SOCIETY J Bull Braz Math Soc, New Series 40(4), 511-537
‘ © 2009, Sociedade Brasileira de Matemdtica

Families of periodic orbits in resonant
reversible systems

Mauricio Firmino Silva Lima'! and Marco Antonio Teixeira?

Abstract. We study the dynamics near an equilibrium point py of a Z,(R)-reversible
vector field in R?” with reversing symmetry R satisfying R*> = I and dim Fix(R) = n.
We deal with one-parameter families of such systems X such that Xy presents at pg
a degenerate resonance of type 0: p: g. We are assuming that the linearized system
of Xo (at po) has as eigenvalues: Ay = 0 and A; = *ia;, j = 2,...n. Our main
concern is to find conditions for the existence of one-parameter families of periodic
orbits near the equilibrium.
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1 Introduction

In this paper we deal with C* reversible vector fields on R?”. These objects are
assumed to have an equilibrium at 0 and the linearized systems (at 0) have as
eigenvalues: Ay = 0 and A; = +ia;, j = 2, ..., n. The latter assumption is
not generic in the class of all reversible vector fields.

One of characteristic properties of reversible systems is that generically (sym-
metric) periodic orbits or invariant tori or minimal sets of such systems typically
appear in one-parameter families. So a number of natural questions can be
formulated, such as:

(1) how do branches of such minimal sets terminate or originate?

(i) can one branch of minimal sets bifurcate from another such branch?

Received 4 November 2008.

I The author was supported by Fapesp-Brazil under grant #01/10730-9.
2The author is partially supported by FAPESP-Brazil under grant #2007/06896-5.



512 M.ES. LIMA and M.A. TEIXEIRA

(iii) how persistent is such branching process when the original system is
slightly perturbed?

In this work we present some results in this direction, mainly extending and
generalizing some issues got from [2], [5], [7], [12] and [14]. Recently, there
has been a surging interest in the study of systems with time-reversal symmetries
and we refer [8] for a survey in reversible systems and related problems.

We present some relevant historical facts. In 1895 Lyapunov published his
celebrated center theorem, see Abraham and Marsden [1] p. 498. This theorem,
for analytic Hamiltonians with n degrees of freedom, states that if the eigen-
frequencies of the linearized Hamiltonian are independent over Z, near a stable
equilibrium point, then there exists » families of periodic solutions filling up
smooth 2-dimensional manifolds going through the equilibrium point. This re-
sult was generalized by Weinstein [15] and Moser [10]. Weinstein considered
the case where the Hamiltonian has positive definite Hessian at the equilibrium,
and Moser, using Lyapunov-Schmidt reduction, extended the Weinstein’s theo-
rem for systems having an integral, not necessarily Hamiltonian. Devaney [2]
proved a time-reversible version of the Lyapunov center theorem. Recently
this center theorem has been generalized to equivariant systems, by Golubit-
sky, Krupa and Lim [3] in the time-reversible case, and by Montaldi, Roberts
and Stewart [9] in the Hamiltonian case. We recall that in [3] the Devaney’s
theorem was extended and some extra symmetries were considered. Contrast-
ing Devaney’s geometrical approach, they used Lyapunov-Schmidt reduction,
adapting an alternative proof of the reversible Lyapunov center theorem given
by Vanderbauwhede [13]. In [9] the existence of families of periodic orbits
around an elliptic semi-simple equilibrium is analyzed. Systems with sym-
metry, including time-reversal symmetry, which is anti-symplectic are studied.
Their approach is a continuation of the work of Vanderbauwhede, in [13], where
the families of periodic solutions correspond bijectively to solutions of a varia-
tional problem.

In this paper we study a codimension-one reversible bifurcation. Such bi-
furcation is characterized by the appearance of a zero eigenvalue at the linear
part of the system at an equilibrium. We study the existence of families of
periodic solutions near an equilibrium whose eigenvalues are near a 0: p: ¢
resonance. Most of our technical analysis are based on a combined use of
normal form theory and the Lyapunov-Schmidt Reduction (shortly denoted by
LSR). The system is first subjected to the normalization procedure and the Beli-
tiskii normal form (shortly denoted by BNF) plays a crucial role in our context.
We focus on the 6-dimensional case.
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REVERSIBLE SYSTEMS 513

We say that a vector field X is reversible if there exists a linear involution
R € L(R?") satisfying RX = —XR. We are assuming dim(Fix(R)) = n. An
orbit solution y of X is called symmetric if Ry = y.

So we also consider reversible systems of the form ¥ = X(x,A) with
X(Rx,).) = —RX(x, ) again with x € R? and A € R¥ and with X (x, 1)
a smooth parameter-dependent vector field.

Now we introduce some of the terminology and basic concepts for the formu-
lation of our results.

We start by fixing, throughout the paper, the linear part of the vector field X.
0 1
0 0

0 —
A=DX(0) = a0

Oy 0

So the eigenvalues of 4 are Ay =0and A; = Lia;, j =2,...,n.
We also fix the involution R as being

R(xl,xz, .. .,xz,,) = (xl, —X2, ey Xon—1, —xz,,).

Fixed A4 one of the main questions one wants to answer is under which condi-
tions, periodic solutions survive when we turn on the nonlinearities and change
parameters.

Recall that the linear vector field B = A7 is also R-reversible. Some meth-
ods employed in this work can be applied on reversible perturbations of B and
probably similar results can be achieved. This paper does not touch this case.

Definition 1. We say that the set of eigenvalues {+«;, j =2, ..., n} satisfies
the non-resonance condition if they are rationally independent. That is:

n
ijO[j=0, ijZ = kj=0, j=2,...,l’l.

j=2

Definition 2. The vector field X, with X(0) = 0 is 0-non-resonant if the set
{£a;, j =2,...,n} satisfies the non-resonance condition.
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Definition 3. We say that X is (0: p: g)-resonant at 0 if there is a unique pair
of'indices / and k such that +iw;, +io; are in p: g-resonance, (that means that
qo; — pay = 0, with p, g € Z.) and the others nonzero eigenvalues satisfy the
non-resonance condition.

The most results contained in this paper can be illustrated by the following
model:

)&1 = X3

)&2 = a1x12 + az(xf + X%) + a3(x§ + Xé)
)&3 = —0X4 — b1X1X4

)&4 = ox3+ b]X])Cg,

X5 = —px¢— byx1xs

Xe = Pxs+ brxixs

where ay, a3, a3, b1, b, € R. Examples are given in subsection 3.2.

Denote by x2" (resp. x2"(1)) the space of all jets of R-reversible vector fields
X at 0 such that DX(0) = A (resp. space of one parameter families of R-
reversible vector fields X, at (0, 0) such that X (x, 0) € Xg” and DX (0,0) = A)
endowed with the C* topology. Moreover we assume that the elements in x3"
are at 0 either 0-non-resonant or 0: p: g-resonant with p + ¢ > 2.

Summarizing, in what follows we give a rough overall description of the main
results of the paper.

« (0-non-resonant normal form): The normal form X of X is exhibited
for the 0-non-resonant case (Theorem A). The dynamics of any polyno-
mial truncation of order k (or simply k-truncated vector field) X; of X can
be completely understood (Proposition A).

* (Version of the Lyapunov Center Theorem): Sufficient conditions for
the existence of families of periodic solutions of X € x2"(1) are presented
(Theorems B and B*). We focus on those systems that present 0: p: g-
resonances with p + ¢ > 2. The main discussion in this setting raises
the question whether there is persistence, or birth or else disappearance of
families of periodic solutions (terminating at the origin) when A crosses
the value 0. The answer to this question depends mainly on some second
order coefficients in the normal form of the vector field.

Mention that the 0: 1: 1-resonant case was discussed in [6].
The paper is organized as follows. In Section 2 the main results of the pa-
per are stated. A BNF approach and the proof of Theorem A are in Section 3.

Bull Braz Math Soc, Vol. 40, N. 4, 2009



REVERSIBLE SYSTEMS 515

In Section 4, the LSR adapted to our systems is presented and Theorems B and
B are proved.

The authors want to thank the referee for many helpful comments and
suggestions.

2 Statement of Main Results

Theorem A. Let X be in Xg”. Assume that X is 0-non-resonant at 0 € R>".
Then X is formally conjugated to

X1 = X»

X =@a(xn 21z )

Z1 = izigs(x1, 2112 1Zem 1)

z1 = —izig3(x1, 1217 - - zamt P)

Zpt = izp 1 @ur1 (X1, 12117 o zam P)
Zoot = —iZu 1@ (21, |21, oz 1?)

where z; = Xpj41 + iXx2j42 and ¢; are real functions.

Remark 2.0. From Theorem A we may find a coordinate system such that
any X € Xg" is expressed by

X(x) = Ax + O(x) + H(x)

where
n—2
Ox) = (0, aixi + Zaj (X711 +X742). —bixixg, bixixs, ...
=2 (1)

ooy —bu_1X1X2,-1, bn1x1x2n)

and H(x) = O(|x|?). It is worth mentioning that the expression still holds
for the 0: p: ¢ resonances with p + ¢ > 3 and n = 3 (see Proposition 3.2).

Let X € x¢" and X its normal form as presented in Theorem A. For each
k, k > 2, X, represents the k-truncated vector field of X. Regarding the
expression given in Theorem A in cylindrical coordinates, the proof of the next
result is straightforward.
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Proposition A: Assume X € Xg” satisfying the hypothesis of Theorem A.
Then:

(I) The system X, possesses n independent first integrals for each k;

(II) There exist an open set Uy in Xg” characterized by Uy = {X € X§n§
ar-a; <0, j=2,...,n—2andb; #0, i = 1,...,n—1} in (1) such
that any X € Uy satisfies:

— There exist two (n — 1)-parameter families of (n — 1)-tori, T/f’l and
n_l . . . .
SM , both terminating at the origin,
. . . PR .
— There is a one-parameter family of topological n-tori , T} contain-
ing T:’l and terminating at the origin;
— There is a two-parameter family of n-tori, T , , terminating at the
origin when u — 0, and for each o, the family originates at
T;fo and terminates at SZO_I, when v goes to +00;

(IXI) There is an integer s < n, depending on Q(x) (given above) such that Xy
has: (a) 2s one-parameter families of periodic orbits terminating at the
origin (with bounded periods) yli and SL; (b) s one-parameter families of
homoclinic orbits T, terminating at origin; (c) s two-parameter families
of 2-tori, T;i,w terminating at the origin when u — 0, and for each .,
the family originates at T, and terminates at 8, , i = 1,2,...,s when
V goes to +o0.

Let x5 be the set contained in x{ constituted by the elements X € x{ presenting
at the origin either a 0-non-ressonance ora 0: p: g-resonance with p, g > 1.

Theorem B: There exists an open subset ‘U = {(’ul U U,y) x (-6, +8)} of
X26 (L) such that:

D U,vU, C X26 is characterized by 'U; = {X € X26; aj-a; <0,a1-a3 <0
and b; 7&0} and U, = {XG X26; ay-ay > 0,a;-az > 0andb; 750}
with as and b}s described in (1);

() If X (x,0) € U, then:

— For A = 0 there are four families of periodic orbits terminating
at 0;

— For A < 0 (resp. A > 0) there are two symmetric equilibria (a
saddle-center and a elliptic point) and two families of periodic or-
bits converging to each one of these points, provided that a; < 0
(resp. a; > 0);
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REVERSIBLE SYSTEMS 517

— For o > 0 (resp. A < 0) there are no equilibria and just two
Sfamilies of periodic orbits walking around the origin, provided that
a; <0 (resp. a; > 0).

() If X(x,0) € U, then at . = 0 occurs a subcritical Hopf bifurcation.
So at . = 0 there is no periodic orbit nearby the origin and for . < 0
there are two families of periodic orbits, each one terminating at each
equilibrium point that is an elliptic or a saddle-center singularity.

Let x9* be the set contained in x¢ constituted by the elements X presenting
at the origin a 0: 1: 2-resonance.

A<0 A

R

J
=

Figure 1: Bifurcation diagram illustrating case II, a; < 0, of Theorem B: the
curves represent Lyapunov-centre families and the points are equilibria.

A<0 A=0
LD
———o —— a.
b po
Figure 2: Bifurcation diagram illustrating case III of Theorem B: the curves
represent Lyapunov-centre families and the points are equilibria.

A<0 A=0 A>0
bl(O) >0 bl(O) <0

0 O O 0O O
'p/\ q’)\ pO pA d)\

Figure 3: Bifurcation diagram illustrating case Il of Theorem B*: the curves
represent Lyapunov-centre families and the points are equilibria.
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Remark 2.1. When X € xS presents at the equilibriaa 0: 1: 2 resonance then
as before we may write (see Proposition 3.2) X (x) = Ax + S(x) + H(x) where

S(x) = (0, arx? + ar(x3 +x3) + a3 (x2 +x2), —b1x1x4 — ¢1(x¥3X6 — XaXs),
(2)

bix1x3 + ¢1(x3x5 + x4X6), —bax1X6 — 2c2x3%4, bax1x5 + C2(x5 — Xf)>

and H(x) = O(|x|?). This expression will be used in the statement of the
next result.

Theorem B*. There exists a set V = { ViUW,) x (=8,98) } in x$* (L)
such that:
D (ViUV} C x$x and Vi and 'V, are characterized by V, = {X € xox;
a; a3 < 0and b 750} and V, = {Xe x3%; ay - a3 > 0 and by 750}
with as and bs described in Remark 2.1.

D if X(x,0) € V; then: for A = 0 there are two families of symmetric
periodic orbits with period near 21w converging to the equilibrium. More-
over these families are persistent for A # 0. In this case, there are two
equilibria near the origin for A > 0 (resp. A < 0) if b1(0) < O (resp. if
b1(0) > 0). Moreover each family converges to a different equilibrium.

(D) If X (x, 0) € V, then at . = 0 we get a Hopf bifurcation that is subcritical
if b1(0) > 0 and supercritical if b1(0) < 0. We find two families of
symmetric periodic orbits each one converging to a different equilibrium
point.

3 BNF and Proof of Theorem A

We say that X(x) = Ax + h(x) in Xg” is in BNF if the non linear term /(x)
satisfies 4*h(x) = Dh(x)A*x where A* is the adjoint matrix of A4.

Observe that the homological equation associated to the BNF is L 4 :=
A*h(x) — Dh(x)A*x.

3.1 Proof of Theorem A.

First of all consider our system written in complex coordinates. So:

0 1
0 0
i
A= —io

ioy—1

—lioty—1 )
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As h(x) = (h(x),..., hy,(x)) must satisfy A*h(x) = Dh(x)A*x, with
x = (X1,X2,21,21,..+52n-1,Zn—1), then Dhi(x) = 0, Dhy(x) = hy,
Dhg(x) = —iO(lh3, Dh4(x) = i0l1h4,...,Dh2,,,1(x) = —ianflhznfl and
Dhy, = ia,_1hy,, where

ad d d 0 0

D:=xi——iajzi —+ia1Zj——- - —i0y_1Zy_1 +idy_1Zp1——-
0x7 0z 0z Zn_1 0Z,_1

Hence Dhi(x) = 0 = hi(x) = ¢1(x1,|z1% ..., |2,—1|%) provided the
non-resonance conditions are satisfied.
The reversibility of the system gives us that

hi(xi, 1z o lzeat P) = =k (x, |z1 % -z ).
Moreover the relations DAy, = h; = 0 imply that
hy = @a(x1, 2117, ..o |zaca ).
Consider now g3;41 =2z;hyj41, j=1,...,n — 1. We derive that:

) Dgyjr1 =0= g1 = g1 (x1, 12115 .. |zac11)s

i) as grj41 =0o0nz; =0, j=1,...,n—1wehave
2~ 2 2
41 = 2P @1 (x1, 121 1P, . 1zas)P)
and so
~ 2 2.
hajet = 2@ (x1, |21, o lzama P);

iv) In the same way we get the equality
hajio = 2@ (1, 121 P ooy |2ast )

v) The expression ‘.52_/+2 = @241 plus the reversibility condition imply that

¢2j+1 = _¢2j+2- And so ¢2j+l = i§02j+1, with P2j+1 € R;
vi) Hence
. 2 2
hajw1 =iz;j@a1(x1, 12117 .., lzo=1?)  and
. 2 2
hajya = —iZjpaja(xi, )zl o) lzasa )

where j =1,...,n— 1.
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In this way we get the R-reversible normal form of our system:

x| =X

X2 = @a(x1, |21 ozt )

Zi =izips(x1, 2112 . 1zee 1)

z1 = —izypz(x1, 12112 o lzem )

Znt = iZp—1@ns1 (%1, 1211 - 120 1P)

En—l = —i511—1¢n+1(x1, |Zl|27 e |Zn—1|2)-

O
Remark 3.0. The BNF (*) in coordinates (x, ..., x2,) is written as:

X=X
2 = a1, 5 )
X3 = —x4<p3(x1,x32 +x§, .. .,xzzn_l +x22n)
X4 = x3<p3(x1, x32 + xf, ceey xzzn_l + xzzn) (3)
Xop—1 = —xznfpn+1(x1,x32 +Xf, .. -,xzzn_l +x22n)
Xon = Xouo1@ni1 (X1, %3 +x2, ... x5, +x3).

Proposition 3.1. Let X,Y € xé’ presenting at the origin a 0-non-resonance
and 0: p: g-resonance with p + q > 3 respectively. Then the 2-jets of X and
Y at 0 have similar BNF.

Proof. First of all observe that the operator D is the same as before. Let us
solve Dhy = 0 (k).

. k _ . . . .
The monomial v = x|'z"z5 W@’ is a solution of (**) if and only if,

k2:k3+kq

(kZ_k3)a+(k4_k6)ﬂ=0:>{ k5=k4+kp

Hence
V= x{”21‘34"'“]2/‘3a)k“c?)k‘“%’7 = xlf1 (z2)B (wd)™ (21 P).
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That means h; = h;(x1, |z|%, |w|?, z¢®P).

In this way O(2, hy) = h(x1, |z, |@]?).

The reversibility condition on X implies that O (2, ;) = 0.

The condition Dh, = h; implies that que DA, = 0 (for terms of order 2).
So hy = hy(xy, |z|%, |o|?, 29@P).

When we restrict to terms of order 2 we get O(2, hy) = hy(xy, |z|?, |w]?)).

Arguing in the same way as in the proof of Theorem A we obtain 43, ..., h¢
and the desired proof now is straightforward. g

Proposition 3.2. Let X € X06 presenting at the origin a 0: 1: 2-resonance.
Then we can find a coordinate system where X can be written as:

X1 =x2+003)
Xy = alxl2 + ag(x32 +x§) + (13(X§ +xé) + O0@3)
X3 = —x4 — bix1x4 — ¢1(x3x6 — x4x5) + O(3)

X4 = x3 + b1x1x3 + (X3X5 + x4x6) + 0@3)
X5 = —2x6 — byx1xg — 2cox3x4 + O(3)
X¢ = 2x5 + byx1x5 + Cz(x32 — xf) + O0(@3).

Proof. First of all consider coordinates (xp, x», z1, z2) with z; = x3 + ix4,
zy = X5 + ixg. The linear part of the system is then:

0 1
00

2i
—2i

Let X = Ax + h®(x) + O(3). The condition A*h2® (x) = Dh® (x)A*x,
with x = (x1, X2, 21, Z1, 22, 25), implies that DA (x) = 0, DA (x) = h'?,
DhY (x) = =ik, DY (x) = ih{, DAY (x) = —2ih? and DAY (x) =

.1 (2)
2ih¢” where

@2 12 2 2 12 72
R x) = (hl hy ' hy” hy hs” hg )

and

D ST YL D S
=X1— —1zZ1— 1 Z\— — ZlZy— 1Zy——.
Yox, oz, 9z, 292, 29z,
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. ki k=3 _k
We look now for those monomials u = x;'z}’Z; 3224225 that are in normal

form up to degree 2. Observe that we are assuming that |k| = Z§:1 ki =2
with k = (ki ka, ks, ks, ks).

Analysis of hiz).
Du=0= (—iky +iks — 2iks + 2iks)u =0 = (ky — k3) + 2(kg — ks) = 0.
The elements k£ that satisfy the cited condition plus |k| = 2 are:
0,1,1,0,0); (0,0,0,1,1); (2,0,0,0,0).

In fact they are: |z;|%; |z2f%; x7.

So Dh'? = 0 implies that 2 = 1P (xy, |21, |221%).
The R-reversibility condition implies that h<12) =0.
Hence

2 2 2 22 2 2 2
DhY =h = 0= hY = @(x1, 211, |22°) = @1x3 + azlz1|* + as|zo)*.

Analysis of 52).

Du = —iu :>(k2—k3—1)+2(k4_k5)=0-

The elements that satisfy the above condition with |k| = 2 are (1, 1, 0, 0, 0)
and (0, 0, 1, 1, 0) that represent the monomials x;z; and z;z; respectively.

So h§2) = Elxlzl + ¢1Z125.

Similarly we obtain h(z) =exi1z1 + d~12122

Now we already know that hsy = hy4. This implies that b1 = ¢ and ¢ cl 6?1-
The R-reversibility of the system implies that &, = —b, and d, =

. by = ib,

So it follows that { _ , by, eR
Cl =1C

D —

Hence th) = i[b1x1 + c1z122] and 4 —i[bi1x1z1 + ¢c1z12;]

Similar computations allow us to analyze the terms 4 éz) and héz)

obtain:

and finally

X1 =x3+0(3)

X2 = aixi + axlz1)? + as|z2* + 0(3)
Zy=1iz; + l'[blxlzl + 045122] +0(3)
Zy = 2izy + i[czzf + blezz] +0Q3)
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or in real coordinates (xy, x2, X3, X4, X5, Xg):

X1 =x2+ 0(Q3)
Xy = a1x12 + az(xf +x2) + a3(x§ —{—xé) + 0@3)
)&3 = —X4 — b1X1X4 — cl(x3x6 - X4X5) + 0(3)

X4 = Xx3 +b1x1x3 + C1(X3X5 + x4x6) + 0@3)
X5 = —2x6 — box1x¢ — 2cox3%x4 + O(3)
X6 = 2x5 + byx1x5 + Cz(x32 — x‘%) + O0(@3).

3.2 Systems in BNF

We present a brief discussion of the systems derived from Proposition A.
Let X € x2" and X; be its corresponding truncated system, k > 1. The
first integrals of this system are:

242 — 2,2 — 42 2
H = x5+xi, Hp = x5 +x5,..., Hi_1 = x5, | +x3,

and I‘In = xzz—/(pz(xl,Hl,...,Hn1)dx1.

In what follows we illustrate the Proposition A in the 4- and 6-dimensional
cases:

Case n = 2. We may assume, without loss of generality, that the eigenvalues
of 4 are Ay = 0 and AL = +i. In the coordinate system (xi, xp, 7, 8) with
x3 = rcos6 and x4 = rsenf, X; is represented by

)&1 = X2
X2 = @a(x1,1%)
=0

0 =1+ @(x,r).
Taking € as the time we consider the auxiliary system X, in R expressed by
X1 =X,
X2 = @a(x1,7%)

for eachr?2 =k > 0.

The later system allows us to understand the phase portrait of the original Xj.

For example, when ¢ (x;, 7%) = alxl2 + ar?> + 03) with a; - a» < 0 and
r = ¢ > 0 we observe that any equilibrium of X away from » = 0 corresponds
to a periodic orbit of X;. So X possesses:
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i) two one-parameter families of periodic orbits (of saddle and elliptical
types) converging to 0; as one moves along the family towards O the min-
imal period tends to 2.

ii) two one-parameter family of homoclinic orbits at each periodic orbit of
saddle type converging to 0.

For » = 0 we have a cusp singularity.

Case n = 3. As above consider on the (x3, x4, X5, Xg)-space the bi-polar co-
ordinate system (r, 9, p, ¥).

We get then:
X1 =x3
X2 = @o(x1, 7%, p?)
F=0
0=« + 773(x1,r2, ,02)
p=0
¥ = B+ na(x1, 7%, 0?).

Soonr = ki, p =k, with ki, k; > 0 we have:

1) The auxiliary system contains two critical points that correspond to two
invariant 2-tori 77 and 7>.

ii) Corresponding to the periodic orbits of the auxiliary system there is a one-
parameter family of invariant 3-tori terminating at 77 and originating at an
invariant “Topological 3-Torus™ 7 that contains 75.

iii) the orbits in 73 not in 75 are bi-asymptotic to 75.

Ifr =k and p = 0 orr = 0 and p = k, the configuration is similar to the
case n = 2.

4 LSR and Proof of Theorem B

The main goal of this section is to verify how persistent are the one-parameter
families of periodic orbits detected for the truncated system X, when the orig-
inal vector field X or the external parameter A are considered. This approach
has a certain natural structure allowing a narrow comparison between different
cases. Some of the strategies in the proofs use similar arguments and methods
in many different situations.
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4.1 Generic Bifurcations

Fix a coordinate system such that the 2-jef of any X € x&” is written in normal
formal. Recall that we consider both cases:

i) 0: non-resonant or
ii) 0: p: g-resonant with p 4+ g > 2.

It is worth to point out that the systems treated here appear generically in
one-parameter families of reversible vector fields.

For n = 2, in the reversible universe a generic one-parameter family X
passing through X € at A = 0 is expressed as:

X1 =x+0(03)

X =A+a(Wxf+aM)(x] +x3)+ 0(3)
X3 = —x4 —bi(M)xax; + O3)

X4 =x3 +bi(AM)x3x; + O3).

Assuming for instance that a; > 0, a; < 0 (X € U;) we derive that:

For A < 0: the auxiliary system has two equilibria (a center and a saddle-
center).

For & = 0: the origin is the unique equilibrium.

For A > 0: the system has no equilibrium nearby the origin.

The analysis when a; > 0-a; > 0 (X € ‘U,) can be done by solving simple
algebraic equations and it will be omitted.

It seems clear that this discussion can be performed in R?" in a very straight-
forward way.

4.2 LSR in R?" (0-non-resonant case)

In what follows we are going to analyze the existence of families of periodic
orbits for the bifurcation scenario X viathe LSR. There are a few complications
which arise in our context. We must be careful when handling splittings of
projections. As we are looking for periodic solutions, the (minimal) period is
one of the “unknowns” of the problem. As will be seen in the treatment which
follows the circle group S' plays an important role in the bifurcation analysis of
periodic orbits.
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So let
X=X, Xex™m )

Recall that X (0, 0) = 0.
Consider

0 1

0 0

0 —0
Ao = DX(0,0) := o 0
0 —0p—1
K O, 0

be 0-non-resonant.

Denote by an the space of all 2w -periodic continuous functions x: R —
R*, n > 2, and let C,_ be the correspondent C'-subspace.

In C3_ we define the product

1 27
trx) = o [ .o
T Jo
where (., .) is an inner product in R?".
Consider now the mappings: F;: Ci x R x R — CJ_ defined by

Fix,o,M)@®) =1 +0)a;x(t) —Xx(@),»), j=1,...,.n—=1 (5)

We recall that if (x,, 0,, A,) € Czln x R x R satisfies Fj(x,, 05, 4,) = 0

then X (¢) :=x,((1 +0,); t)isa -periodic solution of (4) for A = A,,.

2
(1+00)a

So the problem is carried out to find the zeroes of F;. In this way to each
solution of F; = 0 corresponds a periodic solution of the original system with
period near i—”

Of course (b, 0, 0) is always a solution of (5).

LetL; := D1F;(0,0,0): Czln — Cgﬂ begivenby L; x(¢) = )'c(t)—%on(t).

Consider 4yp = Sy + Ny the unique decomposition of 4, with (Sp) émd (No)
being the semi-simple and nilpotent parts respectively with Sy Ny = Ny So.

Denote V; := gerfei,er, erj1,e2542}, j = 1,...,n — 1 where e¢;'s are
elements of the canonical basis of R?".

Take the following subspaces in C)_:

Nj = {q; q(t) =exp(tSo/a)v;, v; € VJ} j=1,....,n—1.
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We are putting the solutions of (5) in 1: 1-correspondence with the solutions
of an equation defined in NV;. Hence for each j, define the following subspaces:
X; ={x € Cy; (x, N;) =0} and
Yy ={reCh 0, Np =0}, j=1....n—1

as the orthogonal complements of N; in C1_and C3_, respectively.

Recall that the dimension of N in C, _ is 4 for every .

Consider (qj,lv q9;.2-49;,3, qj,4) with qji = eXp([SO/Olj)Uj’i and {"Uj',l = e,
Vjoa =€2,V;3 =€241, V4 = 62j+2} a basis of V]

Take the projections P;: CI_— CJ_ defined by

4
Pi0) =) (q:4) g (6)
i=1

where (¢;,)*(x) = (q;i, x). We get: Im(P;) = N, ,Ker(P;) = ¥;, C) =
X;®N;andC) =Y; ®N;.
Finally we define

Fj(x,0.1) = Fj(q; +x;,0.0) =t F;(q;.%;.0,3), q; € Ny x; € X,
The proof of next result is in [4].

Lemma 4.1 (Fredholm alternative). Let A(¢) be a matrix in C% and g be in
Cr. Then the equation x = A(t)x + g(t) has a solution in Cy if and only if
fOT (y(t), g(t))dt = 0 for every solution y of the adjoint equation y = — A*(t)y
with y in Cr.

AsL; (.’Nj) C N the last lemma implies immediately that
Lemma 4.2. The mappings ij: = L; |x;: X; — Y, are bijections for
everyj=1,...,n— 1

In what follows we establish a discussion that will be useful in the sequel.

We have the following equivalence

ﬁj(qj',xj,a, MN=0U-7P) Oﬁj(Qj,xj»U, A) =0

PjoFi(g;.x;,0.1) =0.
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So from the Implicity Function Theorem and Lemma 4.2 the equation
ﬁj(Qj»xj,U, )") =0

can be solved as x; = xj’.‘ (gj,o,N).
So (5) can be reduced to

]:“j(qj, o,A)=P;o0 ﬁ'j(qj,xj*(qj,a, A),o,A) =0.

On the other hand, it follows from (6) that this equation is satisfied if and
only if
g, " (Fi(q;,x; " (q;,0,0),0,1) =0, i=1,...,4 (7)

So (vj,0,A), v; = (x1, X2, X241, X2j42) s a solution of (5) provided that
Bj('Uj, g, )\,) =0

with B;: R* x R x R — R* defined by

1 [ R
Bj(vj, o, A) = E/ exp(— tSo,j/aj)Hij(xj *(vj,o, A), o, A)dt,
0

where
* . *
X; (vj,a, )L) 1= exp (tS()’j/Olj)vj +x; (exp(tSoyj/aj)vj,a, )L).
and
H_;(xh X2y ooy X2jq1s X2j425 - v e xzn) = (x1, %2, X2)41, x2j+2)
with
0 0
00
e i=1...,n—1.
So, 0 —a | J 1
Olj 0

4.2.1 Properties of the mapping B;
The proof of the following lemma is in [11] and [14].
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Lemma 4.3. Each mapping B; satisfies:
(i) R'B;(v;,0,1) = —B;(R'v;, 0, ), and
(i1) s4Bj(vj,0,A) = B;(s4v;, 0, 1), where s4v; = exp(—¢So,;)v,; and

’
R (xl,X2, x2j+1,x2j+2) = (Xl, —X2, X241, _x2j+2)-

Recall that we are assuming that the m-jet of (4) at 0 is in BNF. That implies
that X (x, A) =~Aez + Aox + X(x, M) 4+ 7y (x, A), where x € R*, T, X (x, A) =
res + Aox + X(x, A) is in normal form and r,,(x, 1) = o(|x|"*1).

The proof of the next result will be omitted since it is a slight variation of the
proof of Theorem 4.5 in [14].

Proposition 4.4.
(i) x; *(vj, 0,A) = exp(tSo,;/oj)v; + 0(||Uj||m+])

(i) B;(vj,0,A) = (140) Sojv;— Ao jv;—rer;—X;(v;, A)Fo(v; "),

where
00 0 1 0
00 00 1
So.j = 0 —a; > Aoj = 0 —o; | |0
a; 0 a; 0 0
and
X
- X
X=|_"
X2j+1
X2j42

Remark 4.5. It is worth mentioning that the reduction above performed
can be reproduced ipse-literis to the 0: p: g-ressonant case with p,q > 1
and it will be omitted. So Proposition 4.4 remains valid whether applied to the

present case.
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43 LSRinR® (0: 1: 2-resonant case)

Let X € x°().
Recall that X(0, 0) = 0 and so:

Ay = D1 X(0,0) = Lo

We emphasize that we search for periodic solutions of the original system with
periods nearby 7 and 27r. In the first situation the same analysis done in the last
section can be performed here by means of By: R* x R x R — R* given by

By(uz, 0,1) = (1 +0) Sopur — Aotz — hers — Xo(uz, &) + o[luz ™)

where
0 0 0 1 0
0 0 0 0 1
So2 = o - |’ Apr = o —2 | 22T o |’
2 0 2.0 0
X
- X5
X, = - and up = (x1, X2, X5, X¢).
Xs
X6

In the second situation (periods near 277) we argue as follows.
First of all, consider the mapping Fi: Ci_ x R x R — CJ_ defined by

Filx,o,M)@) = +0)x(@) — X(x(@), 7).
As before let L; := D;F;(0,0,0): Czlﬂ — Cgﬂ be given by L x(t) =

x(t) — Aogx(2).
Define now:
N = {q € Czln; q(t) =exp(tSo)u, u € RG},
Xi={xeC,; x,N)=0} and Y;={yeC); (y.N) =0}

Consider (g1,1, 12 +91.3 »q1.4 »915 »q1.6) With q1; = exp(¢Sp)e;, where
{e;, i =1,..., 6} is the canonical basis of R®.
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As above we get in a similar way a reduction given by B;: R® x R x R — R
where

1 2
Bi(uy,o,A) = Z/ exp(—tSo) F1(x; *(u1, 0, 1), o, M)dt
0

and
x1 *(uy, 0, 1) = exp(tSo)u; + x; *(exp(tSo)ul, o, )\).

The proofs of the followings results are direct and they will be omitted.

Lemma 4.6. The mapping B, satisfies: (i) R By(u1,0,)) = —By (Ruy, 0, \)
and (ii) s Bi(u1,0,A) = Bi(sguy, 0, L), with sg u; = exp (—¢Sp) u;.

Proposition 4.7. The mapping B; is expressed by

Bi(uz,0,3) = (1 +0) Syus — Aoz — ey = X(uz, ) + o(jua|"*)
provided that the m-jet (the m-truncation) of the system at 0 is in BNF and
uy = (x1, X2, X3, X4, X5, X¢)-
4.4 Proof of Theorem B.

(a) First we present a brief discussion on the case n = 2. It will be very
useful in the sequel.

The 2-truncated BNF system is expressed by:

x'] = X2
X = A4+ ai(M)xi + ax () (x5 + x3)
X3 = —x4 — b1(AM)x1x4

X4 = x3 + by (A)x1x3.

Let’s solve B(x, o, A) = 0 with B(x, o, A) given in Theorem 4.4.
Let

oS O

So

Il
coc oo
co oo
— o oo
< |

—r—ai(Mx? — ay (M) (x2 + x2)
—0o x4+ bi(A)x1x4
oX3 — b] ()\.)X]Xj,

So B(x,0,A) = + higher order terms.
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We separate the cases:

(1) a1(0)a(0) < 0 (for abuse of terminology we say that X (x, 0) € ‘U,);
(i) a;(0)az(0) > 0 (we say that X (x, 0) € Uy).

We have then:

(@) —x2+ O(||x[P’) =0,

(b) A+ a(W)x] +ax () (x3 4 x3) + O(lx[I*) = 0,
(c) —oxs+bi(M)xixs+ O(x|?) =0,

(d) ox3 — by (M)x1x3 4+ O(lIx|I*) = 0.

Consider the following auxiliary system:

A+ aiWxf +ax (W) (x5 +x5) =0
—0x4+b1(Mx1x4 =0

oX3 — bl()»)X1X3 =0.

We see that the problem is reduced to the analysis of the relative position
between elements of two 2-parameter families of curves in the plane depending
on A ando.

Case 1) For simplicity assume that a;(0) = —a,(0) = b,(0) = 1.

That means that in the (x;, x3, x4)-space we have:

Subcase i1) A = 0: the equation (b) represents a cone ¥, centered in the
origin whereas the equation (c) represents an algebraic surface ¥, = my U
and equation (d) represents another algebraic variety ¥; = {3 U 7} where:
m={xi =0}, ={x; =0} with j =3,4.

Observe now that any pair among the following manifolds, X;, 7, 73 and 4,
are in general position. So the solution of the auxiliary system is represented
by § = ¥, Nw N ;. In another words we have that y; = X, N7 N m;,
i = 3,4 is constituted by two distinct points p; (o) U ¢;(c). This situation is
generic and it persists if we add higher order terms to the auxiliary system. It
is worthwhile to mention that in the general case we cannot conclude a priori
about the symmetric properties of such solutions.

The analysis of the Subcases i2) A < 0 and i3) A > 0 follow similarly.

Also the case ii) can be performed in a straightforward way. Such analysis
will be also omitted.

In conclusion we have: if i) X(x,0) € U, in the level A = 0 we derive the
existence of two one-parameter families of periodic orbits terminating at the
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origin with periods converging to 277r. When A < 0 these families split from
the origin in such a way each one of them terminates at one of the bifurcated
critical points. For A > 0 there is only one such family walking around the
origin. When ii) X (x, 0) € U, then we deduce that A = 0 is a subcritical Hopf
bifurcation value since for A < 0 we have two families of symmetric periodic
orbits terminating at each one of the equilibria.

(b) n=3.

Let X = X(x, ) with x € R® and X (0, 0) = 0 be such that:

01 0 0 0 O
000 O 0 O

. 0 00 —x 0 O

M) 4=DXO.0=| ¢ o o o0 o I
000 0 0 —p
000 0 B 0

(i) X is R-reversible, with

R(x1, X2, X3, X4, X5, %6) = (X1, —X2, X3, —X4, X5, —Xg):

(iii)) k) +Bky =0, ki, ke Z=k =k, =0.
The truncated normal form is:
X1 =x
Xy =X+ al(k)xl2 +ar(A) (x32 + xf) + az(A) (xg + xé)
X3 = —x4[a + bl()\))ﬁ]
Xy = x3[a + b1 (W)xi |
Xs = —xg[B + ba(M)xi ]
X6 = xs[B + ba(M)x1].

We assume that b, (0) # 0 and b,(0) # 0.
Recall that:

Uy = {X; a1(0) - a2(0) <0 and a,(0) - a3(0) <0} and
Uy, = {X; a1(0) - a(0) > 0 and a;(0) - a3(0) > 0}.
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Of course we may consider« = 1 and y = g, y € Q°. So

010 0 0 0
000 0 0 0
000 —1 0 0

Ao=DXO0O=113 061 0 0o o
000 0 0 —y
000 0 y O

As shown in Proposition 4.4 the LSR in the general case is analogous to that
one in dimension 4. So we just have to analyze the system:

x+03)=0 (a)
A4 a(Wxi +a(W)(x3 +x3)+ 03)=0 (b)
—ox4 + b (M)x1x4 + O3) ()
ox; —b(M)xx34+ 0@3) =0. (d)

Hence the discussion of the system is reduced to the 4-dimensional case analy-
sis. So the original system is R-symmetric and at level A = 0, when the families
approach to 0 the periods converge to %” As before we may reproduce the above
procedure on the generalized eigenspace: V; = ger{ey, e, es, e} and so obtain
similar results on the space (x1, x2, X5, X¢).

In this way, for A = 0, we get four families of periodic orbits terminating at
the origin. Moreover, the same considerations made before on the bifurcation
phenomenon can be ipse-literis formulated here.

In this way, to finish the present proof is enough to appeal directly to the
procedure made for n = 2 since the analysis was reduced to solve a 4D system
of four equations. O

4.5 Proof of Theorem B*:
In this case the system X, can be written as:

X1 =x3+ 0(3)

X = A+ a()x] + ax (W) (x5 +x3) + as(W) (x2 + x3) + 0(3)
X3 = —x4 — bi(M)x1x4 — ¢1 (M) (x3x6 — x4%5) + O(3)

X4 = x3 + by (M)x1x3 + 1 (V) (x3x5 + X4%6) + O(3)

X5 = —2x6 — by(A)x1x6 — 2c2 (M) x3x4 + O(3)

X6 = 2x5 + bay(M)x1xs + 2 (W) (x3 — x7) + O(3).

(®)
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The characterization of the subsets ‘U; and ‘U, in X26>l< will become clear along
the performance of this proof.
We search now for periodic orbits of periods nearby 27 of X(x, A) with
X(x,0) e U UU,.
As before we focus on the zeroes of:
x+03)=0
—L—ai(Mxf — e (W) (x5 +x7) —az (W) (xI +x2) + 03) =0
—o X4 + bi(M)x1x4 + ¢1 (M) (x3x6 — x4x5) + O(3) =0
oX3 — bl()u)X1X3 — cl(A)(x3x5 — X4X6) + 0(3) =0
—20x6 + bay(AM)x1x6 + 2c2(AM)x3x4 + O(3) =0
20xs — by(Mx1xs — c2(M) (x2 —xF) + 0(3) = 0.

In order to find symmetric periodic orbits with period near 27 we have to
study the reduced system

-\ — al()n)xl2 — az()\)x32 — as ()»)xs2 +0@3B)=0
ox3 —bi(M)xix3 —ci(M)x3xs + 03B) =0
20x5 — by(A)x1x5 — cz(k)x§ + 0@3)=0.

Consider, as before, the auxiliary system:

-\ — al()u)xl2 — az(k)x32 — a3 ()»)xg =0
ox3 —bi(Mx1x3 — c1(M)x3xs =0 )
20x5 — by(M)x1x5 — c2(A)x; = 0.

Now, with respect to this system we obtain:

If X(x,0) ¢ V; = {X given by (8) such that a;(0)a;(0) < 0 and
by (0) # 0} then there are two families of symmetric periodic orbits for A = 0
and these families are persistent for A % 0. This periodic orbits are given by

. 20 _ 1 4a,(A) 5
x"‘(bzm’o’\/ as(1) (H n 0))

that is a solution of (9).

On the other hand, if X(x,0) € V, = {X given by (8) such that
a1(0)a3(0) > 0 and by (0) # O} then we have: if a;(0) > 0 a subcritical Hopf
bifurcation occurs where two families of symmetric periodic orbits related to
x; appear and if a; (0) < 0 a supercritical Hopf bifurcation, also related to x,
occurs. In this case the number of families of periodic orbits is two.
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As the intersection of (9) in x} is transversal these solutions are persistent
when the O(3) terms are considered.

A similar analysis can be done in the case of symmetric periodic orbits with
period near 7.

This ends the proof. O
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