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Factorization of weakly continuous
differentiable mappings

Raffaella Cilia* and Joaquin M. Gutiérrez*

Abstract. Given real Banach spaces X and Y, let Cvlvbu(X , Y) be the space, introduced
by R.M. Aron and J.B. Prolla, of C!' mappings from X into ¥ such that the mappings
and their derivatives are weakly uniformly continuous on bounded sets. We show that
fe C\}vbu (X, Y) ifand only if f may be written in the form f = g o S, where the inter-
mediate space is normed, S is a precompact operator, and g is a Gateaux differentiable
mapping with some additional properties.
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1 Introduction

Given real Banach spaces X and Y, let K (X, Y) be the space of compact (linear)
operators from X into ¥ endowed with the supremum norm. Let C\Lbu(X ,Y)
be the space of (Fréchet) differentiable mappings f: X — Y such that f/ and
' X - XK(X,Y) are weakly uniformly continuous on bounded subsets of X
[1, Definition 3.1].

Since f” is compact, it is shown in [4] that there are a normed space Z, a
precompact (linear) operator S: X — Z, and a Gateaux differentiable mapping
g: Z — Y with some other properties, such that /' = g o S. In the present note,
we give conditions on g characterizing the mappings f in the space Cl, (X, Y).
This answers a question raised in [6, page 338].
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Throughout, X and Y will denote real Banach spaces, £(.X, Y) will be the space
of all (bounded linear) operators from X into ¥ endowed with the supremum
norm. The symbol 7, will stand for the topology of pointwise convergence on
L(X,Y). By By we denote the closed unit ball of X, and X* is the dual space
of X. For x € X and € > 0, we represent by B(x, €) the open ball of radius €
centered at x. Given x, y € X, we write / (x, y) for the segment with bounds x
and y.

Given a mapping f: X — Y and a class M of subsets of X such that every
singleton belongs to M, we say that [ is M-differentiable at x € X if there
exists an operator f’(x) € L(X, Y) such that
Gt e) = S0 = [@)(e) _

li
e—0 €

0

uniformly with respect to y on each member of M [7, §1.2]. In this case, we
shall write f € Dy(x, Y).

We say that f is (Fréchet) differentiable at x if f € Da(x,Y) where M
is the class of all bounded subsets of X; f is Gdteaux differentiable at x if
f € Dy(x, Y) where M is the class of all one point subsets of X.

The mapping [ is (Fréchet) differentiable (respectively, Gdteaux differen-
tiable) on X if it is differentiable (respectively, Gateaux differentiable) at every
point x € X.

A mapping f: X — Y is compact if it takes bounded subsets of X into
relatively compact subsets of Y. We say that f: X — Y is weakly uniformly
continuous on bounded subsets of X if, for each bounded subset B C X and
each € > 0, there are ¢y, ..., ¢ € X" and § > 0 such that, if x, y € B satisfy
lpix — )| < 8§ G = 1,...,k), then || f(x) — f(¥)| < €. If f is weakly
uniformly continuous on bounded subsets, then f is compact [1, Lemma 2.2].
An operator is compact if and only if it is weakly uniformly continuous on
bounded subsets [1, Proposition 2.5].

Let f: X — Y be a differentiable mapping. We say that f is uniformly
differentiable on bounded sets (see [1, Definition 3.5]) if, for every ¢ > 0 and
every bounded subset B of X, there exists § > 0 such that, whenever x € B and
y € X with ||y|| < §, we have

|/ +»)— f&) = O] <elyl .

If K is a bounded subset of L( X, ), we construct a normed space in the spirit
of [3]. As in [4], we define a continuous seminorm on X by

x|l x := sup [l¢(x)] forallx € X.
pek
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Then the set
Vi =={x e X: |ixlx =0}

is a closed subspace of X. Let S be the canonical quotient map of X onto the
quotient space X/ V. We define a norm on X/ Vg by

ISCOI = llxll (xeX).

The following result is proved in [4].

Theorem 1. Let f: X — Y be a mapping between real Banach spaces. Then
the following assertions are equivalent:

(a) f is differentiable and f': X — K (X, Y) is compact;

(b) there exist a normed space Z, a surjective operator S: X — Z, and a
mapping g: Z — Y such that:

(1) f(x)=g(Skx)) forallx € X;
(1) S is a precompact operator;

(ii1)) g € Dy(S(x), Y) for every x € X, where
M = {S(B): B is a bounded subset ofX} ;

(iv) g is bounded on S(nBy) for every positive integer n,

(v) for every positive integer n, the set {g'(S(x)) o S: x € nBy} is
relatively compact in K (X, Y).

The following diagram is then commutative.
x L xwx. v
5| Js
VA 7) L(Z,Y)
where S7(T)(x) := T(S(x)) forevery T' € L(Z,Y) and x € X.

Theorem 2. Let f: X — Y be a differentiable mapping between real Banach
spaces. Then the following assertions are equivalent:

@ f:+ X > K(X,Y) is compact and uniformly continuous on bounded
sets;

(b) f admits a factorization as in Theorem 1 and, for every bounded set
B C X, the restriction of g’ to S(B) is uniformly norm-to-t, continuous.
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Proof. (a) = (b). As in the proof of Theorem 1 (see [4]), consider the com-
pact set

U U{O} C K(X.Y).
IIf/IInBX

The intermediate space of the factorization will be Z := X/ Vx, and the pre-
compact operator S: X — Z is the quotient map.

Let B be a bounded subset of X. We shall prove that g’ is uniformly norm-
to-1,, continuous on S(B). Let V' be a 7,-neighbourhood of zero in L(S(X), Y).
Then there exist € > 0 and nonzero vectors x, ..., x, € X such that

Vo {T € LS(X). V) : TS <e. 1 <i < p}.
We have to prove that there is 8 > 0 such that, if x, y € B satisfy
ISGx) = S <8, then g'(S(x)) —g'(S() e V.
It is enough to see that
|/ @) = M| = [le'(Sk) — g (SGNISE))| < e
(1<i<p).

Let m be an integer such that B C mBy. Since f” is uniformly continuous on
(m + 1) By, there exists §; > 0 such that

;V@o—me<z@;mm
<i<p

whenever zy, z, € (m + 1) By with ||z — z,]] < §;. We can assume §; < 1.
Let

5
Sy = ———
2 max x|
<1<p
Givenx, y € B, wehave foralli € {1,..., p},
1
”fﬁmﬂ—f@mﬂ“=£WfQMND—fWWﬂN

1
gHﬂumﬂn+ﬂm—fu+&mw

1
'+$H—fWMﬂ0—ﬂﬁ+f@+&mw

A
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1
+ 5 I/ (x 4+ 82x1) — (v + 82x)) |
1
t 5 (FACI RGO
2
By a consequence of the Mean Value Theorem [5, (8.6.2)],

1
5 | £/ ) (8axi) + f(x) — fx + 82x) |

| /\

sup || £/ — £ 1821l

82 zel (x,x+382x;)

= sup |f@ -]l

zel (x,x+82x;)
Forz € I(x,x + &,x;), we have
Izl < llz — x| + [Ix]|

1
< ooxill +m = ———— |lxil| +m
2 max ||x; |
<i<p

<S5 +tm<m+1.

Then
Hf(z) _f(x)” m
which implies
sup [ f@ - @] £ ———
zel (x,x+82x;) 4 rgag; [l
and then
€ €
= Hf () (Gax) + f(x) = fx +8x)|| < ———— IInl < =
4 ax || ill 4
Analogously,

1
5 =/ 0@x) = 10) + S+ &axi)| = 2 .
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Now, by the Mean Value Theorem [2, Theorem 6.4],

1
— /) = fWIl = — sup ||[//@& -
82 82 zel (x,y)

< — sup ||/f/@QC@-»|

82 ze(m+1)By

1 (@)~ ) ,
= — suj (m+1)
52 ccomingy | 1+ DI Tonsn sy 1 o415
1 ,
< 5, 15 = SO+ D[S | 1111, -
Moreover,
1
— Ilf(x +6x) = S+ 8l = = sup 1f' @ =
2 zel(x+8x;,y+82x;)
1 /
<5 s 1/ @& =)
2 ze(m+1)By
1
< 5, 15@) = Sl o + 0] VAl PR
Let

N 652
A + DI Nonsryzye
Choosing x, y € B with ||[S(x) — S(»)|| < §, we have

1 € 1 €

— If(x+éx) — fy+&x)l < and — [If(x)—fOII <.

8 4 8, 4
Therefore, for x, y € B with ||S(x) — S(y)|| < &, we obtain

| @) = | <e (1 <i<p).

(b) = (a). By Theorem 1, [’ is K (X, Y)-valued and compact, so it remains
to prove that f” is uniformly continuous on bounded sets. Choose € > 0. Let
B C X be a bounded set. Since S(By) is precompact, there exist xy, ..., x, €
By such that

S(Bx) C U B (86 57)
where M = sup, 5 || 2 (S(x)) || is finite by (b),(iv) of Theorem 1. Let
V=T e L0 N ITSEI < 50 1< < p)
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be a t,-neighbourhood of zero in L(S(X), Y). By (b), there exists § > 0 such
that, whenever x, y € B satisfy ||S(x) — S(»)|| < §, we have

g(Sx) —g Sy eV,
SO
|/ @) = fEn] = [1g(5@) — g (SONISEN)|| < g
(I1<i=<p).

Now, let x, y € B with ||x — y|| < &/ ||S]|. Then
€ .
[r@e) —rme| <3 d=izp.
Given z € By, there exists k € {1, ..., p} such that

1S(z) — S < ﬁ .

Therefore,
|f@@ = @]
<[/ @@ = O+ | @ = )|
+ /0@ = @)

< % + g (SENS @) = S || + &SGR — SE) ||

< % +2M||S(z) — S(xp) |

€ yom S =
=2 am -
SO
| /@) =W = sup | /@@ =@ <,
zeby
and the proof is finished. 0

We shall need the following lemma of independent interest.

Lemma 3. Let f: X — Y be a differentiable mapping between real Banach
spaces. Then f’ is uniformly continuous on bounded sets if and only if [ is
uniformly differentiable on bounded sets.
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Proof. Suppose that f” is uniformly continuous on bounded sets. Let B be a
bounded subset of X and let € > 0. The set

B := B+ By

is also bounded. There exists § > 0 such that, if x|, x, € B’ satisfy ||x; — x2|| <
8, then ”f/(xl) —f/(xz)H < €/2. Wecanassume § < 1. Letx € B,y € X
with || y|| < §. Every z € I(x, x 4+ y) may be written in the form z = x + £,y
with |z,| < 1. It follows that z € B’ and Hf’(x) — f'(2) H < €/2. Applying
[5, (8.6.2)], we have

|fx+») = f&x)— O] < sup ) 1f'c) = @) Iyl <elyll
v

zel (x,x+
and f is uniformly differentiable on bounded sets.

Conversely, suppose that f is uniformly differentiable on bounded sets. Let
B be a bounded subset of X and let € > 0. There exists §' > 0 such that, for
x € B,y € X with ||y|| < &', we have

|fGx+»)— f&)— O] <elyl .

Choose .
0<8<=4¢.
2

Let xq, xo € B be such that ||x; — x»|| < . Letz € By. Then

% ‘ £ (z g) ) (z g) H
, 5 5
3 ‘f(x1)<zz> +f(x1)—f<x1+Z§>H

+ % Hf (m +z g) ~ ) - fix) <x1 Cxtz g)”

|/ = fa)@|

IA

2
+3 1 £ G = f(2) = £ () (e — x2) |

- 8 n 2 n 8 n 2 ! <6
- = - - = - - < b€ .
_86 22 86 x| — X2 22 86 X1 — X2 €
Taking suprema for z € By, we obtain

| £/ = £/ | < 6e.
and f” is uniformly continuous on bounded sets. 0

The following result is proved in [4].
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Proposition 4. Given a differentiable mapping f: X — Y between real
Banach spaces so that f': X — K (X, Y) is uniformly continuous on bounded
sets, the following assertions are equivalent:

(a) f is weakly uniformly continuous on bounded sets;
(b) [ is weakly uniformly continuous on bounded sets;

(¢) 1’ is compact.

Theorem 5. Let f: X — Y be a differentiable mapping between real Banach
spaces. The following assertions are equivalent:
@) f € Copy(X. V),

(b) 1 X - K(X,Y) is compact and uniformly continuous on bounded
sets;

(¢) f admits a factorization as in Theorem 2.

Proof. The equivalence (b) < (c) is contained in Theorem 2.

(b) = (a). By Proposition 4, f is weakly uniformly continuous on bounded
sets. By Lemma 3, f is uniformly differentiable on bounded sets. By [1,
Corollary 3.8], f € CL (X, Y).

(a) = (b). By [1, Corollary 3.8], f is uniformly differentiable on bounded
sets, weakly uniformly continuous on bounded sets, and K (X, Y)-valued. By
Lemma 3, f” is uniformly continuous on bounded sets. By Proposition 4, f”
is compact. O
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