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Abstract. Euclidean Clifford analysis is a higher dimensional function theory, refin-

ing harmonic analysis, centred around the concept of monogenic functions, i.e. null

solutions of a first order vector valued rotation invariant differential operator, called

the Dirac operator. More recently, Hermitean Clifford analysis has emerged as a new

and successful branch of Clifford analysis, offering yet a refinement of the Euclidean

case; it focusses on the simultaneous null solutions of two Hermitean Dirac operators,

invariant under the action of the unitary group. In this paper, a Cauchy integral formula

is established by means of a matrix approach, allowing the recovering of the traditional

Martinelli–Bochner formula for holomorphic functions of several complex variables as

a special case.

Keywords: Cauchy integral formula, Martinelli–Bochner integral formula, Hermitean

Clifford analysis.
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1 Introduction

TheCauchy integral formula, a key result for the theory of holomorphic functions

in the complex plane, may be generalized to the case of several complex variables

in two ways: either one takes a holomorphic kernel and an integral over the

distinguished boundary ∂0 D̃ = ∏n
j=1 ∂ D̃ j of a polydisk D̃ =

∏n
j=1 D̃ j in Cn ,

Received 3 March 2009.
∗Corresponding author.



396 F. BRACKX, B. DE KNOCK, H. DE SCHEPPER and F. SOMMEN

leading to the formula

f (z1, . . . , zn) = 1

(2π i)n

∫
∂0D

f (ξ1, . . . , ξn)
(ξ1 − z1) · · · (ξn − zn) dξ1 ∧ · · · ∧ dξn ,

z j ∈
◦
D̃ j

(1.1)

or one takes an integral over the (piecewise) smooth boundary ∂D of a bounded

domain D in Cn in combination with the Martinelli–Bochner kernel, see e.g.

[14], which is not holomorphic anymore but still harmonic, resulting into

f (z) =
∫
∂D
f (ξ)U (ξ, z) , z ∈ ◦

D (1.2)

with

U (ξ, z) = (n − 1)!
(2π i)n

n∑
j=1

(−1) j−1 ξ cj − zcj
|ξ − z|2n

dξ c1 ∧ · · · ∧ dξ cj−1 ∧ dξ cj+1 ∧ · · · ∧ dξ cn ∧ dξ1 ∧ · · · ∧ dξn
where ·c denotes the complex conjugate. The history of formula (1.2), obtained

independently and through different methods by Martinelli and by Bochner, has

been described in detail in [13]. It reduces to the traditional Cauchy integral

formula when n = 1; for n > 1, it is related to the double layer potential, while

at the same time, it establishes a connection between harmonic and holomor-

phic functions.

A third alternative for a generalization of the Cauchy integral formula is of-

fered by so–called Clifford analysis, where functions defined in Euclidean space

R
2n ∼= C

n and taking values in a Clifford algebra are considered. This multi-

dimensional function theory focusses on so–called monogenic functions, i.e.

null solutions of the elliptic Dirac operator ∂X factorizing the Laplace operator:

∂2X = −�2n , and may thus be seen as both a generalization of the theory of

holomorphic functions in the complex plane and as a refinement of classical har-

monic analysis. As the Dirac operator is rotation invariant, or more precisely:

invariant under the action of the special orthogonal group, the name orthogonal

Clifford analysis is used nowadays to refer to this setting. Standard references in

this respect are [6, 9, 12, 11]. In this framework the Cauchy kernel appearing in

the Clifford–Cauchy formula is monogenic, up to a pointwise singularity, while

the integral remains being taken over the complete boundary:

f (X) =
∫
∂D
E(�− X) dσ� f (�) , X ∈ ◦

D
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with

E(�− X) = 1

a2n
�− X∣∣�− X ∣∣2n

a2n being the area of the unit sphere S2n−1 in R2n ∼= Cn , ·̄ denoting the Clifford

conjugation and dσ� being a Clifford algebra valued differential form of order

(2n− 1) (see Section 3 for its precise definition). This Clifford–Cauchy integral

formula is a corner stone in the function theoretic development of orthogonal

Clifford analysis.

In a series of recent papers, so–calledHermitean Clifford analysis has emerged

as yet a refinement of the orthogonal case; it focusses on the simultaneous null

solutions of the complex Hermitean Dirac operators ∂Z and ∂Z† which decom-

pose the Laplace operator in the sense that 4(∂Z∂Z† + ∂Z†∂Z ) = �2n and which

are invariant under the action of the special unitary group. The study of com-

plex Dirac operators was initiated in [16, 15, 17]; a systematic development

of the associated function theory, including the invariance properties with re-

spect to the underlying Lie groups and Lie algebras, is still in full progress,

see e.g. [7, 3, 4, 10, 1, 2].

Naturally a Cauchy integral formula for Hermitean monogenic functions tak-

ing values in the complex Clifford algebraC2n is essential in the further develop-

ment of this function theory, but has not yet been obtained in a satisfactory way.

A first result in this direction was obtained in [18], however for functions which

are null solutions of only one of the Hermitean Dirac operators and moreover

presenting a “fake” – as termed by the authors – Cauchy kernel, failing to be

monogenic.

In this paper a Cauchy integral formula for Hermitean monogenic functions is

established. However, from the start of our quest, it was clear that the formula

aimed at could not have a traditional form as in (1.1) or in (1.2). Indeed, it is a

known fact (see [4]) that in the special case where the functions considered do

not take their values in the whole Clifford algebraC2n , but in the n-homogeneous

part Sn of the complex spinor space S = C2n I ∼= Cn I , I being a self-adjoint

primitive idempotent, Hermitean monogenicity turns out to be equivalent with

holomorphy in the complex variables (z1, . . . , zn).
It turned out that a matrix approach is the key to obtain the desired result,

see Theorem 4.4. Moreover and as could be expected, the obtained Hermitean

Cauchy integral formula (4.11) reduces to the traditional Martinelli–Bochner

formula (1.2) in the special case of Sn valued functions (Section 5). This also

means that the theory of Hermitean monogenic functions not only refines or-

thogonal Clifford analysis (and thus harmonic analysis as well), but also has

Bull Braz Math Soc, Vol. 40, N. 3, 2009



398 F. BRACKX, B. DE KNOCK, H. DE SCHEPPER and F. SOMMEN

strong connections with the theory of functions of several complex variables,

even encompassing some of its results.

2 Preliminaries

We first consider the real Clifford algebra R0,m , constructed over the vector

space R0,m endowed with a non–degenerate quadratic form of signature (0,m),
and generated by the orthonormal basis (e1, . . . , em). The non–commutative,

so–called geometric, multiplication in R0,m is governed by the rules

e j ek + eke j = −2δ jk , j, k = 1, . . . ,m (2.1)

As a basis for R0,m we consider for any set A = { j1, . . . , jh} ⊂ {1, . . . ,m} the
element eA = e j1 . . . e jh , with 1 ≤ j1 < j2 < · · · < jh ≤ m, while for the

empty set ∅ one puts e∅ = 1, the identity element. Any Clifford number a in

R0,m may thus be written as a = ∑A eAaA, aA ∈ R, or still as a =
∑m
k=0[a]k ,

where [a]k =∑|A|=k eAaA is the so–called k–vector part of a (k = 0, 1, . . . ,m).
The Euclidean space R0,m is embedded in R0,m by identifying (X1, . . . , Xm)
with the Clifford vector X given by

X =
m∑
j=1
e j X j

Note that the square of X is scalar valued and equals the norm squared up to a

minus sign: X2 = − < X , X > = −|X |2. The Fischer dual of X is the vector

valued first order differential operator

∂X =
m∑
j=1
e j ∂X j

called Dirac operator. It is precisely this Dirac operator which underlies the

notion of monogenicity of a function, a notion which is the higher dimensional

counterpart of holomorphy in the complex plane. A function f defined and

differentiable in an open region 	 of R0,m and taking values in R0,m is called

(left) monogenic in 	 if ∂X [ f ] = 0 in 	. As the Dirac operator factorizes

the Laplacian: �m = −∂2X , monogenicity can be regarded as a refinement of

harmonicity. We refer to this setting as the orthogonal case, since the fundamental

group leaving the Dirac operator ∂X invariant is the special orthogonal group

SO(m;R), which is doubly covered by the Spin(m) group of the Clifford algebra
R0,m . For this reason, the Dirac operator is also called rotation invariant.
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When allowing for complex constants and moreover taking the dimension

to be even: m = 2n, the set of generators (e1, . . . , e2n), still satisfying the

multiplication rules (2.1), produces the complex Clifford algebra C2n , being the

complexification of the real Clifford algebra R0,2n , i.e. C2n = R0,2n ⊕ i R0,2n .

Any complex Clifford number λ ∈ C2n may thus be written as λ = a+ ib, a, b ∈
R0,2n , an observation leading to the definition of the Hermitean conjugation

λ† = (a + ib)† = a − ib, where the bar notation stands for the usual Clifford

conjugation in R0,2n , i.e. the main anti–involution for which e j = −e j , j =
1, . . . , 2n. This Hermitean conjugation also leads to a Hermitean inner product

and its associated norm on C2n given by (λ, μ) = [λ†μ]0 and |λ| =
√[λ†λ]0 =

(
∑

A |λA|2)1/2.
The above will be the framework for so–called Hermitean Clifford analysis,

yet a refinement of orthogonal Clifford analysis. An elegant way for introducing

this setting consists in considering a so–called complex structure, i.e. a specific

SO(2n;R)–element J for which J 2 = −1 (see [3, 4]). Here, J is chosen to act

upon the generators e1, . . . , e2n of the Clifford algebra as

J [e j ] = −en+ j and J [en+ j ] = e j , j = 1, . . . , n

With J onemay associate two projection operators 1
2
(1±i J )which will produce

the main protagonists of the Hermitean setting by acting upon the correspond-

ing objects in the orthogonal framework. First of all, the so–called Witt basis

elements (� j , �†j )
n
j=1 for the complex Clifford algebra C2n are obtained through

the action of ± 1
2
(1± i J ) on the orthogonal basis elements e j :

� j = 1

2
(1+ i J )[e j ] = 1

2
(e j − i en+ j ), j = 1, . . . , n

�†j = −1

2
(1− i J )[e j ] = −1

2
(e j + i en+ j ), j = 1, . . . , n

These Witt basis elements satisfy the Grassmann identities

� j �k + �k� j = �†j �
†
k + �†k�

†
j = 0 , j, k = 1, . . . , n

and the duality identities

� j �
†
k + �†k� j = δ jk , j, k = 1, . . . , n

Next we identify a vector X = (X1, . . . , X2n) = (x1, . . . , xn, y1, . . . , yn) in
R

0,2n with the Clifford vector X =∑n
j=1(e j x j + en+ j y j ) and we denote by X |
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the action of the complex structure J on X , i.e.

X | = J [X ] =
n∑
j=1

(
e j y j − en+ j x j

)
Observe that the Clifford vectors X and X | anti–commute, since the vectors X
and X | are orthogonal w.r.t. the standard Euclidean scalar product. The actions

of the projection operators on the Clifford vector X then produce the Hermitean

Clifford variables Z and its Hermitean conjugate Z†:

Z = 1

2
(1+ i J )[X ] = 1

2
(X + i X |)

Z† = −1

2
(1− i J )[X ] = −1

2
(X − i X |)

which may also be rewritten in terms of the Witt basis elements as

Z =
n∑
j=1

� j z j and Z† = (Z)† =
n∑
j=1

�†j z
c
j

where n complex variables z j = x j + iy j have been introduced, with complex

conjugates zcj = x j − iy j , j = 1, . . . , n. Finally, the Hermitean Dirac operators

∂Z and ∂Z† are derived from the orthogonal Dirac operator ∂X :

∂Z† = 1

4
(1+ i J )[∂X ] = 1

4
(∂X + i ∂X |)

∂Z = −1

4
(1− i J )[∂X ] = −1

4
(∂X − i ∂X |)

where we have introduced the so–called twisted Dirac operator

∂X | = J [∂X ] =
n∑
j=1

(
e j ∂y j − en+ j ∂x j

)
As was the case with ∂X , a notion of monogenicity may be associated in a

natural way to ∂X | as well. Again passing to the Witt basis, the Hermitean Dirac

operators are expressed as

∂Z =
n∑
j=1

�†j ∂z j and ∂Z† = (∂Z )
† =

n∑
j=1

� j ∂zcj
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involving the classical Cauchy–Riemann operators ∂z j = 1
2
(∂x j − i∂y j ) and their

complex conjugates ∂zcj = 1
2
(∂x j + i∂y j ) in the complex z j–planes, j = 1, . . . , n.

Then a continuously differentiable function g on an open region	 ofR2n with

values in C2n is called a (left) Hermitean monogenic (or h–monogenic) function

in 	 if and only if it simultaneously is ∂X– and ∂X |–monogenic in 	, i.e. it

satisfies in 	 the system

∂X g = 0 = ∂X | g

or equivalently, the system

∂Z g = 0 = ∂Z† g

It remains to recall the group invariance underlying this system. To this end we

consider the group Ũ(n) ⊂ Spin(2n), given by

Ũ(n) = {s ∈ Spin(2n) | ∃ θ ≥ 0 : s I = exp (−iθ)I}
its definition involving the self-adjoint primitive idempotent

I = I1 . . . In (2.2)

with

I j = � j �
†
j =

1

2

(
1− ie j en+ j

)
, j = 1, . . . , n

It has been proved, see [7], that this group constitutes a realisation in the Clifford

algebra of the unitary group U(n), and moreover, that its associated action leaves

the Hermitean Dirac operators invariant. Less precisely, one thus says that these

operators are invariant under the action of the unitary group, and so is the notion

of h–monogenicity.

For further use, observe that the Hermitean vector variables and Dirac opera-

tors are isotropic, since the Witt basis elements are, i.e.

(Z)2 = (Z†)2 = 0 and (∂Z )
2 = (∂Z†)

2 = 0

whence the Laplacian �2n = −∂2X = −∂2X | allows for the decomposition

�2n = 4
(
∂Z∂Z† + ∂Z†∂Z

)
while also

Z Z† + Z†Z = |Z |2 = |Z†|2 = |X |2 = |X ||2
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3 Clifford–Cauchy and Clifford–Stokes theorems

In this section we will denote, as above, by 	 some open region in R2n , and we

consider a 2n–dimensional compact differentiable and oriented manifold � ⊂ 	

with C∞ smooth boundary ∂�.

Further, we denote by d̃σ X the vector valued oriented surface element on ∂�

given by the differential form

d̃σ X =
n∑
j=1
e j (−1) j−1 ˜̂dx j + n∑

j=1
en+ j (−1)n+ j−1 ˜̂dy j

of order (2n − 1), and by d̃σ X | its twisted analogue, i.e.

d̃σ X | = J [d̃σ X ]
given by the differential form

d̃σ X | =
n∑
j=1
e j (−1)n+ j−1 ˜̂dy j − n∑

j=1
en+ j (−1) j−1 ˜̂dx j

Here ˜̂dx j = dx1 ∧ · · · ∧ dx j−1 ∧ dx j+1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dyn˜̂dy j = dx1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dy j−1 ∧ dy j+1 ∧ · · · ∧ dyn
reflecting the original consecutive ordering of the variables (x1, . . . , xn,
y1, . . . , yn). The corresponding oriented volume elements on � then read

d̃V (X) = dx1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dyn
d̃V (X |) = dy1 ∧ · · · ∧ dyn ∧ (−dx1) ∧ · · · ∧ (−dxn)

for which it is easily checked that

d̃V (X) = d̃V (X |) (3.1)

In orthogonal Clifford analysis the theorem of Stokes may be formulated as

follows (see [6]).

Theorem 3.1 (Clifford–Stokes theorem). Let f and g be functions in C1(	;
C2n) and let � ⊂ 	 be a 2n–dimensional compact differentiable and oriented
manifold with C∞ smooth boundary ∂�, then∫

∂�

f (X) d̃σ X g(X) =
∫
�

(
( f ∂X ) g + f (∂X g)

)
d̃V (X)

As an immediate consequence one obtains the basic theorem of Cauchy (see

also [6]).
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Theorem 3.2 (Clifford–Cauchy theorem). Let the function g be ∂X–mono-
genic in 	 and let � ⊂ 	 be a 2n–dimensional compact differentiable and
oriented manifold with C∞ smooth boundary ∂�, then∫

∂�

d̃σ X g(X) = 0

Clearly, both theorems may be restated for X |, d̃σ X | and ∂X |, leading to the

formulations below, where (3.1) has been taken into account.

Corollary 3.1. Let f and g be functions in C1(	;C2n) and let � ⊂ 	 be a
2n-dimensional compact differentiable and oriented manifold with C∞ smooth
boundary ∂�, then∫

∂�

f (X) d̃σ X | g(X) =
∫
�

(
( f ∂X |) g + f (∂X |g)

)
d̃V (X)

When moreover g is ∂X |–monogenic in 	, then∫
∂�

d̃σ X | g(X) = 0

We now introduce the Hermitean counterparts of the pair of oriented surface

elements (d̃σ X , d̃σ X |). To this end, we should note that we may also write

d̃σ X = (−1) n(n−1)2 dσX

d̃σ X | = (−1) n(n−1)2 dσX |

with the alternative pair of surface elements (dσX , dσX |) only involving a re-
ordering of the variables according to n complex planes, i.e.

dσX =
n∑
j=1

(
e j (dx1 ∧ dy1) ∧ · · · ∧ ([dx j ] ∧ dy j ) ∧ · · · ∧ (dxn ∧ dyn)

)

+
n∑
j=1

(
−en+ j (dx1 ∧ dy1) ∧ · · · ∧ (dx j ∧ [dy j ]) ∧ · · · ∧ (dxn ∧ dyn)

)
and

dσX | =
n∑
j=1

(
−en+ j (dx1 ∧ dy1) ∧ · · · ∧ ([dx j ] ∧ dy j ) ∧ · · · ∧ (dxn ∧ dyn)

)

+
n∑
j=1

(
−e j (dx1 ∧ dy1) ∧ · · · ∧ (dx j ∧ [dy j ]) ∧ · · · ∧ (dxn ∧ dyn)

)
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where [·] denotes omitting that particular differential. It is then easily seen that

d̃σ X − i d̃σ X | = (−1) n(n−1)2

(
dσX − i dσX |

)
= (−1) n(n−1)2 (−4)

(
i
2

)n n∑
j=1

�†j d̂ z j

while

d̃σ X + i d̃σ X | = (−1) n(n−1)2

(
dσX + i dσX |

)
= (−1) n(n−1)2 (−4)

(
i
2

)n n∑
j=1

� j d̂ zcj

with

d̂z j = (dz1 ∧ dzc1) ∧ · · · ∧ ([dz j ] ∧ dzcj ) ∧ · · · ∧ (dzn ∧ dzcn)
d̂zcj = (dz1 ∧ dzc1) ∧ · · · ∧ (dz j ∧ [dzcj ]) ∧ · · · ∧ (dzn ∧ dzcn)

This observation leads to the definition of the Hermitean oriented surface ele-

ments

dσZ =
n∑
j=1

�†j d̂ z j

dσZ† =
n∑
j=1

� j d̂ zcj

for which it holds that

dσZ = −1

4
(−2i)n (dσX − i dσX |)

dσZ† = −1

4
(−2i)n (dσX + i dσX |)

or equivalently

dσZ = −1

4
(−1) n(n+1)2 (2i)n

(
d̃σ X − i d̃σ X |

)
(3.2)

dσZ† = −1

4
(−1) n(n+1)2 (2i)n

(
d̃σ X + i d̃σ X |

)
(3.3)
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Note that we in fact have applied the same technique as in Section 2, by means

of the projection operators ± 1
2
(1 ± i J ) acting on dσX , up to a deliberately

chosen constant.

We also consider the associated volume element dW (Z , Z†) defined as

dW (Z , Z†) = (
dz1 ∧ dzc1

) ∧ (dz2 ∧ dzc2) ∧ · · · ∧ (dzn ∧ dzcn)
reflecting integration over the respective complex z j–planes, j = 1, . . . , n.
One has that

d̃V (X) = (−1) n(n−1)2

(
i
2

)n
dW (Z , Z†) (3.4)

A first result is then easily obtained.

Theorem 3.3 (Hermitean Clifford–Stokes theorems). Let f and g be func-
tions in C1(	;C2n) and let � ⊂ 	 be a 2n–dimensional compact differen-
tiable and oriented manifold with C∞ smooth boundary ∂�, then∫

∂�

f dσZ g =
∫
�

[
( f ∂Z ) g + f (∂Z g)

]
dW (Z , Z†)∫

∂�

f (−dσZ†) g =
∫
�

[
( f ∂Z†) g + f (∂Z† g)

]
dW (Z , Z†)

Proof. Start from the orthogonal Clifford–Stokes theorem(s) and invoke the

expressions (3.2)–(3.3), as well as the relation (3.4) between the orthogonal

volume element d̃V (X) and the Hermitean volume element dW (Z , Z†). �

Theorem 3.4 (Hermitean Clifford–Cauchy theorems). Let the function g
be h-monogenic in 	 and let � ⊂ 	 be a 2n–dimensional compact differenti-
able and oriented manifold with C∞ smooth boundary ∂�, then∫

∂�

dσZ g = 0∫
∂�

dσZ† g = 0

Proof. Start from the orthogonal Clifford–Cauchy theorem(s) and invoke the

expressions (3.2)–(3.3), or alternatively, take f = 1 and g an h–monogenic

function in the above Hermitean Clifford–Stokes theorems. �
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4 Cauchy integral formulae

The fundamental solutions of the Dirac operators ∂X and ∂X |, i.e. the orthogonal
Cauchy kernels, are respectively given by

E (X) = 1

a2n
X
|X |2n (4.1)

E |(X) = 1

a2n
X |
|X |2n (4.2)

where a2n denotes the area of the unit sphere S2n−1 in R2n . Explicitly, this

means

∂X E (X) = δ(X) (4.3)

∂X |E |(X) = δ(X |) = δ(X) (4.4)

By a lengthy calculation, we also find

Lemma 4.1.

∂X E |(X) = − i
n
(2β − n)δ(X)+ 2n

1

a2n
Fp

XX |
|X |2n+2

− 2i(2β − n) 1

a2n
Fp

1

|X |2n (4.5)

∂X |E(X) = i
n
(2β − n)δ(X)+ 2n

1

a2n
Fp

X |X
|X |2n+2

+ 2i(2β − n) 1

a2n
Fp

1

|X |2n (4.6)

where β is the so-called spin Euler operator given by 1
2

∑n
j=1(1− ie j en+ j ) (see

e.g. [7] ) and Fp stands for the traditional “finite part” distribution.
Similarly as above, we now introduce the Hermitean counterparts to the pair

of fundamental solutions (E, E |), by putting
E = − (E + i E |)
E† = (E − i E |)

Bull Braz Math Soc, Vol. 40, N. 3, 2009



INTEGRAL FORMULAE IN HERMITEAN CLIFFORD ANALYSIS 407

Explicitly this yields

E (Z) = 2

a2n
Z∣∣Z ∣∣2n (4.7)

E†(Z) = 2

a2n
Z†∣∣Z ∣∣2n (4.8)

Note however thatE andE† are not the fundamental solutions to the respective

Hermitean Dirac operators ∂Z and ∂Z† ! Indeed, invoking (4.3)–(4.6), we obtain

Lemma 4.2.

∂Z E(Z) = 1

n
βδ(Z , Z †)+ 2

a2n
βFp

1

r2n
− 2

a2n
nFp

Z†Z
r2n+2

∂Z†E(Z) = 0

and

∂Z E†(Z) = 0

∂Z†E†(Z) = 1

n
(n − β)δ(Z , Z†)+ 2

a2n
(n − β)Fp

1

r2n
− 2

a2n
nFp

Z Z†

r2n+2

A first attempt at constructing a Hermitean Cauchy integral formula has been

undertaken in [18], however presenting the “fake” – as termed by the authors

themselves – Cauchy kernel 1
2
E† = 1

2
(E − i E |), which obviously fails to be

h-monogenic.

Nevertheless it is clear that, in order to establish the desired formula, the

functions E and E† will need to be involved. Indeed, surprisingly, combining

the above calculations, we are lead to the following result (see also [15]).

Theorem 4.1. Introducing the particular circulant (2× 2) matrices

D(Z ,Z†) =
(
∂Z ∂Z†

∂Z† ∂Z

)
, E =

( E E†

E† E
)
, and δ =

(
δ 0

0 δ

)
one obtains that

D(Z ,Z†)E(Z) = δ(Z)
This means that E may be considered as a fundamental solution of D(Z ,Z†),

the latter concept being reinterpreted in a matrical context. It is precisely this
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simple observationwhich has lead us to the idea of amatrix approach to arrive at a

Cauchy integral formula in the Hermitean setting. Also note, as another remark-

able fact, that the Dirac matrix D(Z ,Z†) in some sense factorizes the Laplacian,

since

4D(Z ,Z†)
(D(Z ,Z†)

)† = ( �2n 0

0 �2n

)
Thus, in the same setting of circulant (2 × 2) matrices we associate, with

continuously differentiable functions g1 and g2 defined in 	 and taking values

in C2n , the matrix function

G1
2 =

(
g1 g2
g2 g1

)
(4.9)

Definition 4.1. We call G1
2 (left) H–monogenic if and only if it satisfies the

system
D(Z ,Z†)G

1
2 = O (4.10)

where O denotes the matrix with zero entries.

The above system (4.10) for H–monogenicity explicitly reads{
∂Z [g1] + ∂Z†[g2] = 0

∂Z†[g1] + ∂Z [g2] = 0

Choosing in particular g1 = g and g2 = g†, it is clear that, in general, the

H–monogenicity of the corresponding matrix function

G =
(
g g†
g† g

)
will not imply the h–monogenicity of the function g and vice versa. As a sim-

ple example consider the matrix E for which we have found above that it is

H–monogenic in R2n \ {0}, while clearly the function E is not h–monogenic.

An exception to this general remark clearly occurs in the special case of scalar

(i.e. complex) valued functions, where h–monogenicity (of g) and H–mono-

genicity (of G) are found to be equivalent notions.
Another special yet very important case occurs when considering the matrix

function

G0 =
(
g 0

0 g

)
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Since its H–monogenicity is easily seen to be equivalent with the h–mono-

genicity of the function g, this specific matrix will form the key for the con-

struction of a Hermitean Cauchy integral formula. A first step in this direction is

the reformulation of the Hermitean Clifford–Stokes theorems, established in the

previous section, in a matrical form. To this end, we still introduce the matrix

d�(Z ,Z†) =
(

dσZ −dσZ†
−dσZ† dσZ

)
which will play the rôle of the differential form. We then have the following

result.

Theorem 4.2. Let f1, f2, g1 and g2 be arbitrary functions in C1(	;C2n) and
consider the corresponding matrix functions of the form (4.9); let as above
� ⊂ 	 be a 2n–dimensional compact differentiable and oriented manifold with
C∞ smooth boundary ∂�. It then holds that∫
∂�

F1
2 d�(Z ,Z†) G

1
2 =

∫
�

[
(F1

2 D(Z ,Z†)) G
1
2 + F1

2 (D(Z ,Z†) G
1
2)
]
dW (Z , Z†)

Proof. Follows by taking deliberate combinations of the Hermitean Clifford–

Stokes formulae found in Theorem 3.3. �

From now on �+ will stand for
◦
� and �− for 	 \ �; furthermore we reserve

the notations Y and Y | for Clifford vectors associated to points in �±. Their

Hermitean counterparts are denoted by

V = 1

2
(1+ i J )[Y ] = 1

2
(Y + i Y |)

V † = −1

2
(1− i J )[Y ] = −1

2
(Y − i Y |)

The following Hermitean Cauchy-Pompeiu formula is then established.

Theorem 4.3 (Hermitean Cauchy-Pompeiu formula). Let g1 and g2 be func-
tions in C1(	;C2n) and let G1

2 be the corresponding matrix function of the
form (4.9); let as above � ⊂ 	 be a 2n–dimensional compact differentiable
and oriented manifold with C∞ smooth boundary ∂�. It then holds that∫

∂�

E(Z − V ) d�(Z ,Z†) G
1
2(X)−

∫
�

E(Z − V ) [D(Z ,Z†)G
1
2(X)

]
dW (Z , Z†)

=
{
O , if Y ∈ �−
(−1) n(n+1)2 (2i)n G1

2(Y ) , if Y ∈ �+
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Proof. First, let Y = V − V † ∈ �−. In this case we have that, considered as

functions of X = Z − Z†,

E(Z − V ) = 2

a2n
Z − V
|Z − V |2n =

2

a2n
Z − V
|X − Y |2n

and

E†(Z − V ) = 2

a2n
Z† − V †

|Z − V |2n =
2

a2n
Z† − V †

|X − Y |2n

are continuously differentiable in �+, so that the Hermitean Clifford–Stokes

Theorem 4.2 can be applied, yielding the desired statement, since we have that

in 	

E(Z − V )D(Z ,Z†) = E(Z − V )D(Z ,Z†) = O

Next, let Y = V − V † ∈ �+, and take R > 0 such that B(X; R) ⊂ �. Invoking

the previous case, we may then write∫
∂(�\B(X;R))

E(Z − V ) d�(Z ,Z†) G
1
2(X)

−
∫
�\B(X;R)

E(Z − V ) [D(Z ,Z†)G
1
2(X)

]
dW (Z , Z†) = O

Taking limits for R→ 0 the second term at the left-hand side yields

lim
R→0

∫
�\B(X;R)

E(Z − V ) [D(Z ,Z†)G
1
2(X)

]
dW (Z , Z†)

=
∫
�

E(Z − V ) [D(Z ,Z†)G
1
2(X)

]
dW (Z , Z†)

since the integrand only contains functions which are integrable on �. Further-

more we may write ∫
∂(�\B(X;R))

E(Z − V ) d�(Z ,Z†) G
1
2(X)

=
∫
∂�

E(Z − V ) d�(Z ,Z†) G
1
2(X)−

∫
∂B(X;R)

E(Z − V ) d�(Z ,Z†) G
1
2(X)
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In order to calculate the last integral in the above expression, we apply oncemore

the Hermitean Clifford–Stokes Theorem 4.2:∫
∂B(X;R)

E(Z − V ) d�(Z ,Z†) G
1
2(X)

= 2

a2n R2n

[ ∫
B(X;R)

[GZ−VD(Z ,Z†)]G1
2 dW (Z , Z†)

+
∫
B(X;R)

GZ−V [D(Z ,Z†)G
1
2] dW (Z , Z†)

]
where

GZ−V =
(
Z − V Z† − V †

Z† − V † Z − V

)
By direct calculation of the first term we obtain

lim
R→0

2

a2n R2n

∫
B(X;R)

[
GZ−VD(Z ,Z†)

]
G1

2(X) dW (Z , Z†)

= (−2i)n (−1) n(n−1)2 G1
2(Y )

while the second term may be shown to converge to O for R→ 0. �
This theorem then leads to the following Hermitean Cauchy integral formulae

for H–monogenic matrix functions G1
2 and h–monogenic functions g, respec-

tively.

Theorem 4.4 (Hermitean Cauchy integral formula I). If the matrix func-
tion G1

2 is H–monogenic in 	 then∫
∂�

E(Z − V ) d�(Z ,Z†) G
1
2(X) =

{
O , if Y ∈ �−
(−1) n(n+1)2 (2i)n G1

2(Y ) , if Y ∈ �+

Proof. Apply Theorem 4.3 while taking into account the H–monogenicity of

the matrix function G1
2. �

Theorem 4.5 (Hermitean Cauchy integral formula II). If the function g is
h–monogenic in 	 then∫
∂�

E(Z − V ) d�(Z ,Z†) G0(X) =
{
O , if Y ∈ �−
(−1) n(n+1)2 (2i)n G0(Y ) , if Y ∈ �+(4.11)
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The previous theorem may be considered as a Hermitean Cauchy integral for-

mula for the h–monogenic function g; therefore the matrix functionE appearing

in this formula is called the Hermitean Cauchy kernel.

Remark 4.1. The Cauchy integral is a well–known integral operator applying

to functions defined on ∂�. It has been thoroughly studied in the framework

of orthogonal Clifford analysis; in particular it has lead to the definition of

Clifford–Hardy spaces and of a multidimensional Clifford vector valued Hilbert

transform, when considering its non–tangential boundary limits in L2–sense

in the interior or exterior of the domain of interest (see [11, 8]). It is clear

that, by means of the matrical Hermitean Cauchy kernel defined in this section,

also a Hermitean Cauchy integral may be defined; the study of its boundary

limits, leading to Hermitean Clifford–Hardy spaces and to a Hermitean Hilbert

transform, is the subject of the paper [5].

5 The Martinelli–Bochner formula revisited

In this section we will restrict ourselves to so–called spinor valued functions, i.e.

functions on R2n ∼= Cn , taking values in the complex spinor space

S = C2n I ∼= Cn I
where I is the primitive idempotent introduced in Section 2, (2.2). In [4], it has

been shown that S, considered as a Ũ(n)–module, decomposes as

S =
n⊕
j=1
S j =

n⊕
j=1

(
C�†

n
)( j) I (5.1)

into the Ũ(n)–invariant and irreducible subspaces

S j =
(
C�†

n
)( j) I, j = 0, . . . , n

consisting of j-vectors from C�†
n multiplied by the idempotent I , where C�†

n
is the Grassmann algebra generated by the Witt basis elements {�†1, . . . , �†n}.
Therefore, the spaces S j are also called the “homogeneous parts” of spinor

space. Clearly, the system for h–monogenic spinor valued functions will then

split into n independent subsystems for functions with values in S j , j = 0, . . . ,

n, the individual subsystems not being mutually equivalent (see [4]).

In particular, for j = n, the homogeneous n–space of spinor space is gener-
ated by the basis element �†1�†2 . . . �

†
n I , so that Sn valued functions take the form

g
(
z1, . . . , zn

) = gn(z1, . . . , zn) �†1�†2 . . . �
†
n I (5.2)
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where gn is a smooth complex valued function on R2n ∼= Cn . It is easily

seen that h–monogenicity for such a function g is equivalent to holomorphy

of the corresponding scalar function gn in the complex variables (z1, . . . , zn).
Thus, considering functions g of the form (5.2) establishes a connection between

Hermitean Clifford analysis and the theory of holomorphic functions of several

complex variables, whence it is interesting to investigate the true nature of the

Hermitean Cauchy integral formula obtained in the previous section for this

type of functions.

To this end, we will explicitly calculate the left-hand side of formula (4.11),

taking g to be of the form (5.2). We obtain

d�(Z ,Z†) G0(X) =

⎛⎜⎜⎜⎝
n∑
k=1

(
d̂zk�†k

)
gn
(
z1, . . . , zn

)
�†1 . . . �

†
n I ∗

−
n∑
k=1

(
d̂zck�k

)
gn
(
z1, . . . , zn

)
�†1 . . . �

†
n I ∗

⎞⎟⎟⎟⎠

=
(

0 ∗
−dσZ† gn

(
z1, . . . , zn

)
�†1 . . . �

†
n I ∗

)

where the second column has not been written, since it only duplicates the first
one (in reversed order) seen the circulant structure of the involved matrices, and
the matrix entry [·11] reduces to zero on account of the anti–commutation and

the isotropy of the Witt basis element �†k . Further calculation yields

E(Z − V ) d�(Z ,Z†) G0(X) =
⎛⎝ −E†(Z − V ) dσZ† gn

(
z1, . . . , zn

)
�†1 . . . �

†
n I ∗

−E (Z − V ) dσZ† gn
(
z1, . . . , zn

)
�†1 . . . �

†
n I ∗

⎞⎠
where, putting ρ = |Z − V |,

E†(Z − V ) dσZ† =
2

a2nρ2n

⎛⎝ n∑
j=1

�†j
(
zcj − vcj

)⎞⎠( n∑
k=1

�k d̂zck

)

whence

E†(Z − V ) dσZ† gn
(
z1, . . . , zn

)
�†1�†2 . . . �

†
n I

= 2

a2nρ2n

n∑
j=1

(zcj − vcj )d̂zcj gn
(
z1, . . . , zn

)
�†1�†2 . . . �

†
n I
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where we have invoked the duality identities for theWitt basis elements and once

more their isotropy. Similarly

E(Z − V ) dσZ† =
2

a2nρ2n

⎛⎝ n∑
j=1

� j
(
zcj − vcj

)⎞⎠( n∑
k=1

�k d̂zck

)

whence

E(Z − V ) dσZ† gn
(
z1, . . . , zn

)
�†1�†2 . . . �

†
n I

= 2

a2nρ2n

∑
j �=k

(
zcj − vcj

)
d̂zck gn

(
z1, . . . , zn

)
� j �k �†1�†2 . . . �

†
n I

Thus, the Hermitean Cauchy integral formula (4.11) for Y ∈ �+ yields two

statements. The first one reads

(−1) n(n+1)2 gn(Y ) = −
∫
∂�

(n − 1)!
(2π i)n

1

ρ2n

n∑
j=1

(
zcj − vcj

)
d̂zcj gn(X)

which exactly coincides with theMartinelli–Bochner formula (1.2), when taking

into account the appropriate reordering of the involved differential forms. Here

we have used a2n = 2πn

(n−1)! . The second statement is

0 = −
∫
∂�

2

a2n
1

ρ2n

∑
j �=k

(
z j − v j

)
d̂zck gn(X) � j �k �†1 . . . �

†
n I

which, by means of some more Witt basis calculations, decomposes into∫
∂�

z j − v j

ρ2n d̂zck gn(X) =
∫
∂�

zk − vk

ρ2n d̂zcj gn(X), j, k = 1, . . . , n, j �= k

a result which can be proved directly using standard techniques.
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[9] R. Delanghe, F. Sommen and V. Souček. Clifford Algebra and Spinor–Valued
Functions, Kluwer Academic Publishers, Dordrecht (1992).

[10] D. Eelbode, Zonal Hermitean monogenic functions. In: Y. Imayoshi, Y. Komori,

M. Nishio and K. Sakan (eds.), Complex analysis and its applications, OCAMI

Stud., 2, Osaka Munic. Univ. Press, Osaka, 2007, 163–168.

[11] J. Gilbert and M. Murray. Clifford Algebras and Dirac Operators in Harmonic
Analysis. Cambridge University Press, Cambridge (1991).

[12] K. Guerlebeck and W. Sproessig. Quaternionic and Clifford Calculus for Physi-
cists and Engineers. Wiley, Chichester (1998).

[13] S. Krantz. Function theory of several complex variables, 2nd edition, Wadsworth

& Brooks/Cole, Pacific Grove (1992).

[14] A. Kytmanov, The Bochner–Martinelli integral and its applications. Birkhaüser,
Basel–Boston–Berlin (1995).

[15] R. Rocha–Chavez, M. Shapiro and F. Sommen. Integral theorems for func-
tions and differential forms in Cm . Research Notes in Math., 428, Chapman &

Hall/CRC, New York (2002).

[16] J. Ryan, Complexified Clifford analysis. Complex Variables: Theory & Applica-

tion, 1 (1982), 119–149.

[17] I. Sabadini and F. Sommen. Hermitian Clifford analysis and resolutions. Math.

Meth. Appl. Sci., 25 (16-18) (2002), 1395–1414.

[18] F. Sommen and D. Peña Peña. A Martinelli-Bochner formula for the Hermitian
Dirac equation. Math. Meth. Appl. Sci., 30 (9) (2007), 1049–1055.

Bull Braz Math Soc, Vol. 40, N. 3, 2009



416 F. BRACKX, B. DE KNOCK, H. DE SCHEPPER and F. SOMMEN

F. Brackx, B. De Knock,

H. De Schepper and F. Sommen

Clifford Research Group

Department of Mathematical Analysis

Faculty of Engineering

Ghent University

B-9000 Gent

BELGIUM

E-mails: fb@cage.ugent.be, bram.deknock@gmail.com,

hds@cage.ugent.be, fs@cage.ugent.be

Bull Braz Math Soc, Vol. 40, N. 3, 2009



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


