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Principal congruence subgroups
of the Hecke groups and related results
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Abstract. In this paper, first, we determine the quotient groups of the Hecke groups
H(λq), where q ≥ 7 is prime, by their principal congruence subgroups Hp(λq) of level
p, where p is also prime. We deal with the case of q = 7 separately, because of its
close relation with the Hurwitz groups. Then, using the obtained results, we find the
principal congruence subgroups of the extended Hecke groups H(λq) for q ≥ 5 prime.
Finally, we show that some of the quotient groups of the Hecke group H(λq) and the
extended Hecke group H(λq), q ≥ 5 prime, by their principal congruence subgroups
Hp(λq) are M∗-groups.
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1 Introduction

The Hecke groups H(λ) are defined to be the maximal discrete subgroups of
P SL(2,R) generated by two linear fractional transformations

T (z) = −
1

z
and W (z) = z + λ,

where λ is a fixed positive real number. Let S = T W , i.e.

S(z) = −
1

z + λ
.

By identifying the transformation
az + b

cz + d
with the matrix

(
a b
c d

)
, H(λ) may

be regarded as a multiplicative group of 2 × 2 matrices in which a matrix is
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identified with its negative. Notice that T and S have matrix representations

T =
(

0 −1
1 0

)
and S =

(
0 −1
1 λ

)
,

respectively.
E. Hecke [13] showed that H(λ) is Fuchsian if and only if λ = λq =

2 cos π
q , for q ≥ 3 integer, or λ ≥ 2. We are going to be interested in the

former case. The Hecke groups H(λq) have a presentation, see [8],

H(λq) = 〈T, S | T 2 = Sq = I 〉. (1)

These groups are isomorphic to the free product of two finite cyclic groups of
orders 2 and q. As the signature of H(λq) is (0; 2, q, ∞), the quotient space
U/H (λq) where U is the upper half plane, is a sphere with one puncture and
two elliptic fixed points of order 2 and q. Therefore all Hecke groups H(λq)

can be considered as a triangle group. Hence the Hecke surface U/H(λq), is a
Riemann surface.

The first few Hecke groups are H(λ3) = 0 = P SL(2,Z) (the modular group),
H(λ4) = H(

√
2), H(λ5) = H

(
1+

√
5

2

)
, and H(λ6) = H(

√
3). It is clear from

the above that H(λq) ⊂ P SL(2,Z
[
λq

]
), but unlike in the modular group case

(the case q = 3), the inclusion is strict and the index
[
P SL(2,Z

[
λq

]
) : H(λq)

]

is infinite as H(λq) is discrete whereas P SL(2,Z
[
λq

]
) is not for q ≥ 4.

The extended Hecke groups H(λq) have been defined by adding the reflec-
tion R(z) = 1/z to the generators of the Hecke groups H(λq), for q ≥ 3 integer,
in [27] and [28] . Thus the extended Hecke group H(λq) has the presentation,
see [31],

H(λq) = 〈T, S, R | T 2 = Sq = R2 = (RT )2 = (RS)2 = I 〉 ∼= D2 ∗Z2 Dq .

If we take

R1(z) =
1

z
, R2(z) = −z, R3(z) = −z − λq,

where
T = R2 R1 = R1 R2 and S = R1 R3,

then we get the alternative presentation

H(λq) = 〈R1, R2, R3 | R2
1 = R2

2 = R2
3 = (R1 R2)

2 = (R1 R3)
q = I 〉.
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The signature of the extended Hecke group H (λq) is (0;+; [−]; {2, q, ∞}).
Since the extended Hecke groups H(λq) contain a reflection, they are non-
Euclidean crystallographic (NEC) groups, which are discrete subgroups H(λq)

of the group PGL(2,R)of isometries ofU such that the quotient spaceU/H(λq)

is a Klein surface. Also U/H (λ) is the canonical double cover of U/H(λq).
In [29], Sahin, Ikikardes and Koruoglu studied some normal subgroups of the

extended Hecke groups H(λq), q ≥ 3 prime, and some relations between them
(see also [30] and [31]). They came across an interesting general fact when
they were studying these subgroups. All of their findings concerning extended
Hecke group H(λ3) coincide with known results related to M∗-groups. Now,
we briefly recall some definitions about the M∗-groups.

Let X be a compact bordered Klein surface of algebraic genus g ≥ 2. May
proved in [21] that the automorphism group G of X is finite, and the order of
G is at most 12(g − 1). Groups isomorphic to the automorphism group of such
a compact bordered Klein surface with this maximal number of automorphisms
are called M∗-groups. Thus, see [21], a finite group G is called an M∗-group if
it is generated by three distinct non-trivial elements r1, r2, r3 which satisfy the
relations

r2
1 = r2

2 = r2
3 = (r1r2)

2 = (r1r3)
3 = I

and other relations which make the group finite. These groups were investi-
gated intensively [2, 4, 5, 11, 19–21]. The article in [3] contains a nice survey
of known results about M∗-groups.

Also, in [21], May proved that a finite group of order ≥ 12 is an M∗-group if
and only if it is the homomorphic image of the extended modular group H(λ3).
In fact, by using known results about normal subgroups of the extended modular
group, he found some examples which are M∗-groups.

In this paper, we consider the case that q ≥ 5 is a prime number. We de-
termine the quotient groups of the Hecke groups H(λq) by their principal con-
gruence subgroups Hp(λq), for prime p, using a classical method introduced
by Macbeath [19]. For the cases q = 3, 4, 5, 6 and q ≥ 7 prime, the principal
congruence subgroups Hp(λq) of the Hecke groups H(λq) has been studied in
detail by Cangül (third author) in his PhD Thesis, [6, Chapter 7]. But, most of
his results are not published and later found by other authors by means of other
techniques. Many properties of the principal congruence subgroups Hp(λq) of
the Hecke groups H(λq) have been studied in the literature. For examples of
these studies see [1, 13–17, 22–24]. Since the case q = 5 have been studied
in detail in [6], [18] and [10], we will only give some known results for this
case. Also, the case q = 7 will be significant and different from the others,
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and therefore it will be dealt with separately. Indeed in this special case, with
only one exception, all quotient groups of H(λ7) by the principal congruence
subgroups of prime level are Hurwitz groups − i.e. the groups of 84(g − 1)

automorphisms on a Riemann surface of genus g (for more information about
Hurwitz groups, see [9]).

In section 2, after recalling some results from [19], we give all quotient groups
of H(λ7) by the principal congruence subgroup Hp(λ7) and a list of their in-
dices. Also we obtain the quotient groups of the Hecke groups H(λq) by their
principal congruence subgroups Hp(λq) where q > 7 and p are arbitrary primes.
In section 3, using some results given in Section 2, we find the principal congru-
ence subgroups H p(λq) of the extended Hecke groups H(λq). Also, we show
that some of the quotient groups of the Hecke group H(λq) and the extended
Hecke group H(λq), q ≥ 5 prime, by their principal congruence subgroups
Hp(λq) are M∗-groups.

Remark 1.1. For the case q > 3 is an odd integer, the principal congruence
subgroups Hp(λq) of the Hecke groups H(λq) have been studied in detail by
Lang, Lim and Tan in [18]. To find an explicit formula for the index

[
H(λq) :

Hp(λq)
]

in the case when p is a prime, they used the results of Dickson [11]
on the subgroups of two-dimensional special linear groups over an algebraically
closed field of characteristic p. Also they gave a complete list of the indices of
the congruence subgroups of H(λ5) . In this paper, apart from their method, we
use some results of Macbeath [19] and the minimal polynomial of λq to obtain
the quotients of H(λq) by the principal congruence subgroups. Notice that for
prime q > 7, Theorem 2.9 coincides with the main theorem of [18].

2 Principal congruence subgroups of H(λq) for q > 5 is a prime number

The purpose of this section is to give the principal congruence subgroups of
Hecke groups H(λq) for q > 5 is a prime number. In each case we shall find the
quotient group of H(λq) by the principal congruence subgroups. Our main tool
will be [19]. We shall recall some results from this work to use in determining
the required quotient groups.

We start by defining the principal congruence subgroup of level p, p prime,
of H(λq), by

Hp(λq) =
{
T ∈ H(λq) : T ≡ ±I (mod p)

}
,

=
{(

a λqb
λqc d

)
: a ≡ d ≡ ±1, b ≡ c ≡ 0 (mod p), ad − λ2

qbc = 1
}

.
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It is well-known that each principal congruence subgroup Hp(λq) of H(λq) is
always normal and of finite index.

A subgroup of H(λq) containing a principal congruence subgroup of level
p is called a congruence subgroup of level p. In general, not all congruence
subgroups are normal in H(λq).

Notice that Hp(λq) is the kernel of the reduction homomorphism induced by
reducing entries modulo p.

Let ℘ be an ideal of Z
[
λq

]
which is an extension of the ring of integers by the

algebraic number λq . Then the natural ring epimorphism

2℘ : Z
[
λq

]
→ Z

[
λq

]
/℘

induces a group homomorphism

H(λq) → P SL(2,Z
[
λq

]
/℘)

whose kernel will be called the principal congruence subgroup of level ℘.
Let now s be an integer such that P∗

q (λq), the minimal polynomial of λq ,
has solutions in G F(ps). It is well known that such an s exists and satisfies
1 ≤ s ≤ d = deg P∗

q (λq). Let u be a root of P∗
q (λq) in G F(ps). Let us take ℘

to be the ideal generated by u in Z
[
λq

]
. As above, we can define

2p,u,q : H(λq) → P SL(2, ps)

as the group homomorphism induced by the assignment λq → u. K p,u(λq) =
K er(2p,u,q) is a normal subgroup of H(λq).

Given p, as K p,u(λq) depends on p and u, we have a chance of having a
different kernel for each root u. However sometimes they do coincide. Indeed,
it trivially follows from the Kummer’s theorem that if u, v are roots of the same
irreducible factor of P∗

q (λq) over G F(p), then K p,u(λq) = K p,v(λq). Even if
u, v are roots of different factors of P∗

q (λq), we may have K p,u(λq) = K p,v(λq).
It is easy to see that K p,u(λq) is a normal congruence subgroup of level p of

H(λq), i.e.
Hp(λq) E K p,u(λq).

Therefore Hp(λq) E ∩
all u

K p,u(λq). In general, Hp(λq) and K p,u(λq) are differ-

ent. However the equality Hp(λq)=K p,u(λq) holds in our case because q is odd
prime. Thus, in all cases we only determine the quotient of H(λq) by K p,u(λq).
To do this, we use some results of Macbeath [19]. As we shall use these results
intensively, we now briefly recall them here.
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2.1 Macbeath’s results

Let k = G F(pn) be a field with pn elements, where p is prime and k1 be its
unique quadratic extension. Let G0 = SL(2, k) and G = P SL(2, k) so that
G u G0/{±I }. We shall also consider the subgroup G1 of SL(2, k1) consisting

of the matrices of the form
(

a b
bq aq

)
where a, b ∈ k1 and aq+1 − bq+1 = 1.

Macbeath classifies the G0-triples (A, B, C−1), C = AB, of elements of G0

finding out what kind of subgroup they generate. The ordered triple of the
traces of the elements of the G0-triple (A, B, C−1) will be a k-triple (α, β, γ ).
Also to each G0-triple (A, B, C−1) there is an associated N -triple (l, m, n),
where l, m, n are the orders of A, B and C in G.

Macbeath first considers the G0-triples and then using the natural epimor-
phism φ : G0 → G he passes to the G-triples in the following way:

If H is the subgroup generated by φ(A), φ(B) and φ(C), we shall say, by
slight abuse of language, that H is the subgroup generated by the G0-triple
(A, B, C−1).

In the Hecke group case, we have A = tp, B = sp and C = wp, where
tp, sp and wp denote the images of T, S and W , respectively, under the homo-
morphism ϕ∗

p reducing all elements of H(λq) modulo p. Hence the correspond-
ing k-triple is (0, u, 2), where u is a root of the minimal polynomial P∗(λq)

modulo p in G F(p) or in a suitable extension field. Also the corresponding
N -triple is (2, q, n), where n is the level (i.e. the least positive integer so that
W n belongs to the subgroup).

Macbeath obtained three kinds of subgroups of G: affine, exceptional and
projective groups. We now consider them in connection with the Hecke groups.

Let p > 2. A k-triple (α, β, γ ) is called singular if the quadratic form

Qα,β,γ (ξ, η, ζ ) = ξ 2 + η2 + ζ 2 + αηζ + βξζ + γ ξη

is singular, i.e. if ∣
∣
∣
∣
∣
∣

1 γ /2 β/2
γ /2 1 α/2
β/2 α/2 1

∣
∣
∣
∣
∣
∣
= 0.

Now consider the set of matrices of the form
(

a b
0 a−1

)
. They form a sub-

group denoted by G0. By mapping it to G via the natural homomorphism φ

we obtain a subgroup A1 of G. Now consider the set of matrices
(

w 0
0 wq

)
,

w ∈ k1, wq+1 = 1 in G1. This is conjugate to a subgroup of SL(2, k1). It

Bull Braz Math Soc, Vol. 40, N. 4, 2009
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is mapped, firstly by the isomorphism from G1 to G0, and then by the natural
homomorphism φ from G0 to G, to a subgroup A2 of G. Any subgroup of a
group conjugate, in G, to either A1 or A2 will be called an affine subgroup of G.

A G0-triple is called singular if the associated k−triple (α, β, γ ) is singular.
A group generated by a singular G0-triple is an affine group.

From now on we restrict ourselves to the case k = G F(p), p prime.
For H(λq), with generators T (z) = −1/z and W (z) = z + λq the above

determinant is equal to −λ2
q/4 and therefore it vanishes only when λ2

q ≡ 0
(mod p). For q > 5 a prime number, we need to find all primes p such that λ2

q
≡ 0 (mod p) to determine the singular G0-triples. To do this we shall consider
minimal polynomial P∗

q (λq) of λq over Q and specially its constant term c.
It is easy to see that if q ≥ 5 is a prime number then |c| = 1 (see [7]). There-
fore there are no singular triples when q ≥ 5 prime number.

The triples (2, 2, n), n ∈ N, (2, 3, 3), (2, 3, 4), (2, 3, 5) and (2, 5, 5) – as
(2, 3, 5) is a homomorphic image of (2, 5, 5) – which are the associated N -
triples of the finite triangle groups, are called the exceptional triples. The ex-
ceptional groups are those which are isomorphic images of the finite triangle
groups. For example when q = 3, we obtain exceptional triples for p = 2, 3
and 5. If q > 5 is prime then it is easy to see that the only exceptional triples
are obtained for p = 2.

The last class of subgroups of G is the class of projective subgroups. It is
known that there are two kinds of them: P SL(2, ks) and PGL(2, ks), where ks

is a subfield of k, the latter containing the former with index 2, except for p = 2
where both groups are equal. The groups P SL(2, ks) for all subfields of k, and
whenever possible, the groups PGL(2, ks), together with their conjugates in
PGL(2, k) will be called projective subgroups of G.

Dickson [11], proved that every subgroup of G is either affine, exceptional
or projective. Therefore the remaining thing to do is to determine which one of
these three kinds of subgroups is generated by the G0-triple (tp, sp, wp). We
shall see that in most cases it is a projective group, and our problem will be
to determine this subgroup. In doing this, we shall make use of the following
results of Macbeath [19].

Theorem 2.1. A G0-triple which is neither singular nor exceptional generates
a projective subgroup of G.

Theorem 2.2. If a G0-triple with associated k-triple (α, β, γ ) generates a
projective subgroup of G, then it generates either a subgroup isomorphic to
P SL(2, κ) or a subgroup isomorphic to PGL(2, κ0), where κ is the smallest

Bull Braz Math Soc, Vol. 40, N. 4, 2009
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subfield of k containing α, β and γ , and κ0 is a subfield, if any, of which, κ is a
quadratic extension.

There are some k−triples which are neither exceptional nor singular. These
are called irregular by Macbeath, i.e. a k-triple is called irregular if the subfield
generated by its elements, say κ is a quadratic extension of another subfield κ0,
and if one of the elements of the triple lies in κ0 while the others are both square
roots in κ of non-squares in κ0, or zero. Then we have

Theorem 2.3. A G0-triple which is neither singular, exceptional nor irregular
generates in G a projective group isomorphic to P SL(2, κ), where κ is the
subfield generated by the traces of its matrices.

For the case q = 5, principal congruence subgroups of Hecke groups H(λ5)

has been studied by Cangül in [6, Theorem 7.7, p. 150]. Using the Macbeath’s
results he gave the following theorem.

Theorem 2.4. The quotient groups of the Hecke group H(λ5) by its princi-
pal congruence subgroups K p,u(λ5) are the following:

H(λ5)

K p,u(λ5)
u






D5 if p = 2,

A5 if p = 3, 5,

P SL(2, p) if p ≡ ±1 mod 10,

P SL(2, p2) if p ≡ ±3 mod 10 and p 6= 3.

Notice that this result coincides with the ones given by Lang et al. in [18,
p. 230, Corollary 2] and by Demirci et al. [10] for the Hecke group H(λ5).

2.2 The case q = 7

In this case, we shall show that all of quotients H(λq)/K p,u(λq), except for
p = 2, are Hurwitz groups.

Since by Theorem 2.2, there are no exceptional or singular triples for p > 2,
the triple (tp, sp, wp) generates a projective subgroup. Now the minimal poly-
nomial P∗

7 (x) has degree three which is odd. Hence the field κ which is either
G F(p) or G F(p3) cannot be a quadratic extension of any other field κ0. There-
fore by Theorem 2.3 no projective general linear group occurs as a quotient of
H(λ7) by a principal congruence subgroup. That is, the only possible projective
group generated by the G0-triple (tp, sp, wp) is P SL(2, p3). Let us now give the
following theorem which is a special case of the main theorem of [18].

Bull Braz Math Soc, Vol. 40, N. 4, 2009
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Theorem 2.5. The quotient groups of the Hecke group H(λ7) by its princi-
pal congruence subgroups K p,u(λ7) are the following:

H(λ7)

K p,u(λ7)
∼=






D7 if p = 2,

P SL(2, 7) if p = 7,

P SL(2, p) if p ≡ ±1 mod 7,

P SL(2, p3) if p 6= ±1 mod 7, p 6= 2.

Proof. Case 1: p = 2. In this case we have an exceptional N -triple (2, 7, 2)

which gives
H(λ7)/K2,u(λ7) ∼= D7.

Case 2: p = 7. Now the minimal polynomial P∗
7 (x) has a root, u = 5, of

multiplicity three in G F(7). Indeed

(x − 5)3 ≡ (x + 2)3 ≡ x3 − x2 − 2x + 1 = P∗
7 (x) mod 7

Since (R7, S7, T7) is neither exceptional nor singular, it generates, by Theo-
rem 2.2, P SL(2, 7). Therefore the quotient group

H(λ7)/K7,u(λ7) ∼= P SL(2, 7)

is a Hurwitz group.

Case 3: p ≡ ±1 mod 7. This is equivalent to saying that p ≡ ±1 mod 14.
Since 7 is prime and divides the order of P SL(2, p), there are elements of order
7 in P SL(2, p). That is, there is a homomorphism of H(λ7) to P SL(2, p) for
each of the three roots u1, u2 and u3 of P∗

q (λ7) whenever p ≡ ±1 mod 14.
Since (tp, sp, wp) is neither exceptional, singular nor irregular, by Theorem 2.2,
it generates the whole group P SL(2, p). Therefore, H(λ7) has three normal
congruence subgroups K7,ui (λ7), i = 1, 2, 3 with quotient P SL(2, p).

Case 4: Finally let p 6= ±1 mod 7, and p 6= 2. In that case, 7 does not divide
the order of P SL(2, p) implying that there is no homomorphism from H(λ7)

to P SL(2, p). In another words, the minimal polynomial P∗
7 (x) has no roots

in G F(p). Hence we have a homomorphism H(λ7) → P SL(2, p3) induced as
before. By Theorems 2.1 and 2.2, (tp, sp, wp) generates P SL(2, p3) which is a
Hurwitz group.

Hence we have found all quotients of the Hecke group H(λ7) with the princi-
pal congruence subgroups K p,u(λ7), for all prime p. By means of these we can
give the index formula for this congruence subgroup.

Bull Braz Math Soc, Vol. 40, N. 4, 2009
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Corollary 2.6. The indices of the principal congruence subgroups K p,u(λ7)
in H(λ7) are

[
H(λ7) : K p,u(λ7)

] ∼=






14 if p = 2,

168 if p = 7,

p(p−1)(p+1)
2 if p ≡ ±1 mod 7,

p(p5−1)(p5+p4+p3+p2+p+1)
2 if p 6= ±1 mod 7, p 6= 2.

2.3 The prime q case where q > 7

Now we consider the prime q case where q > 7. Of course all ideas in this
case are also valid for q = 3, 5 and 7. Recall that for q = 7 and p ≡ ±1
mod 7, we obtained three homomorphisms from H(λ7) to P SL(2, p) one for
each root of P∗

7 (x) in G F(p), and these homomorphisms provided three non-
conjugate normal subgroups of H(λ7). A similar thing seems to happen when
q > 7. Whenever we reduce P∗

q (x) modulo p, it splits linearly either in G F(p)

or in a finite extension of G F(p). That is, the roots of P∗
q (x) modulo p are in

G F(p) or in a finite extension of G F(p). If a particular root u is in G F(p), then
there is a homomorphism from H(λq) to P SL(2, p), whose kernel is K p,u(λq).
Similarly, if a root u lies in G F(pn) where n is less than or equal the degree d
of the minimal polynomial P∗

q (x), then there is a homomorphism from H(λq)

to P SL(2, pn) with kernel K p,u(λq). Therefore for each root u, we have a way
to obtain another normal subgroup K p,u(λq).

In subsection 2.1 we have shown the necessary and sufficient condition for
the generators of H(λq) to constitute a singular triple is that λ2

q ≡ 0 mod p.
Therefore, there are no singular triples when q is prime > 7.

Since (tp, sp, wp) is neither exceptional nor singular for p > 2, it generates,
by Theorem 2.1, a projective subgroup of G. To find which projective subgroup
is generated by this triple, we must consider the field k and its smallest subfield
κ , containing the traces α, β and γ , modulo p, of tp, sp and wp, respectively.
Here we have four possible cases:

Case 1: p = 2. In this case we have already seen that the G0-triple (tp, sp, wp)

generates an exceptional subgroup. Then the quotient group H(λq)/K2,u(λq) is
associated with the N -triple (2, q, 2) which is dihedral of order 2q.

Case 2: p = q. In this case x0 = q − 2 is the only root of the minimal
polynomial P∗

q (x) mod p. To prove this we show that −1 is the only root of

8p(x) =
x p + 1

x + 1
= x p−1 − x p−2 + x p−3 − ∙ ∙ ∙ + x2 − x + 1.

Bull Braz Math Soc, Vol. 40, N. 4, 2009



“main” — 2009/10/15 — 12:22 — page 489 — #11

PRINCIPAL CONGRUENCE SUBGROUPS OF THE HECKE GROUPS 489

Consider the expansion of (x + 1)p−1. The binomial coefficients are congruent
to ±1 m mod p:

(
p − 1

r

)
=

(p − 1).....(p − r)

r !
≡ (−1)r .

r !

r !
= (−1)r

Therefore 8p(x) is congruent to (x + 1)p−1. Hence all p − 1 roots of 8p(x)

are congruent to −1 modulo p, as required. Therefore all roots are in G F(p).
Then there is a homomorphism from H(λq) to P SL(2, p) for each root u.
Again by a similar argument we find

H(λq)

Kq,u(λq)
∼= P SL(2, q)

for each u.

Case 3: Let p ≡ ±1 mod q. Since q is odd prime, this is equivalent to say
that p ≡ ±1 mod 2q; i.e. p = kq ± 1 with k ∈ N is even. Now

p(p − 1)(p + 2)

2
: q =

p(p − 1)(p + 2)

2
:

p ± 1

2
∈ N

and therefore q divides the order of P SL(2, p); there are elements of order q
in P SL(2, p). Then there exists a homomorphism

θ : H(λq) → P SL(2, p)

for each root u in G F(p). Therefore there are d = deg P∗
q (x) normal congru-

ence subgroups K p,u(λq) of H(λq). This implies

Theorem 2.7. If p ≡ ±1 mod q, then there exists a homomorphism θ :
H(λq) → P SL(2, p) for each root u ∈ G F(p). The kernel of this homo-
morphism is Kq,u(λq).

Case 4: Let p 6= ±1 mod q and p 6= 2, q. Then q does not divide the
order of P SL(2, p) and therefore no homomorphism from H(λq) to P SL(2, p)

exists, i.e. P∗
q (x) has no roots in G F(p). We extend G F(p) to G F(pn) where

n is less than or equal to the degree d of the minimal polynomial P∗
q (x) which is

d =
q − 1

2
as q is an odd prime. Let u be a root of P∗

q (x) in G F(pn). Then by Theo-
rems 2.1 and 2.2, we have a homomorphism of H(λq) to P SL(2, pn) if n is odd
and to PGL(2, p

n
2 ) if n is even. The kernel of this homomorphism is Kq,u(λq).

We have thus completed the discussion of the principle congruence subgroups
of H(λq). At the end we have the following result:
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Theorem 2.8. The quotient groups of the Hecke group H(λq) by its princi-
pal congruence subgroups K p,u(λq) are the following:

H(λq)

K p,u(λq)
∼=






Dq if p = 2,

P SL(2, p) if p = q or if p ≡ ±1 mod q,

P SL(2, pn) if p 6= ±1 mod q and p 6= 2, q, and n is odd,

PGL(2, pn/2) if p 6= ±1 mod q and p 6= 2, q, and n is even,

where n is less than or equal to the degree d of the minimal polynomial.

3 Principal congruence subgroups of H(λq) and their applications

In this section we determine the principal congruence subgroups of the ex-
tended Hecke groups H(λq) where q ≥ 5 is a prime number. The principal
congruence subgroups of level p, p prime, of H(λq) are defined in [27], as

H p(λq) =
{

M ∈ H(λq) : M ≡ ±I (mod p)
}
,

=
{(

a bλq

cλq d

)
: a ≡ d ≡ ±1, b ≡ c ≡ 0 (mod p), ad − λ2

qbc = ±1
}

.

H p(λq) is always a normal subgroup of finite index in H(λq). It is easily
seen that

Hp(λq) = H p(λq) ∩ H(λq).

By [27], we know that if p ≥ 3 is a prime number, then

H p(λq) = Hp(λq) and H(λq)/H p(λq) = H(λq)/Hp(λq) ∼= C2 × G,

where H(λq)/Hp(λq) ∼= G and if p = 2, then H(λq)/H 2(λq) ∼= H(λq)/

H2(λq). Using these results, we can give the following theorems without proof.

Theorem 3.1. The quotient groups of the extended Hecke group H(λ5) by
its principal congruence subgroups H p(λ5) are the following:

H(λ5)

H p(λ5)
u






D5 if p = 2,

C2 × A5 if p = 3, 5,

C2 × P SL(2, p) if p ≡ ±1 mod 10,

C2 × P SL(2, p2) if p ≡ ±3 mod 10, and p 6= 3.
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Theorem 3.2. The quotient groups of the extended Hecke group H(λ7) by
its principal congruence subgroups H p(λ7) are the following:

H(λ7)

H p(λ7)
∼=






D7 if p = 2,

C2 × P SL(2, 7) if p = 7,

C2 × P SL(2, p) if p ≡ ±1 mod 7,

C2 × P SL(2, p3) if p 6= ±1 mod 7, p 6= 2.

Theorem 3.3. The quotient groups of the extended Hecke group H(λq),
q > 7 prime, by its principal congruence subgroups H p(λq) are as follows:

H(λq)

K p,u(λq)
∼=






Dq if p = 2,

C2 × P SL(2, p) if p = q or if p ≡ ±1 mod q,

C2 × P SL(2, pn) if p 6= ±1 mod q and p 6= 2, q and n is odd

C2 × PGL(2, pn/2) if p 6= ±1 mod q and p 6= 2, q and n is even,

where n is less than or equal to the degree d of the minimal polynomial.

The above results can be applied to the theory of Klein surfaces. Recall
that a bordered compact Klein surface of algebraic genus g ≥ 2 has at most
12(g − 1) automorphisms [20]. When this maximal bound is attained by a sur-
face, its group of automorphisms is called an M∗-group [21]. May proved [21]
that there is a relationship between the extended modular group and M∗-groups.
The relationship says that a finite group of order at least 12 is an M∗-group if
and only if it is a homomorphic image of the extended modular group H(λ3).
In fact, by using known results about normal subgroups of the extended modu-
lar group, he found an infinite family of M∗-groups. For example, the quotient
group H(λ3)/H p(λ3) of the extended Hecke group H(λ3) (extended modular
group 0) by its principal congruence subgroup H p(λ3) is an M∗-group where
p ≥ 2 is a prime number.

On the other hand, Singerman showed in [32] that for p prime, P SL(2, p)

is an M∗-group if and only if p 6= 2, 3, 7, 11 and P SL(2, p2) is an M∗-group
if and only if p 6= 3. Also, Bujalance et al. proved [5] that for prime p 6=
2, 3, 7, 11, C2 × P SL(2, p) are M∗-groups.

Thus, it is easily seen that some of the quotient groups of the Hecke group
H(λq) and the extended Hecke group H(λq), q ≥ 5 prime, by their principal
congruence subgroups Hp(λq) are M∗-groups. Therefore there is a relationship
between (extended) Hecke groups and M∗-groups. Using this relation we can
obtain following results.
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Theorem 3.4. Let p > 2 be a prime number.

(i) Let q = 5. If p = 3 or 5, then H(λ5)/Hp(λ5) u A5 is an M∗-group.
If p ≡ ±1 mod 10 and p 6= 11, then H(λ5)/Hp(λ5) u P SL(2, p) is
an M∗-group. If p ≡ ±3 mod 10 and p 6= 3, then H(λ5)/Hp(λ5) u
P SL(2, p2) is an M∗-group.

(ii) Let q = 7. If p ≡ ±1 mod 7, then H(λ7)/Hp(λ7) u P SL(2, p) is an
M∗-group.

(iii) Let q > 7 be a prime number. If p ≡ ±1 mod q, then H(λq)/Hp(λq) u
P SL(2, p) is an M∗-group.

Theorem 3.5. Let p > 2 be a prime number.

(i) Let q = 5. If p = 3 or 5, then H(λ5)/H p(λ5) u C2 × A5 is an M∗-group.
If p ≡ ±1 mod 10 and p 6= 11 then H(λ5)/H p(λ5) u C2 × P SL(2, p)

is an M∗-group.

(ii) If q = 7 and p ≡ ±1 mod 7, then H(λ7)/H p(λ7) u C2 × P SL(2, p) is
an M∗-group.

(iii) If q > 7 prime number and p ≡ ±1 mod q, then H(λq)/H p(λq) u
C2 × P SL(2, p) is an M∗-group.

Example 3.6.

(i) H(λ5)/H 19(λ5) u C2 × P SL(2, 19) is an M∗-group.

(ii) H(λ11)/H 23(λ11) u C2 × P SL(2, 23) is an M∗-group.
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