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Hermitian decomposition of continuous functions
on a fractal surface
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Abstract. In this paper the Théodoresco transform is used to show that, under ad-
ditional assumptions, each Hölder continuous function f defined on the boundary �
of a fractal domain � ⊂ R

2n can be expressed as f = �+ − �−, where �± are
Hölder continuous functions on � and Hermitian monogenically extendable to � and
to R2n \ (� ∪ �) respectively.
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1 Introduction

In its original setting, Clifford analysis studies the notion of a monogenic func-
tion, i.e. a null solution of the Dirac operator ∂x in the Euclidean space Rm .
It provides a generalization to higher dimension of the theory of holomorphic
functions in the complex plane and at the same time a refinement of the theory
of harmonic functions. For a standard account of this function theory along
classical line we refer e.g. to the monographs [7, 11, 14].

Subsequently developments with remarkable new ideas and striking works
put the Clifford analysis into a much more great extent of this function theory.
However, touch here all modern aspects of that exceed the scope of this paper.

Results describing monogenic decompositions of Hölder continuous functions
defined on the boundary of bounded domain of Rm are explicitly provided for
Ahlfors David regular surfaces in [2]. Concretely, let � be a compact topological
Ahlfors David regular surface following [10] and dividing the Euclidean space
R
m into two simply connected domains �+, and �− so that ∞ ∈ �−. Let f
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stands for a real Clifford algebra valued function defined on � satisfying a Hölder
condition with order ν ( f ∈ C0,ν(�) for short), 0 < ν ≤ 1. Then

�(x) =
∫
�

E(y − x)n(y) f (y)dHm−1(y), x ∈ Rm \ �, (1)

exists and define monogenic functions �± in �± respectively and vanishes at
the point∞, where

E(x) = − 1

σm

x
|x |m ,

with σm the surface area of the unit sphere in Rm , being the fundamental solution
of the operator ∂x . Hm−1 denotes the (m − 1)-dimensional Hausdorff measure
(see [12, 15]) and n(y) stands for the unit normal vector on � at the point y
introduced by Federer (see [13]). � could has been extended continuously to �,
and by Sohotskii-Plemelj formulae

f (x) = �+(x)−�−(x) on �. (2)

The expression (1) is known as the Cliffordian Cauchy transform.
It should be noticed that, by the Painlevé and Liouville theorems in the Clif-

ford analysis setting (see [1, 7]), the decomposition described in the previous
paragraph is unique up to an additive constant.

For a brief review of the recent account of the problem of decomposition
of monogenic real Clifford algebras valued functions on the boundary of gen-
eral domain in Euclidean spaces involving special measurement (e.g. reasonable
rectifiability) or some kind of regularity we refer the reader to [3].

2 Decomposition on fractal domain

If none measurable nature characteristic, among those considered in [3], is pro-
vided to the surface�, serious difficulties appear, because the Cliffordian Cauchy
transform loses its meaning and becomes necessary to use a new method which
does not use boundary integration and can thus be carried over fractal domains.

The meaning of fractal domain is considered in terms of the Hausdorff dimen-
sion of the boundary �, denoted by αH (�), requiring αH (�) > m − 1.

Using different technique the method of obtaining the desired decomposition
for monogenic functions and for a wide class of domains is developed in [1, 6].
For the convenience of the reader we repeat the relevant material given there,
thus making our exposition self-contained:

Suppose � ⊂ Rm be a bounded simply connected domain with boundary �.
Let f ∈ C0,ν(�), and E0 f be the Whitney extension of f from � on the whole
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R
m . As was shown in [1, 6], when the exponent ν and the Minkowski dimension
α(�) of the surface �, see [15], satisfy the relation

1 > ν >
α(�)

m
, (3)

then ∂xE0 f is integrable in � with any exponent less than m−α(�)
1−ν , i.e., under

condition (3) it is integrable with certain exponent greater than m. Note that this
is bounded for ν = 1.

If � is a (m − 1)-rectifiable surface (i.e. Hm−1(�) < ∞, and it is the Lips-
chitz image of some bounded set of Rm−1) then α(�) = αH (�) = m − 1,
following [1]. Condition (3) turns into ν > m−1

m .
Moreover, the formula

�(x) = X(x)E0 f (x)+ T�∂xE0 f (x),

whereX(x) is the characteristic function of the set�, gives monogenic functions
in � and in Rm \ (� ∪ �) respectively, continuous in the corresponding closed
domains and satisfy on � the jump relation:

f (x) = �+(x)−�−(x). (4)

Here and subsequently T�g denote the Théodoresco transform of an integrable
in � function g defined by

T�g(x) := −
∫

�

E(y − x)g(y)dy.

Consequently, the desired decomposition works equally well for those more
general data strongly depending of the assumption (3). When such (3) is violated
then some obstructions can be constructed as were proved in [4].

In the sequel we assume ν and α(�) to be connected by (3).

2.1 Uniqueness of the decomposition

To ensure uniqueness of the decomposition (4) we need to introduce some addi-
tional requirements.

The function �, monogenic in Rm \ � must satisfy a Hölder condition with
exponent μ, 0 < μ < 1 on each of the sets � and Rm \ (� ∪ �), i.e. the
restrictions �

∣∣
�

and �
∣∣
Rm\(�∪�) must be μ-Hölder continuous in the closed

domains respectively, and the boundary vales of these restrictions �± are the
usual continuous limit values. � is required to be normalized �(∞) = 0.
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It is essential to point out that, T�∂xE0 f ∈ C0,μ(Rm) with

μ <
mν − α(�)
m − α(�) , (5)

which is due to the fact that the Théodoresco transform maps the space of
p−integrable functions with compact support to C0,λ(Rm) if p > m and
λ = 1− m

p .

At the same time the uniqueness of the required decomposition follows from
the removability of the surface � (according to the Dolzhenko type theorem,
proved in [1]) under the condition that

μ > αH (�)− m + 1. (6)

A decomposition of type (4), the function � being μ−Hölder continuous on
� and Rm \ (� ∪ �) whenever μ satisfies the conditions (5) and (6), is said to
be of class C0,μ.

Summarizing, we have

Theorem 1. Let α(�) < m and suppose valid (3). Then, for any f in C0,ν(�),
0 < ν ≤ 1 a unique decomposition (4) of class C0,μ occurs.

3 Hermitian case

Hermitian Clifford analysis deals with the simultaneous null solutions of the
orthogonal Dirac operators ∂x and its twisted counterpart ∂x |, introduced below.
For a thorough treatment of this higher dimensional function theory we refer
the reader to e.g. [8, 9, 16, 17].

Let (e1, . . . , e2n) be an orthonormal basis of the Euclidean space R2n . Con-
sider the complex Clifford algebra C2n constructed over R2n . The non-com-
mutative multiplication in C2n is governed by

e2
j = −1, j = 1, . . . , 2n,
e j ek + eke j = 0, 1 ≤ j �= k ≤ 2n.

A basis for C2n is obtained by considering for a set A = { j1, . . . , jk} ⊂
{1, . . . , 2n} the element eA = e j1 . . . e jk , with j1 < · · · < jk . For the empty
set ∅, we put e∅ = 1, the latter being the identity element.

Any Clifford number a ∈ C2n may thus be written as

a =
∑
A

aAeA, aA ∈ C,
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and its Hermitian conjugate a is defined by

a =
∑
A

āAeA, eA = (−1)
k(k+1)

2 eA, |A| = k.

The Euclidean space R2n is embedded in the Clifford algebra C2n by identifying
(x1, . . . , x2n) with the real Clifford vector x given by

x =
n∑
j=1

(
e2 j−1x2 j−1 + e2 j x2 j

)
.

We also introduce for each real Clifford vector x its twisted counterpart

x | =
n∑
j=1

(
e2 j−1x2 j − e2 j x2 j−1

)
.

Observe that the Clifford vectors x and x | are orthogonal with respect to the
standard Euclidean scalar product, which implies that x x | = −x | x .

The Fischer dual of the vector x is the first order differential operator

∂x =
n∑
j=1

(
e2 j−1∂x2 j−1 + e2 j∂x2 j

)

called Dirac operator.
A notion of monogenicity can be associated to the Fischer dual of the vector

x | in a similar way to that of the vector x given by

∂x | =
n∑
j=1

(
e2 j−1∂x2 j − e2 j∂x2 j−1

)
.

We notice that the Dirac operators ∂x and ∂x | anticommute and factorize the
Laplacian, i.e.

−∂2
x = � = −∂2

x |.

Thus monogenicity with respect to ∂x (respectively ∂x |) can be regarded as a
refinement of harmonicity.

Further, a continuously differentiable function f in an open set � of R2n

with values in C2n is called a (left) Hermitian monogenic (or h-monogenic)
function in � if and only if it satisfies in � the system

∂x f = 0 = ∂x | f.
Bull Braz Math Soc, Vol. 40, N. 1, 2009
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Hence, we are in a position to introduce the Théodoresco transform associated
with the fundamental solution of ∂x |, denoted by

E |(x) = − 1

σ2n

x |
|x |2n ,

in a similar way with that of ∂x . More precisely, for an integrable function g in
� we have

T�|g(x) := −
∫

�

E |(y − x)g(y)dy.

3.1 Hermitian monogenic decomposition

It is natural to try to extend the results describing monogenic decomposition to
the Hermitian case.

Let � be a compact topological surface in R2n which bounds a domain�, and
suppose that f is any ν-Hölder continuous C2n-valued function defined on �.

Question. Can we decompose f additively into two part in the way of (4),
where instead of monogenicity of � is required the Hermitian ones?

For abbreviation we continue to say that a positive solution of this question
under asserted convention before is named to be of class C0,μ.

In an early paper [5] we had derived necessary and sufficient conditions for an
affirmative answer of this question making standing assumptions on the domains
under consideration but we will not develop this point here.

This note is intended as an attempt to look more closely at the case of fractal
domains.

It appears rather surprising and interesting that we have here a nice theoretical
justification to suppose that the method described in Section 2 play a crucial role
in solving the question at present.

We can now formulate our main result

Theorem 2. Let α(�) < m, and suppose that

f ∈ C0,ν(�), 0 < ν ≤ 1.

Then, assuming (3) to hold there exist an unique decomposition (4) of type
C0,μ if and only if

T�(∂xE0 f )
∣∣
�
= T�|(∂x |E0 f )

∣∣
�
. (7)
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Proof. Let us suppose � gives the unique Hermitian monogenic decomposi-
tion of the function f . Hence, Theorem 1 shows that � = �1 = �2, where

�1 = XE0 f + T�∂xE0 f

�2 = XE0 f + T�|∂x |E0 f.

Letting boundary value on � we obtain (7).
Conversely, assume (7) to hold. From (7) and on account of the last-mentioned

expresions for �1,2, we obtain

�±1
∣∣
�
= �±2

∣∣
�
.

Note that�1−�2 is harmonic inR2n \�, and by the classical Dirichlet problem
�1 = �2 on R2n \ �. Therefore, both functions �1 and �2 are Hermitian
monogenic in R2n \ �. Using again Theorem 1 leads to the unique desired
decomposition given by � := �1 = �2. �

Let us mention one straight consequence of the theorem.

Corollary 1. Let � be a (m − 1)-rectifiable surface. Then, the theorem is still
true if it is just assumed that 1 > ν > m−1

m with 0 < μ < m(ν − 1)+ 1.

Acknowledgments. The third author wishes to thank the IMPA, Rio de
Janeiro, where the final version of the paper was written, for the invitation and
hospitality. She was supported by the CAPES-MES project 028/07.

References

[1] R. Abreu Blaya, J. Bory Reyes and D. Peña Peña. Jump problem and removable
singularities for monogenic functions. J. Geom. Anal., 17(1) (2007), 1–13.

[2] R. Abreu Blaya, D. Peña Peña and J. Bory Reyes. Clifford Cauchy type inte-
grals on Ahlfors-David regular surfaces in Rm+1. Adv. Appl. Clifford Algebras,
13(2) (2003), 133–156.

[3] R. Abreu Blaya, J. Bory Reyes and T. Moreno García. Cauchy Transform on
non-rectifiable surfaces in Clifford Analysis. J. Math. Anal. Appl., 339 (2008),
31–44.

[4] R. Abreu Blaya, J. Bory Reyes and T. Moreno García. Teodorescu transform
decomposition ofmultivector fields on fractal hypersurfaces.Wavelets, multiscale
systems and hypercomplex analysis, 1–16, Oper. Theory Adv. Appl., 167 (2006),
Birkhäuser, Basel.

Bull Braz Math Soc, Vol. 40, N. 1, 2009



114 RICARDO ABREU BLAYA, JUAN BORY REYES and TANIA MORENO GARCÍA

[5] R. Abreu Blaya, J. Bory Reyes, D. Peña Peña and F. Sommen. A boundary value
problem for Hermitian monogenic functions. Bound. Value Probl., vol. 2008,
Article ID 385874, 7 pages, (2008).

[6] R. Abreu Blaya, J. Bory Reyes and T. Moreno García. Minkowski dimension and
Cauchy transform in Clifford análisis. Compl. Anal. Oper. Theory, 1(3) (2007),
301–315.

[7] F. Brackx, R. Delanghe and F. Sommen. Clifford analysis. Research Notes in
Mathematics, 76, Pitman (Advanced Publishing Program), Boston, (1982).

[8] F. Brackx, J. Bureš, H. De Schepper, D. Eelbode, F. Sommen and V. Souček.
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