Bull Braz Math Soc, New Series 40(3), 395-416
© 2009, Sociedade Brasileira de Matemdtica

On Cauchy and Martinelli-Bochner Integral
Formulae in Hermitean Clifford Analysis
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Abstract. Euclidean Clifford analysis is a higher dimensional function theory, refin-
ing harmonic analysis, centred around the concept of monogenic functions, i.e. null
solutions of a first order vector valued rotation invariant differential operator, called
the Dirac operator. More recently, Hermitean Clifford analysis has emerged as a new
and successful branch of Clifford analysis, offering yet a refinement of the Euclidean
case; it focusses on the simultaneous null solutions of two Hermitean Dirac operators,
invariant under the action of the unitary group. In this paper, a Cauchy integral formula
is established by means of a matrix approach, allowing the recovering of the traditional
Martinelli-Bochner formula for holomorphic functions of several complex variables as
a special case.
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1 Introduction

The Cauchy integral formula, a key result for the theory of holomorphic functions
in the complex plane, may be generalized to the case of several complex variables
in two ways: either one takes a holomorphic kernel and an integral over the
distinguished boundary 9,D = [T/ 3D ; of a polydisk D = [T D ; in C”,
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leading to the formula
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or one takes an integral over the (piecewise) smooth boundary o D of a bounded
domain D in C” in combination with the Martinelli-Bochner kernel, see e.g.
[14], which is not holomorphic anymore but still harmonic, resulting into

f@) = /df(é')U(é,z), zeD (1.2)
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where -¢ denotes the complex conjugate. The history of formula (1.2), obtained
independently and through different methods by Martinelli and by Bochner, has
been described in detail in [13]. It reduces to the traditional Cauchy integral
formula when n = 1; for n > 1, it is related to the double layer potential, while
at the same time, it establishes a connection between harmonic and holomor-
phic functions.

A third alternative for a generalization of the Cauchy integral formula is of-
fered by so—called Clifford analysis, where functions defined in Euclidean space
R?" = C” and taking values in a Clifford algebra are considered. This multi-
dimensional function theory focusses on so—called monogenic functions, i.e.
null solutions of the elliptic Dirac operator dy factorizing the Laplace operator:
92 = —A,,, and may thus be seen as both a generalization of the theory of
holomorphic functions in the complex plane and as a refinement of classical har-
monic analysis. As the Dirac operator is rotation invariant, or more precisely:
invariant under the action of the special orthogonal group, the name orthogonal
Clifford analysis is used nowadays to refer to this setting. Standard references in
this respect are [6, 9, 12, 11]. In this framework the Cauchy kernel appearing in
the Clifford—Cauchy formula is monogenic, up to a pointwise singularity, while
the integral remains being taken over the complete boundary:

f@ozf E(E-X)doz f(8). XeD
D
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a», being the area of the unit sphere $>"~! in R*" = C”, ~ denoting the Clifford
conjugation and dog being a Clifford algebra valued differential form of order
(2n — 1) (see Section 3 for its precise definition). This Clifford—Cauchy integral
formula is a corner stone in the function theoretic development of orthogonal
Clifford analysis.

In a series of recent papers, so—called Hermitean Clifford analysis has emerged
as yet a refinement of the orthogonal case; it focusses on the simultaneous null
solutions of the complex Hermitean Dirac operators dz and d,+ which decom-
pose the Laplace operator in the sense that 4(d0,+ + 9,192) = A, and which
are invariant under the action of the special unitary group. The study of com-
plex Dirac operators was initiated in [16, 15, 17]; a systematic development
of the associated function theory, including the invariance properties with re-
spect to the underlying Lie groups and Lie algebras, is still in full progress,
seee.g. [7,3,4,10,1, 2].

Naturally a Cauchy integral formula for Hermitean monogenic functions tak-
ing values in the complex Clifford algebra C,,, is essential in the further develop-
ment of this function theory, but has not yet been obtained in a satisfactory way.
A first result in this direction was obtained in [18], however for functions which
are null solutions of only one of the Hermitean Dirac operators and moreover
presenting a “fake” — as termed by the authors — Cauchy kernel, failing to be
monogenic.

In this paper a Cauchy integral formula for Hermitean monogenic functions is
established. However, from the start of our quest, it was clear that the formula
aimed at could not have a traditional form as in (1.1) or in (1.2). Indeed, it is a
known fact (see [4]) that in the special case where the functions considered do
not take their values in the whole Clifford algebra C,,,, but in the n-homogeneous
part S, of the complex spinor space S = C,,/ = C, 1, I being a self-adjoint
primitive idempotent, Hermitean monogenicity turns out to be equivalent with
holomorphy in the complex variables (z1, ..., z,).

It turned out that a matrix approach is the key to obtain the desired result,
see Theorem 4.4. Moreover and as could be expected, the obtained Hermitean
Cauchy integral formula (4.11) reduces to the traditional Martinelli-Bochner
formula (1.2) in the special case of S, valued functions (Section 5). This also
means that the theory of Hermitean monogenic functions not only refines or-
thogonal Clifford analysis (and thus harmonic analysis as well), but also has
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strong connections with the theory of functions of several complex variables,
even encompassing some of its results.

2 Preliminaries

We first consider the real Clifford algebra Ry ,, constructed over the vector
space R*” endowed with a non—degenerate quadratic form of signature (0, m),
and generated by the orthonormal basis (ey, ..., e,). The non—commutative,
so—called geometric, multiplication in Ry ,, is governed by the rules

ejep +ee; =28 , jk=1,....m 2.1
As a basis for R, we consider for any set 4 = {ji,..., ja} C {1,..., m} the
element ey = ¢; ...ej, with1l < j; < j» < --- < j, < m, while for the

empty set ¥ one puts ey = 1, the identity element. Any Clifford number « in
Ry, may thus be writtenas a = ) ,eqa4, a4 € R, orstillasa = Y ;" [alx,

where [a]; = Z\A\:k e 4a 4 1s the so—called k—vector partofa (k =0, 1, ..., m).

The Euclidean space R%” is embedded in Ry, by identifying (X1, ..., X,)
with the Clifford vector X given by

X = iej X;
j=1

Note that the square of X is scalar valued and equals the norm squared up to a
minus sign: X> = — < X, X > = —|X|%. The Fischer dual of X is the vector
valued first order differential operator

81 = ZE‘/ an
j=1

called Dirac operator. It is precisely this Dirac operator which underlies the
notion of monogenicity of a function, a notion which is the higher dimensional
counterpart of holomorphy in the complex plane. A function f defined and
differentiable in an open region © of R%™ and taking values in Ry, is called
(left) monogenic in 2 if dx[f] = 0 in Q. As the Dirac operator factorizes
the Laplacian: A,, = —d%, monogenicity can be regarded as a refinement of
harmonicity. We refer to this setting as the orthogonal case, since the fundamental
group leaving the Dirac operator dy invariant is the special orthogonal group
SO(m; R), which is doubly covered by the Spin(m) group of the Clifford algebra
Ry, For this reason, the Dirac operator is also called rotation invariant.
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When allowing for complex constants and moreover taking the dimension
to be even: m = 2n, the set of generators (ey, ..., e,), still satisfying the
multiplication rules (2.1), produces the complex Clifford algebra C,,, being the
complexification of the real Clifford algebra Ry ,, i.e. Cy, = Ry, @7 Rp 2p-
Any complex Clifford number A € C,, may thus be writtenas A = a+ib,a,b €
Ry.2,, an observation leading to the definition of the Hermitean conjugation
AT = (a +ib)" = @ — ib, where the bar notation stands for the usual Clifford
conjugation in R ,,, i.e. the main anti-involution for which e; = —e;, j =
1, ..., 2n. This Hermitean conjugation also leads to a Hermitean inner product
and its associated norm on C,, given by (A, ) = [ATu]p and |A| = /[ATA]y =
Qo a2

The above will be the framework for so—called Hermitean Clifford analysis,
yet a refinement of orthogonal Clifford analysis. An elegant way for introducing
this setting consists in considering a so—called complex structure, i.e. a specific
SO(2n; R)—element J for which J> = —1 (see [3, 4]). Here, J is chosen to act
upon the generators ey, . .., ey, of the Clifford algebra as

J[ej]Z—enJrJ and J[en+j]=€j, j:l"”’n

With J one may associate two projection operators % (1%iJ) which will produce
the main protagonists of the Hermitean setting by acting upon the correspond-
ing objects in the orthogonal framework. First of all, the so—called Witt basis
elements (f;, f;)’}zl for the complex Clifford algebra C,, are obtained through
the action of &3 (1 = iJ) on the orthogonal basis elements e;:

. 1 . 1 . .
T, = 5(1+1J)[€j] = E(ej —ien;), j=1,....n
. 1 1 .
T, = _E(I_ZJ)[ej] = —E(ej—{—lenﬂ-), j=1,...,n

These Witt basis elements satisfy the Grassmann identities
P+ b =T+ =0, jk=1,....n
and the duality identities
fiff+f0f =6 » jok=1,....n

Next we identify a vector X = (X1, ..., Xon) = (X1, ..., X5y Vs o vy V) 1N
R*2" with the Clifford vector X = }"_,(e; x; 4 e,1; y;) and we denote by X|
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the action of the complex structure J on X, i.e.

n

X = JIX] =) (ejy;—ens;x))

j=1

Observe that the Clifford vectors X and X| anti-commute, since the vectors X
and X| are orthogonal w.r.t. the standard Euclidean scalar product. The actions
of the projection operators on the Clifford vector X then produce the Hermitean
Clifford variables Z and its Hermitean conjugate Z':

= %(1+iJ)[)_(]= %()_(Jri)_fl)

7 — —%(1—w>[)_(] _ —%()_f—zzn

which may also be rewritten in terms of the Witt basis elements as

n

z=) fizj ad Z' =" =) flz
j=1

j=1

where n complex variables z; = x; + iy, have been introduced, with complex
conjugates z = x; —iy;, j = 1,..., n. Finally, the Hermitean Dirac operators
dz and 94+ are derived from the orthogonal Dirac operator dy:

1 1
0, = (A +iJ)ox] = —(Ox+1idx)
z 4 4
0 = ! 1—-iJ)[0x] = ! 0 )
; = _Z( —iJJ)[ox] = _Z( y —10dx))

where we have introduced the so—called twisted Dirac operator

n

0y = Jloxl = > (ejdy, —eny; s,

J=1

As was the case with dy, a notion of monogenicity may be associated in a
natural way to dx as well. Again passing to the Witt basis, the Hermitean Dirac
operators are expressed as

0y = Y fho, and 04 = ("= 0
j:l j:l
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involving the classical Cauchy —Riemann operators 9, = 3 L@y, ; —i0y,) and their
complex conjugates 9, ¢=3 (ij +1i0,,) inthe complex z;—planes, j =1,...,n.

Then a contlnuously differentiable functlon g onan open region 2 of Rz" Wlth
values in C,, is called a (left) Hermitean monogenic (or h-monogenic) function
in  if and only if it simultaneously is dx— and dx—monogenic in €, i.e. it
satisfies in Q2 the system

Ixg=0=0x¢g

or equivalently, the system
0zg=0=041g

It remains to recall the group invariance underlying this system. To this end we
consider the group U(n) C Spin(2n), given by

U(n) = {s € Spin(2n) |30 > 0:51 = exp (—i0)1}
its definition involving the self-adjoint primitive idempotent
I=1...1, 22
with
I; _TJfT l(l—lejenﬂ) j=1,...,n

It has been proved, see [7], that this group constitutes a realisation in the Clifford
algebra of the unitary group U(n), and moreover, that its associated action leaves
the Hermitean Dirac operators invariant. Less precisely, one thus says that these
operators are invariant under the action of the unitary group, and so is the notion
of h—-monogenicity.

For further use, observe that the Hermitean vector variables and Dirac opera-
tors are isotropic, since the Witt basis elements are, i.e.

(2’ =(Z""=0 and (32’ =(3z)* =0
whence the Laplacian A,, = —E& = —8/2X‘ allows for the decomposition
Ngy = 4(020,t + 94107)
while also

Z2Z'+72'Z2 =127 =1Z77 = |1 X = | X]|)?
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3 Clifford—Cauchy and Clifford—Stokes theorems

In this section we will denote, as above, by © some open region in R?", and we
consider a 2n—dimensional compact differentiable and oriented manifold I' C Q
with C* smooth boundary aTI".

Further, we denote by do x the vector valued oriented surface element on aI"
given by the differential form

doy = Xn:ej (=) dx; + 2”: enrs (~1 dy,
j=1 j=1
of order (2n — 1), and by do x| its twisted analogue, i.e.
doy = Jldox]
given by the differential form

doy =Y e; (=" dy; = > ey, (—1) ' dx;

j=1 j=1
Here
Jx\j = dxy Ao Ndx g Ndxjg AN Ndxy Adyy Ao ANdyy,
d/); = dxy A Ndxy Ndyy AN Ndyy Ndy N Ady,
reflecting the original consecutive ordering of the variables (xj, ..., x,,
V1, -+, ¥n). The corresponding oriented volume elements on I" then read

AV(X) = dxi A+ Adxy Adyi A=+ Ady,
dV(X) = dyi A Ady, A(=dx)) A= A (=dx,)
for which it is easily checked that
dv(X) = dv (X)) (3.1)

In orthogonal Clifford analysis the theorem of Stokes may be formulated as
follows (see [6]).

Theorem 3.1 (Clifford—Stokes theorem). Let f and g be functions in C'(Q;
Cyp) and let T C Q2 be a 2n—dimensional compact differentiable and oriented
manifold with C* smooth boundary 0T, then

/Brf(&%xg()_() = fr((fax)g-i-f(axg)) dv (X)

As an immediate consequence one obtains the basic theorem of Cauchy (see
also [6]).
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Theorem 3.2 (Clifford—Cauchy theorem). Let the function g be dxy—mono-
genic in Q and let T' C Q be a 2n—dimensional compact differentiable and
oriented manifold with C* smooth boundary 0T, then

/ do yx g(X) = 0
or

Clearly, both theorems may be restated for X|, do x| and dy;, leading to the
formulations below, where (3.1) has been taken into account.

Corollary 3.1. Let f and g be functions in C'(Q2; Cy,) and let ' C Q be a
2n-dimensional compact differentiable and oriented manifold with C* smooth
boundary o, then

/a f(X)doy g(X) = f((f3X|)g+f(3X|g)) dv(X)
or r

When moreover g is dx—monogenic in 2, then

/ doy g(X) = 0
ar

We now introduce the Hermitean counterparts of the pair of oriented surface
elements (do x, do yx|). To this end, we should note that we may also write

~ nn—1)

doy = (1) 7 dO’K

n(n—1)

doy = (-)"7 doy

with the alternative pair of surface elements (doy, doy|) only involving a re-
ordering of the variables according to » complex planes, i.e.

n

doy = Z(ej (dx1/\dyl)/\~~-A([dxj]/\dyj)/\--~/\(dx,,/\dyn)>
j=1

n
+ Z(—em (dxy Ady1) A= A(dxj AldyiD) A A (dxg A dyn)>
j=1

and

n

do‘l\ = Z<_en+j (dxl/\dyl)/\"'/\([dxj]/\dyj)A"'/\(dxn/\dyn))
j=1

+ Z(—e, (dxi Ady)) A= Adxj A1) A A (dxg A dy,,))
j=1
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where [-] denotes omitting that particular differential. It is then easily seen that

while
with
dz;

nn—1)

doy —idoy = (=1)"T (doyx —idoy)

= (DT (%) > Tz
=1

doy+idoy = (=1)"7 (doy +idoy)

=1 '~ —~
= (D77 (-4 (5) > fidz
j=1

= (dzi ANdz)) N -+ A ([dz)] /\dzj.) A AN (dz, ANdz))

= (dziANdz)) N---A(dzj A [dzj]) A AN (dzy ANdz))

This observation leads to the definition of the Hermitean oriented surface ele-

ments
dUZ = ijg;:
j=1
j=1
for which it holds that
1
dO’Z = —Z (—Zi)n (dO’X—l'dO'X‘)
1 o .
dO’ZT = ~7 (—2i) (d0£+1d0&)
or equivalently
1 nn ~ ~
do; = —Z(—l)% Qi)' (doy —idoy) (3.2)
1 ankh) L~ |~
doyzi = _4_1(_1) 2 (20) (d0'£+ldO'X|) (3.3)
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Note that we in fact have applied the same technique as in Section 2, by means
of the projection operators j:%(l £ iJ) acting on doy, up to a deliberately
chosen constant.

We also consider the associated volume element d W (Z, Z") defined as

dW(Z,ZY) = (dzi AdZ) A (dzy AdZ5) A -+ A (dzy A d2)

reflecting integration over the respective complex z;—planes, j = 1,...,n.
One has that

AV (X) = ()" (;) dw(Z. 2" (3:4)
A first result is then easily obtained.

Theorem 3.3 (Hermitean Clifford—Stokes theorems). Let f and g be func-
tions in C'(Q; Cs,) and let T C Q be a 2n—dimensional compact differen-
tiable and oriented manifold with C*° smooth boundary oT", then

al_fa’ff;g = /F[(faz)g+f(3z Q) dw(z, z"

S (—=dog) g

/F [(f 0,0 g+ f (0 9] dW(Z. Z1)

ar

Proof. Start from the orthogonal Clifford—Stokes theorem(s) and invoke the
expressions (3.2)~3.3), as well as the relation (3.4) between the orthogonal
volume element d 7 (X) and the Hermitean volume element d W (Z, Z7). ]

Theorem 3.4 (Hermitean Clifford—Cauchy theorems). Let the function g
be h-monogenic in Q2 and let I' C Q2 be a 2n—dimensional compact differenti-
able and oriented manifold with C* smooth boundary oT", then

/dazgzo
ar

doyyg = 0
ar

Proof. Start from the orthogonal Clifford—Cauchy theorem(s) and invoke the
expressions (3.2)—(3.3), or alternatively, take f = 1 and g an h-monogenic
function in the above Hermitean Clifford—Stokes theorems. O
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4 Cauchy integral formulae

The fundamental solutions of the Dirac operators dy and 0y, i.e. the orthogonal
Cauchy kernels, are respectively given by

rw = L X 4.1

=T, X 1
_ L X

H = e *2)

where a,, denotes the area of the unit sphere $?"~! in R?". Explicitly, this
means

by E(X) = 8(X) (4.3)
IEI) = 8(X]) = 8(X) (4.4)

By a lengthy calculation, we also find

Lemma 4.1.
IxEID) L 28 — ms(x) + 21— Fp 21
= ——Q2B—n n—Fp——
AR n =, P
228 — n)—— Fp — 4.5)
N P '
0y E(X) L 2p — ms(x) + 2n— Fp X
— — —n n—
AT n - @ T IXP
+2i(2pB ) ! F (4.6)
1 —n .
a T IXP

where B is the so-called spin Euler operator given by % Z';:l (1 —ieje,t)) (see
e.g. [71) and Fp stands for the traditional “finite part” distribution.

Similarly as above, we now introduce the Hermitean counterparts to the pair
of fundamental solutions (£, E|), by putting

F = —(E+iE)
' =  (E—iE|
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Explicitly this yields
2 Z
T (Z) = — 4.7)
@ |2]
VA
2 = ——= (4.8)
@ Iz

Note however that £ and £ are not the fundamental solutions to the respective
Hermitean Dirac operators dz and d+! Indeed, invoking (4.3)—(4.6), we obtain

Lemma 4.2.
1 ho 2 2 z'z
iz £E(Z) = —B&(£. 2")+ —pBFp— — —nFp——5
n ayy ren Ay ren
825(;) = 0
and

3, 2 = 0

2 YAl

1 2 1
022 = —(1=PS(Z L)+ — (= BFp— — —nFp ==
2n 2n

A first attempt at constructing a Hermitean Cauchy integral formula has been
undertaken in [18], however presenting the “fake” — as termed by the authors
themselves — Cauchy kernel %T T = %(E — i E|), which obviously fails to be
h-monogenic.

Nevertheless it is clear that, in order to establish the desired formula, the
functions £ and ZT will need to be involved. Indeed, surprisingly, combining
the above calculations, we are lead to the following result (see also [15]).

Theorem 4.1. Introducing the particular circulant (2 x 2) matrices

_ (% _(E T (80
D(ZsZT) - (aZT 3; )7 F = (fT y ), and & = (O 8)

one obtains that
D@;*)T(Z) =42

This means that £ may be considered as a fundamental solution of D, 1,
the latter concept being reinterpreted in a matrical context. It is precisely this

Bull Braz Math Soc, Vol. 40, N. 3, 2009



408 F. BRACKX, B. DE KNOCK, H. DE SCHEPPER and F. SOMMEN

simple observation which has lead us to the idea of a matrix approach to arrive at a
Cauchy integral formula in the Hermitean setting. Also note, as another remark-
able fact, that the Dirac matrix D, ,+, in some sense factorizes the Laplacian,
since

F A2n 0
4Dz 21 (Diz.21) :< 0 A2n>

Thus, in the same setting of circulant (2 x 2) matrices we associate, with
continuously differentiable functions g and g, defined in Q2 and taking values
in C,,, the matrix function

G = 81 gz) 4.9
2 (gz 81 49

Definition 4.1. We call Gé (left) H—monogenic if and only if it satisfies the
system
D, ;G =0 (4.10)

where O denotes the matrix with zero entries.

The above system (4.10) for H—monogenicity explicitly reads

{ Az g1l +9z1[g2] = 0
dztlg]l + 97 [g2] = 0

Choosing in particular g = g and g» = g, it is clear that, in general, the
H—monogenicity of the corresponding matrix function

|
(3 1)
g &

will not imply the h—-monogenicity of the function g and vice versa. As a sim-
ple example consider the matrix £ for which we have found above that it is
H-monogenic in R?" \ {0}, while clearly the function £ is not h-monogenic.
An exception to this general remark clearly occurs in the special case of scalar
(i.e. complex) valued functions, where h—-monogenicity (of g) and H—mono-
genicity (of G') are found to be equivalent notions.

Another special yet very important case occurs when considering the matrix

function
_ (g0
Go = < 0 g )
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Since its H—monogenicity is easily seen to be equivalent with the h-mono-
genicity of the function g, this specific matrix will form the key for the con-
struction of a Hermitean Cauchy integral formula. A first step in this direction is
the reformulation of the Hermitean Clifford—Stokes theorems, established in the
previous section, in a matrical form. To this end, we still introduce the matrix

do —do
A% ; 1 = £ £
== —dOZ’r dOZ
which will play the role of the differential form. We then have the following

result.

Theorem 4.2. Let f1, f>, g1 and g be arbitrary functions in C'(2; Cy,) and
consider the corresponding matrix functions of the form (4.9); let as above
I' C Q be a 2n—dimensional compact differentiable and oriented manifold with
C smooth boundary oU. It then holds that

f Fyd3 ;2 G = f [(FyDz.11) Gy + Fy (D g 21 G)] dW(Z, Z)
ol r

Proof. Follows by taking deliberate combinations of the Hermitean Clifford—
Stokes formulae found in Theorem 3.3. O

From now on I't will stand for I and '~ for  \ I'; furthermore we reserve
the notations Y and Y| for Clifford vectors associated to points in I'*. Their
Hermitean counterparts are denoted by

1o R P
vo= SA+inlyl = SE+iY)

. 1 1
V' = ——1—-iHY] = =Y -iY
r 2( i))[Y] 2(_ i Y]
The following Hermitean Cauchy-Pompeiu formula is then established.

Theorem 4.3 (Hermitean Cauchy-Pompeiu formula). Let g and g, be func-
tions in C'(Q; Cy,) and let G; be the corresponding matrix function of the
form (4.9); let as above I' C Q be a 2n—dimensional compact differentiable
and oriented manifold with C* smooth boundary oT. It then holds that

/ E(Z—V)dE ;41 Gy (X) — / E(Z~V) [DymGX)]dW(Z, Z)
or I

n(n+1)

(-7 Q)" GyY), ifYerl™

_[0 ifY eI~
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Proof. First,let Y = ¥V — V' € I'". In this case we have that, considered as
functions of X = Z — Z¥,
2 Z-V 2 Z-V

FZ-V)=— 2= _ - Z£72
D= VP " am X =T

and

; 2 ZF—yt 2 Zh—rt
aw |Z—=VP"  ay | XY

are continuously differentiable in I'*, so that the Hermitean Clifford—Stokes
Theorem 4.2 can be applied, yielding the desired statement, since we have that
in Q

T@ - Z)D@,ZT) = T(Z - K)D@,ZT) =0

Next,let Y = ¥V — V' € I't, and take R > 0 such that B(X; R) C I'. Invoking
the previous case, we may then write

f E(Z - V)dZ 4 41, Gy(X)
d(M\B(X;R))

[ Ez-»[Dy,GW]awEZ) =0
P\B(X;R)
Taking limits for R — 0 the second term at the left-hand side yields

lim EZ—-V)[DyGX]dW(Z, 25
R=0Jr\Bx;R) =

_ / E(Z - 1) [Dy 1 GAD]dW (2. 21
I

since the integrand only contains functions which are integrable on I'. Further-
more we may write

/ E(Z— 1) dE 1 GLX)
d(M\B(X;R))

_ f E(Z— V) dE 5 GLX) - / E(Z— V) dZ, 51 GYX)
ol dB(X;R)
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In order to calculate the last integral in the above expression, we apply once more
the Hermitean Clifford—Stokes Theorem 4.2:

/ E(Z 1) dE 11 GLX)
dB(X;R)

2

— (Gz_yD, 1 GYdW(Z, ZT)
az,,RZ” |:/B(X;R) Z-V+(z,Z" 2

+ / Gzy Dy G ldW(Z, Zf)]
B(X:R)

where

By direct calculation of the first term we obtain

. 2
lim
R—0 ayy, R

/ [Gz-vD ;1] Gy(X)dW(Z,Z"
B(X:R)

nn—1)

= (=20)" (=) GyY)

while the second term may be shown to converge to O for R — 0. U

This theorem then leads to the following Hermitean Cauchy integral formulae
for H-monogenic matrix functions Gé and h—monogenic functions g, respec-
tively.

Theorem 4.4 (Hermitean Cauchy integral formula I). If the matrix func-
tion Gy is H-monogenic in Q then
(0] ifYel~™

n(n+1)

— 1 — ’

Proof. Apply Theorem 4.3 while taking into account the H—monogenicity of
the matrix function G.. O

Theorem 4.5 (Hermitean Cauchy integral formula II). [f the function g is

h—monogenic in Q2 then

0 ifY e I~

/MT(Z—Z)"Z(LZT) GoX) = { (—1)" Qi) Go(Y), ifY D
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The previous theorem may be considered as a Hermitean Cauchy integral for-
mula for the h-monogenic function g; therefore the matrix function £ appearing
in this formula is called the Hermitean Cauchy kernel.

Remark 4.1. The Cauchy integral is a well-known integral operator applying
to functions defined on dI'. It has been thoroughly studied in the framework
of orthogonal Clifford analysis; in particular it has lead to the definition of
Clifford-Hardy spaces and of a multidimensional Clifford vector valued Hilbert
transform, when considering its non—tangential boundary limits in L,—sense
in the interior or exterior of the domain of interest (see [11, 8]). It is clear
that, by means of the matrical Hermitean Cauchy kernel defined in this section,
also a Hermitean Cauchy integral may be defined; the study of its boundary
limits, leading to Hermitean Clifford—Hardy spaces and to a Hermitean Hilbert
transform, is the subject of the paper [5].

5 The Martinelli-Bochner formula revisited

In this section we will restrict ourselves to so—called spinor valued functions, i.e.
functions on R?" = C”, taking values in the complex spinor space

S=Cy, I =C, 1

where [ is the primitive idempotent introduced in Section 2, (2.2). In [4], it has
been shown that S, considered as a U(n)-module, decomposes as

s=@Ps; =@ (a1 (5.1)
j=1

Jj=1
into the U(n)—invariant and irreducible subspaces
s, =AY, j=0,....n

consisting of j-vectors from CA multiplied by the idempotent 7, where CA
is the Grassmann algebra generated by the Witt basis elements {fi, U A S
Therefore, the spaces S; are also called the “homogeneous parts” of spinor
space. Clearly, the system for h—-monogenic spinor valued functions will then
split into » independent subsystems for functions with valuesin S;, j =0, ...,
n, the individual subsystems not being mutually equivalent (see [4]).

In particular, for j = n, the homogeneous n—space of spinor space is gener-
ated by the basis element {1} ... {1, so that S, valued functions take the form

g(zl,...,zn) =gn(zl,...,zn) ﬂ'f;...fll (5.2
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where g, is a smooth complex valued function on R** = C". It is easily
seen that h—monogenicity for such a function g is equivalent to holomorphy
of the corresponding scalar function g, in the complex variables (zy, ..., z,).
Thus, considering functions g of the form (5.2) establishes a connection between
Hermitean Clifford analysis and the theory of holomorphic functions of several
complex variables, whence it is interesting to investigate the true nature of the
Hermitean Cauchy integral formula obtained in the previous section for this
type of functions.

To this end, we will explicitly calculate the left-hand side of formula (4.11),
taking g to be of the form (5.2). We obtain

S @) ger o z) T

k=

dz@’zT)GO(& =
(dzkfk)gn(zl,...,zn)ﬂr...fZI *

M:

k=1

0 k
N —do-zTgn(Zla~"7Z")f-lr“'fjll *

where the second column has not been written, since it only duplicates the first
one (in reversed order) seen the circulant structure of the involved matrices, and
the matrix entry [-1;] reduces to zero on account of the anti-commutation and

the isotropy of the Witt basis element f,t. Further calculation yields

~ENZ—Vdog gu(zr,....za) T} 0T
f(; - Z) dZ(Z,ZT) GO()_() = . )
~F (Z—V)dogi gu(zt,....za) T} .. 0T

where, putting p = |Z — V|,

(2~ V)doy =

> =) (Z fdA)
j=1 k=1
whence

f*@—bdoy 2u(z1, oz T T0 T

= > Z(z —vc)dz gn(zl,...,zn)ﬂf;...fll

aZn 1Y

Bull Braz Math Soc, Vol. 40, N. 3, 2009



414 F. BRACKX, B. DE KNOCK, H. DE SCHEPPER and F. SOMMEN

where we have invoked the duality identities for the Witt basis elements and once
more their isotropy. Similarly

2 n - , . n -
E(Z—-V)doy = m th(z; — vj) (Z fkdz,‘é>
n j=1 k=1

whence

T(Z—K)dozg,,(zl,...,z,,) ﬂf;fl]

2 — R
= D = v5)dz gulzr oz ik BT TL T

a2np2n J#k

Thus, the Hermitean Cauchy integral formula (4.11) for ¥ € 't yields two
statements. The first one reads

n

n(n+1 —1 ‘ 1 . N
(—1)" )gn(z)=—/ uph D — v6)dzS gn(X)
d

ro@miy P

which exactly coincides with the Martinelli-Bochner formula (1.2), when taking
into account the appropriate reordering of the involved differential forms. Here

we have used ay, = (n 1), The second statement is
2 1 . C
0=- (z) — v))dz} g (X) T, f) ... £ 1

2n
a
ar dzn P 2k

which, by means of some more Witt basis calculations, decomposes into

z

/ ZanZkgn(X) / d gn(X) j’k=1,...,n,j7ék
ar P

a result which can be proved directly using standard techniques.
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