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1. Introduction

Let X,, X,,... be a sequence of independent identically distributed ran-
dom variables with common distribution F. Let EX; =¢ and Var X; =0¢* < 0.

Suppose a confidence interval of given length 24 and coverage probability a
is required for &.

If F is normal with variance ¢ .unknown it is a well known result that this
cannot be accomplished by a non-sequential procedure.

Several authors, including Stein [1], Chow and Robbins [2], have contri-
buted to the solution of this problem. A two-stage procedure was proposed
by Stein in [1], to solve the problem in the normal case. In [2] Chow and
Robbins introduced a truly sequential procedure to find confidence intervals
for the mean of an arbitrary population.

The following simple considerations motivate the procedure proposed in [2]:
If the variance 62 of the population is known if d is small compared to o2,
define
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from the population and form the interval I, = [X,-d, X, + d]. It is casy
to show that lim P(¢el,) = a. Suppose now 0 < g% < =

d—0

Let n = smallest integer > . Then take n independent observations

is unknown. In

this case Chow and Robbins proposed the following C.R. procedure. Define
2¢Q2

a-S .
N* = smallest. n > n, such that n > dz", and form the interval I, =

=[Xy-d, Xpo +d})

They investigated ‘the asymptotic behavior of this procedure as d — 0 and
proved:

(a) lim EN* = x;

d—>0 -
(b) lirré P[Xjyi-d<é< Xyt dl=u (asymptotic consistency);
d—
. d*EN* ; d
(c) lim ——— =1 (asymptotic efficiency).
a0 VO,

We show that, in the class of procedures satisfying (b), the C.R. procedure
is asymptotically minimax, as d — 0. For this, we compare expected sample
sizes for d small.

V2. A result on C.R. Procedure

We denote by S a procedure for obtaining a confidence interval of length
2d for ¢. Specifically, this is a pair (N, {Y,},.) where N is a stopping time
and Y, = Y(X,,...,X,) is an statistics based upon the first n observations.
If N =n the procedure estimates & by (Y,—d, Y, + d). Let’s suppose F nor-
mal with mean ¢ and variance 6> < oo and consider ¢ a random variable
with prior distribution u having density N(0, t*). Next we present some re-
sults from [3], needed for the proof of theorem 1:

LEMMA 1. Let S =(N, {Y,},. be a procedure describe above. Then we have for
each o: :

(i) JP[YN_d <& <Yy +d]du@) < iﬁm(n S) H(C,)
1

28

where

Da(TeS) = JP[N = m] du(),

Cm

H(C,) = 2n)~'" j e M du
_Cm
and
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(i1) Let EN = jENdy (&) and v be an integer, then
EN <v =7 p,(t,S) H(C,) < H(C,).
1

Proor. Result (1) is inequality (21) in [3]. For (ii) see inequalites (31) and
(32) in [3].

THEOREM 1. Consider the class of all procedures S = (N, {Y,},.,) satisfving

o P Ye-d < £ < W +d] =a Y 6
d—0

In this class the C.R. procedure satisfies for each o:

i e
llrdnélonf EN* = 1.‘

Proor. First, by property (b) the C.R. procedure S$* = (N* {X,}) belongs

to the class defined above. Let S = (N, {Y,},.,) be any procedure in this
class. By the Dominated Convergence theorem,

d—0

lim J‘P(;az) [Yy—d <& < Yy + d]du) = a

Given ¢ > 0 choose 6(¢) > 0 such that for d < d(¢), we have Zp,,(z, S) H(C,) >

a-¢ (part (i) of Lemma 1). Let a, = H '(a - ¢) and take y = greatest inte-
2 -2 2
ger < 1}2 ~7 then H(C,) < a, . Therefore, we have by part (ii) of Lemma 1:
(
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Using properties (a) and (c) of the C.R. procedure, we get

which implies
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