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On the solutions of a parametric family of
cubic Thue equations

Alain Togbé*

Abstract. In this paper, we solve a family of Diophantine equations associated with
families of number fields of degree 3. In fact, we use Baker’s method find all solutions
to the Thue equation

D,(x,y) = ¥ = n(n2 +n+ 3)(112 +2)x2y — (n3 +2n% +3n+ 3)xy2 —y3 = =+1,
forn > 0.

Keywords: parametric Thue equations, cubic equations, Baker’s method.
Mathematical subject classification: 11D59, 11D25, 11Y50.

1 Introduction

A Thue equation is a Diophantine equation of the form
F(x,y) =k,

where F' € Z[ X, Y]is an irreducible binary form of degree d > 3 and £ is a non-
zero rational integer; the unknown x and y being rational integers. The name is
given in honor of the Norwegian mathematician A. Thue [11] who proved that it
has only finitely many solutions. Upper bounds for the solutions have been given
using A. Baker’s [1] theory on linear forms in logarithms of algebraic numbers.
So we consider the following Thue equation

D,(x,y) = X — n(n2 +n+ 3)(n2 + Z)xzy

1.1
— (1 421 4+ 3n +3)xy? — yP = +1. (.0
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The aim of this paper is to solve this equation using Baker’s method. In fact,
since E. Thomas [ 10] has solved the first parameterized family of Thue equations
of positive discriminant, several families of parameterized Thue equations have
been studied. Many authors are able to solve cubic, quartic, quintic, sextic Thue
equations. In 2004, Heuberger, Togbé, and Ziegler ([7]) solved the first octic
family of Thue equations. In Thomas’ example, the family of cubic fields have
some special properties particularly they are Galois fields. It is also the case
for the cubic fields related with the above equation. Recently, for the first time,
we used Baker’s method to solve a sextic family of Thue equations (see [12]).
Our main result is the following:

Theorem 1.1. For n > 0, the family of parameterized Thue equations

D,(x,y) = ¥ —nm?+n+3)n*+ 2)x2y

—(n® +2n* +3n +3)xy? —y® = £1 (12)
has only the integral solutions
+{(1,0), (0, D}, (1.3)
except for n = 0, where we have:
+{(-3,2), (—1,1), (—1,3), (0,1), (1,0), (2, 1)}. (1.4)
Kishi [8] studied the family
@, (x, 1) = ¢y (x) = x —n(® +n+3)(n* +2)x° L5)

— M +2n* +3n+3)x — 1.

His result is useful to prove Theorem 1.1. With n € Z, the polynomial ¢, (x) is
irreducible. Let K, be the number field related with ¢, (x). There are three real
roots 0V, 8@ 9 of ¢, (x). For a solution (x, y) of (1.1), we have

3
@, (x, ) ]_[ x—09y) = Nggnyg (x —09y) =1.  (1.6)

This means that x — 0y is a unit in the order Ok, := Z[#V, 6@].

In Section 2, we will give some elementary properties of the polynomials,
recall the result obtained by Kishi [8], and we consider the index [ = [E: (—1,
OWM, 92)] < 2, for n > 2, to work. In Section 3, we will study approxima-
tion properties of solutions to (1.1) and we obtain a lower bound for log(y)
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very useful for the proof of Theorem 1.1. We use bounds on linear forms in
logarithms of algebraic numbers to prove that this equation has only the trivial
solutions for large » in Section 4. Solutions for medium sized » are discussed in
Section 5 using heavy computational verifications. Finally, the case of small n
is covered in Section 6. In fact, we use Kash [5] to solve (1.1) for 0 < n < 75.
Most of the computations involve manipulations with asymptotic approxima-
tions done using Maple.

2 Elementary properties of the polynomials
We have the following properties:

1. ®,(—x,—y) = —d,(x, y); hence if (x, y) is a solution to (1.1), so is
(—x, —y). Without loss of generality, we will consider only the solutions
(x, y) to (1.1) with y positive.

2. The couples in (1.3) are solutions to (1.1). In fact

e if y =0, thenx = +1;
o if y =1, then

¢n(x) = B enmr )R+ 2)x - P+ 207 +3n+3)x — 1
has no integral solutions for n > 1. So we suppose y > 2.

Let us recall some properties obtained by Kishi. In fact, in a very nice paper
published in 2003 (see [8]), Kishi proved the following result:

Theorem 2.1. Let 6 and 6 be two distinct roots of f,(X). Then {6,0'} is a
system of fundamental units of the order 7[6,60']. Let E denote the unit group
of Ok, and put
(% +3)(n* +n® + 4n* 4+ 3)
N =
491 . 9&

where
0 if niseven, 0 if n =2 (mod3),

YTV ifmisodd; 0 |1 if n#2 (mod3).

Suppose N is squarefree. Then the index [E: (—1,0,0")] is equal to 1, that
is, {0, 0’} is a system of fundamental units of K, except for n = +1, —2. For
n==l1,wehave [E: (—1,0,0")]1 =7, and forn = =2, [E: (—1,60,60)] = 3.

The following remark will be important later.

Bull Braz Math Soc, Vol. 39, N. 4, 2008



540 ALAIN TOGBE

Remark 2.2. In fact, Kishi proved that for all » > 2 and n < —2, we have
[E: (—1,0,0")] < 2, (see [8], page 98). So in our computations, we will
consider I/ = [E: (—1,0,0")] < 2.

We adopt here the L-notation defined in [7], pages 1151-1152, that we recall
here. Let c be a real number, assume f(x), g(x), and 4 (x) are real functions and
h(x) > 0 for x > c¢. We will write

fx)=gx)+ L.(h(x)) if gx)—h(x) < f(x) <gx)+h(x), forx > c.
So some asymptotic expressions of 0, 926G are given by

0 = w4+ n*+ 50+ 20+ 6m

n3 n> n® n’ nd P
@.1)
2 _ 1 1 2 4 2 11 0.2
6? = _n_3+n_4+n_5_n_6_n_7+n_8+L40(n_8)’
1 2 1 0.
0% = _n_2+n_4_n_5_n_6+ + 8 +L40(_8)

We use the asymptotic expressions of 8, @ 63 to determine those of
log [0 and log [0 — 6®|. In fact, we know that for the function
S (x) =log(x) = log(1 +u),
we have
S ) = (1 20,

xn+1’

The error associated with the approximation of f(x) by the 3™ Taylor polyno-

mial is:
f(4)(Z) 4 U
41 e
where z is between 1 and 1 + u. In this interval, |R3(1 + u)| is maximal when
z=1ifu >0andz =1 — |u| when u < 0. So we have

4
[R3(1 +u)| =

u*/4, if u>0,
|R3(1 +u)| < u
401 — [uh*’
By applying Lemma 3 in [7], we obtain:

loglo®M| = Slog(n) + 1+ 3% — & + Lys (&%),
log|0®| = —3log(n) — 1 — % 25+ Los (1) , (2.2)

log |0®] = —2log(n) — n% =+ L7s (25n4)

if u <0.
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and
log |01 — 0@ | = Slog(n) + + + 575 — 255 + L7s (3o5) .
log 0" — 6| = Slog(n) + & + 52 — 35 + Las (&), (2.3)
log 9% = 6] = ~2logn) =} = 537 + 535 + L33 (53550)

3 Approximation properties of solutions

Let (x, y) € Z? be a solution to (1.1). We define B := x — Ay. Let us consider
an integer j such that j € {1,2,3}. Now we define the type j of a solution
(x, y) of (1.1) such that

7] := min ], G.1)

The following lemma will be very useful for the proof of Theorem 1.1:

Lemma 3.1. Let n > 75 and (x, y) be a solution to (1.1) of type j such that
y > 2. Then we have

4 L

Py = 2
aon =3,

Lys(;e) i j=1,
log[87] =log(y) +log|6® =6V | + 1 Los (K5)  if j=2. (33)

Ls (%) ifj=3.

Proof. Fori # j we have
y|9(i) _9(j)| < 2|13(i)|,

then we obtain

1 4 1

|ﬂ(-j)|:+§7. | .
[Tz [BO] = 32 Ty, |69 —6©

(3.4)
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Since
1_[ ’0(1) _ 9(])‘ Z nlo, for n Z 75 and ] = 1, (353)
i#]
l_[ 0@ —0V| > n’, for n >75and j =2, 3, (3.5b)
i#]

we have |8Y) — x/y| < 1/(2y?), hence |x|/|y| is a convergent to |§V)|. Using
our asymptotic expansions (2.1), we see that

0.97 1 1 1

< 0P < — forn=>75 and "< —— < —n’

n3 n3 0@  0.97
So
0% =10, ay, ...] with a; > n’.

Soify > 2, we have y > a; > n’. For 6%, with the same method, one can
show that if y > 2, we have y > n?.

One can see that if (x, y) is a solution not contained in (1.3), then

ndoif j =2,

> 3.6
Y= ir =3 3.6
Therefore (3.4) yields
4
8=, (37
— if j=3.
n

So we obtain (3.2). Moreover, we know that

@) )
S T P L
y |9(1) — 9(1)| y(OU) — D)
Then we take the log of the previous expression and we use equations (2.1),
(3.2), and (3.6) to get

Lys(55) if j=1,
log |87 =logy +1og [0 — 0| + { L35 (35) if j =2, (3.8)
Lqs (%) if j=3.
This completes the proof. O
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Lemma 3.2. Let (x, y) be a solution to (1.1) with y > 2 and n > 75. Then

197 19 4 19 11
1 > — + =+ —)log? — — )1 ) 3.9
0gy_( 5 + 12+3n> og (n)+<3n 3> og(n) (3.9)

Proof. If (x, y) is a solution to (1.1), then $ is a unit in Z[#]. By Remark 2.2
there are integers w1, u,, [ with I < 2 such that

Bl =£(0")" (6@)". (3.10)
But a generator o of the Galois group G of K,, is defined by

(—n*—n—1oW0 —1

oWy = . 3.11
o) (n* +n3+3n24+n+ 100 4 n G-11)
One can check that
00 =51 (00), 69 =o' (6?), 0D =o' (19). (3.12)
So we have
(BV)| = 10D 11622,
(B = |8@|u1|e®)|u2, (3.13)
(B ] = 6D ]“1]oD]u2;
therefore

uj Uus
log|pV] = = log 9| + = log |97,

log |[B?| = %logIG(z)I + %loglé@l, (3.14)

log|B%] = = log 09| + 2 log [01)].
1 1
We compute the asymptotic expression of the regulator and we obtain:
) 8 34 20.7 1 7.2
R = 1910g (l’l)+ -+ - + L75 —3 1Og(l’l)+—2+L75 I E (315)
n o n n n n

Moreover, we have:
R < (19 4 0.05) log?(n), (3.16)
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for n > 75. For each j, from (3.14), we consider the subsystem not containing
BY) that we solve to determine u; and u, using Cramer’s method. Then we use

the asymptotic expressions (2.1), (2.2), and (3.3) to obtain

(710g+L+53% + Lys (22) ) 1og() + 35 log?(n)

Ru, (810g(n)+ +.2 +L75 >>log(y)+l910g2(n)

(log(n)—i—%—i—ﬁ—i— L7s ) log(y)—16log?(n)

and

(-~ togm 4 =5+ L35 (%2) ) log(1) ~5 log?(n)

Ru, (7 log(n)—l- +5,7 13 5+ L7s (3 7)) log(y)

1 +(,,+2n2+L75( 2))logon—L+1o5 () ifj =2,

(810g(n)+ +7 +L75( ))1og(y)+51og ()

R
For each j, we define the following linear combinations of the ﬂ:

R R
_ftn K if j=1,
I I
Rv; R R
Tf:=«7ﬂ—8ﬁ—m if j=2,
Ru1 Ru2 .
8§—— — —+4+7R fj=3,
7 7 + it j
1.e.
—u; — Tuy if j=1,

V; 1= 7u1 —8”2 - 71 if ] =2,
Suy —us + 71 if j =3,
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(248 4 Lgs () ) togo+5 + L3s (B) ifj =1,
(32

1 +<2 +L75( )) og(n)+L75< ) if j =2,
(5

3
+<_%—%+L75< )>log(n)—n%+L75(%) ifj =3,

+<—;——+L75 ( )) log(n)— =5 +L7s (i-:}) ifj =1,

+< +55 +L75( )>log(n)+L75( ) if j =3.

(3.17)

(3.18)

(3.19)

(3.20)
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where [ < 2 (See Remark 2.2). Then from (3.19), we use the expressions (3.17)

and (3.18) to get

Ruv;
As y > 2, we have % > R. Therefore, (3.21) helps to obtain (3.9).

4 Large solutions

(3.21)

O

Suppose that (x, y) € Z? is a non trivial solution of type j. We choose indices

(i, k) depending on j:

2,3)  if j=1,
(.kh=3@31) if j=2
(1,2)  if j =3.

We use the following Siegel identity

ﬂ(k)(g(j) _ 9(1‘)) lg(j)(g(k) _ g(i))
BOO —g®y T BO@ED — gy’
We put
o) — g '3(_/) gk _ g
M=o —em U= B0 <9(j> _ 9(k>)

and from (3.14) we obtain the following linear form in logarithms
g k)

I 1
Ogm

H¢
+ — 7 lo g‘e(k)

Lemma 4.1. We have A; # 0.

Bull Braz Math Soc, Vol. 39, N. 4, 2008
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Proof. Suppose that A ; = 0, then from (4.1) we have 7; = O or 7; = —2. Itis
impossible that 7; = 0 because the polynomial ¢, (x) has three distinct nonzero
roots. The case 7; = —2, cannot occur since 7; obviously has norm 1. ]

ﬁm gk _ g
ﬁ(z) (9(/) — g(k))‘ ’

By (2.3), (3.2) and (3.3), we obtain the following upper bounds of A ;:

From (4.1), we have

10g|A | _10g|log|1 +‘EJH <10g|2rj| =log |2

3
—22logn — — if j =1,
log |A;| < —3logy +log8 + ) " 4.2)
—logn 4+ — if j =2,3.
n
Now we will prove the following result.
Proposition 4.2. Let (x,y) € Z* be a solution to (1.1) of type j which is not
listed in (1.3). Then n < N, where
27301619 if j=1,
N, := 158519951  if j =2, (4.3)
5044681 if j =3.

Proof. Using (3.19) and (4.1), we rewrite A ; as

o\’ /9® (6"

TIA| = u;log (%> (9(1)) + log |4, (9(1)> , (4.4a)
g% 7g@ PION R

811\2 = Uy log (m) (m) + IOg )\.81 <9(2)> s (44b)
eON\® /9@ g\

81 A3 = uslog (w) (9(1)> + log A (6(‘)> . (4.4¢)

For this we use the following result due to Laurent, Mignotte, and Nesterenko
(see [9], Corollaire 2, page 288) on linear forms in two logarithms to determine
lower bounds of A ;. For any non-zero algebralc number y of degree d over Q,
whose minimal polynormal over Zis a ]_[ (X y(f)) we denote by

h(y) = (10g|a|+210gmax <1 }y(f)‘)>

Bull Braz Math Soc, Vol. 39, N. 4, 2008
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its absolute logarithmic height.

Theorem 4.3. Let y| and y, be multiplicatively independent and positive alge-
braic numbers, by and b, € 7 and

A = bylogy) + bylogy,.
Let D :=[Q(y1, y2): Ql, for i = 1,2 let

llogyi| 1
hi > h i) [ R—
> maX{ ) 5 D

and

S ﬂ+ |b2| )
~ Dhy, Dh

b

If |A] # 0, then we have

21 1))\’
log |A| > —24.34 - D* (max{logb’+0.14, ik 5}) hih,.

Remark 4.4. We tried to use Corollary 2.2 of [4], but unfortunately we didn’t
have a better result. So we decide to use the above theorem.

We take D = 3.

e For j = 1, we take

o\’ /9B (0"
V1= (%) (W) V=0 <W> .
The algebraic numbers y; and y, are multiplicatively independent because

log |y log |y, |

< —79010g? n.
loglo(yDl loglo(y2)l

We determine the three conjugates of y;, fori = 1, 2. Then we use their asymp-
totic expressions to compare their absolute values to 1. Therefore, we use the
above definition of 4(y) to obtain

1 O
h(y) < glog (@) (ﬂ)

1 93 _ g\ rgm\ Y

Bull Braz Math Soc, Vol. 39, N. 4, 2008
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e For j = 2, we take

9(1) 8 6(2) 7 o 0(1) vy +71
n=(a) () »=(5)
The algebraic numbers y; and y, are multiplicatively independent because

log |1 log |y
e S 43010g2n

loglo(y)l loglo(y2)l

The use a similar method done for j = 1 leads to

I ENTICAN
h(n) < 5 log (%) (m) :
| 9(3) _ 9(1) 817 9(1) v+71
h(y:) < 3 log (m) (%) '
e For j = 3, we take

(69 8 /g . _u g\
Y1 = o) 9 ) V2 = A3 0] .

The algebraic numbers y, and y, are multiplicatively independent because

log [y1] log [y»]

> 118230 1log? n.
loglo(y1)| loglo(y2)l

We apply a similar method done for j = 1, 2 to have

1 e\ /M
h(y) < glog <%) (W)
1 [o® g\ rgmy=T!
h(y:) < 3 log (m) (ﬁ) '

Thus the choice of /1, />, and b’ depending on ; is given in Table 1 below.

’
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Case h hy b
j= 2110gn+g <l9n3l%)gn — nfig§n>logy+98 logn + 15071nz+i2 2%
j=2 | 19logn +§ <]9n31%gn - 19n21?ogn) logy + =~ 2 1ogn + 1 3n + 9 2 éng
. 71 25 32 25 3 11
J =3 ?logn—"_ﬂ (19nlogn o 19n210g,1)1°gY+m_n_2 6_0n

Table 1: Choice of 4y, &y, and b’ depending on ;.
Therefore we get
3n 2 6
log|IA1] > —1971.54(log| — ) +.14 21 logn+—
250 n
32 0.95 lo +98 logn+ 1012+23 log71 (4.5a)
— — logn+—+—|— .
19nlogn n?logn T ) &
11n 2 8
log|IAy| = —1971. 54(10g<900>+ 14) <l9logn~|-—>
32 16 224 76 60
— lo —1 —log81, (4.5b
|:<19n logn 1912logn> o8yt ogn+3 * ] o8 (4.55)
2
logliAs] > — 1971.54(1og(22) +.14) (2 1ogn+ 2>
(0] — . 0 —_— . — logn + —
gliasl = £\ 60 3 8T,
32 25 1 + 20 3 log87 (4.5¢)
- 0 — — —|—log81. .5¢
19nlogn 1912 logn T &

By combining (4.2), (4.5) and Lemma 3.2, we obtain the result.

5 Solutions for 75 <n < N;

The aim of this section is to verify that for 75 < n < N; the only solutions
to (1.1) are those listed in (1.3). As a first step, we use linear forms in logarithms

once again in order to obtain an upper bound for log y:
Lemma 5.1. For 75 < n < N;, we have
7.72-10% logn  if j =1,
logy < {7.74-10*" logn  if j =2,
6.26 - 10*! logn if j=3.

Bull Braz Math Soc, Vol. 39, N. 4, 2008
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Proof. We use an estimate due to Baker and Wiistholz [3]:

Theorem 5.2 (Baker-Wiistholz). Let vy, ..., y, be algebraic numbers, not 0
orl, K =Q(y, ..., y») and d the degree [K : Q). Fori =1,...,nlet

|log(:)| 1)

h; > h(y;), , =
_maX( (vi) 7 p
Letuy,...,u, € Z, AN = uylogy; + ... +u,logy, # 0 and U > max |u;|.
Then we have

log |A| > —C(n,d)h;---h,logU, (5.2)

where
C(n,d) = 18(n + Dn" "1 (32d)"*? log(2nd).

We note that (3.21) and Lemma 3.2 yield

12.02 12.02 12
logy, vy < logy, wv3<

< — <————logy. (53
191 log? n 191 log? n gy (53

v < —
'= 191 log? n

From the asymptotic expansions of u; and u, for all j, see (3.17) and (3.18),
we observe thatfor 1 < j <3

up, ifj:1,2,

U :=max{|ul, |us| } = 54
{Turl, Jual } w. if j=3. (5.4
then we have
0.74 o
logy, if j =1,

logn
U< (5.5)

0.85

logy, if j=2,3.
logn

Now we apply Theorem 5.2 to A; as it is defined in (4.1). So we take n =
3, d=6,andforj =1,2,3
817
hy = hy, = 3log(n), h; = 3 log(n).

We use the estimate of U given by (5.5) and combine the lower bound with
(4.2) to get

0.74
—2.991logy > log ’IA]»‘ > —C(3,6)h1hyhslog (1 logy) , if j=2;
ogn

Bull Braz Math Soc, Vol. 39, N. 4, 2008
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and
0.85 o
—2.991ogy > log |1Aj| > —C(3, 6)h1hyhslog l—logy , if j=2,3.
ogn

Consequently, considering that 75 < n < N; we obtain

0.74
fogn 108

—F e < 1.14-10% if j =1
log (10';” logy)

and 0.85
logn 108V <{1.31-1020 if j =2,

log (ﬁ,ﬁi 10gy) ~|1.07-10% if j =3.
This yields (5.1). O
We write (4.4) as

miIA; =log|y;i| + v;log|yya| + v} log|yjs| . (5.6)
where the notations are defined in Table 2.
J|m; Vil Y2 V3 V)
oA e () () e
2| 8 [ ()" |5 | (59) (55) |
s | ()" |6 | () (%) |
Table 2: Notations for (5.6)
We divide by log ‘)/_,-3 ,use (4.2), (3.9), and n > 75, and obtain
|81 + v;8;2 + V)| < 107320, (5.7)

where §;; := log ‘yj,-{ / log |yj3‘ fori = 1,2. We use the following lemma of
Heuberger, Petho, and Tichy [6] (which is implicitly used in Baker and Daven-
port [2]):

Lemma 5.3. Let §, and 6, M € R, A and B integers and

|4+ B, + 81| < M.
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Furthermore, let Q € N, 6~1,8~3 e Q with |6; — 8~,-| < O 2 fori = 1,2 and
p/q a principal convergent of §; with g < Q. Then we have

qllgéill < O*M +1+2|B|

where || - || denotes the distance to the nearest integer.
One can see that (5.1) and (5.3) imply
4.89 - 102! 4.90 - 102! 3.96 - 10%!
242 < ——, 242 < ————, 2+ 2|3l = ————. (5.9)
nlogn nlogn nlogn

For all palrs (J,n) withl < j <3and 75 < n < Nj;, we calculate approxi-
mations 811 and 8,2 such that |§;; — J1| < Q7% and |8/2 - 8j2| < Q7% For
all pairs of (j, n), we compute the successive convergents of §;, until we find a
convergent p/q of §;, with ¢ < Q such that

4.89 - 107! if j =1,

4.90 - 10%! if j =2,

3.96 - 107! if j =3.

This is a contradiction to Lemma 5.3 and proves the following proposition:

Sl >
qligdll nlogn

Proposition 5.4. For 75 < n < N; there are no solutions (x,y) € 72 to (1.1)
of type j which are not listed in (1.3).

Here are a few remarks about the computations. The program was developed
in MAPLE 11 and executed on a 2.6 GHz Pentium-4 Dell of a lab of Purdue
University North Central. We have to use a high precision for the computations
because of the large values of the parameter. In general, we did the computations
with the accuracy about 100 digits.

* For j =1, 2, 3 (together) and 75 < n < 5044681, we ran the program. It
took in average 2.74 seconds for each value of n. We start with O = 10'°,
if it is not successful we try successively 102°, 102!, 10?2, 10% ... until
we obtain the desired results.

* For j = 1,2 and 5044681 < n < 27301619, we ran the program. It took
in average 3.83 seconds for each value of n. For this range, we start with
0 = 10%, if it is not successful we try successively 104", 10%2, 10%,
10* ... until we obtain the desired results.

e For j = 2 and 27301619 < n < 58519951, we did the same thing. It
took in average 3.54 seconds for each value of n. Here, we start with
0 = 10*, if it is not successful we try successively 104, 10%, 1047,
10 ... until we obtain the desired results.
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6 Solutions with 0 <n <75

Since some of our asymptotic expansions are not valid for n < 75, we use
Kant [5] (Kash Version 2.4) to solve (1.1) for 0 < n < 75. We exactly get the
solutions listed in (1.3) and (1.4). This completes the proof of Theorem 1.1.
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