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Abstract. We give the coherent orientation for the spaces of intersections of gradient
trajectories and holomorphic disks in cotangent bundle. This construction provides the
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ogy for Lagrangian intersections in cotangent bundles, with integer coefficients.
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1 Introduction

Let M be a compact manifold, denote by # its dimension. Suppose f : M — R
is a Morse function. Denote by C M, (/) the Morse chain groups, i.e. Z;-vector
spaces generated by critical points of f. Morse homology groups H M, (f) are
the homology groups of C M, (f) with respect to the boundary operator

o : CM(f) > CM(f),  du(p):= Y np.q)g. (1)
qeCrit(f)

where n(p, q) is the number of solutions of

d
—dy FVL(r(s) =0
S

y(=00) = p, y(+00) =q.
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254 JELENA KATIC and DARKO MILINKOVIC

Denote by P = T*M a cotangent bundle of M. Let H : T*"M x [0, 1] - R
be a compactly supported Hamiltonian. Denote by Ly = O, a zero section
of T*M and by L, = ¢{(Lo) a Hamiltonian deformation of Ly. Suppose
that Ly and L intersect transversally. Let C F,(H) denote Floer chain groups
generated by intersection points of L and L (or, equivalently, by Hamiltonian
paths that begin and end on Oy,), also with Z, coefficients. Floer homology
HF,(H) is well defined in this situation. It is the homology group of C F.(H)
with respect to the boundary operator,

0p : CF.(H) > CF.(H),  dp(x):= Y  n(x )y, )
yeLoNLy

where n(x, y) is the number of the solutions of an elliptic system

u:Rx[0,1] > T*M

ou J ou ¥ _0
s + (E - H(U)) =
u(s,i) € Lo, i €10, 1}

u(—o00, 1) = ¢ ((pfH ") (x)

u(+o0, 1) = ¢ ((¢{H") (1), x,y € LoN L.

Here J is an almost complex structure (which may smoothly depend on (s, ¢))
satisfying the following conditions. Let g be a fixed Riemannian metric on M
and J, a fixed almost complex structure such that:

1) J; is compatible to the canonical symplectic form w = )" dx; A dy; on
T*M (meaning that (-, -) := w(-, J-) is a Riemannian metric).

2) J, maps vertical tangent vectors to horizontal ones with respect to Levi—
Civita connection of g.

3) To every vector X € T,(Oy) = T, M, J, assigns a cotangent vector J, X
such that J, X (§) = g(§, J,X) forall§ € T, M.

Now suppose that the almost complex structure J is compatible to w and that
J = J, outside some compact subset of 7*M. We will assume that almost
complex structure J satisfies the above conditions through the rest of the paper.

In [15] we constructed the isomorphism between H M,.( /) and H F.(H), fol-
lowing [19]. The purpose of [15] was to prove that isomorphisms in Floer
homology for Lagrangian intersections naturally intertwine with analogous iso-
morphisms in Morse homology. The isomorphism constructed there was based
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COHERENT ORIENTATION OF MIXED MODULI SPACES IN MORSE-FLOER THEORY 255

on counting the objects of mixed type. More precisely, let p be a critical point
of Morse function f and x(¢) a Hamiltonian path that begins and ends on O,,.
Considered the spaces of pairs (y, u)

y:(—00,0] > M, u:[0,400)x[0,1]—> T"M
that satisty

dy _
I Vf(y(s))

du +J (8_14 — XpRH(u)) =0
as ot

(0, 1), u(s, 0), u(s, 1) € Oy )
y(—00) = p,u(+00,t) = x(1)

y(0) =u (O, %) .

Here p : [0, +00) — R is a smooth function such that

I, s>R+1

Pr(s) = {O, s <R

and X,y is a Hamiltonian vector field corresponding to the Hamiltonian func-
tion pg H. Denote by M(p, f; x, H) the set of solutions of (3), see Figure 1.

Figure 1: The element of the space M(p, f; x, H).

) M

Similarly, denote by M(x, H; p, f) the set of the pairs (u, y),
u:(—00,0] x[0,1]— T*M, y : [0, +00) > M

that satisfy p
14
7y
s Sy ()
au ou
as 7\ T X)) =0

u(0,1),u(s,0),u(s, 1) € Oy
u(—00,t) = x(t),y(+o0) = p
y(0) =u (0, 1)
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where pr(s) = pr(—s). Let m s(p) be the Morse index of critical point p and
g (x) the Maslov index of Hamiltonian path x (see [2, 20, 21] for definition
of Maslov index, [17] for its application in grading of Floer homology groups
and [16] for generalizations). We have the following

Proposition 1 [15]. For a generic f and H M(p, f; x, H) is a smooth mani-
fold of dimension

mf(p)—<MH(x)+g> and M(x, H; p, )

is a smooth manifold of dimension wy(x) + % —myg(p). When ms(p) =
(,uH(x) + %), manifolds M(p, f;x, H) and M(x, H; p, f) are compact,
hence finite sets.

For ms(p) = puu(x) + % we denote by n(p, f;x, H) and n(x, H; p, f)
the cardinal numbers (mod Z,) of M(p, f; x, H) and M(x, H; p, ) respec-
tively. Let C M (f) be a Z,-vector space generated by set of all critical points of
f that have Morse index equal to k. Similarly, let C Fi.(H) denote a Z,-vector
space generated by the set of Hamiltonian paths with ends in zero section that
have Maslov index equal to £ — 5. Define homomorphisms

® : CF.(H) = CM(f), U CM(f) = CF(H) (4)
by

X Z n(x, H; p, fp, p > Z n(p, fix, H)x

my(p)=k wr (x)+5=k

on the generators. Homomorphisms & and W are also well defined on H F;.(H)
and H M, (f), i.e.

D odp =09y 0P, Wody =0rpoW

where 9, and 0 are defined in (1) and (2). Homomorphisms W and & are
actually isomorphism, it follows from the following

Proposition 2 [15].  On the homology level it holds:
‘-IJOq):IdHF, (DO\IJ:IdHM.

The proof of the Proposition 2 is based on the analysis of the boundary
of one dimensional component of certain mixed type object space (see below
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or [19, 15, 13, 14]). In this situation no bubbles appear due to the fact that the
symplectic manifold in consideration is a cotangent bundle, so there is no holo-
morphic spheres or disks with boundary in zero section. There is a construc-
tion of Piunikhin-Salamon-Schwarz homomorphism for Lagrangian intersec-
tions in a general symplectic manifold given in [1]. It is not necessarily an
isomorphism in general.

Om

Figure 2: Objects that define ¥ o ® and ¢ o W.

Morse and Floer homologies with Z coefficients are constructed by using
the coherent orientation. This construction of coherent orientation was origi-
nally done for the case of Floer homology for periodic orbits in [10]. Coherent
orientation for Lagrangian Floer homology is discussed in [12] and for Morse
theory in [22].

In this paper we carry out the construction of isomorphisms (4) between
Morse and Floer homologies, but with Z coefficients. More explicitly, the main
result of the paper is the following

Theorem 3.  For two given coherent orientations that induce Morse and Floer
homologies HM,(f, Z) and H F,(H, Z) with Z coefficients, one can associate a
sign % to every mixed type object, is such way that these signs induce a PSS-type
isomorphism between H M, (f,Z) and HF,(H, 7).

In order to prove the Theorem 3, we construct coherent (i.e. compatible with
gluing) and canonical orientation of mixed moduli spaces described above. These
two orientations induce characteristic signs plus or minus that we associate to
every point of zero-dimensional component. This construction via characteristic
signs was originally given (for the case of Floer homology for periodic orbits)
in [10].

The construction of coherent orientations on moduli spaces involving both
holomorphic disks and gradient trajectories is also relevant to some other pro-
jects, such as definition of cluster homology [4, 5] and generalization [3] of the
original construction by Floer and Hofer [9].
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258 JELENA KATIC and DARKO MILINKOVIC

2 Orientation and gluing for Fredholm operators

In [15] we proved that the mixed moduli space M(p, f; x, H) is a manifold by
means of the evaluation map, i.e. we treated it as an intersection of certain stable
and unstable manifold. In order to construct the orientation for M(p, f; x, H)
we need to see it as a zero set of certain Fredholm operator, and to define orien-
tation and gluing for the Fredholm operators of that type. (Gluing of Fredholm
operators and coherent orientation for moduli spaces of the same type was given
in [9], for Floer case and in [22], for Morse case.) We first establish the analytical
setting, i.e. we construct Banach manifolds that are domain and target manifold
of mentioned Fredholm operator. Let p be a critical point of Morse function £
Denote by C*(p) the set of all smooth maps y that satisfy

{y:(—oo,O]—>M

y(~o9) = p. ©)

The tangent space space 7, C*°(p) at point y consists of all smooth vector
fields & with properties

5 : (—OO, O] - TM? S(S) € Ty(S)Ma 5(_00) =0.
Forr > 1, let ||&||.- and ||| ;1. stand for standard Sobolev norms

1 1
r 0 r

0
1§z = /Iél’ds ; 1§ = /(Iélr-i-lvsél’)ds

Denote by W;*’(p) and L'J;(p) the completions of 7, C*(p) in Whr-and L"-
Sobolev norms. For a smooth y € C*(p) and & € W)}"' (p), the exponential
map

g = eXPOS’ S(S) = expy(s) S(S)
is defined via the exponential map on the Riemann manifold M. Denote by

D C TM the associated injectivity neighborhood of the zero section of the
tangent bundle 7 M and define the set P! (p) as the union

U {expog | € € W;'r(p), €|l 1 1s small, so that £(s) € D}.

yeC®(p)

From Sobolev embedding theorem (and the condition 7 > 1) it follows P! (p) C
C%(R, M). The set P! (p) of all continuous y that satisfy (5) is equipped with
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COHERENT ORIENTATION OF MIXED MODULI SPACES IN MORSE-FLOER THEORY 259

a Banach manifold structure (via the exponential map) such that the tangent
space at y is given by
7,2 (p) = W, (p)
(see [22] for more details).
For a Hamiltonian path x (¢) with ends in Oy, denote by C*°(x) the set of all
smooth maps u that satisfy
u:[0,4+00) x[0,1] > T*M
u(0,1),u(s,0),u(s, 1) € Oy (6)
u(4+o00,t) = x(t).

The tangent space space 7,,C°°(x) at point « consists of all vector fields ¢ such

that
:[0,400) x[0,1] > TT*M

;(S, t) € Tu(s,t)T*M
2(s,0),2(0,1,80,0) e TM=TOy CTT*M
Z(400,t) =0.

Denote by Wu”(x) and L/ (x) the completions of 7,,C*(x) in Wlr-and L"-
Sobolev norms:

N |—

el = f/ ¢ dsdi

[0,4-00) x[0,1]

et = [ et + 19+ wier)asar

[0,+00)x[0,1]

Since u has two-dimensional domain, we will assume that » > 2. Sobolev
Embedding Theorem will provide the continuity of maps and sections involved.
(For » = 2 the above spaces become Hilbert spaces, which is more convenient,
and these spaces can be of use when one deals with Morse case (see [22]).)

Finally, let ' (p) be the union

U {expog' | ¢ € Wul”'(x), I |71 1s small, so that ¢ (s) € @}

ueC®(x)

where
(exp, £)(s.1) = exp, ) £ (s, 1)
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260 JELENA KATIC and DARKO MILINKOVIC

and D C TT*M is the injectivity neighborhood of the zero section in the tan-
gent bundle 7T*M. The set P'" (x) of continuous curves u that satisfy (6) is a
Banach manifold and the tangent space at u is given by

TPV (x) = W,” (x)

(see [8] for the details).

The topology of P! (p) x P (x) (hence the topology of M(p, f; x, H) C
PLr(p) x P17 (x)) is induced by the topology of W)}*r (p) x W (x) by means
of the above exponential map.

Let év be the following evaluation map:

&P (p) x P (x) > M x M,

Sy, u) = (y(m, ’ (0, %))

The map €V is transversal to the diagonal A C M x M and
PV (p,x) = &71(A)

is infinite-dimensional smooth Banach submanifold of P! (p) x P'"(x). As
before, denote by

W (Ps %) = Ty PV (D, X)

the corresponding tangent space. Note that

1
£0)=¢ (O, E) forall (£,¢) € T(yyu)?l”(p, x).

The space M(p, f; x, H) is the zero set of a restriction of a smooth section

F = 1’3:|7)1.r(p,x), ﬁ: = (Fl9 F2)7

d
Fiy) =22+ V1), )

— ou u
Fo(u) =00 5u = a5 +J Tl Xopu ()
of a Banach bundle
E(p.x) - P (p) x P (x)
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COHERENT ORIENTATION OF MIXED MODULI SPACES IN MORSE-FLOER THEORY 261

with a fibre L, (p) x L/,(x) over a point (y,u) € P""(p) x P""(x). The
linearization of (7) at the point (y, u) is

(DF) s W (p.x) = LT, (p) x LI, (x),

(DF) ) = (DF1)y, (DF)y)

(DF),: W (p) = L (p),

(DF1)y§ = Vay§ + VeV f(y)

(DFy),: W' (x) - L' (x)

(DF) ¢ = V& +J)Vi& + Ve Jw)du — Ve JX (1),

(®)

Let us consider the trivial case for the moment. If A4 is an element of
C%((—o0, 0], End(R")) such that A(—o0) € GL (n, R) is symmetric non-degen-
erate matrix, then the operator K 4 : W' ((—o0, 0], R") — L’ ((—o0, 0], R")
of the type

K4(&)(s) =&(s) + A(s)&(s) )
is Fredholm (see [22]). In our case, the trivialization of the operator (DF}),
is of this type, so it is Fredholm. Its Fredholm index is the dimension of the
nonstable manifold of the critical point p:

Ind((DF1)y) = ms(p) (10)

(see [22]).
In two-dimensional case, consider the operator L = L(J, B) of the type

0 0
L@ (s, 1) = %(x 0+ JGs, r)a—im, D+ B0 (1)

for some almost complex structure J satisfying conditions described on the
page 254. Suppose that L™ (x)(¢) = J (400, £)X(t) + B(+00, t)x () is a self-
adjoint isomorphism (which means that it holds (L*x, y);2 = (x, L*y),. for
all x, y € W) with the domain

W= {x € W' ([0, 11, R*) | x(0), x(1) € R" x {0}}

and the target set L"([0, 1], R?"). Then the operator L is Fredholm (see [23]).
This condition is fulfilled in the case of the trivialization of the operator (D F),
and

Ind((DF),) = g — i (x) (12)

(see [18]).
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Proposition 4.  The operator (DF ), in (8) is Fredholm hence the map (7)
is a Fredholm map. Its index is equal to

Ind((DF) () = m 1 (p) — pir(x) — g

Proof. We will omit the subscripts u, y, (y, u) in order to abbreviate nota-
tions. First we observe that the manifold P! (p, x) is of finite codimension in
PL(p) x PV (x). Indeed, the tangent space W' (p, x) of P (p, x) is the
kernel of the differential Dév of the evaluation map. It holds:

W (p) x W (x)/Ker(Dé&v) = Im(DEV).

The image Im(Dév) is of finite dimension since the target space of DéV is so.

It follows that W' (p, x) is of finite codimension and from Hahn-Banach the-

orem that it can be complemented in W' (p) x W'’ (x) by some finite-dimen-

sional space, denote it by X. Since codim s, (A) = n it holds dim X = n.
We consider the auxiliary operator from above

DF : W' (p) x W' (x) — L"(p) x L (x)

DF := (DF,, DF)
defined on the product W' (p) x W' (x) in order to compute the index of the
operator D F' in the terms of the indices of DF; and DF5. Since the operators

DF, and DF, are Fredholm (see Chapter 4.1 in [22] and Appendix A in [18])
and it holds

Ker DF = Ker DF; x Ker DF,, Coker DF = Coker DF, x Coker DF,

we conclude that DF is also Fredholm with the Fredholm index Ind(Dﬁ ) =
Ind(DFy) + Ind(DF,). The operator DF is a restriction of DF to the space
Wl (p,x). Consider the following (disjoint) decompositions of the spaces
Wl (p) x W (x) and L™ (p) x L" (x):

WY x W) =X1 @ X0 X0 X, L'(pxL )=V 0heY
where the subspaces X;, ¥; and Y are defined in the following way:

X := W' (p,x) NKer(DF), X, :=W"(p,x) & X;
X, := X NKer(DF), X, =XOX, (13)
Y, := DF(X;), fori = 1,2, Y=L (p)xL'x)eY18Y,).
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The sign 4 & B stands for a complement of B in 4, all the spaces in (13) are
well defined due to the Hahn-Banach theorem. All the spaces except X; and
Y, are of finite dimension: X3 and X, are subspaces of Ker DF — which is of
finite dimension; X> is the subspace of X — which is of finite dimension; Y, is the
isomorphic image of X;; finally Y is of finite dimension since it is isomorphic
to the co-kernel of Fredholm operator DF. Set

my = dim(X) = dim(Y>2), m3 :=dim(X3)
my = dim(Xy), m = dim(Y).

We see that
Ker(DF) = X5 ® X4, Coker(DF)=Y

and, since DF = DF |y gx, : X1 ® X3 > V1 @V, ® Y,
Ker(DF) = X;, Coker(DF)=Y,®Y.
We conclude that D F is also Fredholm, and moreover, we compute its index:

Ind(DF) = dim(Ker(DF)) — dim(Coker(DF))
dim(X3) —dim(Y, @ Y)

ms — (my +m)

(m3 +my) —m — (my + my)
dim(Ker(DF)) — dim(Coker(DF)) — dim(X, ® Xu)
Ind(DF) — dim(X)
= Ind(DF) +Ind(DF,) —n
(10),(12)

m(p) = wn) = 5. O

Let us start with the construction of coherent orientation in the trivial case. In
local coordinates the operators F; and F; in (7) have the forms:

. 0 d
E(s)+ A(s)E  and %(s, 1)+ J(s, t)a—ét-(s, t)+ B(s,t)l(s, 1),

so we define two classes of the operators of the special type as follows. Let us
denote:

W= W ((—o0, 01 R" x {0})
Wy = e e W (10,00) x [0, 11, R¥), | ¢(5,0), ¢ (s, 1), €0, 1) € R x (0}
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264 JELENA KATIC and DARKO MILINKOVIC

L7 = L' ((~00, 0], R" x {0})
L :=1L" ([o, 0) x [0, 1], R2”)

W= {(5, O em T x Wy 150 =¢ (o, %)}

L' =L x LY.

Let Xy, be the set of all linear operators
(K,L): W' > L"

such that K Wll’r — L' is of the form (9), so that K= = A(—00) is
symmetric non-degenerate matrix and L : W;” — LY is of the form (11).
Here L™ (x)(¢) = J(+00, 1)x(t) + B(+00, t)x () is a self-adjoint isomorphism
(meaning that (L*x, y);2 = (x, L*y),2 forall x, y € W) with the domain

W= {x € W ([0, 11, R*") | x(0), x(1) € R" x {0}} (14)

and the target set L” ([0, 1], R*"). We will use notations L., By and J, for
L,Band Jasin (11).
In non-trivial case (Section 3) we will consider such trivializations

@ u*T(T*M) — [0, +00) x [0, 1] x R*" = [0, +-00) x [0, 1] x C"
of u*(TT*M) (where u € P'"(x)) that satisfy
o(Hy) = {t} xR",  o(Vuw)) = {t} x iR"
where H, and V., are horizontal and vertical splitting
wT(T*M)=H, ®V,

with respect to Levi—Civita connection on 7*M of a fixed Riemannian metric g
on M. This class is not empty because the set [0, +00) x [0, 1] is contractible
(see [17] for details) and we will denote it by T .

Similarly, we consider only trivializations of w*(TT*M) (where w €
PL7 (p, x)) that satisfy the same condition.

It is a special structure of a cotangent bundle as an ambient manifold that
enables us to choose a canonical class 7 of trivializations. In more general
situation of relatively spin Lagrangian submanifold, the space of holomorphic
disks is also orientable [11]. Although this construction might be generalized
to relatively spin case, since we want to construct a PSS isomorphism as in [15]
with Z coefficients, we work in a cotangent bundle in this paper.

It follows from the Proposition 4 that every operator from X, is Fredholm.

Bull Braz Math Soc, Vol. 40, N. 2, 2009



COHERENT ORIENTATION OF MIXED MODULI SPACES IN MORSE-FLOER THEORY 265

Definition 1. Two elements F = (Fy, F>), G = (G, G,) € Xy are equiva-
lent (F ~ G) if:
Fr =Gy, F =Gj.

Denote by
Dy 1= Etriv/ ~.

In a standard way, using a linear homotopy as in [9] and [22], one can prove
the next Proposition.

Proposition 5. Let [F = (Fy, F»)] be the equivalence class in Striv. Then
[F] is contractible considered as a subset of i, with respect to the topology
induced by the operator norm.

Let Det[ F'] be the determinant bundle over the class of operator F (for the
construction of a determinant bundle see [6, 7] or [9, 22]).

Corollary 6. The determinant bundle of the family [ F'], Det[ F] is trivial.

It was shown in [9, 22] how to glue Fredholm operators of the same type,
when they are compatible for gluing. More precisely, denote by Y the class
of Fredholm operators

Ky e LW (R, R"), L" (R, R"))

of the type (9) with Kj = A(Z£o00) self-adjoint isomorphisms. Suppose that
two operators K 4, € £M (for i = 1,2) are asymptotically constant (which
means 4;(s) = const, for [s| > §,i = 1, 2) with matching ends, i.c. K1+ =K.

Define K i, K as

K18, K2(8)(s) = £(5) + A, (s)E(s)

where
Ag,(s+p), s<0

Ay(s) =
p( ) AKQ(S - p)s s = 0,

for p large enough.
This gluing construction induces an isomorphism:

Det(K}) ® Det(K>) = Det(K, #, K») (15)

(see [22]) such that, when the operators K and K, are surjective (so Det(K;) =
Ker(K;), for i = 1,2), this isomorphism coincides with the isomorphism
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266 JELENA KATIC and DARKO MILINKOVIC

Ker(K) x Ker(K,) = Ker(K t K,) that occurs in the construction of gluing
trajectories (see [22]).

In the Floer case, denote by Et’:iv the class of all operators L € LW ([0, 1] x
R, R?"), L"([0, 1] x R, R?")) of the special type (11) such that both L*(x)(¢) =
J(Fo0, t)x(t) + B(£oo, t)x(¢) are self-adjoint isomorphisms (with the domain
and the target set as in (14)). There is a similar gluing construction for Fred-
holm operators L, = L(Jy, By), Ly = Ly(J, By) in Etfiv. Suppose that they
have matching ends L7 = L) and that they asymptotically constant. Define
L1 ﬂp L2 as

0 0
Lyt La(@)(s. 1) = 3—§<s, 0+ J, (s, t)a—f@, 0 + B, (s, (s, 1)

where
Bi(s+p,1), s=<0

B,(s,t) :=
p(s ) {BZ(S - p’t)v s = 07

for p large enough and

JSis+p,1), s=0

J,(s,t) =
e {st—p,r), s 20,

for p large enough.
As in Morse case, this gluing construction induces an isomorphism:

Det(L) ® Det(L,) = Det(L1 2, L>) (16)

which is again, when the operators are surjective, a linearization of gluing iso-
morphism for trajectories (see [9]).
Let us define now gluing of Fredholm operators of mixed type with Fredholm

operators from Eéi{, or Etfiv.

Definition 2. Let F = (Fy, F>) € Ty, and K € M, L € T asymproti-
cally constant, such that K+ = Fr, F2+ = L". Let

(K t, F1)(E)(s) :=E(s) + A, (5)E
where

_ AK(S+2p)v §=—p

r AF](S)a _pSSSO
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for p large enough. Define
K#,F:=(Kt,F.,F)ecx.
Similarly, define
(Fatp L)u(s, 1) := E;—Z(s, 1)+ J, (s, t)?)—Z:(s, 1)+ B,(s, u(s, t)

for p large enough, where

B, (s, 1), 0<s<p,

B,(s, 1) ==
oy {BL(s—zp,t), s p.

Jr, (s, 1), 0<s <p,

<
J, (s, t) = -
o) {JL(s—2p,t), s>p

Fi,L:=(F,Ff,L).

Proposition 7. Gluing construction from the Definition 2 induces isomor-
phisms

A : Det(K) ® Det(F) —> Det(K #, F) a7
B : Det(F) ® Det(L) —> Det(F i, L).

When K, F, L are surjective, these isomorphisms are actually the gluing iso-
morphisms for trajectories in linearized case.

Proof. Denote by W}’r (resp. L';) the sets of all mappings
n:Rx[0,1] = R”, (s, 0),n(s, 1) € R" x {0}
of the class W', (resp. L"). Let
v RF > L7, ¢:Rk—>L’F
be linear mappings such that the mappings
ﬁ/, R x Wl — L7, ﬁ,,,(h,w):Fw—i—t//h
Z¢ REx Wy — L7, Z¢(h, u) = Lu + ¢h
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are surjective. Define
FI/,:R"X Wl REx L, L¢:ka W}’r—>RK x L'
Fy(a,w) := (0, Fy(a,w)), Lg(a,u):=(0,Ly(a,u)).

It holds
Det(Fy) = Det(F) and Det(Lg) = Det(L). (18)

The above natural isomorphism is obtained by means of the following abstract
Lemma.

Lemma 8 [7]. Given an exact sequence

d d dr_1
0—)E1—1>E2—2>—>Ek—>0

of vector spaces, there exists a canonical isomorphism

ieven iodd

For the proof of the Lemma 8 see also [10, 22].

In our case, consider an exact sequence

0 — Ker(F) i> Ker(Fy) i) R* i> Coker(F) — 0
where

di(k) = (0, k)
dr(h, k) = h
dy(h) =¥ (h) (mod Im(F)).

It follows from Lemma 8 that there exists a canonical isomorphism
max max . max max
J\Ker(F) ® ( A\ R") — \Ker(Fy) ® /\ Coker(F). (19)

max max
Note that ( /\ E)®( /\ E)" is canonically isomorphic with R (the isomorphism
is pairing e ® f* — f*(e)). Multiplying (19) by ( A Rk)* ® (A Coker(F))>k
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and using the natural identification A ® B = B ® 4 we get a canonical isomor-
phism

max max

Det(F) —> /\ Ker(Fy) ® /\(®R"",
Since Coker(Fy) = (H; x R¥)/H; x {0} = R¥, we conclude

Det(F) = Det(F,).

In the same way one obtains the second isomorphism in (18).
For p large enough we define glued operator

I?w ﬂpz¢ REXRFEx W — LT

as follows. We can assume that the supports of the mappings ¥ (a) and ¢ (a)
are contained in {|s| < R} for some R > 0 and all ¢ € R* since the set of
surjective Fredholm operators is open. Recall F' = (F}, F;) and suppose ¥ (a) =
(¥ (a)1, ¥(a),). For p large enough, define

(Fy t,Ly)(a, b, (£,0)) := (&1, )
£1(s) i= F1(§)(s) + ¥ (@)1 (5)
2i(s, 1) == (Fat,L)(€)(s, 1) + Y (@)a(s, 1) + ¢ (D) (s — 2p, 1).

The above expression makes sense for p large enough due to the compactness
of supports of ¥ and ¢, although the mappings ¥ (a), (F ,L)w and ¢ (b) are
not a priori defined on the same domains.

The proof of the Proposition 7 will follow from the next auxiliary proposi-
tion. For n € W}p’r, denote by n,(s, 1) == n(s + p, t).

Proposition 9. There exists lower bound p, such that, for all p > p, the
operator Fy #i,L is surjective. Let Proj,, denotes the L?-orthogonal projection
in RF x RF x W to the set Ker(Fy ,Lg). The map

©Yp - Ker(ﬁw) X Ker(f¢) — Ker(ﬂ, ti,pfq))

defined by
((av g)’ (b’ 77)) = Projp(av ba § + 77—,0)
is an isomorphism.
The proof of the Proposition 9 is a linear version of the Proposition 4 in [14],

so we skip it.
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Define now
Fyt,Ls:RE xR x W) — RF x RF x L}(a, b, ¢)
> (0,0, (Fy 8,Ly)(a, b, 5)).
It holds (Fy f1,Lg) = (F ﬁpL)weBt/sz, where
U@ pap(a,b)(s,t) = Y(a)s, 1) + @(b)(s —2p, 0).
From the standard arguments it follows that there is a natural isomorphism
Det(Fy f,Lg) = Det(Fg,L). (20)

The isomorphism ¢, from the Proposition 9 induces the isomorphism

max max max

\(Ker Fy) ® /\(KerLy) = /\ (Ker Fy #,Ly). 1)

(/\Rk> ® (/\]Rk> =~ (/\(R" x Rk)) :
then multiplying (21) by ( A Rk)* x (A Rk)* and using the fact Ker(F) =
Ker(Fy), we get
Det(Fy) ® Det(Ly) = Det(Fy 8,L4).

From (20) and the natural isomorphism Det(Fy,) = Det(F’) we obtain the fol-
lowing isomorphism, induced by the gluing construction:

Det(F) ® Det(L) = Det(F #1,L),

for p large enough. O

The isomorphism A4 in (17) induces the isomorphism of the determinant bun-
dle of appropriate equivalence classes (which are obviously independent of p in
the gluing process), i.e.

A : Det[K] ® Det[ F] = Det[K £ F].

The proof is verbatim of arguments in [9]. Let ox and o be two orientations of
the families [K] and [ F] (i.e. non-zero sections of bundles Det[K ] — [K] and
Det[F] — [F]). We denote by ok f or the induced orientation of K £ L, i.e.

ok flop:=Ao (0K®0F)
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and similarly for the second isomorphism B in (17).

Whenever it makes sense, gluing of orientation is an associative operation, i.e.
if the three operators K, F and L of special type are compatible for gluing, then
it holds

(ox tor) oL ~ ok d(orfior).

Namely, for such K, F and L, one of the next three cases is true:

¢« (K,F,L) e M x xM x uM

triv triv triv

« (K,F,L) e M x Ty x BE

triv triv
 (K,F,L)ye 2t xxbk x =k
The associativity property can be proven by constructing a smooth line bundle
E over [0, 1], such that the boundary fibres £, and £ are
Eo = Det((K 8, F)ip, L), Ey=Det(K ,, (Ft,, L))

as well as a natural isomorphism of vector bundles

1R

[0, 1] x (Det(K) ® Det(F) ® Det(L)) E

[0, 1]

(see [22] for more details).

In the completely analogous way we define the equivalence classes and the
gluing of standard operators and operators of mixed type in the case when the
latter has the first component of type (9) and the second component of the
type (11) (such as the operators that define M(x, H; p, f)). We will use the
notation Ey;, for the set of all linear operators of the form (K, L) defined on
the space

{(g,s) e W' ([0 + 00), R x {0}) x W"" ([0, 1] x (—o0, 0], R*")

1
| £(s,0), (s, 1),£(0,) e R" x {0}, ¢ <0, 5) = S(O)}

with the values in
L" ([0, +00), R" x {0}) x L" ([0, 1] x (=00, 0], R*")
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such that K is of the form (9), but with asymptotic assumption at the opposite
end and L of the form (11) with asymptotic assumption at —oo. Denote the set
of equivalence classes by E.

3 Coherent orientation on the manifold 7*M

In this section we apply the previous construction of coherent orientation to the
class of special Fredholm operators but on manifolds. The main difficulty is to
choose the suitable trivialization which will enable us to transfer all notions from
previous section to the non-linear case.

3.1 Orientation for non-parameterized mixed moduli spaces

Let 1
D = ((—oo, 0] x {E}) U ([0, +00) x [0, 1]). (22)

For two symplectic vector bundles £ — D and F — D over D, denote by
Sp(E, F) a bundle with a fibre Sp(E., F,) over z € D, consisting of all linear
symplectic maps E. — F.. In the trivial case £ = F = D x R?" we have
a bundle
Sp(n) — Sp(R*", R?")
\
D

where Sp(n) denotes the group of symplectic isomorphisms of R?" (with respect
to standard symplectic form). Denote by G g’  the space of smooth sections of
the bundle Sp(E, F) and by Gﬂ%n the space of smooth sections of Sp(R?", R?").

Let 0 and o’ be two orientations of some continuous family of Fredholm oper-
ators f : X — Fred(E, F) (where Fred(E, F') denotes the set of all Fredholm
operators between E and F). We say that o and o’ are compatible if there exists
a mapping

0:[0,1] x X — Det(f)

which is a continuous family of nowhere vanishing sections of the bundle
Det f — X such that 0(0, -) = 0, o(1, -) = o’. We use the notation o >~ o’. We
will use the following auxiliary Lemma.

Lemma 10. Let yy € Gp,, be such that

Y(—00) =Y (+o0,t) =1d and F = (Fy, F3) € Zyiy-
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Then Y (F) := Yy oFoy~" € [F). Ifor is some orientation of Det F and V(o)
is the orientation induced by W, then these two orientation are compatible, i.e:

V(or) >~ oF.
Proof. First we note that 1/ o F o ! is an element of Zy;,: if w € W' then

Vo Foy'we L. A straightforward check shows that ¥ o F oy~ € [F].
First suppose that F' = (F}, F3) is of the following type:

F—d+1d F—a—i-Ja—i- (23)
' ds ’ > s ot T
Obviously, the orientation (o) only depends on the homotopy class of the
mapping ¥ in Sp(R?", R?") (and not on the choice of a mapping inside the
class). Since the bundle Sp(R?", R?") is trivial, it holds:

71 (Sp(R*", R*)) = 7 (Sp(n)) = Z.

Therefore, it is enough to prove the proposition in the case when i is of the
form:

i VI |
0 1 ... 0
Ys. 1) = :
0 0 1
where
pr =10 =Y
S) =
1, s>1.

In the previous equation we assume that the matrix 1 (s, ¢) has real coefficients
and we use the notation e***¢©) for a 2 x 2 block

cosQmkep(s)) —sinRrked(s))
sin(2rkg(s)) cosQukp(s)) |’

If we set ¢, (s, 1) := ¥ (2, ¢), for » > 0, then ¢, and ¥ are homotopic for all r,
so it suffices to prove the assertion for 7 large enough. We have ¢, o F o ¢, ! =
(F{, F}), where

! d
4 Id+— =F + A,
a1+ 1+

Fl =¢,0
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and
F=¢ 8¢;1+8+J8+ B+ A
= @r 0 T ~ T = r
2 as os ot 2
SO
(F. F}) = (Fi, B2) + (A, A).
But
e—2nik¢(f{) 0 0
A dgp ! ] 0 1 0
r—¢r0T—¢r0$ : ST
0 0 ... 1
e 2miko(;) 0 ... 0
2wik |, /s 0 0 ... 0
= - ¢(_)¢ro . .. .
r r : SRR
0 0 0
1 0 0
_ 2mik ,(S) 0 0 0
N r r :
0 0 0

and its norm converges to zero, when » — +o0o. The operators /| and F, are
isomorphisms. The operators F = (F, F>) and F" = (F], F}) are homotopic
with fixed end points (through linear homotopy 7 +— (1 — 1)F + 1 F" = F +
7(A,, A})) and, for » large enough, all the operators during the homotopy are
invertible. Hence the orientation [(1 ® 1*) ® (1 ® 1*)] of (F}, F>) is the same
as Y (or) for v (F).

The step in the proof that enables us to reduce the proof of Lemma to the special
type of operators (23) on gluing of operators is analogous to the corresponding
step in [9], so we skip it here. 0

For D as in (22), denote by C*°(D, T*M) the space of all pairs w = (y, u) of
smooth maps

y 1 (—00,0] > M, u:[0,400) x[0,1] > T*M

such that:
u(0([0, +00) x [0, 1])) C Ou

y@):u(&%).
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For given symplectic trivialization v : w*(TT*M) — D x R?" in T , we define
WL (w* (T T*M)) to be the set of all section ¢ such that ¥y o¢ o1/ ~! is an element
of W', We similarly define the set L (w*(TT*M)). For w € C®(D, T*M)
denote by X, the set of all operators F = (Fy, F>) € LWV (w*(TT*M)),
L"(w*(T T*M))) such that, for some symplectic trivialization

Vv w(TT*M) — D x R*
the following holds
Y(F) =Y Fy " € Sy

Definition 3. Let wy = (yy,u1) and wy, = (y2,uz) be in C*°(D, T*M).
Two elements F = (F\, F») € £, and G = (G, G,) € ¥, are equivalent

(wy, F) ~ (w2, G)
Y1(=00) = y5(—00), ui1(+00,1) = us(+o0,1), F =Gy, F =Gj.
Denote the equivalence class of (w, F) by [w, F'] and the set of equivalence
classes by X.
The next step is to define admissible trivializations, i.e. the trivializations

that will allow us to orient equivalent operators simultaneously in a unique way.
Since our domain D is contractible, our approach is simpler than the one in [9].

Definition 4. Let (w;, F) ~ (wa, G) be as in Definition 3. A pair of symplec-
tic trivializations

byt W (TT*M) —> D x R¥; . : wi(TT*M) —> D x R*"

is called admissible if it holds ¢, (—00) = VY, (—00) and ¢, (+00,t) =
Y, (+00, 7).

There is always an admissible pair of trivializations. Namely, if w; = (y;, u;),
let wy - wz_1 be a map defined on D := D x {1, 2}/ ~, where ~ is the identifi-
cation of two end points

1 1
(_OO, 57 1) ~ (_wv Ea 2) ’ (+OO, tv 1) ~ (+Ooa tv 2) .
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(Obviously Dhasa homotopy type of a circle.) Define

1 1
Y1 (s,§,1>, s € [—o0, —1], (s,5,1> e D x {1}

ui(s,t, 1), s € [0, +o0], (s,t,1) e D x {1}
ur(—s,t,2), s € [0, +o0], (s,1,2) e D x {2}

1 1
%) (—S, 5,2) , §€[—00,0], (S, 7 2) e D x {2}.

A bundle (w; - wy YY*(I'T*M) is symplectic vector bundle over the space that
has homotopy type of a circle S, so it is trivial.

In particular, the operators ¢, F' ¢y, ~land Y, Gy, ~lare equivalent in Xy .
The following Lemma shows that admissible trivializations form a class of triv-
ializations that will enable us to transfer the notion of orientation to the non-
linear case.

Lemma 11. Let (wy, F) ~ (w2, G) be as in Definition 3 and (¢, Yu,),
(¢,,,> ¥1,) two pairs of admissible trivializations. Let Det F' and Det G be
oriented by o and o¢. If the pair (¢, , Vv,) induces compatible orientations

¢w1 (OF) ~ sz (OG)
of trivialized class
_ - / =1 / =1
[¢w1F¢w1l] = [wawazl] = [¢ w1F¢ w]] = [w szW wz]
then the same is true for the pair (¢, , ¥, ). i.e it holds
B, (0F) = ¥, (06). (24)
Proof. Consider an element x of G,,:
= Gy Vi Yy 1 D x R — D x R™ 25
X = Quw @y Vi, Vo, + D X — D x . (25)
Since by the assumptions

¢w1 (—Oo) = wwz(_oo)’ ¢w1 (+OO’ t) = sz (+OO, t)
by, (—00) = ¥, (=00), ¢, (+00, 1) = Y, (+00, 1)

the section x satisfies the assumptions of the Lemma 10, so it holds
X(sz(OG)) ~ ng (0G)- (26)
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By the assumptions we have

vfwz (0G) =~ d)un (0F). (27)
From (25), (26) and (27) we have

Gun® i Ve, (06) 22 X (W,(06)) 2= Y, (06) == u, (0F).
But it implies
U, (06) = @), (oF). O

We are now able to orient the class of Fredholm operators in non-trivial case.

Definition 5. Any orientation o induces a unique orientation of the equiva-
lence class [ F]: if F ~ G we define

OF >~ 0¢G
if and only if it holds
Yu, (0F) = ¢y, (0G)
for some (hence any) admissible pair of trivializations.
We define pre-gluing of trajectories o and y, where « € C*(R, M), y €
C*®((—o00, 0], M) with matching ends, a(4+00) = y(—00) = ¢ as follows. Let

B now denote a smooth increasing cut-off function 0 < B(s) < 1, such that
B(s) =0fors <0and B(s) =1 fors > 1. We have:

als +2p), s<—p-—1

exp, (B(=s —p)§(s +2p)), —p—l=s=-p
atly(s) =1 g, —p<s<—L-1  (28)

exp,(B(s+5+1)¢(), —-4—-1<s=<-%

Y (), —2<s5s=<0

where exp, §(s) = a(s), for large positive s and exp, {(s) = y(s), for large
negative s.

Similarly, foru € C*([0, +00) x[0, 1], T*M)andv € C*(Rx[0, 1], T*M),
u(s,0),u(s, 1), u(0,1),v(s, 0),v(s, 1) € Oy such that it holds u(4o0,t) =
v(—00,t) = y(t), we have:

u(s,t), 0<s< g

expyy (B(=s +5+1)&G,0), §<s=<5+1
uﬁgv(s, t):=1 y(@), L4l<s<p (29

eXpy) (B(s — p)E(s —2p, 1)), p<s<p+1

vis —2p. 1), s=p+1.
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Here u(s, 1) = exp,(§(s, 7)) for all 7 and s large enough and positive,
v(s, t) = expym(;‘ (s, t)) for all ¢t and s large enough and negative.

Using the above gluing maps we construct pre-gluing of mixed trajectories:

Definition 6. For « € C*R, M), w = (y,u) € C®(D, T*M) and v €
C*R x[0,1], T*M), v(s, 0), v(s, 1) € Oy such that

a(+00) = y(—00), u(+00,t) =v(—00,1)
we define pre-glued mixed objects as:

afdw = () y,u) e C*(D, T*M),
wﬁg vi= (y, uﬁg v) € C®°(D, T*M).

Using the gluing in X;,, we glue Fredholm operators from X, with stan-
dard operators from £t ., and XL 7., Here T ), is the set of all

operators K such that for some symplectic trivialization
¢ " (TT*M) > RxR” and ¢ :=dlry, ¢:a"(TM)—>RxR"

it holds
pK$~' e TN,
and X% 7., is the set of all operators L such that for some symplectic trivial-
ization
¢ VN(TT*M) — R x [0, 1]) x R
it holds
ngL(,of1 ext

triv*

Definition 7. Let o, w, v be as in Definition 6 and K € Z%(TM), F =

(F1,F)e X, Le E,‘;(TT*M). Suppose ¢, ¥, and @, are three trivializations:

G0 0 (TT*M) > R xR, , : w(I'T*M) - D x R*",
@y VI (TT*M) - (R x [0, 1]) x R*"

defined as follows. Denote by x(t) = u(+00,t) = v(—o00, t) and let U be some
open set containing x ([0, 1]). Smooth trivialization

[:TT*M|, = U xR
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induces trivializations Vr,, and ¢, of bundles w*(T' T*M) and v*(TT*M) such
that it holds

1ﬂ|w([R +oo]x[0,1) — 1/’wi[R,+oo]’ Fiv({ RIx[0,1]) — ‘pv|[—oo,—R1

for R large enough (such that w([R, +00] x[0, 1]), v([—o0, —R]x [0, 1]) C U).
Define

Vs, 1), 0<s<?%
l//wﬁpgpv(svt) = Fwt%va §§S§p+1
(p(s_zpvt)a s = +1

for p > max{2R, R + 1} and similarly in the case of ¢, and r,,. Obviously:

¢a(—|—00) = ww(_oo)s 1ﬂw(+00, t) = fpv(—OQ t)-

Finally, define:

K, F = (¢t V) (6 (K) 8 ¥ (F)) (be 2o V) € Zaryw

and, similarly

Ft,L:=Wut,0)  (WE) 1, 0@L) (Vuty @0) € Sus, -

It follows easily, due to homotopy invariance, that the above construction in-
duces a gluing operation of the equivalence classes [«, K], [v, L] and [w, F]
which does not depend on the non-canonical elements. The following step is
to transfer gluing of orientation to the non-linear case. Note that the construc-
tion of gluing of orientation in non-linear case for gradient trajectories in [22]
uses different class of admissible trivializations from the ones we use here
(Definition 4). Let 1,2 € C*(R, M). Pairs of trivializations considered
in [22] were

oy, :yl*TMiRXR”; wyz:yz*TMinR”
such that

by, (=00) =y, (—00),
+1

. I (30)
By, (+00)Y ! (+00) = ) € Gl(n, R).
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We will slightly modify the class of admissible trivializations in order to adapt
it to our situation. First, we consider only symplectic trivializations

v,y (TT*M) — R x R™.
Then, for the pair
b,y (TT*M) = RxR¥; ., : y3(TT*M) —> R x R”"

we require
¢y, (£00) = ¥y, (£00)

instead of (30). Such a pair of trivializations we call admissible. The proof
of the fact that the pair of admissible trivializations always exist is completely
analogous to the proof of the same claim when the basis is D (due to the ho-
motopy equivalence of R and D). The fact that admissible pairs induce the
orientation in non-linear case can be also analogously proved as in the case of
“mixed domain” D.

In the case of the spaces of smooth disks in C*°(R x [0, 1], 7*M) with the
boundary in O, we consider the setting for the gluing of orientation in non-linear
case as in [9]. Our situation differs from the one in [9] because the domain of
the disk u is contractible here unlike there where it was a cylinder. The class of
admissible trivializations is the same in our case of mixed type objects as it was
there. More precisely, we call the pair of symplectic trivializations

b u*(TT*M) —=> (R x [0, 1]) x R
Wy VN(TT*M) —> (R x [0, 1]) x R
admissible if
¢, (£00,t) = Y,(Foo,t) forall ¢ € [0, 1].

Again, one can prove that admissible trivializations exist and that they induce
orientations in non-linear case in the same way as in Lemma 10 and Lemma 11.

We assume now that the gluing of orientations of trajectories from C*°(R, M)
in Morse case and disks in C*°(R x [0, 1], T*M) with ends in O,; from Floer’s
(i.e. the classes of corresponding operators of special type) is defined in the sim-
ilar way as in [9, 22] with the only change of notion of admissible trivializations
for y € C*(R, M) discussed above. We glue two orientations of a mixed and
non-mixed object in following way. Let o, w = (y, u), v, K, F, L, ¢y, ¥, and
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¢, be as in Definition 7. If og, or and o; are three orientation from Det[ K],
Det[ F'] and Det[ L] then we set

ok t0r = (bu tp V) (Pe(0k) £ Y (0r))

and, similarly

-1
orfor = (Vullpye) (Vulor)ie,(or)).
Asbefore, one can prove that this definition is independent of all choices involved.
Once again, we can repeat the same construction to define orientation com-
patible for gluing of standard operators and the mixed type operators with the
domain

2

The notations are the following. For w = (u,y) € C®(D’, T*M), such
that u(s, 0), u(s, 1), u(0, t), y(s) € Oy, denote by E,, the set of all operators
F = (F,F) € LAWY (w (TT*M)), L"(w*(TT*M))) such that, for some
symplectic trivialization

Vv wS(TT*M) — D' x R*"

D' = (=00, 0] x [0, 1]) U ([0, +00) x l)

the following holds
V(F) =y Fy~" € Buiv.
The set LW (w*(TT*M)), L" (w*(T T*M))) is defined in the same way as
in the case of X, (page 275).
The operation { is associative:

(oktor)tor = oxti(ortor)

since it holds in the trivial case. We will denote the orientation for the equiv-
alence classes of operators which is coherent, i.e. which commutes with the
gluing operation by o.

Remark 12. There is an isomorphism

D, : Ker (Dw) x Ker (Dv) = Ker (Dwﬁﬂv)

obtained as the differential of the gluing map (see [14]). This isomorphism
induces the orientation which is compatible with the glued orientation o, § 0,.
Namely the operations #, and ﬁg are homotopic in the space C*(D, T*M).
From the very construction of gluing orientations  one sees that this operation
is defined using the isomorphism which arises from pre-gluing of trajectories
ﬂg and Fredholm operators (see [14]). It follows that the glued orientation and

the one induced by f=D ttg are compatible.
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3.2 Orientation for R-parameterized moduli spaces
In order to prove that ® and W in (4) are isomorphisms we consider the set

y—:(—00,0] > M
y+ 1[0, 400) == M
u:Rx[0,1] - T*M

d
% =-V/f(y+)
S

%+J(a—”—x H(u)) =0
ds ot PR

Y—(—00) = p, y+(+00) =¢q
u(@@R x [0,1])) C Oy
u(£oo, t) = y+(0)

MR; p,q, [ H) == (y-,u, ¥+, R) . (3D

Here py satisfies
©) I Is| =R
S) =
PR 0, Is|>R+1.

We will also consider the set

Mr(p,q, [; H) =

32
{(y=. vy u) | (y—, y4,u)is a solution of (31) for fixed R}. (32)

For a linear version, we define the equivalence relation in a special class of
operators

O :={F=(F.F.F) | (33)
F; is of the type (9) for i = 1, 3, F; is of the type (11)}
(we omit the subscript triv to abbreviate the notations) with domain
D = (=00, 01U (R x [0, 11) U[0, +00)

in a following way:

F = (F\, F,, F;) ~ G = (G, G2, G3) ifand only if
F, =G; and F =G1.
We denote the set of equivalence classes by 0. Using linear homotopy one can
show that the equivalence class of this type of operators, considered as a subset of

operators, is contractible with respect to the operator norm. We define gluing of
maps from C* (D, T* M) with the standard trajectories and gluing of operators
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of this type with the standard ones (whenever they are compatible for gluing)
in an obvious way. A construction of gluing of orientations (both in trivial and
non-trivial case) for the triples of operators with the standard operators of special
type can be done in a complete analogy as in the case of the pairs.

We treat the tangent space of manifold Mxr(p, q, f; H) as the zero set
of a triple of operators (Fy, F», F3) defined above. The case of manifold
M(R; p,q, f; H) is different, it is a zero set of Fredholm map F in two vari-
ables: in R € R and in wp = (y_, u, y;). Its linearization D, F in second
variable wy is the Fredholm operator of the type (33). Extending [22] to this
situation, we see that there exists a canonical bundle isomorphism

Det D,F @ T.R = A™ Ker DF

so the choice of the fixed orientation % = 1 on 7,R gives rise to natural isomor-
phism between determinant bundle of the operator D, F' of a special type (33)
and the orientation of the tangent bundle of M(R; p, q, f; H):

Det Do F = A" Ker DF. (34)

So the orientation of the operator D, F’ induces the orientation of the tangent space
TRwpyM(R; p.q, f; H). Gluing of trajectories, operators and orientation can
be constructed in an analogous way as in unparameterized case. Again the two
orientation: the first one — induced by the differential D ¢ and the second one —
glued, are compatible.

Note that we can glue two operators G € ¥ and H € E to obtain the operator
from ® (unparameterized or parameterized — when R — +o00, see [15] or [13]).
We can also glue the operators from ® with the operators from ¥ and the result
will be operators from ®. Gluing of orientation induced by gluing of operators in
this case is also associative. Since the details of this construction are analogous
to the previous ones, we skip them.

3.3 Coherent orientation

In this section we show that a coherent orientation exists for operators of mixed
type and standard operators together. We will divide this construction in several
steps.

Morse trajectories. Fix an arbitrary critical point py of f and consider it to be
the constant curve. The operator:

d
Ko = %-i-Ao € Xpirm
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is an isomorphism and hence Det Ky = R ® R*. Fix the orientation
o ([po, Kol) = 1@ 1* (35)

for Det K.

We first orient the classes of maps in C*°(R, M) and corresponding operators
as in [22], by choosing [pg, K¢] to be the “anchoring class”. More precisely,
consider the sets

T~ :={ly. K1 € =" | y(=00) = po, K~ = Ky}

and
T+ :={ly.K1e€ =¥ | y(+00) = pp. K* = Ko}.

There is a bijection between 7~ and T *:
T~ 5[y. Kl [V, K], where ¥(s):=y(-s), K =K.

We orient the set 7 ~\{[po, Ko]} arbitrarily. Then we orient the set
T "\{[po, Ko]} using the condition

o(ly. F1) to (7. F1) =~ o ([po. Kol).

For any class [y, F] from C*(R, M) we find the unique class [«, F1] € 7~ and
[B, F2] € T such that

a(+00) = y(—00), B(—00) =y(+o0); F=F, F, =F".
Define an orientation of [y, F'] by the condition
o([a, Fil)to(ly, F1) do([8, F21) ~ o ([po. Kol)
(see Chapter 3.2. in [22] for more details).

Floer trajectories. Now we orient the classes of maps in C*°(R x [0, 1], T*M)
and corresponding operators. Denote by [u, K] the ~ equivalence class of path
u and operator K, where (u, K1) ~ (ua, K») if uy (00, t) = uy(o0, t) and
KlﬂE = Kzi. Define:

P~ ={lw, Fl|w= (y,u), y(=0) = po, F = (F1, ) € Ty, F| = Ko}.

Fix any class [wg = (yo, uo), Fo = (Fo1, Fp2)] from P~ such that Fj is an
isomorphism (such a class obviously does exist) and orient it by

o ([wo, Fol) :=1® 1*. (36)
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Letxo(t) := uo(+00, t). Denote by L, the operator Fy, where Fy = (Foi, Fip).
The set
S :={lu,K1e = | u(—o0,t) =x(t), K~ = Lg}

contains the class [xg, Cy] such that xo(s,#) = xo(¢t) and Cy(s, ) = % +

I, (=00, t)% + B, (—00, t) is an isomorphism. Orient class [xg, Cy] by
a([xo, CO]) =1Q1" (37)
and the rest of the set S~ arbitrarily. The orientation of classes from the set
Sti={lu,K1€ =¥ | u(+o0,1) =xo(t), K™ = Lg}

are determined by the requirement that for [u;, K1] € S™, [us, K;] € ST with
K1+ = K, and u; (400, t) = uy(—00, t) it holds

o ([ur, K11) t o ([uz, K21) = o ([x0, Col).

For any class [, L] in 7, we find unique classes [u1, K] € S~ and [u;, K>] €
S* such that

Ui (+00,1) = u(=00,1), u(+00,1) =uy(—o00,1); K{ =L". L¥=K;
and define an orientation of [L] by the condition
o ([ur, KiDto ([u, L))o ([uz, K2]) =~ o ([xo, Col)

(see Theorem 12 in [9] for more details about the orientation of the operators of
the type 7).

PSS trajectories. The next step is to orient the set of classes of mixed objects.
Let wo = (0, uo) be already mentioned fixed class and [w = (y,u), F =
(F), F>)] be such that F € X,,. There are unique classes [o, K] € £ [v, L] €
=¥ of a special type operators such that

o(—00) = y(—00), a(+00) = yp(—00) = po,
ug(+00,t) = v(—00,1), v(4+00,t) = u(+00,t)
K- =F , K"=F, Fh=L", Lt =F'.

Define the orientation of [w, F] in a following way:
o([w, F1) := o ([, K1)t ([wo, Fol)to ([v, L]).
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Due to (35), (37) and (36) this definition is consistent in the relation to anchoring
class [wg, Fol.

If F’ € B, we orient the class [w’, F'] similarly. We choose the orientation
of some fixed class, for example [wy, Fol, where

wo = (U, 70).  o(s) == y(=s), Ugls,t) :=u(=s,1—1), F:=(F,F)
to be 1 ® 1* and we orient the rest of the set & by requiring:
o ([u, L1) to ([wo, F1) to(ly, K1) ~ o ([w', F'])

where [u, L] and [y, K] are, similarly as before, unique classes that connect,
respectively, wy(—o0) with w’(—o00) and w’(400) with wy(+00) and the cor-
responding operators.

Glued PSS trajectories. Finally, for arbitrary class [wg, Fr] € ® we find
classes [w;, G1] € ¥ and [w,, G;] € E such that

[wi, Gi1i[w2, G2] = [wg, Fr].

Define o ([wg, Fr])aso ([wy, G1]) § o ([w,, G2]). These two classes do not have
to be unique, but the glued class does not change. Indeed, let [wy, G1], [w2, G]
and [w], G, [w}, G}] be two pairs of such classes, with [w;, G{](4+00) =
[wz, G2](—00) = (x, G) and [w], G}1(+00) = [w}, G3l(—00) = (x', G).
There exists unique class [, K] € X7 that connects (x, G) and (x’, G').
Then we have:

o([wi, G1]) to ([wa, G2]) ~ o ([wy, G11) to ([u, K1)t o ([w2, G2])
~ o([w), Gi1) do([u, K1) go(li, K1)t o ([wy, G5) (38)
~ o ([w}, G11) g0 ([wh, G3)).
Here [iz, K] is unique class such that
i(£00) = u(Foo), (K)* =KT.

The last equality in (38) is true due to the above construction of coherent ori-
entation of 7. Indeed, if [u, K] € ¥ let [v, L], [w, F] € £ be the unique
classes such that

(u, K)(=00) = (v, L)(4+00), (u, K)(+00) = (w, F/)(—00),

(U, L)(_OO) = (UO’ CO)(—OO), (w’ F)(+OO) = (UO’ CO)(+OO),
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ie. (v,L) €S, (w, F) € ST. From

o (v, L18[u, K18 [w, F) & (v, L15[u, K] [w, F])) =
o ((v, L1g[u, K18 [w, F) & ((w, F1£[@, K1£[0, L)) ~ 1 ® 1*
o(lv, L1153, L)) =~ 1@ 1* o(lw, Flt(w, F)) ~ 1@ 1*
it follows
o([a, K1) do([u, K1) ~1® 1*
Thus the definition is correct.

Since the gluing of orientations is an associative operation, the coherent ori-
entation is well defined by the above description.

Denote by A the set of equivalence classes of maps and operators of all
mentioned types: trajectories, disks, mixed objects (of all three types) and R-
parameterized mixed objects and by C, the set of all coherent orientations on
A. Consider the action of a group

Fi={fe{-1L1}"| fqw, Flglu, L) = f(w, F1) f(u, L]}

under a pointwise multiplication. We assume here that the classes [w, F'] and
[u, L] are of any type admissible for gluing.

Proposition 13.  The group T acts freely and transitively on Cy by

(f - o)([w, F]) = f([w, FDo ((w, F]).

Proof. Let o) and o, be two coherent orientations. Define f such that o) =
f - 0,. We want to check that f is indeed an element in I'. For [u, K] and [v, L]
compatible for gluing we have

o1([u, KD go([v, LD = o1([u, K18 [v, L])
~ f(lu, K14 [v, LDor([u, K18 [v, L])
~ f(lu, K1t [v, LDo2([u, K1) goa([v, L])
~ f(lu, K1 v, LD f([u, KD f([v, LDo1([u, K]) go1([v, L])

which exactly means that

S, K18 [v, L] = f([u, K] f([v, LD. O
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4 Canonical orientation and construction of isomorphism using
characteristic signs

In this chapter we construct canonical orientation and compare it to the coherent
one, constructed in the previous chapter, in order to associate a sign + or — to
each isolated trajectory involved in our construction of isomorphism (4).

The canonical orientation for mixed moduli space is given only for its zero-
dimensional components. Unlike in [22] and [9] we have no R-action in defi-
nition of M(p, f; x, H) and M(x, H; p, f). Thus an element from the kernel
of the operator /' = (F1, F>), a mixed object w, is an isolated trajectory if the
linearization of F, D, F has trivial kernel. The determinant bundle, Det[w], is
trivial, and we can orient zero-dimensional components canonically, by 1 ® 1*.

We also need to orient canonically the isolated non mixed objects, gradient
trajectories and (perturbed) holomorphic disks. In this case there is an R-action.
Denote by M(p, ¢, f) the set of solutions of:

d
d—y+Vf<y)=o
S

y(=00) = p, y(+00) = ¢,
and by M(x, y, H) the set of solutions of:

g—Z—I—J(g—’;—XH(u)) =0
u(s,i) € Lo, i € {0, 1)
u(—oo,t) = x(t)

u(+oo,t) = y(t).

Let ﬁ(p, q, f)and .’J\’/\l(x, v, H) denote these sets modulo R— action y (-) +—
y(-+1t),andu(-, ) — u(-+7,-). Hence y € Ker K andu € Ker L are isolated
if Ker D, K and Ker D, L are one-dimensional. We have the “flow orientation”
determined by

02 ckerD,K
—_— er
ds v
for M(p, g, f) and
9
0% 2 ¢ KerD,L
as

for M(x,y, H). We denote these canonical orientations by [1 ® 17 ], [ys]
and [u,].
Now define numbers t(y), t(u) and t(w) in {—1, 1} to satisfy:

o(lwh) =t 1,1, olyD)=tMIlrl, o(ul) =@)lu]l.
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Using these signs we define homomorphisms
VU CM(f) —> CF(H), D:CF.(H) —> CMi(f)

by
pr Z T(w)x, X Z T(w)p

weM(p, fix,H) weM(x,H;p, f)

on the generators. Homomorphisms W and ¢ induce homomorphisms on
homologies if
Vody=0rpoVW, Podr=20y0o.

The first equality is equivalent to

> Yo ot | =

yieM(p.r.f) \wieM fix,H)

(39)
> > t)t(w)
w2 EM(p, f3y, H) \ureM(y,x,H)
The proof of (39) will follow from the identity
IM(p, fix, H) =
(40)

UMp.r, /) x M, 132, Hy U M(p, [y, H) x M(y, x, H),

the fact that the number of the boundary of one-dimensional manifold is even
and the next Theorem. (The proof of the second identity is analogous.) The
proof of the identity (40) follows from Gromov compactness and gluing argu-
ments (see [13, 14]).

Theorem 14. Let ms(p) = (,uH(x) + %) + 1. Assume that M(p, f; x, H)
has only one connected non-compact component, i.e. M(p, f;x, H) =
(=1, 1). The boundary of component M(p, [;x, H) can be one of the next
three possibilities:

1. (y1,wy) € ﬁ(p,r, )X M(r, f;x, H) and (y,, w;) € ﬁ(p,r’, ) x
M@, fix, H);

2. (wi,up) € M(p, f;y, H) x My, x, H) and (w,u2) € M(p, f;
Y H) x My, x, H);
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3. (y1.wi) € M(p.r, [)xM(r, fix, H) and (wy, u2) € M(p, f:y, H)x
M(y, x, H). For each of these possibilities it holds:

L. t(yDt(wy) = —t(y1)T(wn);
2. t(wp)t(uy) = —t(wr)t(Ur);

3. t(yDt(wy) = t(wr)T(u2).

Proof. Case 1. It holds

e @ 1,1 2t (D) )3(rwpo (wi))
g) r(yl)r(wl)(G([)/l])ﬁa([wl])>
w t()/])f(U)])(O’([Vlﬁwl]))
= oz (o (gD (41
= coyen) (o (WnDio (ws))
= e e (to it )l @ 1,1)
L e 0T e (Il ® 1,1).

Equalities (i) and (vi) are just the definitions of the characteristic numbers t;
(i7) and (vii) follow from the definition of gluing of orientation. Equalities
(iii) and (v) follow from the fact that o is coherent; finally equality (iv) is true
because y; 8w, ~ y1%w,. So the assertion for the first case will follow from

[vis]8[1 ® 1o, ] = =12 ]d[1 ® L, ]- (42)

To prove (42) consider the set
M(p, fix, H) =~ (=1,1) (43)

d

and suppose that its orientation is given by e € T;(—1, 1). With the identifi-
T

cation (43), gluing is the map

f: {yl} X {wl} X (,oo,—i-oo) — (— 1,—1+s).
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All the isolated points of form {w,;} are canonically and uniformly oriented,
hence gluing can also be considered as the map

ﬁ5{)/1} X (po,+OO) — (— 1,—1+8),

Since y; is in M(p, r, ) and M(p,r, ) = M(p,r, ) x R, y1 € M(p,r, f)
corresponds to y; x R € M(p,r, f). We identify R ~ (py, +00) by the
orientation preserving map, so we have an identification

(po. +00) = {r1} x (po, +o0) = {y1} x R

such that the following correspondence holds

d
Det D, K 3 [yis] < 7

€ T,(po, +00).
Hence gluing # is a mapping
f: (,oo,—i—oo) — (— 1,—1—|—8)

that does not preserve the orientation since the point +oo corresponds to the
point —1. Analogously, for the other pair y; and w,, the gluing (denote it by )
can be considered as the map

#: (po, +o0) —> (1 —¢,1),

which preserves orientation because the point +oo corresponds to point 1 now.
So (42) follows.

Case 2 is completely analogous to the Case 1.
Case 3. It follows from the same arguments as in (41) that
[nJell ® 1] = 7 () (1) 7 (w2) 7 (12) ([1 @ Lo Je w2 ])-
so the only thing we have to verify is
[v15)8[1 ® L, | 2 [1® L, J8[uas . (44)
We do have the same identifications as in Case 1, and the mappings # and £’ as
2 (o, +00) > (=1, -1 +¢), ' (po, +o0) = (1 — &, 1).

But for gluing £, y; is the first trajectory in the definition (28), and for gluing ',
u, is the second in (29), so p appears with the opposite sign there. Thus there is
one more reverse of orientation than in Case 1, so (44) holds. U
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The fact that homomorphisms ® and W are isomorphisms with Z, coefficients
follows from the analysis of the boundary of M(R; p, g, f; H) defined by (31)
(see [15] and [13]). In order to show that ® and W defined in this way (with Z
coefficients) are also isomorphisms, we need to choose the canonical orientations
for zero dimensional component of Mz (p, q, f; H)and M(R; p.q, f; H). We
orient all these zero dimensional components canonically by 1 & 1*.

Remark 15. Form s(p) =ms(q) — 1, M(R; p, q, [ H) is zero-dimensional
manifold and its tangent space is zero of certain Fredholm operator, denote it
by DF. Then DF = (D\F, D,F), where D, = D and D, = D,,, are the
derivatives in R and wg respectively. Since m s(p) = m s(q) — 1, the operator
DF, is injective and has one-dimensional cokernel. After stabilization by the
R direction it becomes an isomorphism so that its determinant bundle has a
canonical orientation.

As before, denote by t(-) the characteristic sign which relates coherent and
canonical orientation.

Remark 16. For m (p) = ms(q), M(R; p,q, f; H) is one-dimensional
manifold and its tangent space is zero of Fredholm operator DF = (D F, D, F),
as in Remark 15. The value R is regular with respect to

T MR;p,q, f; H) — [Ry, +00)

if and only if D, F is onto. Recall the isomorphism (34) between Det D, F
and A" Ker DF'. It identifies the canonical orientation 1 ® 1* on [ D, F'] with
that orientation of Ker DF = T ., M(R; p, q, f; H) which is mapped (by )
onto the canonical orientation d /d R of [Ry, +00).

In [15] we showed that, for m ;(p) = m ;(q), the boundary of M(R; p, q,
f; H) is identified with

OM(R; p,q, f; H) =01 Udy Ud; U s, (45)
where (see Figure 3)

0 = Mg,(p.q, i H),

o= U M. ) x MR;rq, [ H),
my(r)=my(p)—1
= |J MR pr [ H) x Mr,q, ),

my(r)=my(q)+1
U M. fix, H) x M(x, Hi q, /).

wa(x)=mg(p)

04
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Consider homomorphisms

T:CM(f) — CM(f),  p=> Y. nw(p.q.fiH)q

my(q)=k
where
nery(psq, [ H) = Y. t(wg)
wryEMRy(p.q. [/ H)
and

K:CM(f) > CMe(f),  pr> Y, n(Rip,q, f;Hq,
m f(q)=k+1

where

n(R; p,q, 3 H) = > (R, wg)).

(R,wr)eEM(R;p.q, [ H)

In order to prove that ® o W = Id we have to check that:

Y tw)tw) — Y t(wg) =

(w1, w2)€04 WR( €01

(46)
Yoot + Y tr)T).

(u,y2)€03 (y1,v)€d

From (46) it follows that
PoW —T =09)0K + K o0y,

i.e. ® o W is chain homotopic to 7. By deforming the two dimensional piece
in the mixed object that defines 7" (i.e. an element of Mg, (p, g, f; H)) one can
prove that the mapping 7 induces the identity on the homology. This proves the
Proposition 2 (see [15]).

The connected non-compact component of M(R; p, ¢, f; H) is identified
with one the next four intervals:

1. [0, 1] — both ends are in 9; U 04;
2. [0, +00) —one end is in 9, and the other in 9, U 05;
3. (—o0, 1] —one end is in 0, U 93 and the other in 0dy4;

4. (—o00, +00) — both ends are in 0, U 05.
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Figure 3: One-dimensional manifold M(R; p, ¢, f; H).

We will discuss four cases separately (see also Figure 3 for illustration of
every particular case). For the sake of simplicity we always denote the ends of
the connected component of M(R; p, q, f; H) (of any type) by w; and w,.

Case 1. If both ends, w; and w,, are in 9;, then it follows from (34) that
the coherent orientations of isolated trajectories in Mg, (p, q, f; H), induce the
coherent orientation of one-dimensional component M(R; p, q, f; H) and from
Remark 16 that we can identify the canonical orientation with 7! (ﬁ). So we
conclude:

r(wl) = —‘L’(wz).

If the ends w; and w, belong to different sets d; and ds, then wy, = (uy, up) €
M(p, fix; H)y x M(x, H; q, ). Denote by (Rl, le) the element u; ffu, of a
zero-dimensional component of M(R; p, q, f; H), for R; large enough. From
the construction of coherent orientation in Chapter 3.3 we have

o) 50 () = o (R wa)) = o ()

for Ry regular with respect to 7. It holds
t(ul)f(uz)[l ® 1;]] o [1 ® 1:2] ~ o (uy) ﬁa(uz) ~o (u)Rl)

~ v (we) 101, | = (we) 101 ]2[101,],
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so we have t(wg,) = t(u;)t(uz). Since from the Remark 16 it follows
T(wg,) = T(w;), we conclude

7 (w1) = 7(u1) 7 (ua).

If both ends, w; = (u;, v1) and wy = (uy, v2), are in 94, in the same way
as in the previous case, using the construction of coherent orientation and the
Remark 16, we conclude

‘[(LH)T(U]) = —T(Z/lz)f(vz).
Case 2. Reasoning as in the Case 1, we conclude

o(M(R; p.q, f; H)) =~ t(w;)or, 47)

where o denotes canonical orientation of M(R; p, q, f; H) identified with
T, 1(ﬁ). If the other end, w;, belongs to d,, denote by u;, and v, the parts of
broken trajectory w,, wy = (u3, v2). Reasoning in the same way as in the proof
ofthe Theorem 14, we see that canonical orientation of u, and reversed canonical
orientation of v, (because of the Remark 15) induce the same orientation oy, so:

—cr(.’M(R; p.q, f-g H, J)) ~ —a(ug) ﬁa(vz)
~ 1 (un)T(v2)[uas ] 2[ - 1® ljz] ~ 7(u3)7(v2) ok
From (47) and (48) we conclude

2(w1) = —(u2)7 (v2).

On the other hand, if w, € 03, wy = (uz, vy), the trajectory v, is now the one
which gives the canonical orientation of w, (unlike before), and it is the second
ingredient in gluing process, so it holds

2(w1) = —7(u2)7 (v2).

Case 3. Here both ends are broken, but w; = (uy, v;) is the element of 9, U 05
and wy = (u, v2) of 94. As in Case 1 we have t(wg) = t(uy)t(v2) for R large
enough. Now in the same way as in Case 2 we see that it holds:

T(u)t(v) = t(u2)t(v2) ifwy €3, Uds.

(48)

Case 4. Reasoning in the similar way as in previous discussion we obtain:
2 ()7 (v1) = —7 (u2) 7 (v2).
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Hence we conclude that in (46), in both left and right side, we count only the
ends that are the ends of either [0, +00) or (—oo, +00], exactly with signs as
in (46).

The first half of the Proposition 2, the identity W o & = Idyr, also holds
in homology with Z coefficients. To prove this, we introduce the following
auxiliary spaces. For two Hamiltonian paths x and y with the ends in Oy,
define:

u_:(—00,0] x[0,1] > T*M
uy 1[0, +00) x [0, 1] > T*M
yil[l—eel—>M

dy
i =V

8111 Bui
M(e,x,p, H; )= u_yup,y)| 95 dt

u_(9((—o0,0] x [0,1])) C Oy
u(3(10, +00) x [0,1])) C Oy

1
Uy (O, 5) = y(%e)

u_(—oo,t) = x(t)

uy(400,1) = y(1)

where pr now is a smooth function such that

) = I, ltl=R
PRO=00, 111> R+1

for fixed R > 0. Define also

Ms(xvy’ Ha f) = {(Z/I,, Uy, y, 8) | (l/l,,lxl+, y) € M(E;xaya Ha f)}

We define a special class of Fredholm operators associated to the above spaces
and the corresponding equivalent class in the same way as in the case of the
classes from ®. We construct a coherent orientation for these classes of operators
similarly as in the Section 3.3, by gluing an orientation of a class from Z with
an orientation of a class from ¥. The canonical orientation is again 1 ® 1* for
every zero dimensional component. As before, we define a sign 7 as a number
41 such that o (w) = T(w)[1 ® 1*].
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Now define

P:CHy(H) —» CHy(H), x> Y n.(x.y. H; f)y

wH(y)=k
where
neGe,y, Hy fly:= Y t(w)
we €M, (x,y,H; f)
and

L:CH/(H) — CHep(H), x> Y n(ex,y H; [)y,
wi(y)=k+1

where

n(e:x,y, H; [y = > (&, we).

(e,we)eM(e,x,y,H; [)

The symbol w, stands for the triple (u_, u, ). From an analysis of the bound-
ary of one-dimensional manifold M(e, x, y, H; f) similar to one given for the
case ® o W, we conclude

Vod—-—P=Lody+0yolL,

i.e. the map W o & is chain homotopic to L, which is again the identity map in
the homology.

5 Conclusion

We proved that, given the coherent orientation for all trajectory spaces involved
(mixed and non-mixed, parameterized and non-parameterized objects) there ex-
ists the isomorphism between Morse and Floer homology with Z coefficients.
We also showed that this coherent orientation exists. The question is whether
there exists such coherent orientation (and, consequently, the isomorphism) in
the case when two coherent orientations for Morse and Floer homology are given
as in [22] and [9] respectively.

Let o™ and o ¥ be the given coherent orientations for operators in Morse and
Floer homologies respectively. Let pg, Ko, P, wy, Fo, X9, vo and Cy be as in
Chapter 3.3, and o the coherent orientation given there. Let

o) :=0|xgm 0y :=0|xrF.
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Since o7 and o™ (0, and o respectively) are two coherent orientation of ¥
(respectively 1), we can choose ¥ € ' fF ¢ ' such that

fMoMzol, fFo*anz

where C, C¥ are the groups of transformations for coherent orientation in
Morse and Floer homology. We can construct the extension f € I' that satisfies

f|c/{4:fM» f|c/f:fF'

It is determined uniquely by value of £ at wy, since the sets ©* and 7 (and the
corresponding coherent orientations) are disjoint. So choose f([wy, Fo]) := 1
and extend f to C, by the requirements

fley =" fler=r"  flw, Flglu, L) = f(w, F) f(u, L),

forall [w, F], [u, L] compatible for gluing. By inspection one shows that /" € I.
Define the coherent orientation by

Due to the construction it follows that o’ is coherent and that it coincides with
oM and o on C} and C. So we proved the following Theorem, and hence
the Theorem 3.

Theorem 17. For two given coherent orientation of ™ and ©F that induce
Morse and Floer homologies HM,(f, Z) and HF,(H, 7Z) with Z coefficients,
there exists a coherent orientation of A (the set of all involved classes of op-
erators) that coincides with two given coherent orientations on corresponding
classes, inducing the isomorphism between H M, (f, 7)) and H F,(H, 7). ]

Acknowledgments. The authors thank the referee for many valuable com-
ments and suggestions.
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