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The Aubry set for periodic Lagrangians
on the circle

Osvaldo Osuna

Abstract. For periodic convex Lagrangians on S', we show that, generically, in the
sense of Mafié, there exists a dense open set of cohomology classes such that the Aubry
set of these Lagrangians is a hyperbolic periodic orbit. This allows us to prove Maié’s
conjecture on S'.
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1 Introduction

Let M be a closed manifold, a C* function L : TM x S! — R will be a
periodic Lagrangian (with period 1) if it satisfies the convexity completeness and
superlinearity condition. A periodic Lagrangian definesaflow ¢, : TM xS' <,
t € R. The goal of this work is to study the Aubry set for periodic Lagrangians.
The Aubry set is a specific invariant set associated with L. Werestricted our study
to the case M = S!. Even though it is a particular case, it contains interesting
situations, for instance, J. Moser in [9] showed that any exact twist map on the
cilinder S! x R can be regarded as the time one map ¢, : TS! x {0} <= of the
flow of a periodic Lagrangian on S'.

Our main result is the following one:

Theorem A. For a generic Lagrangian L : TS' x S' — R, (x,v,t) —
L(x,v,t) there exists a dense open set U C H'(S",R) = R such thatVc € U,
the Aubry set of (x, v, t) — L(x,v,t) — cv is a hyperbolic periodic orbit.
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2 Preliminaries

Let M be a closed Riemannian manifold, a Lagrangian L on M will be a C*°
function L : TM x R — R satisfying the following conditions

i) Periodicity: L(0,¢t+ 1) = L(0,t) forall (8,¢) € TM x R,

ii) Convexity: For all x € M,v € T, M and ¢t € R, the Hessian matrix
calculated in any linear coordinate system on 7, M is positive definite,

L(x,v,1)
[[v]]

iii) Superlinearity: It holds that limj) -« = o0 uniformly on

xeM, telR,

iv) Completeness: The Euler-Lagrange equation of L, defines a complete
flow ¢, on TM x R.

Let us recall the main concepts introduced by Mather in [7]. Let M(L) be
the set of probabilities on the Borel o-algebra on TM x S' that have compact
support and are invariant under the Euler-Lagrange flow ¢,. Let H;(M, R) be
the first real homology group of M. Given a closed one-form w on M and
p € H{(M,R), let ([w], p) denote the integral of @ on any closed curve in
the homology class p. If u € M(L), its homology is defined as the unique
p(n) € Hiy(M, R) such that

(@], p() =/ wdp, (1)

for any closed 1-form on M. The integral on the right-hand side is with respect
to , with w considered as a function w : TM x S! — R, independent of the
second variable.

The action of u € M(L) is defined by

A (p) = / Ldu. (2)
TMxS!
We say that u € M(L) is a minimizing measure of L if

Ap(u) :=min {4, ()] v € M(L), p(v) = p()}. 3)

Mather in ([7]) proved that for every & € H (M, R), there exist minimizing
measures u € M(L) with p(u) = & and has denoted by M,,(L) the subset of
M(L) consisting of these measures.

Given a closed 1-form w on M, note that the function L — w satisfies the
conditions i)—iv) and has the same solutions as L. We define M®“ (L) as the set
of u € M(L) such that

Ap—o() :=min {4, _,()| v e ML)}, 4)
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note that M®(L) = M°(L — w).
We define the Mather’s beta function g : H; (M, R) — R, as

B(h) == min {4, (u) | £ € M(L), p(u) = h}, 5)

the B-function is convex and superlinear. The Mather’s alpha function « = g* :
H'(M,R) — R is the convex dual of f, in particular

a(w) :=—min {A4;_,(n) | p € ML)}, (6)
thus for [w] € H'(M, R), we have
ML) ={uw e MUL)| Ar—o(w) = —a([@)}.

Given [w] € H'(M,R), let A® be the closure of the union of the supports
of all measures in M®(L). This is called the Mather set. We also consider
the Aubry set A, (L), see [1] for its definition. It is known that these sets only
depend on [w], and these are compact invariant sets for the Euler-Lagrange flow
and AY C A,(L).

Let 4 be a homology class. A cohomology class w is said to be a subderivative
for B at h if {(w], h) = B(h) + a(w). The subderivatives for § at 4 form a face
F, of the epigraph of the alpha function. If w € Fj, then M, (L) C M®(L)
(see [7]).

In [6], Proposition 6, it has been proved that for cohomology classes [wq],
[w1] € H'(M,R) in the interior of a face F}, then A,, = A,,. Since the
Mather set A!“! is the closure of the union of the support of all invariant measures
contained in A, for [wo], [w1] € int(F}) implies Alol = Aletl We denote
by A(F}) and A (F},) this common set to all the cohomologies in the interior of
Fy,. We have the following result:

Lemma 2.1. Let L be a periodic Lagrangian on S'. If h is a rational homol-
ogy then A(Fy) = A(Fy).

We say that 7 € H;(M,R) is a vertex of g if there exists an open set of
subderivatives for 8 at 4. Note that when dim H; (M, R) = 1, § is differentiable
at h € Hi(M,R) if and only if / is not a vertex of $, in particular the faces of
alpha correspond to vertices of beta.

It was proved in [8] (see also [10]); when M = S! and L is a periodic
Lagrangian, that

a) B is differentiable at every & € H;(S', R) irrational;
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b) If h € H;(S',R) is a vertex of B, then & is rational and the ergodic
measures in M, (L) are supported in periodic orbits.

Denote by C®(M x S', R) the set of C™ real functions on M x S! with the
topology of the uniform convergence. This is a complete metric space. We
say that a property is generic in the sense of Mafié [5], if for each periodic
Lagrangian L, there exists a residual subset @ C C®°(M x S', R) such that,
the given property holds for every Lagrangian of the form L + ¢, with ¢ € O.
Recall that a set is residual if it is a countable intersection of open and dense sets.
Since C®°(M x S', R) is complete, then any residual set is dense.

3 Proofs

Let’s begin with the following results:

Proof of Lemma 2.1. We consider H;(S',R) = R = H'(S', R), and take
[w] € F}, with & a rational homology. From Mather’s Graph theorem, the map
n' w(A) — A is Lipschitz. Therefore we can induce a flow v, on
7 (A[w)), and by considering the Poincaré return map, we obtain an homeomor-
phism that preserves order. Thus we can use the theory of homeomorphisms of
the circle. In our case the Poincaré return map has a rotation number /4 rational,
and we then see that A, is a union of periodic orbits.

Since A®! C A, the first part implies that A1) is a union of periodic orbits.

Assume that A, \ Al“! £ ¢, and take & € Ay, \ Al Let y, be the
periodic orbit through . Now consider open neihborhoods V', V5 in TM of
Al and y, respectively. Since A®! and y; are compact sets, we can assume
that "NV = @. Since the measure w,, supported on y, is minimizing, we must
have supp(ys) C Al®!, which is a contradiction, and A, = Al®!,

Now, by taking [w] € int(F},), we then obtain A (F£),) = A(F},). ]

Lemma3.1. Let L be a periodic Lagrangian on'S'. The set S(L) of subderiva-

tives of B at rational homology classes is dense in H'(S', R).

Proof. First observe that since the a-function is convex and superlinear, for
every [w] € H'(S', R) thereis h € H(S', R) such that ([w], h) = B(h) +a(w).

Assume that there exists an openset G C H'(S', R) such that GNS(L) = ¢.
We may assume G to be convex. Then the set

H:={he HiS" R |3 e G, (] h)=BH) +a())]
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is also convex and by the above observation H # .

Now, since any convex set with two different points contains a rational, then
H = {hy)} for some hy € H;(S', R). Therefore, h is a vertex (the elements of
G are subderivatives of 8 at /1j), and from b) of section 2, A is rational. Thus
G N S(L) # @, which proves the result. O

Proof of Theorem A. The proof closely follows the ideas of Massart in [6].

Given a periodic Lagrangian L on S', from [3] there exists a residual set
H c C=(S' x S!, R), such that ; 1, is not differentiable at any rational point,
forall ¢ € H.

We consider a fixed homology » € Q C H;(S',R). In [5], th. D, Mafié
proves that there exists a residual set @, C C®(S! x S!, R) such that for all
¢ € O,, M.(L + ¢) has a unique minimizing measure and this measure is
uniquely ergodic. Then for all ¢ € H N O, there exists a unique measure
WUpr € M.(L + ¢). Since ¢ € H, then r is vertex of B ;4. Therefore, from
Lemma 2.1, 14, is supported on periodic orbits. Moreover 4 is uniquely
ergodic. Therefore supp(ug ) s a single periodic orbit, and from [2] we can
assume that is hyperbolic.

Taking © := H N (NyegO,) C C®(S! x S, R) it is a residual subset of
C>®(S! x S',R). We then get for all ¢ € O and for all » € Q, there exists
a uniquely ergodic measure in M, (L + ¢) supported on a single hyperbolic
periodic orbit.

For ¢ € O, we consider the set S'(L + ¢) of cohomology classes subderiva-
tive to B4 at rational homology and in the interior of a face (since ¢ € H,
the rational homology classes are vertices). We then get that S"(L + ¢) is open
and by Lemma 3.1 is dense.

Now, for all [w] € S'(L + ¢), Al“/(L + ¢) consists of a single hyperbolic
periodic orbit, and from Lemma 2.1 Al“Y(L +¢) = A, (L +¢). In conclusion,
for all

€0, [ eSL+¢), ANNL+¢) = A (L +¢)

is a hyperbolic periodic orbit. O

Maiié ([5], [2]) showed that for a generic Lagrangian, there exists a unique
minimizing measure and it is conjectured in [5] (Ma7ié): For a generic La-
grangian L on a closed manifold M, there exists a dense openset U C H'(M, R)
such thatVw € U, A® consists of a single periodic orbit, or fixed point.

Note that for periodic Lagrangians, there do not exist fixed points. On the
other hand, the Aubry set contains the Mather set, and thus as an application of
Theorem A, we have:
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Corollary 3.2. The Maiié’s conjecture is true for periodic Lagrangians on S'.
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