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Constant angle surfaces in H? x R
Franki Dillen* and Marian loan Munteanu™*

Abstract. We classify all surfaces in H? x R for which the unit normal makes a
constant angle with the R-direction. Here H? is the hyperbolic plane.
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1 Introduction

In last years, the study of the geometry of surfaces in 3-dimensional spaces, in
particular of product type M? x R was developed by a large number of math-
ematicians. Very recently, in [2] the authors study constant angle surfaces in
S? x IR, namely those surfaces for which the unit normal makes a constant angle
with the tangent direction to R. In another recent paper [1] it is proved that if the
ambient space is the Euclidean 3-space, the study of surfaces making constant
angle with a fixed direction has some important applications to physics, namely
it is shown how constant angle surfaces may be used to describe interfaces oc-
curring in special equilibrium configurations of nematic and smectic C liquid
crystals. See also [5]. The problem of constant angle surfaces is also studied
in the 3-dimensional Heisenberg group [4]. In this article we consider the 3-
dimensional Riemannian product H? x R, and we classify all surfaces making
constant angle with the R-direction.
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2 Preliminaries

Let M = H? x R be the Riemannian product of (Hz(—l), gH) and R with
the standard Euclidean metric, where H?(—1) denotes the hyperbolic plane of
constant curvature —1. Denote by g = gy + dt? the product metric and by v
the Levi Civita connection of g. Denote by ¢ the (global) coordinate on R and
hence 9, = % is the unit vector field in the tangent bundle 7 (H? x R) that is
tangent to the R-direction.

The Riemann-Christoffel curvature tensor R of H? x R is given by

RX,Y,Z, W) = — gu(Xu, Wi)gu (Y, Zur)

1
+ guXu, Z)gu(Yu, Wi W

for any X, Y, Z, W tangent to H? x R. If X is a tangent vector to H?> x R we
put X its projection to the tangent space of H?.

Let M be a surface in M = H? x R. If & is aunit normal to M, then the shape
operator is denoted by 4. We have the formulas of Gauss and Weingarten

VxY = VxY +h(X, Y) (G)
Vy€E = —AX, (W)
for all X and Y tangent to M. Here V is the Levi Civita connection on M and 4
is the second fundamental form of M. We have g(h(X, Y), &) = g(X, AY) for

all X, Y tangent to M, where g is the restriction of g to M.
Since 9, is of unit length, we can decompose 9; as

0y =T 4cosb & 2)

where T is the projection of d, on the tangent space of M and 6 is the angle
function, defined by

cost = g(dy, §). 3)
If X, Y are tangent to M, then we have the following relation
gu(Xu, Yy) = g(X,Y) —g(X, T)g(Y, T).
Thus, if R is the Riemannian curvature on M, then the equation of Gauss can be
written as
RX,Y, Z, W) = g(AX, W)g(AY, Z) — g(AX, Z)g(AY, W)
— o(X, Wg(Y, Z) + (X, Z)g(Y, W
8( 18(Y, Z) + g(X, Z)g(Y, W) (EG)

+ gX, W)g(Y, T)g(Z, T) +g(Y, 2)g(X, T)g(W, T)
— gWX, D)g(Y, T)gW,T) —g(Y, W)g(X, T)g(Z, T)
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forall X, Y, Z, W € T(M).

Using the expression of the curvature R of H? x R, after a straightforward
computation, we can write the equation of Codazzi as

VxAY — VyAX — A[X, Y] = cos0(g(X, T)Y — g(¥, T)X) (EC)
forall X, Y € T(M).
Proposition 2.1. Let X be a tangent vector to M. We have

VxT =cosfAX

“)
X(cosO) = —g(4X, T).
Proof. For any X tangent to M we can write
X=Xpy+gX,T)0,.
We have
Vx0; = Vx, 0 + g(X, T)V,,0, = 0.
On the other hand,
Vxd, = VT + Vy(cosh &)
= VxT +h(X,T)+ X(cosh)E — (cosf)AKX.
Identifying the tangent and the normal part respectively, one gets
VxT =cos8AX and X(cosH)eé = —h(X,T).
Hence the conclusion. O

From now on consider that 0 is constant; for a given orientation of R, suppose
that & € [0, ). Then, from the previous proposition we have g(4X, T) = 0
for every X tangent to M (at p), which is equivalent to

gAT, X) =0, VXeT,(M). %)
This means that, if 7 # 0, T is a principal direction with principal curvature 0.

Remark 2.2. If T =0 on M, then 9, is always normal so, M C H? x {ty},
for ty € R.
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If T # 0, we consider
1

e =—1T,
[1T]]

(6)

where ||T|| = sin0.
Let e, be a unit vector tangent to M and perpendicular to e;. Then the shape
operator A takes the following form

0 0
=(07)
for a certain function A on M. Hence we have
hier,e1) =0, hle,e) =0, h(exe)=7r§. 7

Proposition 2.3. If M is a constant angle surface in H?> x R with constant
angle 6 # 0, then M has constant Gaussian curvature K = — cos® 0 and the

0
projection T of 3 is a principal direction with principal curvature 0.

Proof. We have to prove only the first part of this statement. To do this, we
decompose e, e; € T(M) as

ep=FE| +sinfo,, e =EFE; (8)
with E1, E; € T(H?) (since e, is perpendicular to 9,). We immediately have
gu(Er, E) =cos’0, gu(Ey, E2) =0, gu(Ey Ey)=1.

Putting X = W = e; and Y = Z = e, in the Gauss equation (EG) and
combining (1) and (7), we find that the Gaussian curvature of M satisfies

K = —cos? 6. 9

g

We conclude this section with the following
Proposition 2.4. The Levi Civita connection of g on M is given by

Velel = 0, Vezel = Acotf €,

(10)
Ve e = 0, Ve, 00 = —A cotf e;.
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Proof. Using (4) and (6) we obtain
1
VXel = X VXT =cotd AX.
sin @

From (7) we then obtain the first two formulas. The other two formulas then
follow immediately. O

3 Characterization of constant angle surfaces

In this section we classify the constant angle surfaces M in H? x R. There
exist two trivial cases, namely & = 0 and & = 7. As we have already seen,
in the first case one has that % is always normal and hence M is an open part of

H? x {ty}, t, € R. In the second case % is always tangent. This corresponds to

the Riemannian product of a curve in H? and R.
We can take coordinates (#, v) on M such that the metric g on M has the form

g =du® + B*(u, v) dv? (11)

with 9, := a% =¢jand 9, := (,;iv = B e, where § is a smooth function on M.
This can be done since [e], e;] is collinear with e;. We have

0 = [3u, 3] = [0u. Be2] = Buez + Bler, e2] = (Bu — Brcotb) e,
and hence g satisfies the following PDE
By = BArcoth. (12)

Using Proposition 2.4 one can now write the Levi Civita connection of g on M
in terms of the coordinates « and v, namely

Vi 00 =0, V3,0, =V, =Acotd d,, %@:—W@+%&.M)

Proposition 3.1. The two functions ) and B are given by

M(u, v) = sin 6 tanh (u cos 6 + C(v)) (14)
B(u,v) = D(v) cosh (ucos6 + C(v)), (15)
or
Au, v) = £siné (16)
Blu,v) = D(v)e*" " (17)

where C and D are smooth functions depending on v, D(v) # 0 for any v.
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Proof. From the equation of Codazzi (EC), if we put X = ¢; and ¥ = e
one obtains that A must satisfy the following PDE

A, = sinf cos® — A% cot 0. (18)
By integration, one gets (14) or (16). Now, solving (12) we obtain S. O
There are many models for the hyperbolic plane (e.g. the Klein model, the
Poincaré disk, the upper half plane H*, the Minkowski model H), cf. [7]. The
study of the constant angle surfaces was done by the authors in [3] by using the
upper half plane model of the hyperbolic plane. In the following we will deal
with the Minkowski model or the hyperboloid model for H?2.
We denote by RS the Minkowski 3-space with coordinates x, y and z, en-
dowed with the Lorentzian metric tensor
<., - >=dx* +dy* —d*
Then H? can be considered as the upper sheet (z > 0) of the hyperboloid
{(x,y,z) € Ri’ c x4yt == —1}.

The external unit normal to #{ in a point p € H C R} is N = p and we
have (N, N) = —1.
We recall the notion of the Lorentzian cross-product (see e.g. [7]):

X:R} xR} — R},
((a1, az, a3), (b1, by, b3)) +> (axbs — azb,, azby — aibz, a,by — a1by).

As analogue to the vector cross product in the Euclidean space, it has similar
algebraic and geometric properties:

(1) a X b is perpendicular to a and b, i.e. (¢ Xb,a) = (aXb,b)=0;
(i) bXa=—aXb;
(iii) (¢ X b,a X b) = —(a,a)(b,b) + (a,b)?* for all a,b e ]Ri’.
Let M be a 2-dimensional surface in /{ x R C R} x R. On the ambient
space we consider the product metric:

2o = dx* +dy? — dz* + dr*.

Denote by % the Levi Civita connection on Rf x R and let D+ be the nor-
mal connection of M in R? x R. If E is the unit normal to M , then g(pl, D2,
p3, ps) = (p1, p2, p3,0). The shape operator on M w.r.t. E is denoted by A
and will be computed below.
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Theorem 3.2. A surface M in H x R is a constant angle surface if and only
if the position vector F is, up to isometries of H x R, locally given by

F(u,v) = (cosh(u cos ) f (v) + sinh(u cos ) f(v) K f'(v), usind), (19)
where f is a unit speed curve on H .
Remark 3.3. This result is similar to that given in Theorem 2 of [2].

Proof of the Theorem. First we have to prove that the given immersion (19)
is a constant angle surface in H x R. To do this we compute the tangent vectors
(in an arbitrary point on M)

F,(u,v) = (cos6[sinh(ucos6)f(v) + cosh(ucos6) f(v) X f'(v)], sin6)
F,(u,v) = (cosh(u cos6) f'(v) + sinh(u cos 6) f(v) X f”(v), O) =
= ([ cosh(u cos 0) — k (v) sinh(u cos )] f"(v), 0),

where « is the geodesic curvature of the curve f. Let us give some details.
Since f(v) lies on the hyperboloid it follows that f’(v) is spacelike. But the
curve f has unit speed so, (f"(v), f(v)) = 1. In each point of the curve
f one has an orthonormal basis, namely { f'(v), f'(v), f(v) X f’(v)}. Taking
into account that { f"(v), f”(v)) = 0 for all v, one can express f”(v) as linear
combination of f(v) and f(v) X f’(v). From the theory of curves, the curva-
ture k(v) = | f”(v)| (f”(v) is not timelike) and hence the following identity
holds /" (v) = f(v) + «(v) f(v) X f"(v). As consequence f(v) X f”(v) =
—k(v) f'(v). _

We will calculate now both & and &. The second normal vector is nothing but
the position vector where we take the last component to be 0, namely we have

&(u, v) = (cosh(u cosd) f(v) + sinh(u cos §) £ (v) ¥ f'(v), 0).

Looking for the expression of the unitary normal £ as linear combination of f,
/', f X f"and 9; we find

E(u,v) = ( —sin6 [sinh(u cos ) f(v) + cosh(u cosb) f(v) K f’(v)], cos 0).
This is direct consequence of the following conditions:
g(é? E,t):()’ g(g’Fl}):O’ g(évé)zl and (Pl(f)apl(F(u,U)»:O

(due the fact that & is tangent to H x R), where p; : ]R? X R — Rf is the
natural projection. It follows (£, 9;) = cos 8 (which is a constant).
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Conversely, consider a surface M in H{ x R given by the following isometric
immersion

F:M— H xR—R xR, F=(F,F,F,F).

Suppose the constancy of the angle function 6. If M is one of the trivial cases
(see page 89), then it can be parameterized by (19). From now on we consider

0 ¢1{0, %}
We have
(Fy)y = &(F,,d) =g(F,, T +cosH&) = g(d,, T) = sinf

and
(F4)y = g(F,,9) = g(0,, T) =0.

These relations and the initial condition F4(0, 0) = 0 yield
Fy = usinf. (20)

If X = (X1, Xy, X3, Xy) is tangent to M, then %X £ = (X1, X2, X3,0).
It follows

o DyE = (X1, X2, X3,0), &) £ = —cosO(X, T)&

o D& =cosO(X, T)E.

Since % X E = -4 X+ D)l(g for every X tangent to M, we are able to
give A in terms of the basis {9, 9,}

~ —cos?6 0
A_( ° _1>.

From (2), taking the j* component, and because 7' = sin # F,,, one has
£ = —tan6(F;), 21

forall j = 1,2, 3. Here & = (&1, &, &3, cosf).

Applying now the formula of Gauss, using the expressions of the shape oper-
ators 4 and 4 and (13) we find:

(F))uu = cos* O F; (22)
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(Fj)uy = AcotO(F)), (23)

(F))oo = —BBu(F))u + % (F))y = 182 tan6(F))u + B°F. (24)

Let us sketch the proof of (22). If h is the second fundamental form of the
immersion M — ]R? x R then one can prove that 4(d,, d,) = cos?6 & (since
(£,&) = —1). We have

Fu =%au 0y = V5,0, + R (3, 8,) = cos> 0 py(F(u, v))

and now take the ;™ component (; = 1,2,3). In the same manner we can
show (23) and (24).

Case 1: A satisfies (14). Integrating (23) one gets
(Fj)y = H;(v) cosh(u cos€ + C(v)),

where H; is an arbitrary function. Hence

v

F; = /cosh(u cosf + C(t))H;(t)dt + I;(u),
0

where /; is an arbitrary function. Substituting in (22) we obtain
I; = K cosh(u cos ) + L ; sinh(u cos0), (25)

where K; and L ; are real constants.

We define the following functions

v

fi=K; +/COShC(T)Hj(T)d‘C, (j=1,2,3)

0
v

gi=1L; +/sinh C(t)H;j(v)dtr, (j=1,2,3).
0

Case 2: ) satisfies (16). One gets
v
F; = eFuees? / H;(t)dt + I;(u)
0

Bull Braz Math Soc, Vol. 40, N. 1, 2009
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with /; having the same form as in (25).

In this case we put

fj:Kj—|-/Hj(7:)dt, (Jj=123)
0

gj =Lj:|:/Hj(f)dt, (G =1,2,3).
0

Let /= (f1, f2, f3) and g = (g1, &2, &3)-

Summarizing, in both cases F is of the following form:
F = (cosh(u cos ) f + sinh(u cos 0)g, u sin6).

Lete; = ¢, = 1 and €3 = —1. Then we have
3
ZeijZ =-1
j=1
3
Zej(Fj)i = cos’ 0,
j=1

3
Y € (Fu(F)y =0,

j=1
3

> e (F =B

j=1

From (27) and (28) one obtains

Zejsz—Zejgjz. = 2.

Now, relations (27) and (29) can be written as

Z ejsz cosh?(u cos 0) + Z ejgf sinh? (u cos 0)
+2 Z €; f;g; sinh(u cos 0) cosh(u cos ) = —1

Bull Braz Math Soc, Vol. 40, N. 1, 2009

(26)

27

(28)

(29)

(30)

(1)

(i)



CONSTANT ANGLE SURFACES IN HZ2 x R 95

and
<Z € fif;+ Z e,-g,-g}) sinh(u cos 0) cosh(u cos 6)
' o (ii1)
+ Zejf;gj cosh?(u cos ) + Zejfjg} sinh?(u cos 0) = 0.
By a derivation in (27) one has
Zejfjf; cosh®(u cos 0) + Zejgjg; sinh? (u cos 0)
' ' (iv)
+ (Z € fg;+ Zejf]fgj) sinh(u cos 6) cosh(u cos 0) = 0
(Z e,-sz + Z e,-g?) sinh(u cos ) cosh(u cos 0)
' ' )

+ Y € f5g;(cosh’ (u cos 0) + sinh*(u cos 6)) = 0.
Finally (i), (ii) and (v) yield

Zéjfj2=—1, Zng?=1, ZéjfjngO.
Moreover, it follows
Doeififj =0, ) €gigi =0, Y € figi+) €figi =0
From (iii) we get
Zejfjfgj=0 and Zejfjg}=0. (31

Hence, the relation (iv) is identically satisfied.
We can write these last equations in another way:

(fL fy = -1

(g, g) = 1 /

(f,g) =0 and g ;; B 8 (32)
(f,\g) =0 ’

(f,.g) =0

We still have to develop the relation (30). This yields
(Hw), HW) = (f', f) = (¢.&) = D*(v), H = (H, Hy, Hy).
Remark that f can be thought as a curve on H{ (while g is not).

Bull Braz Math Soc, Vol. 40, N. 1, 2009
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Since (f’, /) > 0 (which can be easily proved), one can change the v-
coordinate such that /" becomes a unit speed curve in J{ ; this corresponds to
D(v)? cosh? C(v) = 1 or D(v)?> = 1 (depending on the value of 1).

Wehave g 1. fand g L f’. Due the geometric properties of the Lorentzian
cross product, g is collinearto /X f’. Wehave (g, g) = land (fX /7, X ') =
1 and hence g = + f X f’. We can assume that g = f X f’. Then F is given
by (19) as we wanted to prove. O

Remark 3.4. Looking for all minimal constant angle surfaces in H{ x R, these
must be totally geodesic in /{ x R. Hence we obtain the following surfaces:

(1) H x {to}, 1o € R
(2) f x R with f a geodesic line in H .

Remark 3.5. A surface M in H x R is a non-minimal constant mean curvature
constant angle surface if and only if it is parameterized by (19) where f is the
parabola explicitly given by

v? v?
fv) = 1+? K—£?L+UK&L.

Here K and L are orthogonal unitary timelike, respectively spacelike vectors in
R3 and & = £1.

Proof. First, since M is CMC surface, due to (7), A must be a constant and
hence X is given by A = ¢ sin 6, with ¢ = £1. In this case we have

szKj+/ Hi(t)dt and g,-:Lj—i—s/ H;(t)dr,
0 0

where K; and L are real constants (j = 1,2, 3). See Case 2 in the proof of
the main theorem.

Denoting by K = (K, K5, K3) and L = (L1, L, L3) it immediately fol-
lows that (K, K) = —1, (L, L) = 1and (K, L) = 0. Moreover, V = K —¢L
is a lightlike vector and f(v) — eg(v) = V, forall v and H(v) = (H,, H>, H3)
lies in a plane orthogonal to V.

Considering the base {K, L, K X L} one obtains the expression of f and g,
namely

f) =K+ % A*(0)(K —eLl) + AWK KL
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and g(v) = f(v) K f'(v), where A(v) is a smooth function. After a change
of the parameter v (we can do this since |4'(v)| = | f'(v)| = 1), we get the
statement. O

Acknowledgments. The authors wish to thank the referee for providing con-
structive comments and valuable suggestions.
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