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Frobenius theorem for foliations
on singular varieties
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Abstract. We generalize Frobenius singular theorem due to Malgrange, for a large
class of codimension one holomorphic foliations on singular analytic subsets of CV .
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1 Introduction and Statement of Results

In 1976 B. Malgrange proved the following result (cf. [M]):

Malgrange’s Theorem. Let w be a germ at 0 € CV of a holomorphic inte-
grable 1-form. Suppose that the singular set of w has complex codimension
greater than or equal to three. Then there exist germs of holomorphic functions
f and g, where g(0) # 0, such that w = g - df.

In particular, the foliation given by w admits a holomorphic first integral. In
this paper we generalize this result, in certain cases, for germs of foliations in
a germ of an analytic subset of C". Before stating our main result, we need a
definition.

Let X beagermat 0 € C" of an irreducible analytic set of complex dimension
n > 2, with singular set sing(X). Let X* = X \ sing(X). Consider an open
neighborhood B of 0 € CV such that X, sing(X) and X* have representatives,
which will be denoted by X, sing(X ) and X7 := X3 \ sing(Xp), respectively.
If B is small enough then X7 is a smooth connected manifold of complex di-
mension z. In this case, we define a singular complex codimension one foliation
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on X7 as usual (cf. [LN-BS]). By taking the inverse limit lim ¥z, we define

the foliation F on X*.

The singular set of a foliation ‘F on a complex manifold M will be denoted by
sing(F). We observe that it is always possible to suppose that cod ,(sing(/F)) >
2, in the sense that there exists a foliation G on M such that cod, (sing(G)) > 2
and G = F on M \ sing(F) (cf. [LN-BS]).

For example, if @ is a germ at 0 € CV of holomorphic 1-form such that
w|y« # 0 and w A dw|x+ = 0 then there exists a germ of foliation F, with
cody«(sing(F)) > 2, such that F|x\sing(w) coincides with the foliation induced
by w on X* \ sing(w).

We would like to observe that, in general the foliation cannot be defined by
a global 1-form w satisfying cod x+(sing(w)) > 2, as above. This is the case of
Example 1.1 after the statement of the Main Theorem.

Definition 1.1. Let X be an irreducible germ of analytic set at 0 € CV with
dimension n < N. We say that X is k-normal, 0 < k < n, if there exists a
neighborhood U of 0 € CV and representatives Xy, sing(Xy) and X}, of X,
sing(X) and X*, respectively, such that: For any germ of holomorphic k-form n
on X7; there exists a holomorphic k-form 6 on U such that 0|x:, = 1.

Main Theorem. Let X be a germ of irreducible analytic set at 0 € CV, of
dimension n, 3 < n < N, and ‘F be a germ of holomorphic codimension one
foliation on X*. Suppose that:

(a) H'(X*,0) = 0.
(b) X is k-normal for k = 0, 1.

(c) F is defined by a holomorphic (germ of) I-form w on X* such that
cod = (sing(w)) > 3.

(d) dim(sing(X)) < dim(X) — 3.

Then there exist germs of analytic functions f and g at 0 € CV such that
2(0) #0and w = g.df | x+. In other words, f|x+ is a first integral of 'F.

Remark that under the hypothesis of the Main Theorem the foliation is the
restriction of a foliation on (CV, 0).

Hypothesis (a) and (b) of the Main Theorem are fulfilled when X is a complete
intersection and dim(sing(X)) < dim(X) — 3 (cf. [B-M]). This implies:
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Corollary 1. Let X be a germ of irreducible analytic set at 0 € CV, of dimen-
sion n, with 3 < n < N, and ‘F be a germ of holomorphic codimension one
foliation on X*. Suppose that:

(a) X is a complete intersection.
(b) dim(sing(X)) < dim(X) — 3.

(c) F is defined by a holomorphic (germ of) I-form w on X* such that
cod = (sing(w)) > 3.

Then ‘F has a holomorphic first integral.

When X is a complete intersection and dim(sing(X)) < dim(X) — 4 then
H*(X*,7Z) = 0 (cf. [L]). Since H'(X*, ®) = 0 we obtain from the exact
sequence

...—> HY(X*, 0) > H'(X*, 0") > H*(X*,Z) — ...

that H'(X*, ©*) = 1. This implies hypothesis (c) for any codimension one
foliation F, such that cod x«(sing(F)) > 3, and we get the following:

Corollary 2. Let X be a germ of irreducible analytic set at 0 € CV, of
dimension n, with 4 < n < N, and F be a germ of holomorphic codimension
one foliation on X*. Suppose that X is a complete intersection, dim(sing(X)) <
dim(X) — 4 and that codyx«(sing(F)) > 3. Then ‘F has a holomorphic first
integral.

As an application, we obtain a generalization of a result due to F. Touzet
(private communication): if n > 3 and M" is a smooth hypersurface of P"+!
then there is no non-singular holomorphic codimension one foliation on M.

Corollary 3. Let M" be a smooth algebraic submanifold of PV with dimension
n > 3 and G be a codimension one holomorphic foliation on M. If M is a
complete intersection then sing(G) has at least one component of codimension
two in M.

The proof can be done as follows: let X C CV*! be the cone over M and
m: CN*1\ {0} — PV be the natural projection. Note that X is a complete inter-
section of dimension > 4. Suppose by contradiction that M admits a foliation
F such that cod(sing(/f)) > 3. Consider the foliation G = 7*(F) on X*. Its
singular set has codimension > 3 and dim(X) > 4, and so by Corollary 2 it has
a non-constant holomorphic first integral. In particular, it has a finite number
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of leaves accumulating at the origin. On the other hand, all leaves of G must
accumulate at the origin, because G = 7*(F), a contradicition.

We observe that Corollary 3 was already known for M = P", n > 3
(cf. [LN]). It was used in [LN] to prove that codimension one foliations on
P", n > 3, have no non trivial minimal sets.

Example 1.1. An example without holomorphic first integral. Let X be the
quadric in C* given as

X=A{(x,y,z,t); xy=zt}.

In this case, sing(X) = {0} and X* = X \ {0}. Let w: C*\ {0} — P° be
the natural projection. It is known that w(X*) ~ P' x P'. Moreover, I :=
7|yt X* — P! x P! is a submersion. Let G be the non-singular foliation
on P! x P! whose leaves are the rules P! x {pt}. Then F := I1*(G) is a
non-singular codimension one foliation on X*. Note that any leaf of F is a
2-plane passing through 0. This implies that the germ of F at 0 € X has no
holomorphic first integral, because a foliation with a holomorphic first integral
has only a finite number of leaves through 0 € X. We would like to remark
that X satisfies hypothesis (a), (b) and (d) of the Main Theorem, but ¥ do not
satisfy (c). In fact, F has the merophorphic first integral z/x = y/t on X*. Note
that the forms w; = zdx — x dz and w, = t dy — y dt define the foliation, but
cody(sing(w1]x+)) = cody(sing(w;|x+)) = 1.

Example 1.2.  An example in which the conclusion of the Main Theorem is true,
but which do not satisfy hypothesis (b). Let ¢: C* — C° be defined by

¢(x,y,z)= (xz,yz,zz,xy,xz,yz,x3,y3,z3).

As the reader can check, @lcs\: C* \ {0} — C°\ {0} is an immersion.
Therefore, X := ¢(C*) has an isolated singularity at 0 € C° and X* =
X\ {0}. Since X* is biholomorphic to C3 \ {0}, we have H'(X*, ©) = 0
and H'(X*, ©*) = 1. Hence, X satisfies hypothesis (a), (c) and (d) of the Main
Theorem. If F is a foliation on X* then it is defined by a holomorphic 1-form
on X* and the conclusion of the Main Theorem is true: if ‘F has isolated singu-
larities on X™* then it has a holomorphic first integral, by Malgrange’s theorem.
However, X do not satisfy hypothesis (b) of the main theorem: the function
f € O(X*) defined by f = x 0 ¢p~!: X* — C has no holomorphic extension
to a neighborhood of 0 € C°.
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Example 1.3.  An example of singular variety which is not a complete intersec-
tion and which admits foliations without meromorphic first integral. Let T C P"
be a complex tori of dimension > 2 and G be a codimension one foliation on T’
without singularities and with dense leaves. Let : C"*!\ {0} — P” be the nat-
ural projection. Set X* = 7~ !(T) and F = 7*(G). In this case, X = X* U {0}
has an isolated singularity at 0 € C"*!. Each leaf of F is dense in X*, and so it
has no meromorphic first integral.

Let us state some problems which arise naturally from the above results and
examples. The first one concerns the quadric of Example 1.1.

Problem 1. Let X be the quadric (xy —z¢ = 0) C C* and G be a germ at
0 € C* of non-singular codimension one foliation on X*. Suppose that G is
not defined by a holomorphic 1-form as in (c) of the Main Theorem. Does there
exists a germ of automorphism ¢ : (X, 0) — (X, 0) suchthat G = ¢*(F), where
F is the foliation of Example 1.1?

As mentioned before the fact that the singular set of a codimension one foliation
JF onP" n > 3, has at least one codimension two irreducible component was
used in [LN] to prove that F has no non-trivial minimal set. Corollary 3 motivates
the following:

Problem 2. Let M C PV be a smooth complete intersection of dimension
n > 3. Is it possible that M admits a codimension one foliation F with a
non-trivial minimal set?

This work will be organized as follows. In §2 we will state some basic results
that will be used in the proof of the main theorem, specially the construction
of the Godbillon-Vey sequence associated to an integrable 1-form w such that
cod(sing(w)) > 3. The Main Theorem will be proved in §3.

We would like to mention that the problem of extending Malgrange’s theorem
for singular germs was posed to us by R. Moussu. He told us that the problem
was posed to him by H. Hauser. We would like to acknowledge them and also
A. Dimca and D. Barlet for some helpfull suggestions.

2 Basic results
2.1 Godbillon-Vey sequences

One of the tools that will be used in the proof of the main theorem is the so
called “Godbillon-Vey sequence” associated to a foliation (cf. [Go]). Let M be
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a holomorphic manifold of dimension » > 2 and w be a holomorphic integrable
1-form on M.

Definition 2.1. A holomorphic Godbillon-Vey sequence (briefly h.g.v.s.) for w,
is a sequence (wy)r=0 of holomorphic 1-forms on M such that wy = w and the
formal 1-form Q on (C, 0) x M defined by the power series

Qi=d1+z f'a)j
j=0 J°

is formally integrable, that is
QAdQL=0

It is not dificult to prove that the above relation is equivalent to

k
k
dwp = wy N w11 —{-Z <]> W N Opt1-j Vk=>0. (1)

J=1

By using (1), it can be proved by induction on £ > 0, that a sufficient
condition for the existence of a h.g.v.s. for w is that it satisfies the 2-division
property, which is defined below:

{-division property (briefly ¢-d.p.). We say that w satisfies the £-d.p., if for
any ® € QY(M) such that w A ® = 0 then there exists a n € Q“~!(M) such that
® = w A n (cf. [M] and [Mo]).

For instance, if w satisfies the 2-d.p., the first three steps of the h.g.v.s. can be
obtained as follows

wyANdwy=0 — dwg=wy Aw; — dwogNw; —wy Adw; =0
= woANdw; =0 = doj=wyAwy = dwyNwr —wg Adwr; =0
— woAdwy —wi Aan) =0 = dwy) =wy Aw3z + w1 A wy

2 2
= wo N\ w3 + (1>w1 AN wy + <2>a)2/\w1 - ...
Remark 2.1. If cody(sing(w)) > 2 then w satisifies the 1-d.p., that is, if

® e Q'(M) is such that v A ® 0 then there exists g € O(M) such that
O =gw.

In the next result we give a sufficient condition for w to satisfy the 2-d.p.
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Lemma 2.1. Let M be a complex manifold of dimension n > 3 and w be a
holomorphic 1-form on M. Assume that cod(sing(w)) > 3and H' (M, O) = 0.
Then w satisfies the 2-division property.

Proof. Let ® € Q?(M) be such that ® A w = 0. Since cod(sing(w)) > 3,
the 2-d.p. is true locally on M (cf. [M] and [S]). It follows that there exists a
Leray covering U = (U;) je; of M and a collection (n;) jes, n; € Ql(Uj), such
that Oly; = n; ANoly;, forall j € J. If U;; := U; N U; # 0, then

(nj—n[)/\a)|Uij =0 — N, —ni =8&ij - 60|Ul-j s

where g;; € O(U;;). Note that the collection (g; ) Uy 0 can be considered as
an aditive cocycle in C' (U, ©). Since H'(M, O) = 0, there exists (f)jes €
C('U, O) such that g;; = f; — f; on U;; # . Hence there exists n € Q' (M)
such that n|y; := n; — f;.@|y,. This form satisfies ® = n A w. O

As a consequence of Lemma 2.1, we have the following:

Corollary 2.1. Let X be a germ of an irreducible analytic set at 0 € CV of
dimension n, 3 < n < N, and w be a germ of integrable I-form on X* such
that cod y«(sing(w)) > 3. If H'(X*, ©) = 0 then there exists a h.g.v.s. (wp)i=0
for w.

2.2 Resolution of X and h.g.v.s.

Let B C CV, X, sing(X), X* and the h.g.v.s. (wj) ;=0 of wy = w be as in section
2.1. In this section we will suppose that X is 0 and 1-normal. In particular, we
can take the ball B in such a way that, for any j > 0 there exists a holomorphic
1-form n; on B such that n;|y = w;.

Consider a resolution of (B, X) by blowing-ups I1: B — B (cf. [A-H-V]).
The complex manifold B and the holomorphic map IT are obtained in such a
way that:

(A) The strict transform X of X by IT is a connected smooth complex subman-
ifold of B of complex dimension n = dim(X). Set 7 :=TII|;: X — X.

(B) E := IT"'(sing(X)) N X is a connected codimension one analytic subset
of X. Moreover, E is a normal crossing sub-variety of X, which means
that for any p € E there exists a neighborhood V of p in X such that
VN E is bimeromorphic to an union of at most n pieces of (n — 1)-planes
in general position.
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(C) The maps
Mizg: B\E — B\sing(X) and 7|y, X\ E— X*
are bimeromorphisms.

We can assume that the blowing-up process begins by a blowing-up at
0 € CV. In this case, [T~ (0) has codimension one in B. This implies that:

(D) The analytic set D := IT"'(0) N X C E has codimension one in X, is
a normal crossing codimension one sub-variety of X and is connected
(because X is irreducible).

Let X* :=TI"'(X*) = X\ E. Ifweset 7, :== IT*(y;), j = 0, then
nj € Q'(B) and Njly= = m*(w;), so that 7*(w;) can be extended to a
holomorphic I-form @; :=17;|y on X, forall j > 0. Set @ = .

Remark 2.2. The sequence (@;);>0 isah.g.v.s. for @ = @y.
Lemma 2.2. Forany k> 0 we have wi|p = 0.

Proof. Let p be a smooth point of D. Since dim(D) = n — 1 = dim(X) — 1,
we can find a local coordinate system [U, (u, z, v) € C"~! x C x C¥~"] such
that UNX = (v =0)and UND = (z = 0)N (v = 0). In this coordinate system
we can write [1|y = (X1,..., Xx), where X;: U — Cand X;(u,0,0) = 0.
This implies that

N—n
Xiw,z,v)=z-4;(u,z,v) + Z v - Bij(u,z,v).
i=1
It follows that
N—n
H*(dx]') = Aj 'dZ‘FZ.dAj +Z B,»jdvi+v,- 'dBl'j — H*(de)leU =0.
i=1

Hence, @ |pnv = I1* (i)l prv = 0. O

Remark 2.3. Since ®| ;. defines the foliation 7*(F,) on X*, this foliation,
which in principle is defined only on X*, can be extended to X. We will denote
this extension by F. As observed before, F is not necessarily defined by a
global 1-form ' satisfying cod ; (sing(w”)) > 2.
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Lemma 2.3. Any irreducible component of D is invariant for F.

Proof. Let p be a smooth point of D and [U, (u,z,v) € C"~' x C x CN™"]
be a coordinate system around p as in the proof of Lemma 2.2. We can
write @] 3q, = zt.wy, where wy € 91(5( N U) is integrable, £ > 0 and
cod(sing(wy)) > 2. The foliation f“ is defined on X N U by the form wy.
If £ = 0 then the result follows from Lemma 2.2. If £ > 1, then it follows
from do = ® A @, that

02 Vdz Aoy + 2t doy =2 oy A = dz Aoy =20,

where 0 = £~ (wy A @) — dwy) € Q*(U). This implies that (z = 0) = DNU
is invariant for F. O

3 Proof of the Main Theorem
3.1 Formal first integrals in the resolution

Let IT: (B, X) — (B, X) be a resolution of X, satisfying properties (A), (B),
(C) and (D) of the last section. Consider also the h.g.v.s. (@)= of ® and the
formal integrable 1-form

o0
Q=dt+o+)  —a 2)
Recall that @;|p = 0, where D = X N 1'0). By doing more blowing-ups

along the normal crossings of £ = IT~!(sing(X)) N X, we can assume that

(E) Allirreducible components of £ are smooth. In particular, all irreducible
components of D are smooth.

The aim of this section is to prove that F has a “formal” first integral. This
formal first integral will be a global section of the formal (or m-adic) completion
of X along D (cf. [B-S] and [Mi]).

Definition 3.1. Let M be a complex manifold and Y C M be an analytic subset
of M. Let1 C Oy be the sheaf of ideals defining Y. The formal completion of
M in 'Y, denoted by Oy (see [B-S)), is the sheaf of ideals defined by
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Similarly, when M is a sheaf of O -modules, we define
M; = (lim.’M/i’" -M>|y

Note that Ql; is a sheaf of modules over O;. A global section of Oy (resp. Qky )
will be called a formal function (vesp. k-form) along Y.

Remark 3.1.  Since Oy = (O,/7)|y, we have a natural projection O; N Oy,
called the restriction to Y. Given a formal function f along Y we will use the
notation 7( f) := f|y. Note that, if ¥ is compact then f|y is a constant.

Notation. Let 4 be an integral domain and £ > 1. We use the notation
Allz]] := Allzi, ..., z]] for the set of complex formal power series F in k
variables with coefficients in A of the form:

F:Zaaz“,aaefl,
o

where z = (z1,...,2z1), 0 = (01,...,01),0;, =2 0,1 < j <k, and z° =
z‘f‘ .. .z,‘:" . Remark that 4[[z]] is also an integral domain, with the operations of
sum and multiplication of formal power series.

Suppose that Y is a codimension k£ smooth submanifold of M and dim(M) =
n > k+1. Let[W, (u, z) € C"*¥x C*] be aholomorphic coordinate system such
that U := YNW = (z = 0) is non-empty and connected. We have the following
interpretation for a formal function along U C Y, say f : f |u can be thought as
a formal power series in O(U)[[z]] of the form § = f(u, z2) =, fuou)z®,
where fy, € OU) forall o.

Notation. Given a coordinate system [W, (u,z)], U = Y N W = (z = 0) and
the series S, as above, we will call § a representative of f over U.
Note that, f|y = f(u,0) = fy5(u) € OU), where 0 = (0, ...,0) € 7k 1f

Y frow)z” € Oz},

that is the series converges, then it represents a holomorphic function in a neigh-
borhood of U in M. In this case, we will say that f converges over U.
Similarly, if 77 is a formal 1-form along Y, then

=

n— k
o= & duj+ hi-dz . g hi € OUI. Vi,j.
j=1 i=l1
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Observe that €2 can be thought as a formal 1-form (on X x C) along X x {0}.
The aim of this section is to prove the following:

Theorem 1. There exist formal Sfunctions f and g along D C X such that
o=g-df, glp =1and f|p = 0. In particular, f is a formal first integral

of F.

Proof. Let D = U’_, D; be the decomposition of D into smooth irreducible

components. Fix an irreducible component D, and a coordinate system of X,
say [W, (u,z) € C"! x C] such that U := D, N W = (z = 0), is connected
and non-empty.

Lemma 3.1. Leth(t) = ijl a;t/ € C[[t]1\ {0}. Then there exists a unique
formal power series F" € O(U)|[[z, t]],
Fru.z,ty= " fiu)z.t

i,j=0

such that % -Q =dF" and F"(u,0,t) = h(t). In particular, F" is a formal
first integral of 2.

Proof. Recall that &;|p = 0 for all j > 0. This implies that & can be written

in the coordinate system [, (u, z)] as

n—1

@ = Ax(u,2)dz + ) 2B, 2) du;

i=1

where Ay, By, € O(W). In aneighborhood W, = U x (|z| < €) of U in W, we
can represent the Ak/ and By by power series in @(U){z}. By doing that and
adding the forms 7@y to obtain Q, it is not difficult to see that we can write:

n—1
Q=dt+ G(u,z, t)dz—i-z z-Hi(u,z,t)du;,

i=1

where G, H; € O(U)[[z, t]]. Note that % -Q=dFis equivalent to

-G —and—=z-H-— ,i=1,...,n—1. 3)
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Uniqueness. Suppose that F(u, z,¢) = ), ;- fij(u) z' -/ is a solution of the

problem. If we set f;(u,t) = Z/‘ Sij(u) t/ € O(U)[[t]], then we can write F
as an element of ‘

OW)MADIN: Flu,z.0) =Y fituw. ).

Note that fo(u,t) = F(u,0,¢) = h(¢). Similarly, we can write G(u, z,t) =
> gi(u,t) z!. Therefore, the first relation in (3), % =G- %, gives

9f;

k+ 1) fen@ 0= g =

i+j=k

(u,t), k=0, “

where
afi

S = Z G+ Dfiin@)t/ e O]
J

This, of course, implies that F is unique. Note that (4) implies that, if K €
OU)|[z, t]] satisfies %—IZ( =G- ‘g—’f and K (u, 0,¢) = 0 then K = 0.

Existence. Relation (4)allowsus to find, by inductionon £ > 0, the coefficients
Ji € O(O)[lz]l of F e (OW)IIzIDIIz]] = OU)llz, t]]

in such a way that %—f =G- % It remains to prove that F satisfies the others
relations in (3).

Let ® := % - €. Remark that © is formally integrable. On the other hand,
we can write

oF oF oF
®:¥dt+EGdZ+ZZ¥]—Ildul:dF+Z Kidui,
oF oF
where K; = z H; o " m We want to prove that K; = 0 for all
uj

i=1,...,n—1.

The reader can check that the coefficient of dz A dt A du; in ® A dO is

oF 0K; OF 0K;
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Since ® A d® = 0, we get
OF 0K; 9F 0K; OF (G 0K; 8Ki) _0

T 9z ot 9t 9z ot \ ot oz
0K _ 0K
dz at
because §é 0. On the other hand, we have
oF oh(t)
Ki(u,0,t) = ——(u,0, t)=——(F(u,0, 1)) = — =0.
8u,~ 81/!,' 8u,~
This implies that K; = 0. U

Notations. Set Y, = D, x {0} C X x C,1 < ¢ < r. We will denote by
Fy the solution given by Lemma 3.1, for which Fy(u,0,¢) = t. Note that
Fy e T(U, Oy).

Let {[W;, (u;,2;)]}jes be a collection of coordinate systems on X such that
forall U; := W; N Dy = (z; = 0) # @ is connected and U;c; U; = D,. We
will set U;; = U; N U;.

Corollary 3.1. If U;; # O then the sections Fy, and Fy, coincide over U,j

In pamcular there exist formal functions F, and G, along Y, such that Q =
G( dF( G(|Yé =1 anng|y[ =01<Z<r.

Proof. The fact that /7, and F; U; coincide over U;; follows from the uniqueness

in Lemma 3.1. It implies that there exists Fy € (9;,[ such that Fily;, = Fy, for
all j € J. Recall that the formal power series Fy; satisfies

dFy,

ot

Q=dFy, .

Since Fy,(u,0,1) =t we get

FUj _ 8FUj B
(u,0,t) =1, andso (u,0,0)=1.

It follows tha

Iz, t]]. Therefore we can define

OFy,\~
Gy, ::( at~) € Oz 111,

so that Q = GU dFy, forall j € J. Of course, the first part of the lemma
1mphes that the sections G, and Gy, coincide over U;; # . Hence, there exists

G(g e I'(Yy, OYZ) such that Q@ = Gg.ng. Il
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Recall that © = Q|(;=0). If we set fg = ﬁgl(tzo) and é@ = Gel(t:()), then
Corollary 3.1 implies the following:

Remark 3.2. Forall £ € {1,...,r} there exist f,, 8, € Op, such that © =

&e.d fo, fulp, = 0and g;|p, = 1. In particular, f, is a formal first integral of F
along D;.

Now we consider a point p € sing(D) which is a normal crossing of two
irreducible components of D, say D,, and D,, m # n. In this case, we can
find a local coordinate system around p, [W, (u, z,, z,) € C"~2 x C?], such
that u(p) =0 € C" 2, z,,(p) = z,(p) =0 € C, Uy, := (2 = z, = 0) and
Uj :=D; N W = (z; = 0) are connected, for j = m, n.

With the above conventions, we can consider, in a natural way, O(U,,)[[z,, t]]
and O(U,)[lzwm, t]] as sub-rings of O(U,,,)[[zm, za, t1]. Let F,(u, zy, zp, t) :=
Fu, W, zm, zn, t) € OWU)llzn, t]] and F,(u, zpy, 2y, t) = Fy, (U, 2y, 2y, t) €
OWU)Ilzm, t]] be as in Corollary 3.1. As the reader can check, the uniqueness
in Lemma 3.1 implies the following:

Remark 3.3. The formal power series F;, and F;, coincide, when we consider
them as elements of O(U,.,)[[zm, zx, t]]. In particular, there exists a formal
function along Y,, U Y,, say I:“mn, such that an coincides with ﬁm over Y,, and
with ﬁn over Y,,.

Let us finish the proof of Theorem 1. Remark 3.3 implies that there exist a
formal function along D x {0} C X x C, say F , such that F coincides with ﬁ[
over Yy, forall £ € {1,...,r}. On the other hand, we have seen in Corollary
3.1 that Q@ = G(.dﬁ( over Y,, where G( = (Bﬁ‘g/at)_l, for all ¢. This implies
that @ = G.dF , Where G = (813“ /dt)~!. Note that, by construction, we have
Gle{O} =1 and F|D><{0} = 0. If we set f = ﬁ|(t:0) al’ldé = Gl(t:()), then we
getw = g.d f , as in Remark 3.2. This finishes the proof of Theorem 1. U

3.2 Convergence of formal first integrals
Let / and g be as in Theorem 1, so that @ = gd f, f|p = 0 and g|p = 1. The
aim of this section is to give conditions for the convergence of f and g.

Let /i be a formal function along D C X. Given p € Dy, 1 <€ <r,consider
a representative

h,2) =) hjwz € O]

j=0
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of h over U, where p € U C D,;. We say that h converges over U, if for every
u € U the series ijo hj(u) z/ € C[[z]] converges. In this case, the power
series defines a holomorphic function on a neighborhood of U in X. Conversely,
a holomorphic function in a neighborhood of U in X can be expanded as a power
series in O(U)[[z]] and defines a section of @ over U. This implies that the
definition is independent of the coordinate system used to express the power
series.

We say that h converges, if for any p € D and any irreducible component
D, of D such that p € Dy, there exist a neighborhood U of p in D, and a
representative of h over U that converges. After this discussion, we have the
following:

Remark 3.4. If/ converges then there exists a holomorphic function /4 on a
neighborhood of D in X such that the section defined by honI'(D, Op) coincides
with /.

Given p € D, we will denote by é (resp. O)) the ring of formal functions
along {p} C X (resp. germs at p of holomorphlc functions on X). Recall that
0 and O, are Noetherian rings. Note that, glven a formal function / along D,
p € D and a formal power series that represents h over some neighborhood of p
in D, say ﬁ(u, )=y ; h;(u) z/, then it can expanded as a formal power series
in (u — u(p), z), so defining an element h p € ép. We will call & p the germ of
h at p.

Lemma 3.2. Let f be the formal first integral of F given by Theorem 1. Sup-
pose that there is p € D such that the germ f, € O, converges. Then f
converges.

Proof. Let A = {q € D| the germ fq converges } # (). We will prove that
A is open and closed in D. Since D is connected, this will imply that 4 = D
and the lemma.

I. Aisopenin D. Letg € A. Suppose thatqg € Dy, 1 < £ < r. Since fq
converges, we can find a coordinate system [W, (u, z)] such that u(¢g) = 0 €
C"1,2(9) =0eC,qg e WNDy, = (z = 0) is connected and fq can be
represented by a convergent series
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Suppose that the series converges inthe set V' := {(u, z) | max(||u]|, |z]) < p} C
W. In this case, for all j > 1, the series f;(u) = ) a, ; u® converges in the
set U := {(u.0) | ||ul| < p} C Dy. Hence, the series f(u,z) = Y, fj(u)z/ €
O(U){z}, so that f converges over U and fx converges for every x € U. This
implies that 4 is open in D,. Since the argument is true for every £ such that
q € Dy, it follows that 4 is open in D.

II. f AN D, # ¢ then 4 D D,. Since codj((sing(j?)) > 2, we get
codp, (sing([F)) > 1. Itfollows that the set B, = D, \sing(F) is open, connected
and dense in D,.

Assertion 1. If By is as above then A D B,.

Proof of the assertion. First of all, 4 N B, is a non-empty open subset of Dy,
because B, is open and dense in D,. Fix ¢ € B,. Since g ¢ sing(F) and D is
invariant for f (Lemma 2.3), we can find a coordinate system [ W, (u, z)] such
thatg € U := W N Dy = (z = 0) is connected and Flw is defined by dz = 0.
It follows that d f Adz = 0, and so f can be represented over U by a power
series of the form

o

> a;-2 ezl

j=0
This implies that: ANU # ¥ <= A D U. Hence, 4 N By is closed in By
and 4 D B,. O

Now, fix ¢ € sing( j; ) N D, and let us prove that ¢ € A. At this point,
we will use the following result (cf. [M-M]):

Theorem 2. Let n be a germ of holomorphic integrable 1-form at 0 € C", with
n(0) = 0 and codcn (sing(n)) > 2. If'n has a non-constant formal first integral
then n has a non-constant holomorphic first integral. Moreover, the holomorphic
first integral, say h € O,, can be choosen in such a way that h(0) = 0 and it is
not a power in O, that is h # hf, € > 2. In this case, any formal first integral
of nis of the form f = ¢ o h, where ¢ € C|[[t]] (power series in one variable).

Theorem 2 is consequence of Theorem A, page 472 in [M-M]. Given g €
D, N sing(f), write the germ of @ at ¢ as: @, = k - n, where k € O, n is
integrable and cod(sing(n)) > 2. The germ fq is a non-constant formal first
integral of 7. Hence, by Theorem 2, F has a non-constant holomorphic first
integral, say 4, € O,, with 7,(0) = 0, and such that fq = ¢ o hy, where
¢ € CI[t]]. Note that £(0) = 0, because &,(q) = fq(q) = 0. Since D, is
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invariant for j? we must have 7, | Dy, =0, where D, , denotes the germ of D,
atgq.

Consider a representative & of 4, in some polydisk A around g. Note that
hlanp, = 0. The polydisk A is given in some coordinate [A, (u, z)] as (||u]] <
€|zl <e)and U ;= AND, =(z=0). Let

fu.2)=Y" fiw)z e OW)II=]]

Jj=1

be a representative of f over U. We can also consider # € O(A) as an element
of O(U)[[z]]. Since h|y = 0, we can compose the series { € C[[¢]] and
h € O(U)|[z]], so that we can consider { o & € O(U)[[z]]. Note that { o h €
OU)[[z]] and f coincide as elements of O(U)[[z]], because fq = ¢ oh,. Since
B( NU # @ and A D By, there exists (u,,0) € U such that the power series
f (u,,z)1s  convergent. It follows that the series ¢ € Cllt111s convergent, because
h(u,, z), f(uo, z) € C{z} and ¢ o h(u,, z) = f(uo,z) Hence, f € OWU){z},
which implies that g € A4.

Note, that IT implies that 4 is the union irreducible components of D, and so
it is closed in D. This finishes the proof of Lemma 3.2. O

Corollary 3.2. Under the hypothesis of Lemma 3.2, & converges. Moreover,
there exist a ball By C B around 0 € CN and f, g € O(B,) such that £(0) = 0,
g0)=1land w =g.df on X* N By.

Proof. Fix ¢ € D. Since d f converges and &, = g,.d f; € Q}I, it follows

that g, € O,. This implies that g converges. Therefore, we can consider f and
& as holomorphic functions defined in a neighborhood ¥ of D in X. We can
suppose that V= 7(B, N X), where B; C B is a ball around 0 € CV. Since
n~': X* — X\ E is a biholomorphism, these functions induce holomorphic
functions fi, g, € O(V™*), satisfying w|y« = g1.df1, where V* = (V' \ E).
Now, f1 and g; can be extended to holomorphic functions f, g € O(B)), because
X is 0-normal, and this proves the corollary. O

3.3 End of the proof of the Main Theorem

The idea is to prove that there exists ¢ € C[[#]] such that ¢ o f converges. The
composition ¢ o f is defined in such a way that, if

()= ait' and fu,z)=Y_ fiu)z

i>0 j>1
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is a representative of f over some openset U C Dy, 1 < ¢ <r,then¢ o f is
represented over U by the formal power seriesinz, S(u,z) = o) =1 Ji(u) z/.

This series is well defined because f |y = 0. The next result implies the Main
Theorem:

Lemma 3.3. There exists ¢ € C[[t]] such that £(0) = 0, {’(0) =land¢ o f
converges. In particular, there exist holomorphic functions f=co f and g
defined in a neighborhood of D in X such that ® = gd f.

In fact, let us suppose for a moment that there exists ¢ € C[[¢]] as in the
conclusion of the lemma. Since ® = g - d f, we have

f=¢of = df=¢ofdf = df=h-df,

where /i = &’ of) Uand A|p = 1. This implies @ = & -d f, where g = & - h.
Since & and d f are convergent, so is §. Moreover, g|p = 1.

Proof of Lemma 3.3. The proof will be decomposed in four claims. Let D;
be an irreducible component of D and p € D; be fixed. Let [W, (u,z)] be a
coordinate system around p such that p € U := W N D; = (z = 0) and f
has a representative f(u,z) e OU)[[z]] over U. Since f(u, 0) = 0, we get
fu,z2) =250 fy(u,2), kU) > 1, fy € OWU)I[z]] and fy(u, 0) % 0.

Remark 3.5. The integer £(U) depends only of the irreducible component
D;. Tt will be called the multiplicity of f at D; and will be denoted by &;.

We leave the proof of the above remark for the reader. Since 0] » 1s anoetherian
ring, the germ f,, € O, of f at p can be decomposed as

A

Jp =k ~hml hmY
where m; > 1, ﬁj(p) =0 and ﬁj is irreducible in ép forall j=1,...,s

Claim 1. Foreach j € {1,...,s} thereexisth; € O, and v; € 0 such that
0;(p) # 0and h =0;-h;. In partzcular each h is invariant for F. Moreover,
we can write fp =&-zh Rl h™s, where & € 0 and @(0) # 0.

Proof. It follows from Theorem 2 that the germ of ‘F at p has a first integral
h € O, such that f, = u o h, where u € C[[¢]] and u(0) = 0. We can
set u(t) =™ - B(t), where m > 1, B € C[[¢]] and B(0) # 0. It follows that
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pr =y-h",wherey = Boh € Op and y (0) # 0. If we write the decomposition
of h into irreducible factors in ©, as h = z* - hf' ... h" then we get

A A

ki nmj rms __ Am m-£ m-£y m-{ _
Jp=z"-hy'.. by =" 2" R R = r=s

and we can suppose that lAzj = 0, - hj, where 0; € Op and v;(0) = 1, for

all j = 1,...,s. In this case we get, k;, = m.£ and m; = m - {;, for all
j=1,....s,and f, = &2 . BT . B, where @ = 07" ... 0" The fact that
G - zh -h1 '...h"s is a formal first integral for F implies that each /; is invariant
for F. This proves the claim. U

Notation. The germs (z = 0), (h; = 0), ..., (h; = 0) will be called the
separatrices of F through p. The integer m; > 1 will be called the multiplicity
of the separatrix (h; =0),1 < j <.

Let S = (h = 0) bea germ of separatrix of F at p, where s € O pisirreducible.
We have two possibilities: either S is contained in some irreducible component
of E, or not.

Claim 2. Let m be the multiplicity of h in fp. Ifm > 2 then S is contained in
some irreducible component C of E. In this case, C is invariant for F.

Proof. It follows from Claim 1 that we can write fp =h". (lA), where qg € ép.
We have

By =8y dfy=28y - dh" - =h""%g, -(m-¢-dh+h-dp).

Hence, /1 divides all coefficients of @, and (A = 0) C sing(w). Since
cody+(sing(’F)) > 3 and & represents F on X \ E, any irreducible compo-
nent of sing(®) which cuts X \ E has codimension > 3. This implies that
(h = 0) C E, because (h = 0) has codimension one. Since / is irreducible in
O, it follows that (4 = 0) must be contained in some irreducible component of
E, say C. This component C contains a non-empty open subset (in C) which is
invariant for ‘F and this implies that it is invariant for F. O

Claim 3. Suppose that there exists p € D and a separatrix of ‘F through p,
say (hy = 0), with multiplicity one. Then the conclusions of Lemma 3.3 are true.
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Proof. In this case, the germ fp € ép can be written as
fp=G-hy Ry . ™,

where & is an unit in O ». It follows from Theorem 2 that F » has a first integral
¢ € Opsuchthatg(p) = 0and fp = Bog,where 8 € C[[¢]]. Clearly (0) = 0.
Let us prove that 8/(0) # 0. Set B(t) = t* - u(t), where £ > 1, u € C[[¢]]
and ((0) # 0. Let ¢ = ¢]' ... " be the decomposition of ¢ into irreducible
factors. Then

~ m my ln £-
oz-h]-h22...hsézﬂocngpz-,ump:,uogo-(pl1. o
Since & and o ¢ are units in ép, it follows that there is j € {1, ..., k} such that

gof'”j and £ differ by an unit in O, so that £ - n; = 1. Therefore, £ =n; = 1,
which implies that 8'(0) # 0.

Since B/(0) # 0 there exists ¢ € C[[¢]] such that ¢ o B(¢) = ¢. It follows
that ¢ = o fp =(¢o f )p- This implies that there exists p € D such that
(¢o f ), converges. Hence, ¢ o f satisfies the hypothesis of Lemma 3.2, and so
it converges. O

Claim4. There exists p € D and a separatrix of F through p with multiplicity
one.

Proof. Let k; be as in Remark 3.5, 1 < j < r. The proof will be by contra-
diction. Suppose by contradiction that f has no separatrix of multiplicity one.
Let H be a £-plane of CV, where £ = N — n + 2, such that 0 € H. Denote by
H be the strict transform of H N X by

We can assume that H N E = H N D If sing(X) = {0} then D = E and
the assertion is trivially true. Suppose that sing(X) # {0}. In this case, the
closure of £ \ D in B is the strict transform of sing(X) by I1. Recall that the
first blowing-up in the process was a blowing-up at 0 € B C C". Denote it by
I : (B,,P"~!) — (B, 0). Let C and H, be the strict transforms of sing(X) and
H respectively by I;. Since dim(H;) = N —n+2,dim(C) = dim(sing(X)) <
n—3and (N —n+2)+m—3) =N —1 < dim(B)), if we choose H in such
a way that H, is transverse to all strata of C then C N H; = (. This, of course,
implies the assertion.

In the above situation, we have X N H = (X* N H) U {0}. It follows from
the theory of transversality that we can choose H in such a way that it cuts
X* transversely, so that any irreducible component of X N H has an isolated
singularity at 0 € CV and has dimension2 = (N —n +2) +n — N.
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Let S C X be an irreducible component of the strict transform of # N X by I1
(dim(S) = 2). Since H N E = H N D and all separatrices F have multiplicity
> 2, it follows from Claim 2 that, if p € SN D and / is a separatrix of F through
p then (A = 0) C D. Note that §* := S\ D is smooth of dimension 2, so that
sing(S) C D. After new blowing-ups involving only points or curves contained
in S N D, we can assume that:

(F) §is smooth and cuts transversely all the irreducible components D;, 1 <
J < r. We can assume also that for each j € {1,...,r} the curve SN D;
is smooth and cuts tranversely D; N D;, for all i # j.

Let D,N S = Uj‘: 1 C¢; be the decomposition of D, N S into irreducible
components. Denote by [Cy;] the class in H,% z(S) of the divisor Cy;. Let
L € H3x(S) be defined by

r Se
L=Y"% "k [Cyl:=) ks [Col. (5)
=1 j=1 o
In (S)wesetk, =k, if o = (£ j). Since SN D is contracted to a point by I1, it
follows that L> < 0, because the intersection matrix ([C,] - [C 1oy 1 negative
defined (cf. [La]).

Leti: S — X be the inclusion map and G = i*(’F) be the induced foliation.
It follows from (F) that the singularities of G are the corners Co; N C,,; # 9,
where ¢ #= m. Moreover, the Camacho-Sad index (cf. [C-S] or [Su]) of G at a
point p € C;; N C,,; withrespectto C; ;, denoted by CS(G, Cy;, p),is —k, / k.
This follows from the fact that ‘F has a first integral of the form zf . 27 ina
neighborhood of the point, where (z;, = 0) and (z,, = 0) are local equations
of D, and D,,, respectively (see Theorem 2). It follows from Camacho-Sad
theorem (cf. [C-S] or [Su]) that

k
G =) CS@G.Copp=— ) =
peCy peCynC,, ¢

v (6)

1
=~ D ku 1G] (Gl
7 p#o
On the other hand, (5) and (6) imply that
L= KICT+ >k ks [Cul-[Col =0,
o n#o

a contradiction. This contradiction implies Claim 4, Lemma 3.3 and conse-
quently the Main Theorem. 0

Bull Braz Math Soc, Vol. 39, N. 3, 2008



468 D. CERVEAU and A. LINS NETO

References

[A-H-V]  J.M. Aroca, H. Hironaka and J.L. Vicente. Introduction to the theory of
infinitely near singular points. The theory of maximal contact. Desingular-
ization theorems. Mem. Mat. Inst. Jorge Juan, 28, 29, 30. Madrid CSIC
(1977).

[B-S] C. Banica and O. Stanasila. Méthodes algébriques dans la théorie glo-
bale des espaces complexes. 3°™° edition. Collection Varia Mathematica.
Gauthier-Villars (1977).

[B-M] D. Barlet and J. Magnuson. Familles analytiques de cycles, chapter Pro-
longement analytique; book to appear.

[C-S] C. Camacho and P. Sad. Invariant varieties through singularities of holo-
morphic vector fields. Ann. of Math., 115 (1982), 579-595.

[C-G-S-Y] D. Cerveau, E. Ghys, N. Sibony and J.C. Yoccoz. Dynamique et géométrie
complexes. Panoramas et Syntheses, 8 (1999), SMF.

[Go] C. Godbillon. Feuilletages: Etudes géométriques. With a preface by G.
Reeb. Progress in Mathematics, 98 (1991), Birkhduser Verlag, Basel.

[La] H. Laufer. Normal two dimensional singularities. Ann. of Math. Studies,
Princeton (1971).

[L] E.J.N. Looijenga. Isolated Singular Points of Complete Intersections. Lon-
don Math. Soc. Lecture Note Series 77, Cambridge University Press (1984).

[LN] A. Lins Neto. 4 note on projective Levi flats and minimal sets of algebraic
foliations. Annales de L’ Institut Fourier, tome 49, fasc. 4, 1369-1385 (1999).

[LN-BS] A. Lins Neto and B.A. Scardua. Folheagoes Algébricas Complexas. 21°
Coldéquio Brasileiro de Matematica, IMPA (1997).

M] B. Malgrange. Frobenius avec singularités 1. Codimension un. Publ. Math.
IHES, 46 (1976), 163—173.

[M-M] J.F. Mattei and R. Moussu. Holonomie et intégrales premieres. Ann. Ec.
Norm. Sup., 13 (1980), 469-523.

[Mi] M. Miyanishi. Algebraic Geometry. Transl. of the AMS vol. 136 (1994).

[Mo] R. Moussu. Sur [’existence d’intégrales premieres. Ann. Inst. Fourier,
26(2) (1976), 171-220.

[S] K. Saito. On a Generalization of De-Rham Lemma. Ann. Inst. Fourier,
26(2) (1976), 165-170.

[Su] T. Suwa. Indices of vector fields and residues of holomorphic singular foli-

ations. Hermann (1998).

Bull Braz Math Soc, Vol. 39, N. 3, 2008



FROBENIUS THEOREM FOR FOLIATIONS ON SINGULAR VARIETIES 469

D. Cerveau

Member of the “ANR Symplexe”

Institut Universitaire de France et IRMAR
Campus de Beaulieu, 35042

Rennes Cedex

FRANCE

E-mail: dominique.cerveau@univ-rennes!.fr

A. Lins Neto

Instituto de Matematica Pura e Aplicada
Estrada Dona Castorina, 110

Horto, Rio de Janeiro

BRAZIL

E-mail: alcides@impa.br

Bull Braz Math Soc, Vol. 39, N. 3, 2008



