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The Aubry set for periodic Lagrangians
on the circle

Osvaldo Osuna

Abstract. For periodic convex Lagrangians on S1, we show that, generically, in the
sense of Mañé, there exists a dense open set of cohomology classes such that the Aubry
set of these Lagrangians is a hyperbolic periodic orbit. This allows us to prove Mañé’s
conjecture on S1.
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1 Introduction

Let M be a closed manifold, a C∞ function L : T M × S1 → R will be a
periodic Lagrangian (with period 1) if it satisfies the convexity completeness and
superlinearity condition. A periodic Lagrangian defines a flow ϕt : T M×S1 ←↩,
t ∈ R. The goal of this work is to study the Aubry set for periodic Lagrangians.
TheAubry set is a specific invariant set associatedwith L . We restricted our study
to the case M = S1. Even though it is a particular case, it contains interesting
situations, for instance, J. Moser in [9] showed that any exact twist map on the
cilinder S1 × R can be regarded as the time one map ϕt : TS1 × {0} ←↩ of the
flow of a periodic Lagrangian on S1.

Our main result is the following one:

Theorem A. For a generic Lagrangian L : TS1 × S1 → R, (x, v, t) →
L(x, v, t) there exists a dense open set U ⊂ H 1(S1,R) ≡ R such that ∀c ∈ U,
the Aubry set of (x, v, t) → L(x, v, t)− cv is a hyperbolic periodic orbit.
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2 Preliminaries

Let M be a closed Riemannian manifold, a Lagrangian L on M will be a C∞
function L : T M × R→ R satisfying the following conditions

i) Periodicity: L(θ, t + 1) = L(θ, t) for all (θ, t) ∈ T M × R,
ii) Convexity: For all x ∈ M, v ∈ TxM and t ∈ R, the Hessian matrix

calculated in any linear coordinate system on TxM is positive definite,

iii) Superlinearity: It holds that lim||v||→∞ L(x,v,t)
||v|| = +∞ uniformly on

x ∈ M, t ∈ R,
iv) Completeness: The Euler-Lagrange equation of L , defines a complete

flow ϕt on T M × R.
Let us recall the main concepts introduced by Mather in [7]. Let M(L) be

the set of probabilities on the Borel σ -algebra on T M × S1 that have compact
support and are invariant under the Euler-Lagrange flow ϕt . Let H1(M,R) be
the first real homology group of M . Given a closed one-form ω on M and
ρ ∈ H1(M,R), let 〈[ω], ρ〉 denote the integral of ω on any closed curve in
the homology class ρ. If μ ∈ M(L), its homology is defined as the unique
ρ(μ) ∈ H1(M,R) such that

〈[ω], ρ(μ)〉 =
∫
T M×S1

ωdμ, (1)

for any closed 1-form on M . The integral on the right-hand side is with respect
to μ, with ω considered as a function ω : T M × S1 → R, independent of the
second variable.
The action of μ ∈M(L) is defined by

AL(μ) :=
∫
T M×S1

Ldμ. (2)

We say that μ ∈M(L) is a minimizing measure of L if

AL(μ) := min
{
AL(ν)| ν ∈M(L), ρ(ν) = ρ(μ)

}
. (3)

Mather in ([7]) proved that for every h ∈ H1(M,R), there exist minimizing
measures μ ∈ M(L) with ρ(μ) = h and has denoted byMh(L) the subset of
M(L) consisting of these measures.
Given a closed 1-form ω on M , note that the function L − ω satisfies the

conditions i)–iv) and has the same solutions as L . We defineMω(L) as the set
of μ ∈M(L) such that

AL−ω(μ) := min
{
AL−ω(ν)| ν ∈M(L)

}
, (4)
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note thatMω(L) =M0(L − ω).
We define the Mather’s beta function β : H1(M,R) → R, as

β(h) := min
{
AL(μ) | μ ∈M(L), ρ(μ) = h

}
, (5)

the β-function is convex and superlinear. The Mather’s alpha function α = β∗ :
H 1(M,R) → R is the convex dual of β, in particular

α(ω) := −min
{
AL−ω(μ) | μ ∈M(L)

}
, (6)

thus for [ω] ∈ H 1(M,R), we have

Mω(L) = {
μ ∈M(L)| AL−ω(μ) = −α([ω])}.

Given [ω] ∈ H 1(M,R), let �ω be the closure of the union of the supports
of all measures in Mω(L). This is called the Mather set. We also consider
the Aubry set Aω(L), see [1] for its definition. It is known that these sets only
depend on [ω], and these are compact invariant sets for the Euler-Lagrange flow
and �ω ⊂Aω(L).
Let h be a homology class. A cohomology class ω is said to be a subderivative

for β at h if 〈[ω], h〉 = β(h)+ α(ω). The subderivatives for β at h form a face
Fh of the epigraph of the alpha function. If ω ∈ Fh , then Mh(L) ⊂ Mω(L)

(see [7]).
In [6], Proposition 6, it has been proved that for cohomology classes [ω0],

[ω1] ∈ H 1(M,R) in the interior of a face Fh , then Aω0 = Aω1 . Since the
Mather set�[ω] is the closure of the union of the support of all invariant measures
contained in A[ω], for [ω0], [ω1] ∈ int(Fh) implies �[ω0] = �[ω1]. We denote
byA(Fh) and �(Fh) this common set to all the cohomologies in the interior of
Fh . We have the following result:

Lemma 2.1. Let L be a periodic Lagrangian on S1. If h is a rational homol-
ogy then �(Fh) =A(Fh).

We say that h ∈ H1(M,R) is a vertex of β if there exists an open set of
subderivatives for β at h. Note that when dim H1(M,R) = 1, β is differentiable
at h ∈ H1(M,R) if and only if h is not a vertex of β, in particular the faces of
alpha correspond to vertices of beta.
It was proved in [8] (see also [10]); when M = S1 and L is a periodic

Lagrangian, that

a) β is differentiable at every h ∈ H1(S
1,R) irrational;
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b) If h ∈ H1(S
1,R) is a vertex of β, then h is rational and the ergodic

measures inMh(L) are supported in periodic orbits.

Denote by C∞(M × S1,R) the set of C∞ real functions on M × S1 with the
topology of the uniform convergence. This is a complete metric space. We
say that a property is generic in the sense of Mañé [5], if for each periodic
Lagrangian L , there exists a residual subset O ⊂ C∞(M × S1,R) such that,
the given property holds for every Lagrangian of the form L + φ, with φ ∈ O.
Recall that a set is residual if it is a countable intersection of open and dense sets.
Since C∞(M × S1,R) is complete, then any residual set is dense.

3 Proofs

Let’s begin with the following results:

Proof of Lemma 2.1. We consider H1(S
1,R) ≡ R ≡ H 1(S1,R), and take

[ω] ∈ Fh with h a rational homology. From Mather’s Graph theorem, the map
π−1 : π(A[ω]) → A[ω] is Lipschitz. Therefore we can induce a flow ψt on
π(A[ω]), and by considering the Poincaré return map, we obtain an homeomor-
phism that preserves order. Thus we can use the theory of homeomorphisms of
the circle. In our case the Poincaré return map has a rotation number h rational,
and we then see thatA[ω] is a union of periodic orbits.

Since �[ω] ⊂A[ω], the first part implies that �[ω] is a union of periodic orbits.
Assume that A[ω] \ �[ω] �= ∅, and take θ ∈ A[ω] \ �[ω]. Let γθ be the

periodic orbit through θ . Now consider open neihborhoods V, Vθ in T M of
�[ω] and γθ respectively. Since �[ω] and γθ are compact sets, we can assume
that V ∩Vθ = ∅. Since the measure μγθ

supported on γθ is minimizing, we must
have supp(γθ ) ⊂ �[ω], which is a contradiction, andA[ω] = �[ω].
Now, by taking [ω] ∈ int(Fh), we then obtain �(Fh) =A(Fh). �

Lemma 3.1. Let L be a periodic Lagrangian on S1. The set S(L) of subderiva-
tives of β at rational homology classes is dense in H 1(S1,R).

Proof. First observe that since the α-function is convex and superlinear, for
every [ω] ∈ H 1(S1,R) there is h ∈ H1(S

1,R) such that 〈[ω], h〉 = β(h)+α(ω).

Assume that there exists an open set G ⊂ H 1(S1,R) such that G ∩ S(L) = ∅.
We may assume G to be convex. Then the set

H := {
h ∈ H1(S

1,R) | ∃ω ∈ G, 〈[ω], h〉 = β(h)+ α(ω)
}
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is also convex and by the above observation H �= ∅.
Now, since any convex set with two different points contains a rational, then

H = {h0} for some h0 ∈ H1(S
1,R). Therefore, h0 is a vertex (the elements of

G are subderivatives of β at h0), and from b) of section 2, h0 is rational. Thus
G ∩ S(L) �= ∅, which proves the result. �

Proof of Theorem A. The proof closely follows the ideas of Massart in [6].

Given a periodic Lagrangian L on S1, from [3] there exists a residual set
H ⊂ C∞(S1× S1,R), such that βL+φ is not differentiable at any rational point,
for all φ ∈H .
We consider a fixed homology r ∈ Q ⊂ H1(S

1,R). In [5], th. D, Mañé
proves that there exists a residual set Or ⊂ C∞(S1 × S1,R) such that for all
φ ∈ Or , Mr (L + φ) has a unique minimizing measure and this measure is
uniquely ergodic. Then for all φ ∈ H ∩ Or there exists a unique measure
μφ,r ∈ Mr (L + φ). Since φ ∈ H , then r is vertex of βL+φ . Therefore, from
Lemma 2.1, μφ,r is supported on periodic orbits. Moreover μφ,r is uniquely
ergodic. Therefore supp(μφ,r ) is a single periodic orbit, and from [2] we can
assume that is hyperbolic.
Taking O := H ∩ (∩r∈QOr ) ⊂ C∞(S1 × S1,R) it is a residual subset of

C∞(S1 × S1,R). We then get for all φ ∈ O and for all r ∈ Q, there exists
a uniquely ergodic measure in Mr (L + φ) supported on a single hyperbolic
periodic orbit.
For φ ∈ O, we consider the set S′(L + φ) of cohomology classes subderiva-

tive to βL+φ at rational homology and in the interior of a face (since φ ∈ H ,
the rational homology classes are vertices). We then get that S′(L + φ) is open
and by Lemma 3.1 is dense.
Now, for all [ω] ∈ S′(L + φ), �[ω](L + φ) consists of a single hyperbolic

periodic orbit, and from Lemma 2.1 �[ω](L+φ) =A[ω](L+φ). In conclusion,
for all

φ ∈ O, [ω] ∈ S′(L + φ), �[ω](L + φ) =A[ω](L + φ)

is a hyperbolic periodic orbit. �
Mañé ([5], [2]) showed that for a generic Lagrangian, there exists a unique

minimizing measure and it is conjectured in [5] (Mañé): For a generic La-
grangian L on a closedmanifold M, there exists a dense open setU ⊂ H 1(M,R)

such that ∀ω ∈ U, �ω consists of a single periodic orbit, or fixed point.
Note that for periodic Lagrangians, there do not exist fixed points. On the

other hand, the Aubry set contains the Mather set, and thus as an application of
Theorem A, we have:
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Corollary 3.2. The Mañé’s conjecture is true for periodic Lagrangians on S1.

Acknowledgments. The author was partially supported by CONACYT –
México grant U50483-F.

References

[1] P. Bernard. Connecting orbits of time dependent Lagrangian systems. Annales
de l’institut Fourier, 52(5) (2002), 1533–1568.

[2] G. Contreras and R. Iturriaga. Convex Hamiltonians without conjugate points.
Erg. Th. and Dyn. Syst., 19 (1999), 901–952.

[3] V. Bangert. Geodesic rays, Busemann functions and monotone twist maps. Calc.
Var. Partial Differential Equations, 2(1) (1994), 49–63.

[4] R. Mañé. On the minimizing measures of the Lagrangian dynamical systems.
Nonlinearity, 5(3) (1992), 623–638.

[5] R. Mañé. Generic properties and problems of minimizing measures of La-
grangian systems. Nonlinearity, 9 (1996), 273–310.

[6] D. Massart. On Aubry sets and Mather’s Action Functional. Israel Journal of
Mathematics, 134 (2003), 155–171.

[7] J. Mather. Action minimizing measures for positive definite Lagrangian Systems.
Math. Z., 201 (1991), 169–207.

[8] J. Mather. Differentiability of the Minimal Average Action as a Function of the
Rotation Number. Bol. Soc. Bras. Mat., 21(1) (1990), 57–70.

[9] J. Moser. Monotone twist mappings and the calculus of variations. Erg. Th. and
Dyn. Syst., 6 (1986), 401–413.

[10] O. Osuna. Vertices of Mather’s Beta function. Erg. Th. and Dyn. Syst., 25 (2005),
949–955.

Osvaldo Osuna

Instituto de Física y Matemáticas
Universidad Michoacana
Edif. C-3, Cd. Universitaria
C.P. 58040. Morelia, Mich.
MÉXICO

E-mail: osvaldo@ifm.umich.mx

Bull Braz Math Soc, Vol. 40, N. 2, 2009



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


