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On the size of the Jacobians of curves
over finite fields

Igor Shparlinski

Abstract. Given a smooth curve of genus g > 1 which admits a smooth projective
embedding of dimension m over the ground field F, of ¢ elements, we obtain the
asymptotic formula g81°® for the size of set of the IF,-rational points on its Jacobian
in the case when m and ¢ are bounded and g — co. We also obtain a similar result for
curves of bounded gonality. For example, this applies to the Jacobian of a hyperelliptic
curve of genus g — o0.
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1 Introduction

Let C be a smooth absolutely irreducible curve of genus g > 1 defined over a
finite field IF, of ¢ elements. We denote by Jc the set of the [, -rational points
on its Jacobian.

By the Weil theorem, there are some complex numbers Ay, ..., Ay, called the
eigenvalues of the Frobenius endomorphism with

l=q" Ajse=h; j=1,....8 (1)
(where A means complex conjugate of 1) and such that

2g

#Jc =[]0 -x) )

Jj=1
see [1, Corollary 5.70 and Theorem 5.76] or [8, Corollary VIIIL.6.3].
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In particular, we immediately derive from (2) that
2 2
(ql/z —1) ¢ 4. < (q1/2+ 1) g

which is tight in the case of g = 1 (that is, for elliptic curves) due to the classical
result of M. Deuring [2].

Some improvements of this bound are given in [9, 10, 11, 12] (see also the
references therein). For example, M. Tsfasman [12] has shown that when ¢ is
fixed then

1/2

—1)log 9

1) + 0(g)

glogg +o(g) < log#Jc §g<logq + (@ 7
as g — o0o. A. Stein and E. Teske [11] concentrate on the case of hyperelliptic
curves of small genus but defined over a large field.

Here we define the [ -dimension of C as the lowest dimension m of a smooth
projective embedding of C over F,.

We show that if m is not too large compared to the genus g and the cardinality
of the field ¢ is fixed, then log#Jc ~ glogg as g — oo.

We also obtain similar results for curves C of small gonality which is the
smallest integer d such that C admits a non-constant map of degree d to the
projective line over the ground field . So hyperelliptic curves are, by definition,
curves of gonality d = 2. In particular, for a hyperelliptic curve we have

log#Jc = g(logg + O(1/1ogg)) . (3)

Our approach can be applied to estimating a number of other parameters of
curves. For example, following Y. lhara [6] we consider the Euler-Kronecker
constant Y of C which is defined as

Ve = lim <—§C(S) Lt >

s=>1\Lels)  s—1

where
1 2

) =T g g L1~ 4e7)

j=1

is the ¢-function of the curve C. Here, in particular, it follows from [6, Theo-
rems 1 and 2] that for a fixed ¢ and any curve of genus g — oo the following
bounds hold
lo
2+o)logg = ye = — <% + 0(1)) g “4)
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Throughout the paper, the implied constants in the symbols O and <« may
depend on the base field [, (that is, on ¢), but not on the other parameters
such as g and m. We recall that the notations U = O(V) and U <« V are
equivalent to the assertion that the inequality |U| < ¢/ holds with some positive
constant c.

2 Our Results and Approach

Theorem 1. For any smooth absolutely irreducible curve C of genus g > 1
and ¥ ,-dimension m

m
10g#jczg(logq+0( ))
logg

as g — o0.

We also have a similar statement in terms of gonality.

Theorem 2. For any smooth absolutely irreducible curve C of genus g > 1

and gonality d
1
log#Jc = (lo +0<—>)
g#Jc =8 gq log(2/d)

For example, for hyperelliptic curves we have d = 2 and for smooth plane
curves we have m = 2. Thus, in both cases, Theorem 2 implies (3). We note
that it seems that the “explicit formulas” approach of M. Tsfasman [12] provides
an alternative to proving that log#J. = glogg + o(g) under the conditions of
Theorem 1. However our proof appears to be more general (as it may be applied
to a variety of other characteristics of algebraic curves) and immediately leads
to an explicit error term.

More precisely, one of the main ingredients of the proof is the bound O (m g/
log g) on the discrepancy of the distribution of the arguments of Ay, ..., Ay,
which in turn generalises a similar result of D. Faifman and Z. Rudnick [4] (but
is based on slightly different arguments). This bound can be of independent in-
terest and can be applied to several other problems. Then this bound is combined
with of some standard tools from the theory of uniform distribution, such as the
Koksma—Hlawka inequality.

It is also interesting to know that M. Tsfasman [12] gives examples of families
of curves with the number of IF -rational points of the Jacobian is not asymptotic
to glog ¢ (and hence with unbounded m and d).

as g — 0.
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For the Euler-Kronecker constant, in the case when the IF,-dimension m of C
small we obtain lower bounds which are stronger than that of (4) (our bounds is
both-sided but it is weaker the upper bound in (4)).

Theorem 3. For any smooth absolutely irreducible curve C of genus g > 1

and I ;,-dimension m
m
ve =0 < £ )
logg

As in the case of the Jacobian, we also have an analogue of Theorem 4 in
terms of gonality.

as g — oo.

Theorem 4. For any smooth absolutely irreducible curve C of genus g > 1

and gonality d
g
o= (g )
© 7 \log(g/d)

as g — o0.

3 Preliminaries

Given a smooth absolutely irreducible curve C of genus g > 1 over [, we
see from (1) that the eigenvalues of the Frobenius endomorphism on C can be
written as

A =q' P expriv;), j=1,...,2g, (5)

where
9= =0y, €10,1/2],  j=1,....g

We now need a result showing that the angles ¥y, ..., 9, are uniformly dis-
tributed in [0, 1]. For the case of hyperelliptic curves it has been obtained by
D. Faifman and Z. Rudnick [4]. Here we use a slightly different argument to
extend this result to arbitrary curves.

As usual, for a sequence of N real numbers yy, ..., yy the discrepancy is
defined by

D = max |T(y) —yN|,
0=y=1

where 7'(y) is the number of n < N such that the fractional part {y,} satisfies
the inequality {y,} < y, see [3, 7].

We now recall the Erdos—Turan inequality (see [3, 7]), which links the dis-
crepancy with exponential sums.
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Lemma 5. For any integer K > 1, the discrepancy D of a sequence of N real
numbers yi, ..., yny € 10, 1) satisfies the inequality

D<—+Z

We are now ready to estimate the discrepancy of the set of angles.

Z exp(2miky,)|.

n=1

Lemma 6. For any smooth absolutely irreducible curve C of genus g > 1

and F,-dimension m, the discrepancy D¢ of the sequence V1, .. ., V2, satisfies
the inequality
mg
De K .
logg

Proof. Let N; ¢ denotes the number of [ «-rational points on the projective
model of the curves C. We recall that
2g
Nkyc—qk— 1= —Z}»j = —qk/ZZeprnikﬁj), (6)
, =
see [1, Section 8.1.1] or [8, Section VIIL.5.8].

Clearly, if the curve C is defined by a system of polynomial equations in m
variables then N ¢ does not exceed the number of points of the m-dimensional
projective space over F «. Therefore,

m
Nice <) q". (7
Therefore from (6) and (7) we see that for any integer £ > 1 the bound
2g
> expQuikd))| < Zq"“ +q"+1=<2 Zq’” <d4q".@®)
j=1 v=0 v=0

Using (8) in a combination with Lemma 5, we see that for any integer K > 1,

m g 1 Km
l%<—+23¢«<—+—q. ©
— K K

Taking

1

K:{ %gw
2mloggq

we conclude the proof. O
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Corollary 7. For any smooth absolutely irreducible curve C of genus g > 1

and IF,-dimension m, the discrepancy De of the sequence 211, . . ., 20, satisfies
the inequality
De < :
logg
Lemma 8. For any smooth absolutely irreducible curve C of genus g >
1 and gonality d, the discrepancy D¢ of the sequence ¥y, ..., U, satisfies
the inequality

g
D € ————.
“ ™ log(g/d)

Proof. The proof is fully analogous to that of Lemma 6 as for a curve of
gonality d we have

Nie =d(@* +1).
instead of (7). Therefore instead of (9), we obtain

g W g d
D S 4+d) —¢" <=+ —4F.
e gt ;kq <Lt
1 d
X — { og(g/ )W

log g
we conclude the proof. O

Taking

Corollary 9. For any smooth absolutely irreducible curve C of genus g >
1 and gonality d, the discrepancy D¢ of the sequence 21, ..., 20, satisfies

the inequality
g

log(g/d)’

Finally, to link the discrepancy bound with #.J- we need the Koksma—Hlawka
inequality, see [3, Theorem 1.14], which allows us to estimate average values of
various functions at uniformly distributed the points.

De <

Lemma 10. For any continuous function f(z) on the unit interval z € [0, 1]°
and a sequence of N real numbers yy, ..., yn € [0, 1] with the discrepancy D,
the following bound holds:

1 & 1
NZf(J/j)Z/O f@dz+ Op (DN,
=1

where the implied constant in O ; depends only on the function f.
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4 Proofs of Theorems 1 and 2
Using (1), forevery j =1, ..., g, we obtain
(I=2)(0=hjyg) = I=2)(I=2)=1—x;—x;+¢q
1 — ql/2 (exp(2ni19j) + exp(—2m’1?_,-)) +q
1—¢'? (exp(2ni1§‘j) + exp(—ZniﬁJ-)) +
1 —2q¢'? cos(4r ;) +q.

Therefore, using Lemma 10 and Corollary 7 we derive from (2)

1 1
—log#j]c=/ 1og(1—2q1/2cos(2nz)+q)dz+0( " )
g 0 log g

We now recall that for any a > 1,

1
/ log (1 —2q¢"? cos(2mz) + q) dz
0

1 2
=—/ log(l—2ql/zcos(z)+q)dz=logq,
2 0

see [5, Section 4.224(15)], which concludes the proof of Theorem 1.
Using Corollary 9 instead of Corollary 7 we obtain the bound of Theorem 2.

5 Proofs of Theorems 3 and 4

The proof is analogous to the proof of Theorem 1, except that it uses the
formula

q+1

m) logg = ((¢g = pc — g) logg + O(1),

Yc = ((q—l)pc—ngl—

where

M‘”

g
Z(l—?»)(l—/\)

= 1 —2q1/2cos(47119 )t+q’
see [6, Equation (0.5)] and the integral identity
1

j:

1
/ dz
o 1 —2q'2cos2nz) +¢q
1 [ 1 1
= — dz
2 Jo 1 —2q'2cos(z) +g¢q qg—1
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see [5, Section 3.616(2)]. In particular, by Lemma 10 and Corollary 7 we have

m
Ioczi-i_O £ )
qg—1 logg

which concludes the proof of Theorem 3.

As before, using Corollary 9 instead of Corollary 7 we obtain the bound of
Theorem 4.
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