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Alcides Buss*

Abstract. In this work we define operator-valued Fourier transforms for suitable in-

tegrable elements with respect to the Plancherel weight of a (not necessarily Abelian)

locally compact group. Our main result is a generalized version of the Fourier inver-

sion Theorem for strictly-unconditionally integrable Fourier transforms. Our results

generalize and improve those previously obtained by Ruy Exel in the case of Abelian

groups.
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1 Introduction

Let G be a locally compact Abelian group and let Ĝ be its Pontrjagin dual.

The classical Fourier inversion Theorem recovers, under certain conditions, a

continuous integrable function f : G → C from its Fourier transform via the

formula f (t) = ∫
Ĝ 〈χ | t〉 f̂ (χ) dt , where we write 〈χ | t〉 := χ(t) to emphasize

the duality betweenG and Ĝ. Here f̂ (χ) := ∫
G〈χ | t〉 f (t) dt denotes the Fourier

transform of f and we choose suitably normalized Haar measures dt and dχ

on G and Ĝ, respectively.

Ruy Exel [2] extended the classical Fourier inversion formula to operator-

valued maps f : G → L(H), where H is a Hilbert space and L(H) denotes
the space of all bounded linear operators on H . He considered basically two

generalized versions of Fourier’s inversion Theorem. The first one requires

f to be a positive definite, weakly continuous, compactly supported function.

The conclusion is that the Fourier transform f̂ – pointwise defined by the in-

tegral f̂ (χ) := ∫
G〈χ | t〉 f (t) dt with respect to the strong operator topology –
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is unconditionally integrable with respect to the strong topology and its strong

unconditional integral
∫
Ĝ 〈χ | t〉 f̂ (χ) dχ equals f (t) for all t ∈ G. The sec-

ond version requires f to be a positive definite, strictly continuous, compactly

supported function Ĝ → M(A), where A is now any C∗-algebra and M(A)
is the multiplier algebra of A. Again, as a conclusion one recovers f (t) from
the integral

∫
Ĝ 〈χ | t〉 f̂ (χ) dχ , but now all the integrals are interpreted as strict

unconditional integrals, that is, unconditional integrals with respect to the strict

topology inM(A).
Both versions of Fourier’s inversion Theorem considered above are equivalent.

Indeed, one of the main tools used in [2] is Naimark’s theorem on the structure of

positive definite maps (see [2, Theorem 3.2]). It says that any positive definite,

weakly continuous map f : G → L(H) has the form f (t) = S∗ut S, where
u is some strongly continuous unitary representation of G on a Hilbert space

Hu and S : H → Hu is some bounded linear operator. As a consequence any

such map is automatically bounded and strongly continuous. Moreover, it also

implies that f is strictly continuous if considered as a map G → M(K(H)
)
,

where K(H) denotes the algebra of compact operators on H and we identify

M(K(H)
) ∼= L(H) in the canonical way. Thus, if in addition f is compactly

supported, we can apply to f the second version of Fourier’s inversion Theorem
for strictly continuous maps mentioned above. Conversely, if f : G → M(A)
is a positive definite, strictly continuous, compactly supported map, then we

may view f as a strongly continuous map G → L(H) and apply the first

version, where H is some Hilbert space endowed with a faithful nondegenerate

representation of A.
What happens with the Fourier inversion Theorem if G is not Abelian? The

purpose of this paper is to answer this question. We extend Exel’s generalized

version of Fourier’s inversionTheorem to non-Abelian groups. The starting point

is to observe that the space of bounded, strictly continuous maps Ĝ → M(A)
can be naturally identified with the multiplier algebra M(

A ⊗ C∗r (G)
)
, where

C∗r (G) denotes the reduced group C∗-algebra of G. Here and throughout the

rest of this paper, the symbol ⊗ always denotes the minimal tensor product.
Next, using the Plancherel weight on C∗r (G) as a substitute for the classical

Haar measure on Ĝ if G is non-Abelian, we define an appropriate subspace

of integrable elements in M(
A ⊗ C∗r (G)

)
. For each integrable element a,

we define a (generalized) Fourier transform â which is a function on G tak-

ing values in M(A). As a conclusion, we prove that a can be recovered from

its Fourier transform via the strict unconditional integral a = ∫
G â(t) ⊗ λt dt ,

whenever this integral exists. The map t 	→ λt is the left regular representation

of G on the Hilbert space L2(G) of square-integrable measurable functions on
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G : λt(ξ)(s) := ξ(t−1s) for all ξ ∈ L2(G) and t, s ∈ G.

Our version of the Fourier inversion Theorem can be interpreted as a general-

ization of Exel’s version in [2]. Furthermore, our proof is considerably simpler

than the original one in [2]. While Exel’s proof uses strong results like Naimark’s

theorem on the structure of positive definite maps and Stone’s theorem on repre-

sentations of locally compact Abelian groups, our proof basically only uses the

definition.

2 Weight theory

One of the basic tools in this work is weight theory. In this section we recall

some basic concepts, mainly to fix the notation. We refer to [5] for a detailed

treatment. Recall that aweight on aC∗-algebraC is a map ϕ : C+ → [0,∞] that
is additive and positively homogeneous, where C+ denotes the set of positive

elements in C .

We say that a positive element x ∈ C+ is integrable with respect to ϕ if

ϕ(x) <∞. We writeM+ϕ for the set of positive integrable elements andNϕ for

the space {x ∈ C : x∗x ∈ M+ϕ } of square-integrable elements. LetMϕ be the

linear span ofM+ϕ . ThenMϕ is a ∗-subalgebra of C ,Nϕ is a left ideal of C and

Mϕ is the linear span ofN ∗
ϕNϕ = {x∗y : x, y ∈Nϕ}.

IfM+ϕ is dense inC+, then we say that ϕ is densely defined. We also denote by

ϕ the unique linear extension of ϕ toMϕ . We say that ϕ is lower semi-continuous
if {x ∈ C+ : ϕ(x) ≤ c} is closed for all c ∈ R+ or, equivalently, for every net

(xi ) in C+ and x ∈ C+, xi → x implies ϕ(x) ≤ lim inf
(
ϕ(xi )

)
.

Define the sets Fϕ := {ω ∈ C∗+ : ω(x) ≤ ϕ(x) for all x ∈ C+} and Gϕ :=
{αω : ω ∈ Fϕ, α ∈ (0, 1)} ⊆ Fϕ. If we endow Fϕ with the natural order of C∗+
then Gϕ is a directed subset of Fϕ , so that Gϕ can be used as the index set of a

net. If ϕ is lower semi-continuous, then ([5, Theorem 1.6])

ϕ(x) = sup
{
ω(x) : ω ∈ Fϕ

} = lim
ω∈Gϕ

ω(x) for all x ∈M+ϕ . (1)

Any lower semi-continuous weight ϕ can be naturally extended to the multiplier

algebraM(C) by setting

ϕ̄(x) := sup
{
ω(x) : ω ∈ Fϕ

}
for all x ∈M(C)+ ,

where each ω ∈ C∗ is extended toM(C) as usual. Then ϕ̄ is the unique strictly

lower semi-continuous weight onM(C) extending ϕ. We shall also denote the
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extension ϕ̄ by ϕ and use the notations M̄+ϕ =M+ϕ̄ , M̄ϕ =Mϕ̄ and N̄ϕ =Nϕ̄ .

Equation (1) can be generalized:

ϕ(x) = lim
ω∈Gϕ

ω(x) for all x ∈ M̄ϕ.

2.1 Slicing with weights

Let A and C be C∗-algebras. Given a bounded linear functional θ on A, we
write θ ⊗ id for the canonical slice map A ⊗ C → C . It is the unique bounded

linear map satisfying the relation (θ ⊗ id)(a ⊗ x) = θ(a)x for all a ∈ A and

x ∈ C . The map θ ⊗ id can be uniquely extended to a strictly continuous map

M(
A ⊗ C

)→M(
C
)
, also denoted by θ ⊗ id.

Definition 2.1. Let ϕ be a weight on C. We say that a positive element a ∈
M(

A ⊗ C
)+ is integrable (with respect to the weight ϕ), if there is b ∈ M(A)

such that for every positive linear functional θ ∈ A∗+, (θ ⊗ id)(a) ∈ M̄ϕ and
ϕ
(
(θ ⊗ id)(a)

) = θ(b).

By Propositions 3.9 and 3.14 in [5], a ∈ M(
A ⊗ C

)+
is integrable if and

only if a belongs to the set M̄+id⊗ϕ of elements a ∈ M(
A ⊗ C

)+
for which the

net
(
(id ⊗ ω)(x)

)
ω∈Gϕ converges strictly in M(A). Moreover, in this case the

element b ∈M(A) in Definition 2.1 is given by b = (id⊗ϕ)(a), where we write
(id ⊗ ϕ)(a) for the strict limit of

(
(id ⊗ ω)(a)

)
ω∈Gϕ . Let M̄id⊗ϕ be the linear

span of M̄+id⊗ϕ inM
(
A ⊗ C

)
. The map id ⊗ ϕ has a unique linear extension to

M̄id⊗ϕ , also denoted by id ⊗ ϕ. Elements in M̄id⊗ϕ are also called integrable.
Let us assume that C is commutative, that is, it has the form C = C0(X) for

some locally compact topological space X , and suppose that ϕ is the weight

coming from a Radon measure μ on X . In other words, ϕ is given by the integral

ϕ( f ) = ∫
X f (x) dμ(x) for all f ∈ C0(X)+. In this case, the notion of integrabil-

ity defined above recovers the usual notions of integrability for operator-valued

functions on X . Indeed, first of all we may identify M(A ⊗ C) with the C∗-
algebraCb(X,Ms(A))of bounded strictly continuous functions f : X →M(A).
Under this identification, we have the following result:

Proposition 2.2. With the notations above, let f be a positive element in
M(A ⊗ C) ∼= Cb(X,Ms(A)). Then the following assertions are equivalent:

(i) f is integrable in the sense of Definition 2.1;

Bull Braz Math Soc, Vol. 39, N. 4, 2008



A GENERALIZED FOURIER INVERSION THEOREM 559

(ii) the net of strict Bochner integrals(∫ s

X
f (x)

dω

dμ
(x) dμ(x)

)
ω∈Gϕ

converges strictly in M(A). Here C∗+ = C0(X)∗+ is identified with the
space of positive bounded measures on X and, for each ω ∈ Fϕ , the
symbol dω

dμ
denotes the Radon-Nikodym derivative of ω with respect to

μ. Note that Fϕ consists of the positive bounded measures ω that satisfy
ω(E) ≤ μ(E) for every μ-measurable subset E ⊆ X. In particular, each
ω ∈ Fϕ is absolutely continuous with respect to μ so that the Radon-
Nikodym derivative dω

dμ
is well-defined. Note also that dω

dμ
is μ-integrable

and 0 ≤ dω
dμ
≤ 1. Conversely, any such function gives rise to an element

of Fϕ .
(iii) the net of strict Bochner integrals

(∫ s

X f (x)ωi (x) dμ(x)
)
i∈I converges

strictly in M(A) for any net (ωi )i∈I of compactly supported continuous
functions ωi : X → [0, 1] for which ωi (x) → 1 uniformly on compact
subsets of X;

(iv) the net of strict Bochner integrals
(∫ s

X f (x)ωi (x) dμ(x)
)
i∈I converges

strictly inM(A) for some net (ωi )i∈I as in (iii);
(v) f : X → M(A) is strictly-unconditionally integrable, that is, the net of

strict Bochner integrals
(∫ s

K f (x) dμ(x)
)
K∈C converges strictly inM(A),

where C is the set of all μ-measurable relatively compact subsets of X;
(vi) f : X →M(A) is strictly Pettis integrable, that is, for any μ-measurable

subset E ⊆ X, there is an element aE ∈ M(A) such that, for every
continuous linear functional θ ∈ A∗, the scalar valued function θ ◦ f is
μ-integrable on E in ordinary’s sense, and

∫
E θ( f (x)) dμ(x) = θ(aE);

(vii) there is a ∈ M(A) such that for any positive linear functional θ ∈ A∗+,
the scalar function θ ◦ f is μ-integrable on X in ordinary’s sense, and∫
X θ( f (x)) dμ(x) = θ(a).

In this event, we have

(id ⊗ ϕ)( f ) = s-lim
ω∈Gϕ

∫ s

X
f (x)ω(x) dμ(x) = s-lim

i∈I

∫ s

X
f (x)ωi (x) dμ(x)

=
∫ su

X
f (x) dμ(x) =

∫ sp

X
f (x) dμ(x) = a.

The symbol
∫ su

X above refers to strict unconditional integrals and
∫ sp

X refers to
strict Pettis integrals.
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Proof. As already noted above, (i) is equivalent to the fact that the net(
(id ⊗ ω)( f )

)
ω∈Gϕ converges strictly inM(A). Under the identification in (ii),

each (id ⊗ ω)( f ) corresponds to
∫ s

X f (x) dω
dμ
(x) dμ(x). Thus (i) is equivalent

to (ii). Item (vii) is just a reformulation of Definition 2.1 because, under the

identification M(A ⊗ C) ∼= Cb(X,Ms(A)), the element (θ ⊗ id)( f ) corre-
sponds to composition θ ◦ f . Hence (i) is also equivalent to (vii). If f is

strictly-unconditionally integrable, then so is the pointwise product ω · f for any
bounded measurable scalar function ω : X → C (see [2, Proposition 2.8]). In

particular, so is the restriction of f to a μ-measurable subset E ⊆ X . From this,

we see that (v) implies (vi). It is trivial that (vi) implies (vii). To see that (vii)

implies (v), observe that because f takes positive values,
(∫ s

K f (x) dμ(x)
)
K∈C

is an increasing net of positive elements inM(A). By [5, Lemma 3.12], this net

converges to some a ∈M(A) if and only if
(∫ s

K θ( f (x)) dμ(x)
)
K∈C converges

to θ(a) for all θ ∈ A∗+. And this condition is equivalent to (vii). We conclude

that (i)⇔(ii)⇔(vii) and (v)⇔(vi)⇔(vii). The equivalences (iii)⇔(iv)⇔(v) fol-

low from [1, Proposition 12]. The last assertion is an easy consequence, whence

the result. �

Remark 2.3. It has been already observed by Ruy Exel in [2, 3] that uncon-

ditional integrability is equivalent to Pettis integrability, at least for continuous

operator-valued functions. A detailed proof of this fact in a more general context

of functions defined on measure spaces and taking values in arbitrary Banach

spaces can be found in the dissertation of Patricia Hess [8, Teorema 4.14]. The

proof in [8] assumes σ -locality, which is a natural countability condition in

measure-theoretical settings. Note that our proof above does not assume any

countability condition. However, we are assuming strict continuity and positiv-

ity of our operator-valued function f : X →M(A), and in particular our proof

does not make sense in the general context of Banach spaces as in [8].

2.2 The Plancherel weight

Let G be a locally compact group. In this section, we collect some facts on the

Plancherel weight of the group von Neumann algebra L(G) of G. We refer to

[7, Section 7.2] or [10, Section VII.3] for a detailed construction. Recall that

the group von Neumann algebra of G is the von Neumann algebra L(G) =
C∗r (G)′′ ⊆ L

(
L2(G)

)
generated by the left regular representation of G.

A function ξ ∈ L2(G) is called left bounded if the map

L2(G) ⊇ Cc(G) � f 	→ ξ ∗ f ∈ L2(G)
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extends to a bounded operator on L2(G). In this case, we denote this operator

by λ(ξ). Note that λ(ξ) belongs to L(G) for every left bounded function ξ . The
Plancherel weight ϕ̃ : L(G)+ → [0,∞] is defined by the formula

ϕ̃(x) :=
{
‖ξ‖22 if x 1

2 = λ(ξ) for some left bounded function ξ ∈ L2(G),
∞ otherwise.

We are mainly interested in the restriction of ϕ̃ to C∗r (G)+, which we denote by
ϕ. It is a densely defined, lower semi-continuous weight on C∗r (G).
From the definition of ϕ̃ above it follows that

Nϕ̃ =
{
λ(ξ) : ξ ∈ L2(G) is left bounded

}
and (by polarization) ϕ̃

(
λ(ξ)∗λ(η)

) = 〈ξ | η〉 whenever ξ, η ∈ L2(G) are left

bounded. Here 〈· | ·〉 denotes the inner product on L2(G) (we assume it is linear

on the second variable). For functions ξ and η on G, we write ξ ∗ η and ξ ∗
for the convolution ξ ∗ η(t) := ∫

G ξ(s)η(s
−1t) ds and the involution ξ∗(t) :=

�(t)−1ξ(t−1) whenever the operations make sense. A short calculation shows

that (ξ ∗ ∗ η)(t) = 〈ξ |Vtη〉 for all ξ, η ∈ L2(G) and t ∈ G, where Vt(η)(s) :=
η(st). In particular, the function ξ ∗ ∗ η is continuous and (ξ ∗ ∗ η)(e) = 〈ξ |η〉,
where e denotes the identity element of G. Thus, if ξ, η ∈ L2(G) are left

bounded, the operator λ(ξ ∗ ∗η) = λ(ξ)∗λ(η) belongs toMϕ̃ and ϕ̃
(
λ(ξ ∗ ∗η)) =

〈ξ |η〉 = (ξ ∗ ∗ η)(e).We conclude that

Mϕ̃ = λ
(Ce(G)

)
,

where Ce(G) := span
{
ξ ∗ ∗ η : ξ, η ∈ L2(G) left bounded

}
, and ϕ̃ is given on

functions of Ce(G) by evaluation at e ∈ G. Since ϕ is the restriction of ϕ̃ to

C∗r (G), we have M̄ϕ ⊆Mϕ̃ and the same formula holds for ϕ.

Finally, let us we remark that ϕ̃ is a KMS-weight (see [5] for the definition of

KMS-weights). The modular automorphism group {σx}x∈R of ϕ̃ is determined

by σx(λt) = �(t)ixλt for all t ∈ G and x ∈ R, where � is the modular function

of G. In particular, this implies that λt is analytic with respect to σ – meaning

that the function x 	→ σx(λt) extends to an analytic function on C. Its analytic

extension is given by

σz(λt) = �(t)izλt for all z ∈ C and t ∈ G. (2)

Definition 2.4. Given an integrable element x ∈ Mϕ̃ , we define the Fourier

transform of x to be the function x̂ : G → C given by x̂(t) := ϕ̃(λ−1t x) for all
t ∈ G.
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Since λ−1t = λt−1 is analytic with respect to the modular group of ϕ̃, the

element λ−1t x belongs to Mϕ̃ whenever x ∈ Mϕ̃ (see [5, Proposition 1.12]).

This fact can be also proved directly from the definition of ϕ̃ (see [7, Proposition

2.8]). Thus the Fourier transform x̂ is well-defined.

If G is Abelian, then under the isomorphism L(G) ∼= L∞(Ĝ), the Plancherel
weight onL(G) corresponds to the usualHaar integral on L∞(Ĝ). In this picture,
Mϕ̃ is identifiedwith L∞(Ĝ)∩L1(Ĝ) and x̂ corresponds to the Fourier transform
of the associated function in L∞(Ĝ) ∩ L1(Ĝ).

Proposition 2.5. Let G be a locally compact group. Then the following prop-
erties hold:

(i) The Fourier transform x̂ belongs to Ce(G) for all x ∈Mϕ̃ . In particular,
x̂ is a continuous function.

(ii) The Fourier transform of λ( f ) is equal to f for all f ∈ Ce(G).
(iii) Ifwe equipCe(G)with the usual convolutionof functions and the involution

f ∗(t) := �(t−1) f (t−1), then Ce(G) becomes a ∗-algebra and the map

Mϕ̃ � x 	→ x̂ ∈ Ce(G)

is an isomorphism of ∗-algebras. The inverse is given by the map f 	→
λ( f ). In particular, we have

(xy)̂ = x̂ ∗ ŷ, and (x∗)̂ = x̂∗ for all x, y ∈Mϕ̃ .

(iv) Suppose that x ∈ Mϕ̃ and that the function t 	→ x̂(t)λt ∈ L
(
L2(G)

)
is

integrable in the weak topology of L(L2(G)
)
. Then∫ w

G
x̂(t)λt dt = x,

where the superscript “w" above stands for integral in the weak topology.

Proof. We already know that Mϕ̃ = λ
(Ce(G)

)
. Let x = λ( f ) with f ∈

Ce(G). Note that λ−1t x = λ−1t λ( f ) = λ( ft), where ft denotes the function

ft(s) := f (ts). Hence x̂(t) = ϕ̃
(
λ( ft)

) = ft(e) = f (t), that is, x̂ = f .
This proves (i) and (ii). If f, g, ξ, η ∈ L2(G) are left bounded, then ( f ∗ ∗ g) ∗
(ξ ∗ ∗ η) = (λ(g)∗ f )∗ ∗ (λ(ξ)∗η). Note that, given x ∈ L(G) and ζ ∈ L2(G)
left bounded, xζ ∈ L2(G) is left bounded and λ(xζ ) = xλ(ζ ). It follows that
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( f ∗∗g)∗(ξ ∗∗η) ∈ Ce(G). This shows thatCe(G) is an algebrawith convolution.
Note also that ( f ∗ ∗ g)∗ = g∗ ∗ f ∈ Ce(G), and therefore Ce(G) is a ∗-algebra.
It is easy to see that the map Mϕ̃ � x 	→ x̂ ∈ Ce(G) preserves the ∗-algebra
structures. For example, to prove that (xy)̂ = x̂ ∗ ŷ, take f, g ∈ Ce(G) such that
x = λ( f ) and y = λ(g). Then (xy)̂ = (

λ( f ∗ g))̂ = f ∗ g = x̂ ŷ. Item (ii) and

the fact that any x ∈Mϕ̃ has the form x = λ( f ) show that the map x 	→ x̂ has

f 	→ λ( f ) as its inverse. Finally, we prove (iv). Take ξ, η ∈ Cc(G). Then〈
ξ

∣∣∣(∫ w

G
x̂(t)λt dt

)
η

〉
=

∫
G
x̂(t)〈ξ |λt(η)〉 dt

=
∫
G

∫
G
x̂(t)ξ(s)η(t−1s) dt ds

=
∫
G
ξ(s)(x̂ ∗ η)(s) ds

= 〈ξ |λ(x̂)η〉 = 〈ξ | xη〉. �

3 The Fourier transform

Throughout the rest of this paper we fix a locally compact group G and a C∗-
algebra A.

Definition 3.1. Let a ∈M(
A⊗C∗r (G)

)
be an integrable element. The Fourier

coefficient of a at t ∈ G is the element â(t) ∈M(A) defined by

â(t) := (id ⊗ ϕ)
(
(1⊗ λ−1t )a

)
.

The map t 	→ â(t) from G toM(A) is called the Fourier transform of a.

As already observed, λs is an analytic element for all s ∈ G. This implies that

(1⊗ λs)x ∈ M̄id⊗ϕ whenever x ∈ M̄id⊗ϕ (see [5, Proposition 3.28]). Thus the

Fourier transform is well-defined.

Suppose that the group G is Abelian. Then there is a canonical isomorphism

M(
A ⊗ C∗r (G)

) ∼= Cb
(
Ĝ,Ms(A)

)
, the space of bounded, strictly continuous

functions Ĝ → M(A). Under this identification, we have
(
(1 ⊗ λt−1)a

)
(χ) =

〈χ | t〉a(χ) for all a ∈ Cb
(
Ĝ,Ms(A)

)
and χ ∈ Ĝ. Moreover, by Proposition 2.2,

a positive element a ∈ M(
A ⊗ C∗r (G)

)
is integrable if and only if there is

b ∈ M(A) such that the function t 	→ θ
(
a(χ)

)
is integrable (in ordinary’s

sense) and
∫
Ĝ θ(a(χ)) dχ = θ(b). It is also the content of Proposition 2.2 that

this notion of integrability is equivalent to Exel’s notion of strict unconditional

integrability (essentially this fact has been also observed by Marc Rieffel; see
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[9, Theorem 3.4, Proposition 4.4]). In other words, a ∈ M(
A ⊗ C∗r (G)

)+
is

integrable if and only if the corresponding function χ 	→ a(χ) inCb
(
Ĝ,Ms(A)

)
is strictly-unconditionally integrable. Furthermore, in this case (id ⊗ ϕ)(a)
coincides with the strict unconditional integral

∫ su

Ĝ a(χ) dχ .
We conclude that, if G is Abelian, then the Fourier transform of an integrable

element a ∈ M(
A ⊗ C∗r (G)

) ∼= Cb
(
Ĝ,Ms(A)

)
coincides with the Fourier

transform defined by Exel in [2]:

â(t) =
∫ su

Ĝ
〈χ | t〉a(χ) dχ.

4 Fourier inversion Theorem

We are ready to prove the main result of this paper:

Theorem 4.1 [The Fourier inversion Theorem]. Let G be a locally compact
group and let A be a C∗-algebra. Let a ∈ M(

A ⊗ C∗r (G)
)
be an integrable

element and suppose that the function G � t 	→ â(t)⊗ λt ∈M
(
A⊗C∗r (G)

)
is

strictly-unconditionally integrable. Then we have

a =
∫ su

G
â(t)⊗ λt dt.

Proof. Take any continuous linear functional θ ∈ A∗ on A and define the

element x := (θ⊗ id)(a) ∈M(
C∗r (G)

)
. Since a is integrable, we have x ∈ M̄ϕ .

Moreover,

(θ ⊗ id)

(∫ su

G
â(t)⊗ λt dt

)
=

∫ su

G
θ
(
â(t)

)
λt dt

=
∫ su

G
θ
(
(id ⊗ ϕ)

(
(1A ⊗ λ−1t )a

))
λt dt

=
∫ su

G
ϕ
(
λ−1t (θ ⊗ id)(a)

)
λt dt

=
∫ su

G
ϕ(λ−1t x)λt dt =

∫ su

G
x̂(t)λt dt.

Since strict convergence is stronger than weak convergence, the above equals

x = (θ ⊗ id)(a) by Proposition 2.5(iv). The result follows because θ ∈ A∗ is
arbitrary. �
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Theorem 4.1 extends Exel’s operator-valued version of Fourier’s inversion

Theorem in [2] to non-Abelian groups. Assume that G is Abelian. Then, under

the usual identificationM(
A⊗C∗r (G)

) ∼= Cb
(
Ĝ,Ms(A)

)
, the element â(t)⊗λt

corresponds to the function χ 	→ 〈χ | t〉â(t). Thus Theorem 4.1 says that∫ su

G
〈χ | t〉â(t) dt = a(χ)

whenever a is integrable and the strict unconditional integral above exists. The

Fourier transform â in this case is given by â(t) = ∫ su

Ĝ 〈η | t〉a(η) dη. Thus we
can rewrite the equation above in the form of a generalized Fourier inversion

formula: ∫ su

G
〈χ | t〉

(∫ su

Ĝ
〈η | t〉a(η) dη

)
dt = a(χ).

As already mentioned in the introduction, Exel’s version of Fourier’s inversion

Theorem starts with a compactly supported, strictly continuous, positive definite

function f : G → M(A). Apparently, our version requires no positivity con-

dition on the functions involved. However, we are in fact assuming a positivity

condition because integrable elements are defined in terms of positive elements.

In order to compare our versionwith Exel’s one, let us first recall that a function

f : G → M(A) is positive definite if for every finite subset {t1, . . . , tn} of G,

the matrix
(
f (t−1i t j )

)
i, j is positive in the C∗-algebra Mn

(M(A)
)
of n × n

matrices with entries inM(A). We may assume without loss of generality that

A is a nondegenerate C∗-subalgebra of L(H) for some Hilbert space H .

The following result characterizes operator-valued, positive definite, weakly

continuous functions.

Proposition 4.2. Let A be aC∗-algebrawhich is faithfully and nondegenerately
represented inL(H) for someHilbert space H. For aweakly continuous function
f : G →M(A) ⊆ L(H), the following assertions are equivalent:

(i) f is positive definite;

(ii) f has the form f (t) = S∗ut S for some strongly continuous unitary rep-
resentation u : G → L(K ) on some Hilbert space K and some bounded
linear operator S : H → K;

(iii) there is a strict completely positive map (see [6] for the precise definition)
F : C∗(G)→M(A) such that f (t) = F̃(t), where F̃ denotes the strictly
continuous extension of F toM(C∗(G)) and we identify G ⊆M(C∗(G))
in the usual way;
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(iv) f has the form f (t) = T ∗wt T for some strongly continuous unitary
representation w : G → L(E) on some Hilbert A-module E and some
adjointable operator T : A→ E.

In this case, f : G → M(A) is bounded and strictly continuous, f (e) is a
positive operator, f (t−1)∗ = f (t) and ‖ f (t)‖ ≤ ‖ f (e)‖ for all t ∈ G. More-
over, f : G → L(H) is left strongly-uniformly continuous, that is, for ξ ∈ H,
‖ f (ts)ξ − f (t)ξ‖ converges to zero uniformly in t as s converges to e.

Proof. The equivalence (i)⇔(ii) is Naimark’s theorem (see [2, Theorem 3.2]).

Assume that (ii) holds. Then we can define F(x) := S∗u(x)S for all x ∈
C∗(G), where we abuse the notation and write u : C∗(G) → L(K ) for the
integrated form of u : G → L(K ). Recall that u(x) = ∫

G x(t)ut dt for all

x ∈ L1(G). Note that F(x) ∈M(A) because f (t) ∈M(A) for all t ∈ G. Since

u is a nondegenerate representation of C∗(G), it follows that F : C∗(G) →
M(A) is a strict completely positive map [6, Proposition 5.5]. The strictly

continuous extensionof F is givenby F̃(x) = S∗ũ(x)S, where ũ : M(C∗(G))→
L(K ) denotes the strictly continuous extension of u. Hence F̃(t) = S∗ũ(t)S =
S∗ut S = f (t) for all t ∈ G. Thus (ii) implies (iii). Now assume that (iii) is true.

Theorem 5.6 in [6] implies that there is a Hilbert A-module E, a nondegenerate
∗-homomorphism w : C∗(G)→ L(E) and an adjointable operator T : A → E
such that F(x) = T ∗w(x)T for all x ∈ C∗(G). Defining wt := w̃(t) to be

the unitary representation of G corresponding to w, we get item (iv). Finally,

it is easy to see that any function f (t) = T ∗wt T as in (iv) is positive definite,

so that (iv) implies (i). Therefore all the four items are equivalent. The last

assertion follows directly from (iv). To prove the last assertion, take any ξ ∈ H .

Using (ii), we get

‖ f (ts)ξ − f (t)ξ‖ ≤ ‖S‖‖usη − η‖
for all t, s ∈ G, where η := Sξ ∈ H . Since u is strongly continuous, it follows

that ‖ f (ts)ξ − f (t)ξ‖ converges to zero uniformly in t as s converges to e. �

Remark 4.3. Let notation be as in Proposition 4.2. In general, it is not true that

a weakly continuous, positive definite function f : G → L(H) is right strongly-
uniformly continuous, that is, in general, given ξ ∈ H , ‖ f (st)ξ − f (t)ξ‖ does
not converge to zero uniformly in t as s converges to e. Indeed, note that any

unitary representation u : G → L(H) is a positive definite function. However,
the left regular representation λ : G → L(L2(G)) is not left strongly-uniformly

continuous, unless G has equivalent left and right uniform structures (see [4,
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20.30]). Of course, if the uniform structures of G are equivalent, then the notions

of left and right uniform continuity are equivalent, and we only speak of uniform

continuity in this case meaning both left and right uniform continuity. Moreover,

in this case, an analogous argument to that given in the proof of Proposition 4.2

shows that any strictly continuous, positive definite function f : G → M(A)
is automatically (left and right) strictly-uniformly continuous, that is, for every

a ∈ A, all the expressions ‖ f (ts)a− f (t)a‖, ‖ f (st)a− f (t)a‖, ‖a f (ts)−a f (t)‖
and ‖a f (st)− a f (t)‖ converge to zero uniformly in t as s converges to e.

Let f ∈ Cc(G) and let ρ( f ) denote the operator on L2(G) given by right

convolution with f : ρ( f )ξ := ξ ∗ f . Then f is positive definite if and only the
operator ρ( f ) is positive (see [7, Proposition 7.1.9]). Moreover, it is easy to see

that ρ( f ) = Jλ(J f )J , where J is the anti-unitary operator on L2(G) defined
by Jξ(t) := �(t)− 1

2 ξ(t−1). It follows that f is positive definite if and only if

λ(J f ) is a positive operator. Note that J f = �− 1
2 · f if f is positive definite. In

particular, ifG is unimodular, f is positive definite if and only if λ( f ) is positive.
In general, λ( f ) is positive if and only if � 1

2 · f is positive definite.

Lemma 7.2.4 in [7] shows that a function f ∈ Cc(G) is positive definite if and
only if f = η ∗ η̃, where η is some right bounded function in L2(G) and

η̃(t) := η(t−1) for all t ∈ G.

Recall that a function η ∈ L2(G) is called right bounded if the map L2(G) ⊇
Cc(G) � g 	→ g ∗ η ∈ L2(G) extends to a bounded operator on L2(G). Al-

ternatively, η is right bounded if and only if Jη is left bounded. This follows

from the relation J (g ∗ η) = (Jη) ∗ (Jg). Using the easily verified relation

J (η ∗ η̃) = (Jη)∗ ∗ (Jη) and the fact that η is right bounded if and only if Jη
is left bounded, we get that λ( f ) is a positive operator if and only if f = ξ ∗ ∗ ξ
for some left bounded function ξ ∈ L2(G). In particular, f ∈ Ce(G) so that

λ( f ) ∈Mϕ . This proves the following result:

Proposition 4.4. Let f be a function in Cc(G). If �
1
2 · f is a positive definite

function, that is, if λ( f ) is a positive operator on L2(G), then λ( f ) is integrable
with respect to the Plancherel weight ϕ, that is, λ( f ) ∈Mϕ .

Remark 4.5. Given f ∈ Cc(G), it is not true in general that λ( f ) ∈ Mϕ .

Indeed, assume that G is compact so that Cc(G) = C(G). Then the inclusion

λ
(C(G)) ⊆ Mϕ ⊆ λ

(Ce(G)
)
implies Ce(G) = C(G) because we always have

Ce(G) ⊆ C(G). SinceG is compact, L2(G) ⊆ L1(G) and therefore any function
in L2(G) is left bounded. Thus Ce(G) equals the linear span of L2(G) ∗ L2(G).
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Therefore, the inclusion λ
(C(G)) ⊆ Mϕ implies that C(G) equals the linear

span of L2(G) ∗ L2(G). This is true if only if G is finite [4, 34.40]. Hence, if G
is a compact infinite group, λ

(C(G)) is not contained inMϕ .

Proposition 4.4 can be generalized to operator-valued functions. First, we have

to extend the left regular representation to operator-valued functions: given a C∗-
algebra A, there is a canonical map λA from Cc

(
G,Ms(A)

)
intoM(

A⊗C∗r (G)
)

that coincides with the left regular representation λ : Cc(G) → L(L2(G)) if
A = C. In fact, assume that A is a nondegenerate C∗-subalgebra of L(H), so
that A⊗C∗r (G) – and so alsoM

(
A⊗C∗r (G)

)
– is a nondegenerateC∗-subalgebra

of L(H ⊗ L2(G)
) ∼= L(L2(G, H)

)
. The map λA is then given by(

λA( f )ξ
)
(t) = ( f ∗ ξ)(t) :=

∫
G

f (s)ξ(s−1t) ds

for all f ∈ Cc
(
G,Ms(A)

)
, ξ ∈ Cc(G, H) and t ∈ G.

Proposition 4.6. Let f be a function in Cc
(
G,Ms(A)

)
. Then λA( f ) is a

positive operator if and only if the pointwise product � 1
2 · f is a positive definite

function. Moreover, in this case a := λA( f ) ∈M
(
A⊗C∗r (G)

)
is an integrable

element and â = f . In particular, we have the following formula for λA( f ):

λA( f ) =
∫ su

G
f (t)⊗ λt dt.

Proof. If θ ∈ A∗+ is a positive linear functional on A, then a straightforward

calculation shows that (θ⊗id)(λA( f )
) = λ(θ ◦ f ), where (θ ◦ f )(t) := θ

(
f (t)

)
.

Hence, λA( f ) ≥ 0 if and only if (θ ⊗ id)
(
λA( f )

) = λ(θ ◦ f ) ≥ 0 for all

θ ∈ A∗+. By the discussion preceding Proposition 4.4, λA( f ) is positive if and
only if�

1
2 · (θ ◦ f ) = θ ◦ (� 1

2 · f ) is positive definite for all θ ∈ A∗+. And this is
equivalent to �

1
2 · f being positive definite. This proves the first assertion. By

Proposition 4.4, (θ ⊗ id)(a) = λ(θ ◦ f ) ∈Mϕ for all θ ∈ A∗+, and

ϕ
(
(θ ⊗ id)(a)

) = ϕ
(
λ(θ ◦ f )

) = (θ ◦ f )(e) = θ
(
f (e)

)
.

This shows that a is integrable and (id ⊗ ϕ)(a) = f (e). Moreover, Proposi-

tion 2.5(ii) yields

θ
(
â(t)

) = θ
(
(id ⊗ ϕ)((1⊗ λ−1t )a)

) = ϕ
(
(θ ⊗ id)((1⊗ λ−1t )a)

)
= ϕ

(
λ−1t (θ ⊗ id)(a)

) = ϕ
(
λ−1t λ(θ ◦ f )

) = (θ ◦ f )(t) = θ
(
f (t)

)
.

Since θ is arbitrary, we get â = f . The final assertion follows from Theorem 4.1

because f is strictly Bochner integrable and hence also strictly-unconditionally

integrable. �
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5 Further properties of the Fourier transform

In this section we analyze some additional properties of the Fourier transform

t 	→ â(t) of an integrable element a ∈ M(
A ⊗ C∗r (G)

)
. We prove that â

is always a strictly continuous function and that �
1
2 · â is a positive definite

function if a is a positive integrable element.

First, we need some preparation. We say that a ∈M(
A ⊗ C∗r (G)

)
is square-

integrable (with respect to the Plancherel weight ϕ) if a∗a is an integrable ele-

ment. Let N̄id⊗ϕ be the space of square-integrable elements inM(
A⊗C∗r (G)

)
.

Then N̄id⊗ϕ is a right ideal inM(
A ⊗ C∗r (G)

)
and the space of integrable ele-

ments M̄id⊗ϕ is the linear span of

N̄ ∗
id⊗ϕN̄id⊗ϕ =

{
a∗b : a, b ∈ N̄id⊗ϕ

}
.

Recall that a GNS-construction for a weight ϕ on a C∗-algebra C is a triple

(K , π,�), where K is some Hilbert space, � : Nϕ → K is a linear map with

dense image satisfying ϕ(a∗b) = 〈�(a) |�(b)〉 for all a, b ∈Nϕ , and π : C →
L(K ) is a ∗-representation of C satisfying π(a)�(b) = �(ab) for all a ∈ C
and b ∈ Nϕ . A GNS-construction always exists and is unique up to unitary

transformation.

There is a canonical GNS-construction for the Plancherel weight ϕ on C∗r (G)
given by (L2(G), ι,�), where ι denotes the inclusion mapC∗r (G) ↪→ L(L2(G)

)
and�(λ(ξ)) = ξ for every left bounded function ξ ∈ L2(G)withλ(ξ) ∈ C∗r (G).
We always use the GNS-construction (L2(G), ι,�) for ϕ.
The GNS-map � : Nϕ → L2(G) can be naturally extended to a linear map

id⊗� : N̄id⊗ϕ → L(A, L2(G, A)
)
. Here L2(G, A) ∼= A⊗ L2(G) denotes the

Hilbert A-module defined as the completion ofCc(G, A)with respect to the inner
product 〈 f |g〉A :=

∫
G f (t)∗g(t) dt and the canonical right A-action. The space

L(A, L2(G, A)
)
is set of all adjointable maps A→ L2(G, A), where we view A

as a Hilbert A-module in the obvious way. The map id ⊗� is characterized by

the equation (id⊗�)(a)∗(b⊗�(x)) = (id⊗ ϕ)(a∗(b⊗ x)
)
for all a ∈ N̄id⊗ϕ ,

b ∈ A and x ∈ Nϕ . We refer to [5] for more details on the construction and

properties of the map id ⊗�. One of its basic properties is the relation

(id ⊗�)(a)∗(id ⊗�)(b) = (id ⊗ ϕ)(a∗b) for all a, b ∈ N̄id⊗ϕ. (3)

Proposition 5.1. Let a ∈ M(
A ⊗ C∗r (G)

)
be an integrable element and let
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bi , ci ∈M
(
A⊗ C∗r (G)

)
be square-integrable elements with a =

n∑
i=1

b∗i ci . Then

â(t) =
n∑

i=1
(id ⊗�)(bi )∗Vt(id ⊗�)(ci ) for all t ∈ G,

where V : G → L(L2(G, A)
)
is the representation of G defined by Vt( f )(s) :=

f (st) for all f ∈ Cc(G, A) and t, s ∈ G.

Proof. It is enough to consider a of the form a = b∗c with b, c square-

integrable. Equation (3) yields

â(t) = (id ⊗ ϕ)
(
(b(1⊗ λt))

∗c
) = (id ⊗�)

(
b(1⊗ λt)

)∗
(id ⊗�)(c).

Since λt is analytic with respect to the modular automorphism group σ of ϕ

(see Section 2.2), it follows from [5, Proposition 3.28] that b(1⊗ λt) is square-

integrable and (id ⊗ �)
(
b(1 ⊗ λt)

) = (1 ⊗ Jσ i
2
(λt)

∗ J )(id ⊗ �)(b), where
J is the modular conjugation of ϕ in the GNS-construction (L2(G), ι,�). It

remains to show that 1 ⊗ Jσ i
2
(λt)J = Vt for all t ∈ G. Equation (2) implies

σ i
2
(λt) = �(t)− 1

2λt . The modular conjugation is given by

(Jξ)(s) = �(s)−
1
2 ξ(s−1)

for all ξ ∈ L2(G) and s ∈ G. The desired relation 1 ⊗ Jσ i
2
(λt)J = Vt now

follows. �

Corollary 5.2. Let a ∈ M(
A ⊗ C∗r (G)

)
be an integrable element. Then the

Fourier transform â is a strictly continuous function G →M(A).
If a is positive, then the pointwise product� 1

2 · â is a positive definite function.
In general, � 1

2 · â is a linear combination of positive definite functions.

Proof. Note that ρt := �(t) 12 Vt is the right regular representation of G on

L2(G, A). Any integrable element is, by definition, a linear combination of

positive integrable elements. If a is a positive integrable element, then a = b∗b
for some square-integrable element b ∈M(

A ⊗ C∗r (G)
)
; take for instance b =

a 1
2 . Proposition 5.1 implies that�(t) 12 ·â(t) = S∗ρt S, where S := (id⊗�)(b) ∈
L(A, L2(G, A)

)
. Since ρ is a strongly continuous unitary representation of G,

functions of the form t 	→ S∗ρt S are positive definite and strictly continuous.�
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Corollary 5.3. Assume that A is faithfully and nondegerately represented in
L(H) for someHilbert space H. If a ∈M(A⊗C∗r (G)) is an integrable element,
then �

1
2 · â : G → M(A) ⊆ L(H) is a left strongly-uniformly continuous

function. Moreover, if G has equivalent uniform structures, then â is a strictly-
uniformly continuous function G →M(A).

Proof. By Corollary 5.2, �
1
2 · â is a linear combination of strictly continuous

positive definite functions G → M(A). Proposition 4.2 yields the first asser-

tion. The final assertion follows from Remark 4.3. Note that G is unimodular if

it has equivalent uniform structures [4, 19.28]. �

References

[1] A. Buss and R. Meyer. Continuous spectral decompositions of Abelian group ac-
tions on C∗-algebras. J. Funct. Anal., 253(2) (2007), 482–514.

[2] R. Exel. Unconditional Integrability for Dual Actions. Bol. Soc. Brasil. Mat.,

(N.S.), 30 (1999), 99–124.

[3] R. Exel. Morita-Rieffel Equivalence and Spectral Theory for Integrable Automor-
phism Groups of C∗-algebras. J. Funct. Anal., 172(2) (2000), 404–465.

[4] E. Hewitt and K.A. Ross. Abstract Harmonic Analysis, vol. 1 and vol. 2, Second

Edition, Springer-Verlag, 1979.

[5] J. Kustermans and S. Vaes. Weight theory for C∗-algebraic quantum groups,
preprint, Leuven, 1999.

[6] E.C. Lance.Hilbert C∗-modules. A toolkit for operator algebraists. LondonMath.

Soc. Lect. Note Series, vol. 210, Cambridge University Press, Cambridge, 1995.

[7] G.K. Pedersen. C∗-algebras and their automorphism groups, Academic Press,

London, 1979.

[8] P. Hess. Integração de Funções Vetoriais. Master’s Degree Dissertation, Federal

University of Santa Catarina – UFSC, Florianópolis, 2003.

[9] M.A. Rieffel. Integrable and Proper Actions on C∗-algebras, and Square-Integ-
rable Representations of Groups. Expo. Math., 22 (2004), 1–53.

[10] M. Takesaki. Theory of Operator Algebras II. Springer-Verlag, New York, 1979.

Alcides Buss

Departamento de Matemática

Universidade Federal de Santa Catarina

88040-900 Florianópolis, SC

BRAZIL

E-mail: alcides@mtm.ufsc.br

Bull Braz Math Soc, Vol. 39, N. 4, 2008



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


