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A characterization of isometries on
an open convex set, I[I*

Soon-Mo Jung

Abstract. Let E” be an n-dimensional Euclidean space with n > 2. In this paper,
we generalize a classical theorem of Beckman and Quarles by proving that if a map-
ping, from an open convex subset Co of E” into E”, preserves a distance p, then the
restriction of f to an open convex subset C, of Co is an isometry.
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1 Introduction

Let X and Y be normed spaces. A mapping f : X — Y is called an isometry
(or a congruence) if f satisfies

1/ (x) = S = llx =yl

forall x, y € X. A distance p > 0 is said to be contractive (or non-expanding)
by f: X — Y if |x — y|| = p always implies || f(x) — f(»)|| < p. Similarly,
a distance p is said to be extensive (or non-shrinking) by f if the inequality
| f(x) — f) = pistrue for all x, y € X with ||x — y|| = p. We say that
p 1s conservative (or preserved) by f if p is contractive and extensive by f
simultaneously.

If f is an isometry, then every distance p > 0 is conservative by f, and
conversely. At this point, we can raise a question:

Is a mapping that preserves certain distances an isometry?
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In 1970, A.D. Aleksandrov [1] had raised a question whether a mapping f :
X — X preserving a distance p > 0 is an isometry, which is now known to us
as the Aleksandrov problem. Without loss of generality, we may assume p = 1
when X is a normed space (see [16]).

Indeed, earlier than Aleksandrov, F.S. Beckman and D.A. Quarles [2] solved
the Aleksandrov problem for finite-dimensional real Euclidean spaces X = E”:

If a mapping f . E" — E" (2 < n < o0) preserves distance 1,
then f is a linear isometry up to translation.

For n = 1, they suggested the mapping / : E' — E! defined by

x+1 for x € Z,
fx) =

otherwise
as an example for a non-isometric mapping that preserves distance 1. For
X = E*, Beckman and Quarles also presented an example for a unit distance
preserving mapping that is not an isometry (cf. [13]).

We may find a number of papers on a variety of subjects in the Aleksandrov
problem (see [3,6,7,8,9, 11,12, 13, 14, 15, 16, 17, 18, 19, 20, 21] and also the
references cited therein).

In [10], the author proved the theorem of Benz [3] when the relevant domains
are open convex sets. In this connection, we will prove the theorem of Beckman
and Quarles when the relevant domains are open convex sets.

2 Preliminaries

Throughout this section, let £” denote an n-dimensional Euclidean space,
where n > 2 is a fixed integer, and assume that ;j is a fixed integer satisfy-
ing 0 < j < n. Furthermore, suppose there exist unit vectors wy, ..., w; € E"
and a subspace E of E” such that E" = E; @ Sp(w;) @ --- ® Sp(w;) and
Es, Sp(wy), ..., Sp(w;) are pairwise orthogonal, where Sp(w);) is the subspace
of E" which is spanned by w);.

Let us define a sequence (s;) by

2(n +1
so=0, s1=p, S2=[1+,/¥}p,
R+ &

— 2 s 15—i
Sk |:n—|— + p, —I-;(n—l-) :|p
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fork € {3,4,5, ...}, where we assume that p is a fixed positive constant through-
out this paper. We denote by s, the limit point of s; for convenience, i.e.,

2 1 1)?
szlimsk:[’HH [2(n + )+(n+ )}p
k— o0 n n

By C; we denote an open convex subset (cylinder) of £” defined by

Ce={x+Mwi +-+ 2w, : x € E;
Citsk <A <di—s fori=1,...,j}

forevery k € {0, 1, 2, ...} U {00}, where ¢;, d; € R U {00} are constants with
di —¢; > 2soo foralli € {1,..., j}. We then remark that Co, C -+ C Cyy1 C
CirC---CCyCE"

Given a constant § > 0, a set of n distinct points of C; which are pairwise of
distance $ will be called a B-set in Cj.. Assume that « is a positive real number
satisfying

y(a, B) = 4a* —252(1 — %) >0

and that P is a f-set in C;. The w-associated points of P are the uniquely
determined two distinct points of £”, which have distance « from each point of
P, and the distance between a-associated points is /¥ (a, B) (cf [4]). We will
refer to this fact many times in the proof of Lemma 2.

In view of the definition of C; and 2), 3) in Section 2 of [4] and referring
to Fig. 1 below, we can easily prove the following lemma. It only suffices to

remark that \/y (o, p) = /2(n + 1)/n p.

Lemma 1.

(a) Let P be a p-setin C,. There exist exactly two distinct p-associated points
of P, namely x and y, which are in Cy and ||x — y|| = /2(n + 1)/n p.

(b) If x,y € C; are given with ||x — y|| = /2(n + 1)/n p, then there exists
a p-set P in Cy such that x and y are the p-associated points of P.

We will stepwise prove that f|¢, resp. f|c, preserves some special distance,

g1 resp. &, in the following lemma. This lemma is indispensable for the proof
of our main theorem.
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Lemma 2. Assume that a mapping f : Cy — E" preserves the distance p.

(@) If x and y are points of C; with ||x — y|| = & = Jy(p,p) =
V2(n+D/np, then || f(x) — fOWIl = &1

(b) If x and y are points of C, satisfying ||x — y|| = € = J/y(e1,€1) =
(n+1Q2p/n), then || f(x) — fOWI = &,

(¢) If x and y are points of C, with ||x — y|| = /vy (p, €1) = 2p/n, it then
holds that || f (x) — f(WIl < 2p/n.

Proof.

(a) Assume that x and y are points of C; with ||x — y|| = €. According
to Lemma 1(b), there exists a p-set P in Cy such that x and y are the
p-associated points of P (see also Fig. 1 below). Since f preserves p,
P’ = f(P) is also a p-set in E". In view of 2) of [4], there are exactly
two distinct p-associated points of P’. Let us denote these p-associated
points by x" and y” and we note that |x" — y'|| = & (see Lemma 1(a)).
Then, since f(x) resp. f(v) is separated by a distance p from each point
of P’ and there exist only two distinct p-associated points of P’, we get

{f(x), f(M} C {x",y'}. Hence, || f(x) — f(»)Il = 0 or ;.

Assume that f(x) = f(y). Sincex, y € Cy and ||x — y|| = &, we can choose
az € Cywith ||[x —z|| = ¢; and ||y — z|| = p (see Fig. 1). Repeat the argument
in the last paragraph with x, z € Cy instead of x, y € Cy: By [4], there exists a
p-set O in Cy such that x and z are the p-associated points of Q. (As we see in
Fig. 1 below, x € C; and ||x — ¢q|| = p forallg € Q imply O C Cy.)

Co
G
P
X
Y
9 .z
Figure 1

Hence, Q' = f(Q) is also a p-set in E”. According to [4] again, there exist
only two distinct p-associated points, x” and z”, of Q" with ||x” — || = ¢;.
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Since f preserves the distance p, f(x) resp. f(z) has distance p from each point
of Q'. Hence, {f(x), f(2)} C {x”, z"}. Thus, we obtain || f(x) — f(z)| =0 or
e, 1.e., | f(y) — f(2)]]| = 0 or ;. However, since y,z € Cy and f preserves
0, we would obtain p = ||y — z|| = || f(¥) — f(2)|| = 0 or &1, a contradiction.
This implies that || f(x) — f(V)| = &1.

(b) We note that for any x, y € C, with | x — y|| = &, there exists an &;-set P
in Cy such that x and y are the &,-associated points of P (see Fig. 2 below).
According to (a), f|c, preserves the distance €;. Hence, P' = f(P) is
also an €,-set in E”. By [4], there are exactly two distinct ;-associated
points, x" and y’, of P" and ||x" — y’|| = &,. Since f'|¢, preserves €, f(x)
resp. f(y) is separated by a distance ¢; from each point of P’. Thus, we
get {/(x), £} C {x,»'}, and hence, || f(x) — f (M)l = 0 or &,.

G
G
€1
X
<y
q z
Figure 2

Assume f(x) = f(y). We can obviously choose a z € C; with ||x —z|| = &,
and ||y — z|| = €;. According to [4], there exists an ;-set Q in C; such that
x and z are the e;-associated points of 0. (As we see in Fig. 2, x € C, and
lx —q|l =¢; forallg € Q imply Q C C}.)

Hence, by (a), Q' = f(Q) is also an g;-set in E". According to [4] again,
there exist only two distinct ¢-associated points, x” and z”, of Q' satisfying
lx” — z"|| = &5, and hence {f(x), f(z)} C {x”,z"} by the same reason as it
was previously stated. Therefore, it follows that || f(x) — f(z)]| = 0 or &, i.¢.,
| /(»)— f(2)| = 0ore,. However, since ¢ is preserved by f|¢, and y, z € C},
wegete; = ||y —z|| = | f(y) — f(2)]| = 0 or &, which is a contradiction.
Hence, we conclude that || f(x) — f (V)| = .

(c) Assume that x, y € C, are given with ||[x — y|| = 2p/n. We note that

there exists an e;-set P in Cy such that x and y are the p-associated points
of P (see Fig. 2 above). Since, by (a), f|c, preserves the distance ¢,
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P’ = f(P)isalso an g;-set in E”. In view of [4], there exist exactly two
distinct p-associated points, x” and y’, of P’ and they satisfy ||x’ — /|| =
2p/n. Since f preserves p and there exist exactly two distinct p-associated
points of P’, we get { f(x), f(v)} C {x', y'}. Hence, || f(x) — f(»)| =0
or2p/n,ie., || f(x) = fOWI < 2p/n. O

3  On a theorem of Beckman and Quarles

In this section, let n, j, Cx and p be the same ones as in the previous section.
We are now ready to prove the theorem of Beckman and Quarles for restricted
domains.

Theorem 3. If a mapping | : Co — E" preserves the distance p, then the
restriction f'|c_, is an isometry.

Proof. According to (c) and (b) of Lemma 2, the distance 2p/n is contrac-
tive and (n 4 1)(2p/n) is preserved (extensive) by the restriction f]c,.

We now define a sequence (dy) by
2 352
di=mn+1)—p, di=m+1)"—p for ke{2,3,...}.
n n
Moreover, let X; = Cy., foreach k € {0, 1, 2, ...} U {oo}, and we define
d(Xiq1,0X;) = inf{|lx —y| : x € Xpqy, y € 0X4}

fork € {0, 1,2, ...}, where 0 X} denotes the boundary of Xj.

If both X}, and 0 X} are bounded for some £, then we get
d(Xit1,0Xx) = d(Ciys, 0Ck12) = Sky3 — Sk42
(n+ Dp (for k = 0),
(n+1)>*p (fork > 0)

2
n+1)—p (for k£ = 0),
n

v

2
(n+ l)z_k—p (fork > 0)
n

= diy1-
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Otherwise (if one of X ; and d.X} is unbounded), we set d( Xy 1, 0X;) = o0
so that d(Xjy1, 0Xy) > dyry1 (see Section 2 of [10]). Furthermore, we see that

Xow = Coo = <m Ck+2) 5& 0.

k=0

Finally, in view of Theorem 3 of [10], we can conclude that f|y_ = flc.
is an isometry because 2p/n is contractive and (n + 1)(2p/n) is extensive
(preserved) by f1x, = flcs- 0
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