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Schottky groups can not act on Pg” as
subgroups of PSL;,+1(C)

Angel Cano

Abstract. In this paper we look at a special type of discrete subgroups of PSL 1 (C)
called Schottky groups. We develop some basic properties of these groups and their
limit set when n > 1, and we prove that Schottky groups only occur in odd dimensions,
i.e., they cannot be realized as subgroups of PSL3,+1(C).
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1 Introduction

Schottky groups play a significant role in the theory of classical Kleinian groups
and Riemann surfaces (see for instance [3, 4, 5]). Their analogues in higher
dimensions were introduced by Nori [8] and Seade-Verjovsky [9], though these
groups were also known to N. Hitchin (see the commentary of Nori in in [8]).
These are a special type of discrete groups of automorphisms of complex projec-
tive spaces having non-empty region of discontinuity, where the action is “free”
with compact quotient. Hence they are a rich source for complex compact man-
ifolds equipped canonically with a projective structure. Schottky groups also
have very interesting dynamics in their limit set, the complement of the region
of discontinuity. Moreover, these groups are neither Fuchsian (i.e., subgroups of
PU (n, 1)) nor affine in general. Thus, if we want to study Kleinian actions on
higher dimensional complex projective spaces, Schottky groups provide a very
nice starting point.

So far Schottky groups have been studied only for odd-dimensional projective
spaces (in [8, 9]). It is thus natural to ask whether Schottky groups exists in even
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dimensions. In this paper we prove they do not: Schottky groups cannot act by
complex automorphism on Pg”. Hence, in order to construct discrete groups of
automorphisms of P2 with a rich underlying geometry and dynamics one must
follow different methods. This is done for Pg in[l,6,7].

This paper is divided into four sections. In section 1 we define what Schottky
groups are and we state the main result of this article. In section 2 we develop
some basic dynamical and algebraic facts about Schottky groups. In section 3
we look at the limit set of infinite cyclic groups; and in section 4 we use the
previous information to show that Schottky groups cannot be realized in even
dimensions.

2 Notations and the Main Result

We recall that the complex projective space P(. is defined as:

P = (C"—{0})/ ~,
where “~” denotes the equivalence relation given by x ~ y if and only if
x = ay for some non-zero complex scalar «. We know that P is a compact
connected complex n-dimensional manifold, which is naturally equipped with
the Fubini-Study metric (see for instance [7]).

If[1, : C"*' — {0} — P represents the quotient map, then a non-empty
set H C P is said to be a projective subspace of dimension k (in symbols
dim¢(H) = k) if there is a C-linear subspace H of dimension & + 1 (in symbols
dimc(l:l) = k + 1), such that [H], = H. Given a set of points P in P/, we
define

(P) = m {l C Pg | s a projective subspace and P C l}.

So that (P) is a projective subspace of P/, see [2].

From now on, the symbols ey, ..., ¢,y will either denote the elements of
the standard basis in C"*! or their images under [ ],,.

Consider the action of Z,, (regarded as the n-roots of unity) on SL(n, C) given
by a(a; ;) = (aa; ;). The quotient PSL,(C) = SL,(C)/Z, is a Lie Group
whose elements are called projective transformations. Every representative y of
the coset y = Z,y = y € PSL,(C) will be called a lifting of y. Observe that
Yy € PSL,41(C) acts on P/ as a biholomorphic map by y ([wl,) = [y (w)],,
where [w], € P and y is a lifting of y.
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Definition 1. A4 subgroup I' < PSL,1(C) is called a Schottky group if:

1. There are 2g, g > 2, opens sets Ry, ..., Ry, Si,..., S, in P: with the
property that:

(a) each of these open sets is the interior of its closure; and
(b) the closures of the 2g open sets are pairwise disjoint.

2. T has a generating set Gen(I') = {y\, ..., Vo) suchthaty (R;) = P} —E
forall 1 < j < g, here the bar means topological closure.

From now on Int(4) will denote the topological interior and d(A4) the topo-
logical boundary of the set 4 and foreach 1 < j < g, R; and S; will be denoted
by R;jj and S;“/_ respectively.

Example 1.

1. Every classical Schottky group of Mdbius transformations (see [3, 4, 5])
is Schottky in the sense of Definition 1. Moreover by the characterization
of Schottky groups acting on the Riemann sphere given by Maskit [4], it
is not hard to prove that every group of Mdbius transformations which is
Schottky in the sense of Definition 1, is a Schottky group in PSL,(C).

2. In [8] Nori gave the following construction of the higher-dimensional
analogues of the classical Schottky groups: let n = 2k + 1, k£ > 1 and

g > 1. Choose 2g mutually disjoint projective subspaces Ly, ..., Lo,
of dimension k in P’ and 0 < o < % For every integer 1 < j < g

choose a basis of C"*! so that L; = [{zo,...,z = 0} — {0}] and
Lgyi= [{zk+1, vy zp =0} — {0}]n. Define ¢p; : Pi — R by the formula

lzo P 4.+ [z |?
Pilzo. 2] = lzo P +...+ | zu |?

and consider the open neighborhoods V; = {x € P/ : ¢;(x) < «} and
Veyj =1{x € Pf: ¢;j(x) > a}of L; and L4, ; respectively. Consider the
automorphism y; of P given by

yj[zo, .. .,zn] = [Azo, e s AZRy Zh s .,z,,]
where L € Cand | A |= é— 1. Then y;(V;) = P{ — Vg4 ;. Moreover for
all o small the group I" generated by y1, ..., ¥, is a Schottky group.
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3. Let L = {Ly,..., L}, g > 1, be a set of g projective subspaces of
dimension n of Pg”“, all of them pairwise disjoint. In [9] it is shown that:

(a) There exists a set {}7,..., V,} of pairwise disjoint open sets of
Pé"“ such that Pé"“ — d(V;) has 2 connected components for each
1 < j < g, L;iscontained in V; and the closures of the g open sets
are pairwise disjoint.

(b) There are involutions T7i, ..., T, of Pé”“, such that each 7}, j =
1,..., g, interchanges the two connected components of Pé"“ —
d(V;) and the boundary d(¥;) is an invariant set.

(¢) Let I' be the group generated by T, ..., T, and let I U {id} be
the subgroup consisting of elements of I' which can be written as
reduced words of even length in the generators (recall that w =
zén ... z2z]" € T is a reduced word of length n if z, € {7}, ... Tg};

g € {—1,+1}andifz; = z;,, thene; = ;). For g > 2itis

verified that T is a Schottky group in the sense of Definition 1.

We prove:

Theorem 1. [f ' < PSL,,.1(C) is a discrete subgroup, then I" cannot be a
Schottky group acting on Pg".

2.1 Basic properties of Schottky groups
Definition 2. For a subgroup I' < PSL,(C) satisfying Definition 1 we define:
L F) = P = (U ccen B US}).

2. Q) =U,er v (F(I)).

Example 2. If I’ < PSL,,(C) is any of the groups of the Example 1, then
Pé”“ —Q(T") is homeomorphic to Pi: x C, where C is a Cantor set, see [5, 8, 9].

Proposition 1. [T is a Schottky group, then:

1. T is a free group generated by Gen(I').

2. )/ T is a compact complex n-manifold and Int(F (")) is a funda-
mental domain for the action of T

Before we prove this result we state a definition and prove a technical lemma.
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Definition 3. LetT" < PSL,(C) be a subgroup. For an infinite subset H C T’
and a non-empty, I'-invariant open set Q@ C P(, we define Ac(H, Q) to be the
closure of the set of cluster points of HK, where K runs over all the compact
subsets of Q2. Recall that p is a cluster point of HK if there is a sequence
(gn)nen C H of different elements and (x,)nen C K such that g,(x,) ——= p.

n—o00

Lemma 1. For a subgroup I' < PSL,(C) satisfying Definition 1 one has:

En

€21 .
tn...z;’z)' €I one has:

1. For each reduced word w = z

(@) If & =1 then w(Int(F (")) C S*.
(b) If &, = —1 then w(Int(F(I")) C R

2. Lety € Gen(I"). Then

Ry)y= () v ™ R) and Sy)y= () v

keNU{0} keNU{0}
are closed disjoint sets contained in Py — Q(I).

3. Let Fy, = {y(f) : f € F(')andy € T is areduced word of Length
atmostk}. Then F(') c /(') C...C F,(I') C...and

Qm) = (J Int#Fm@).

keNU{0}

4. Foreachy € Gen(I') one has that § # Ac({y"}uen, (")) C S(y) and
0 # Ac({y "tnen, () C R(y).

Proof.

(1) Let us proceed by induction on the length of the reduced words. Clearly
the case £ = 1 is done by the definition of Schottky group. Now assume
we have proven the statement for j = k. Letw =z} - - - z{' be areduced
word and x € Int(F(I")). By the inductive hypothesis we deduce that

—Ek+1

Zp wx) € PE— R ifegyp =1 and

—Ek+1 n o Qx : _
Zr wix) € Pe SZk+1 ifegr = —1.

Now the proof follows by the definition of Schottky group.
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(2) Lety € Gen(I'). Since y’"(S_j) - y’”_l(S;j) we deduce that

v @) c ()" =50

meN meN

To conclude observe that:

Sy =y"'SHc (v 'Spc)y"ES).

meN meN meN

(3) We will prove that that F(I') C Int(#,(I')). Let x € 9(F(I')), then there
is yp € Gen(I') such that x € 95} U dR7, for simplicity we will assume
that x € 95y, - Define | = min{d(x, Y0(S3)) ©y € Gen(I)}, ry =
min{d (x, Ry) :y € Gen(IN}, r3 = min{d (x, Yo(R})) : y € Gen(I') —
{(vo}}, ra = min{d(x,S_;) :y € Gen(I'")—{yo}} andr = min{r, r2, r3, r4}
(here d denotes the Fubini-Study metric). Clearly » > 0. Now, let y €
B,ja(x)N S;j0 then by the definition of » we have that y € F(I') Uy (F(I')).
If y € B.p(x) N PL— S;O then by definition of » we deduce y € F(I).
In other words, we have shown F(I') C Int(F;(I")). Therefore:

F.(I') C {y(f) . y is areduced word of length at most £ and Int(F) (F)}
C Fip1 ()

i.e., Fi.(I') C Int(Fy41(I")). To conclude the proof observe that:

am= |J Ao c [ mEam)c (J n@Ew).

ke NU{0} ke NU{0} ke NU{0}

(4) Let K C Q2(I') be a compact set and x a cluster point of {y” (K)}en-
Then there is a subsequence (11,;)meny C (m)ueny and a sequence

(xm)meN C K such that )/n”’ (xm) P

that there is ko € N such that x ¢ po (S_)t). Taking » = d(x, y’ (S_;j))
we have that:

x. Incasex ¢ S(y) itisdeduced

Brjp(x) Ny*(85) = 0. (1)

On the other hand, observe that since K is compact, by part (3) of the present
lemma there is [y € N such that K C F; (I"); also observe that since (7,,)men 15
an strictly increasing sequence, there is k; € N such that n,, > [y + 1 4 ko for
m > k;. With these facts in mind we deduce y*'(K) C S_; and therefore:

Y () € y"TOTN(SE) €y (S3) for m > ky.
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Hence x € ka(S_;j), which contradicts 1. Thus ¥ # Ac({y"},en, Q")) C
S(y). Observe that similar arguments prove also ¥ #= Ac({y "},en, Q7)) C
R(y). O

3 Proof of Proposition 1.
(1) Assume there is a reduced word / with length > 0 suchthat 4 = Id. Now,
let x € Int(F (")), then by part (1) of Lemma 1,
x=htx)e |J (Rjusy).
yeGen(I")

which contradicts the choice of x. Therefore I' is free.

(2) Let K C Q(I') be a compact set, then by part (3) of Lemma 1, there is
k € N such that K C Fi(I"). Assume there is a word w with length
> 2k + 2 such that w(F;(I")) N Fi(I') # @. So there are x1, x, € F(I')
and words w;, w; of length at most & such that x; = wl_lw_lwzxz. On
the other hand wl_1 w~'w, is a word with length > 2. By (1) of Lemma 1,

x| = wl_lw wz(xQ) U S* U R;‘,
geGen(I')

but this contradicts the choice of x;. Therefore I" acts properly discontin-
uously and freely on Q(T"). O

Remark 1. All the results in this section remain valid if we change P/ for Py.

4 Dynamics of projective transformations

Lemma 2. Let V be a C-linear space with dim¢c(V) =n, T : V — V an
invertible linear transformation and ) € C such that | « |<| A | for every
eigenvalue o of T. For every | € N we have uniform convergence

—m m m
o (1) s o

m . )
Here < l) denotes the number of sets with / elements from a set with m

on compact subsets of V.

elements.
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Proof. Decomposing T into one or more Jordan blocks according to Jordan’s
Normal Form Theorem we reduce the problem to the case where there is 0 <|
A |< 1 and an ordered basis 8 = {vy, ..., v,}, n > 2, such that the matrix of T’
with respect to B (in symbols [7']g) satisfies:

A 1 0 0
1 0

(Tle=\ . . .. ... ..
0 0 o -+ A

An inductive argument shows thats for all m > n:

m m m—1 m m=2 .. m m+1—n
() G ()
m m m—=1 . m m+2—n
= 0 A (1)A <n—2)k e)
0 0 0 AT

For a compact subset K C V set

o(K) = sup Z | |: Zajvj ek
Letz € K,z = "}_, @;v;, then by equation 2 we deduce:

n j—I1
|Tm(z)|§a(K)rnax{|v_,- |:1§j§n}z (’Z) Ia’"_k i
i=1 k=0

J

Hence it is sufficient to observe that:

(1) ()

Definition 4. Let V be a C-linear space withdime (V) = nandletT: V — V
be a C—linear transformation. We define Eve(T) = ({{v € V: v is an eigen-
vector of T})). Where ({{v € V : v is an eigenvector of T})) will denote the lin-
ear subspace generated by the eigenvectos of T.

2 max{k,! m—k

Bull Braz Math Soc, Vol. 39, N. 4, 2008



SCHOTTKY GROUPS ON Pé" 581

-1
Lemma3. Letl, ke NU{0}withl < k. Then (n;) (’Z) —= 0

-1
poot. (1) (1) = T2 22 < GA) e o .

Lemmad. LetV bea C-linearspace withdime(V) =n > landletT: V —
V' be an invertible linear transformation such that there are A € C, with | A |= 1,

and an ordered basis = {vy, ..., v,} for which:
A1 0 - 0
AT
o o0 0 --- A

thatis [T g is a n x n-Jordan block. Then for every v € V — {0} there is a unique
k(v, T) € N U {0} such that the set of cluster points of

-1
m m
[ (k(v, T)) g (”)}

Proof. Letz = Zj.zoajvj andk(z, T) = max{l < j <n:a; # 0} —1, then
we have that:

—1 n n—j —1
m m _ m m m—k . .
(ca'n) T (Z)‘Z(k_o(k> (') 2 “)

j=1

meN

lies in ({vy)) — {0}.

The result now follows from Lemma 3. O

Corollary 1. Let V be a C-linear space withdim¢e (V) = nandletT : V — V
be a linear transformation such that there are ay, ..., a, € C, with | o; |=
1 for each 0 < j < 0, and an ordered basis B = {vy,...,v,} for which
T( > ico B vj) = > i—oa;Bjv;. Thenk(v, T) = 0is the unique positive integer

for which the set of cluster points of

m - "
() 7]

meN

where v € V — {0}, lies on V' — {0}.
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Corollary 2. LetV bea C-linear space withdime(V) =nandletT : V — V
be an invertible linear transformation such that each of its eigenvalues is a unitary
complex number. Then for every v € V —{0} there is a unique k(v, T) € NU{0}
for which the set of cluster points of

-1
m m
{ (k(v, T)) g (“)}

meN

lies in Eve(T) — {0}.

Proof. By the Jordan’s Normal Form Theorem there are k € N; Vi, ..., Vi C
V' linear subspaces and 7; : V; — V;, 1 <i < k such that:
k
1. V=

2. Foreach 1 <i <k, T; is a non-zero C-linear map whose eigenvalues are
unitary complex numbers.

k
3.4, 1 =T.

4. Foreach 1 < i < k, T; is either diagonalizable or n; = dim¢ > 1; V;
contains an ordered basis B; for which [T']g is a n; x n;-Jordan block.

Let v € V' — {0} then there is a non empty finite set W C Uljf:l V; — {0} such
that v = )" _, w. Now, take i : W — N where i(w) is the unique element
in {1,...,k} such that w € Vi, k(v,T) = max{k(w, Tiw) : w € W},
Wi={weW:k(w, Tiw) <k(,T)}and W, = W — W, then:

m
" (v) (k(w, Ti(wﬂ) Tty (W) Ty (W)
=3 (w) + 3 (w) 3)
m weW m m wewWws, m
k(v, T) k(v, T) k(w, Tiw)) k(w, Tiw))
The result now follows from equation 3, Lemmas 3, 4 and Corollary 1. O

Definition 5. Lety € PSL,(C) be an element of infinite order and let y be a
lifting of y. Then we define:

1. | Eva(y) |={| A |€ R : A is an eigenvalue of y}

2. L,(y) = ([{v € C" : v is an eigenvector of y and | y(v) |=r | v [}].).

3. L(y) as the closure of accumulation points of {y" (z)}mez where z € P(.
Clearly parts 1 and 2 of this definition do not depend on the choice of y.
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Proposition 2. Lety € PSL,.1(C) be an element of infinite order, then:

L= J L.

re|Eva()]

Proof. Since Ure‘ Evary Lr(¥) C L(I") is trivially verified, it is enough to
check that L(y) C Ure|Eva(F)| L,(y). Let y be a lifting of y, then by the
Jordan’s Normal Form Theorem there are k € N; Vi, ..., Vi C C"*! linear
subspaces; y; : Vi = Vi, 1 <i <kandry,...,r € R which satisfy:

L@ v, =l

2. Foreach 1 <i <k, y; is anon-zero C-linear map whose eigenvalues are
unitary complex numbers.

3.0<rm<rm<,...,<r.
4 @iy =7
. =17V =7

In what follows (7, k, {V;}o_,, {yi}i_,. {ri}o_,) will be called a decomposition
for y. Now let [v], € P/, thusv = 21;21 v; where v; € V;. Set jo = max {1 <
j <k:v; #0}. One has:

m O Lyl (v))
(k(vjo’ T]O)) ”] Z (k(vjo’ ) r ‘ )

j=1 Jo

By equation 4, Lemma 2 and Corollary 2 we conclude that the set of cluster
points of {y” (v)},,cz lies in [Eve(yjo) - O]n =1L, (y). O

5 Proof of the Main Theorem

Lemma 5. LetT' < PSLy,4+1(C) be a group and Q a non-empty, I'-invariant
open set where ' acts properly discontinuously and such that whenever [ is a
projective subspace contained in P — Q then dimc(l) < n. Then for every
y € " with infinite order there is a connected set L(y) C Ac({y}mez, QYUL(y)
such that L(y) C L(y).

Proof. Let y € I' be an element with infinite order, and choose a decom-
pos1t10n (7, k AV Ay Y, {ridis) for y. Take jo = min{l < j < k :
1:1 dimq(V;) > n—H}. From Proposition 2 we can assume that £ > 2. For the
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moment let us assume that j, # 1, k. Observe that since le"zl dim¢e(V;) > n+1
we conclude that there is w = Y 7, w; € EB,,O:l V; non-zero, where w; € V;,
such that [w],, € €2 and since 2 is open we can assume that w;, is non-zero.

Now, letz € @j>j0 V; — {0} then by Lemma 2

m
_ m Tjo —m
wm(z) =|w+ <k(w, )/jo)) Z (Z) ){,- (Zj) oo [w]2n
JE) n
thus for m (z) large (wy, (2))m>m(z) C 2. On the other hand, by Corollary 2 there
is an strictly increasing sequence (1,,)neny C N and wy € Eve(y;,) — {0} such

that:

Ny - m (wo) w
k(ija Vjo) Yio 07 =g O

From here and Lemma 2 we deduce that:

1 o
n n ) nm
y rn(wnm) — <k m ) Z (—J> J/j (w]) +Z m [w()+Z]2n-
(wjo’ yJO) i<Jjo rj()
= 2n

From here it follows that:

Uz, c <[wo]2n, [

J>Jo

EDV,—{O}]

J>Jo

> C Ac({y"mez, ) U L(p).
2n

To conclude consider the following observations:

Obs. 1. Observe that in the previous argument, the assumption j # k is not
crucial, so for the case j = 1 it is verified that there is w; € L(r) such that

UcLen c<w1,[@m—{0}}

j>1 j>1

> C Ac({y™mez, Q) U L(y)
2n

thus in case j = 1 it is enough to take

L(y) =<w1, [@V; —{0}}

j>1

>UL”(J/)-

2n

1

Obs. 2. Applying the same argument to y ~* in the case jy # 1, £, itis deduced

that there is v € L(rj,) such that:

Uzepc <v, [@ Vi — {0}}

J<Jo J<Jo

> C AC({)’m}mez, SZ)

2n
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Therefore in this case it is enough to take
L(y) = <v, [EB V- {0}] >u <[wo]2n, [@ V; — {0}} >u Ly, ().
J<jo 2n J=Jo 2

Obs. 3. To obtain the result in the case j = k it is enough to apply the same
argument used in Obs. 1to y . O

Lemma 6. If ' < PSL,+1(C) is a Schottky group then Pé” — Q) does
not contain a projective subspace V with dimc (V) > n.

Proof. IfV C PZ" —Q(I') is a projective subspace with dim¢c (V) > n, then:
Verr-am=pr-JyFraycr-rmy= ] RUS.

yell geGen(I")

Since V is connected and (V NUy cGenry RS> V NUyeGenr) S ) is a disconnec-
tion for V we deduce that V C U, cGen) Ry OF VvV C Uy eGen(r)s; - Moreover by
an inductive argument we deduce that there is y9 € Gen(I") such that V C S;O or
'V C R;,. Forsimplicity let us assume that V C Sy . Takingo € Gen(T") —{yo}
we have:

o (VycoT\(s;) co! (P -S,) =R;. (5)
Observe that V and o~ !V are projective subspaces with dim¢(V) +
dime(o='V) > 2n then V N o~!1(V) # #. However, this is a contradiction
since by equation 5 we have that V No ™'V C R N S = 0. a

Proof of Theorem 1. Assume that there is a group I' < PSL,,(C) which
is a Schottky group and let y € Gen(I"). By Lemma 5 there is a connected set
L(y) such that L(y) C L(y) C Ac({y"}men, 2(I")). On the other hand by
(4) of Lemma 1 we have Ac({y" }men, 2(I')) C S(y) U R(y). Since (R(y) N
L(y), S(y) N L(y)) is a disconnection for L(y) we deduce L(y) C R(y) or
L(y) C S(y). This implies L(y) N S(y) =@ or L(y) N R(y) = . However
this contradicts (4) of Lemma 1. Therefore I" cannot be a Schottky group. [

Remark 2.

1. If in Definition 1 we allow that R;f = S]’f and yjz =ldforl <j <g,
the resulting group is a type of Complex Kleinian Group (see [9]), and by
means of Theorem 1 is not hard to see that for g > 3 this type of groups
cannot be realized as subgroups of PSL;,.1(C).

2. Theorem 1 remains valid if we change C by R.
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