f (a, y) is irreducible over Q so we can unambiguously define
the number field Ka = Q[y]/( f (a, y)), for those a with f (a, y) irreducible.
Often we can have a more precise version of Hilbert Irreducibility Theorem, by
assuming for instance, that the smooth model C of the curve given by f = 0
has no positive dimensional linear system of divisors of degree smaller than
d = deg f and that the Jacobian of C is simple (these conditions are true for all
f whose coefficients lie in a Zariski open set of the coefficient space). Under
these conditions, the set of a with f (a, y) reducible is finite, since each such
a where f (a, y) has a factor of degree r < d gives rise to a rational point
in the subvariety of effective divisors of degree r in the Jacobian of C and this
subvariety only has finitely many rational points by the Mordell-Lang conjecture
proved by Faltings. Thus in this case we have

#A(X) = X + O(1) .

However, for our purposes, it is sufficient to use the bound

#A(X) = X + O
(
X1/2

)
, (1)

which can be found in [13, Sections 9.6, 9.7] (see also [4, 14] for much more
general bounds).

For a given number field K of degree d over Q, the Mordell-Lang conjecture
ensures that there are only finitely many values of a ∈ Z with Ka isomorphic to
K . If one believes Lang’s conjecture on varieties of general type, the results of
[1] imply that the number of a ∈ Z with Ka isomorphic to K is bounded above
by a constant depending only on d and not on K .
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3 The prime ideal theorem

It is natural to expect that the error term in our results depend on our knowledge
of the distribution of rational primes. Accordingly we define

E(Y ) =

∣
∣
∣
∣
∣
∣
Y −

∑

p6Y

log p

∣
∣
∣
∣
∣
∣

where the sum is taken over all rational primes p 6 Y .

Theorem 1. Let f (x, y) be an absolutely irreducible polynomial with integer
coefficients. Then

S(X, Y ) = Y + O
(
Y 1/2 + X−1/2Y + X−1Y 3/2(log Y )2 + E(Y ) + log X

)
,

where the implied constant depends only on f .

Proof. The primes P for which the norm is not a prime divide a rational prime
p 6

√
Y so these primes contribute O(XY 1/2) (with an absolute implied con-

stant) to the sum X S(X, Y ). We therefore need to consider only split primes.

Let 1(x) be the discriminant in y of f (x, y). The contribution of the primes
P|1(a) to the inner sum is O(log |1(a)|) = O(log a) so those primes contribute
O(X log X) to X S(X, Y ). Now, the implied constant depends on the size of the
coefficients as well as the degree of f and the same applies to (2) and (3).

It remains to estimate the contribution of the split primes P which do not
divide 1(a). The number of such primes above a rational prime p is the number
of solutions to f (a, y) ≡ 0 (mod p) in Fp. Thus we obtain

X S(X, Y ) =
∑

a∈A(X)

∑

p6Y

#
{
1 6 y 6 p | f (a, y) ≡ 0 (mod p)

}
log p

+ O
(
XY 1/2 + X log X

)
.

(2)

where the condition that p - 1(a) is ignored since those can be incorporated in
the error term given by the argument in the previous paragraph.

Using (1) we see that the conditions a ∈ A(X) can be dropped in (2) at the
cost of the error term O(X1/2Y log X). Therefore

X S(X, Y ) =
∑

16a6X

∑

p6Y

#
{
1 6 y 6 p | f (a, y) ≡ 0 (mod p)

}
log p

+ O
(
XY 1/2 + X1/2Y + X log X

)
.

(3)
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We can now proceed to estimate this sum by interchanging the order of
summation and estimate, for a fixed p, the number of solutions of f (a, y) ≡ 0
(mod p), 1 6 a 6 X, 1 6 y 6 p. The Weil estimate (see [3] or [12,
Chapter III]), gives that the number of solutions of f (x, y) = 0, x, y ∈ Fp

is p + O(p1/2) if f is absolutely irreducible modulo p which, by the Ostrowski
theorem, (see [12, Chapter V]), is true for all but finitely many p. Thus we can
estimate the number of solutions of

f (a, y) ≡ 0 (mod p), 1 6 a 6 bX/pc p, 1 6 y 6 p,

as bX/pc (p + O(p1/2)).

The number of solutions of

f (a, y) ≡ 0 (mod p), bX/pc p 6 a 6 X, 1 6 y 6 p,

can be estimated as {X/p}p + O(p1/2 log p) by combining a standard technique
with Bombieri’s bound [2], Theorem 5 for exponential sums along curves (see, for
example, [7]). More precisely, by [2], for any integer λ with λ 6≡ 0 (mod p), we
have the following estimate, with an implied constant depending only on deg f ,

∑

f (a,y)≡0 (mod p)
16a,y6p

exp (2πλa/p) = O(p1/2)

which together with the Erdös–Turán inequality (which describes the distribution
properties of sequences in terms of exponential sums, see [5, 10]), implies the
desired estimate.

The two terms combine to give an estimate
∑

16a6X

∑

p6Y

#
{
1 6 y 6 p | f (a, y) ≡ 0 (mod p)

}
log p

=
∑

p6Y

∑

16a6X

#
{
1 6 y 6 p | f (a, y) ≡ 0 (mod p)

}
log p

=
∑

p6Y

(
X log p + O(Xp−1/2 log p + p1/2(log p)2)

)

= X
∑

p6Y

log p + O
(
XY 1/2 log Y + Y 1/2(log Y )2)

)

= XY + O
(
XY 1/2 log Y + Y 3/2(log Y )2) + X E(Y )

)
.
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Combining this with (3) we obtain

S(X, Y ) = Y + O
(
Y 1/2 + X−1/2Y

+ X−1Y 3/2(log Y )2 + E(Y ) + log X
)
.

(4)

It remains to notice that

max
{
Y 1/2, X−1Y 3/2

}
>

√
Y 1/2 X−1Y 3/2 = X−1/2Y

thus the term X−1/2Y in (4) never dominates and can be dropped, which produces
the desired result. ¤

Remark 1. Clearly Theorem 1 is nontrivial if X > Y 1/2+ε for some fixed
ε > 0.

Remark 2. The Riemann Hypothesis implies that E(Y ) = Y 1/2+o(1) but the
current unconditional estimates for E(Y ) are very far from this (see [9, Corol-
lary 8.30]). The corresponding estimates for number fields are even weaker and
less uniform. For example, they depend quite badly with respect to the discrim-
inant of the field, see [6]. Thus, to estimate S(X, Y ) by estimating for each a
the inner sum in terms of Y using these estimates can only produce estimates
similar to the theorem for very small values of X . If we assume the Riemann
Hypothesis for Q only we get a good estimate for E(Y ) and thus for S(X, Y )

which is much better than that obtainable by applying the prime ideal theorem
to all Ka . Under the much stronger Generalized Riemann Hypothesis, better
bounds on the distribution of prime ideals are available (see [11]), which still
leads to a weaker error term O(Y 1/2 log X), which is not as good as what our
result gives.

4 The Chebotarev density theorem

Let f (x, y) be an absolutely irreducible polynomial with integer coefficients and
let d = degy f . Assume that the cover φ : X → P1 given by projection onto
the x-axis is Galois with Galois group G. Then, for most a ∈ Z, the extension
Ka/Q is also Galois with Galois group G. For such a, given an unramified prime
ideal P of Ka/Q, we have its Artin symbol (Ka/Q|P) which is an element of
G. Its conjugacy class depends only on the rational prime p below P and we
denote it by [Ka/Q|p].

Theorem 2. Let f (x, y) be an absolutely irreducible polynomial with integer
coefficients and let X be the algebraic curve defined by f (x, y) = 0. Assume
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that the cover φ : X → P1 given by projection onto the x-axis is Galois with
Galois group G. Given a conjugacy class C of G we have

∑

a∈A(X)

∑

p6Y
[Ka/Q|p]=C

log p = |C |XY/|G|

+O
(
XY 1/2 + X log X + Y 3/2(log Y )3 + X E(Y )

)
,

where the inner sum runs through rational primes and the implied constant
depends only on f .

Proof. As in the proof of the previous theorem, a prime P of Ka above a
rational prime p corresponds to an irreducible factor h of f (a, y) modulo p,
except for a few P and a that can be incorporated in the error term. The element
g = (Ka/Q|P) ∈ G can be described as the element such that g(a, β) = (a, β p)

where β is a root of h. The point (a, β) gives an Fp rational point on the curve
X(g) obtained by twisting X by g (as in, for example, [3]). Note that these
curves are all defined over Fp (and depend on p, although we omit that from
the notation) and are isomorphic to X over the algebraic closure of Fp and all
have a map φ(g) : X(g) → P1 of the same degree as φ, since φ is G-invariant by
hypothesis. So if there is a point v in X(g)(Fp), φ

(g)(v) = a, then there are |G|
such points, except for the O(1) values of a over which φ(g) is ramified. Thus,
to estimate the sum in the theorem, it is enough to estimate,

∑

p6Y

∑

g∈C

∑

16a6X

#
{
v ∈ X(g)(Fp) | φ(g)(v) = a

}
log p/|G|.

To estimate the terms of this sum, again we can break up the interval 1 6 a
6 X into 1 6 a 6 [X/p]p and [X/p]p 6 a 6 X , and use the Weil estimate,
in the former and the estimate of [7] in the latter. Note that the estimate of [7]
depends on the degree and dimension of a fixed projective embedding of X(g)

in addition to the degree of φ(g), but these curves have all the same genus and a
curve of genus γ over a finite field can always be embedded in a projective space
with degree and dimension O(γ + 1). We get

#
{
v ∈ X(g)(Fp) | φ(g)(v) = a

}
= X + O

(
p1/2(log p)2 + X p−1/2

)

and the proof follows just as in the previous theorem. ¤

Remark 3. Clearly Theorem 2 is nontrivial if X > Y 1/2+ε for some fixed
ε > 0.
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5 A special case

In the special case of the polynomial f (x, y) = x − y2, that is, in the case of
Ka = Q

(√
a
)
, instead of the Weil and Bombieri bounds, one can simply apply

the Burgess bound on the number of quadratic residues in an interval, see [9,
Theorem 12.6] and thus obtain an asymptotic formula for S(X, Y ) in a wider
range of X and Y compared to that of Theorem 1.

Furthermore, we note that the proof of Theorem 1 does not take any advan-
tage of averaging over p and each inner sum over a is estimated “individually”.
However for f (x, y) = x − y2, using the Heath-Brown [8] large sieve inequality
for real characters, allows us to use the averaging over p in a substantial way,
and extend the range on nontriviality even further.

Moreover, in this case it is more natural to consider a slightly different sums
which involves only square-free numbers. Namely, we define

Q(X, Y ) =
1

X

∑

a6X
a squarefree

∑

P⊂Oa
Nm P6Y

log Nm P,

Theorem 3. Let f (x, y) = x − y2. Then

Q(X, Y ) = Y + O
(
Xo(1)Y 1/2 + X−1/2Y 1+o(1) + E(Y )

)
,

where the implied constant is absolute.

Proof. We proceed as in the proof of Theorem 1, however we estimate the
sum in (3) slightly differently. Now, using the Legendre symbol (a/p) to express
the number of solutions to a quadratic congruence, we write

∑

a6X
a squarefree

∑

p6Y

#
{
1 6 y 6 p | a ≡ y2 (mod p)

}
log p

=
∑

p6Y

∑

a6X
a squarefree

#
{
1 6 y 6 p | a ≡ y2 (mod p)

}
log p

=
∑

p6Y

∑

a6X
a squarefree

(
1 +

(
a

p

))
log p

= X
∑

p6Y

log p +
∑

p6Y

∑

a6X
a squarefree

(
a

p

)
log p.
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Combining this with (3) we obtain

Q(X, Y ) = Y + O
(
Y 1/2 + X−1/2Y + log X + E(Y ) + R(X, Y ) log Y

)
, (5)

where

R(X, Y ) = X−1
∑

p6Y

∣
∣
∣
∣
∣
∣
∣
∣

∑

a6X
a squarefree

(
a

p

)
∣
∣
∣
∣
∣
∣
∣
∣

.

By the result of Heath-Brown [8, Theorem 1], for any complex-valued func-
tion f (a),

∑

p6Y

∣
∣
∣
∣
∣
∣
∣
∣

∑

a6X
a squarefree

f (a)

(
a

p

)
∣
∣
∣
∣
∣
∣
∣
∣

2

6 (XY )o(1)(X + Y )
∑

a6X
a squarefree

| f (a)|2

(in fact the result is more general and the external summation can be extended
to all square-free integers s 6 Y ). Thus, applying this bound with f (a) = 1, by
the Cauchy inequality, we obtain

R(X, Y ) 6 X−1





π(Y )

∑

p6Y

∣
∣
∣
∣
∣
∣
∣
∣

∑

a6X
a squarefree

(
a

p

)
∣
∣
∣
∣
∣
∣
∣
∣

2





1/2

6 X−1
(
(XY )1+o(1)(X + Y )

)1/2
6 Xo(1)Y 1/2 + X−1/2+o(1)Y 1+o(1).

Substituting this estimate in (5), and discarding the terms which never domi-
nate, we obtain the desired result. ¤

Remark 4. Clearly Theorem 3 is nontrivial if X > Y ε for some fixed ε > 0.
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