On the Rauch Comparison Theorem for Volumes*

KETI TENENBLAT

It is already known, that given a Riemannian manifold M, whose sectional
curvature K, satisfies L < K\, < H, then it is possible to compare the volume
of a normal ball in M, with the volume of a normal ball with the same radius,
contained on a space form with constant curvature L or H ([1], [3], [4]).
In this paper we investigate the case when the Ricci curvature on M satisfies
Ricey > H.
Given an n-dimensional Riemannian manifold M, with curvature tensor R,
consider the transformation Ry : ¥ — R(X, V)X. If X is a unitary vector
| .
jtr Ry . Let y be a geodesic on M, such that
7(0) = m. We denote by pu(t) the Jacobian determinant of exp,, at t,'(0). We
will prove the following:

tangent to M, Ricc(X) =

"THEOREM 1. Let M be a complete, n-dimensional, Riemannian manifold and
y: [0, a] — M a geodesic on M such that y(0) = m. If m has no conjugate
point on (0, a] and Ricc(y' (t)) = H, then
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Sor all te(0,a). If equalitv holds, then Ricc(y'(t)) = H.
As a consequence of this theorem we get the following:

CORDLLARY 1. Let M be a complete, n-dimensional, Riemannian manifold, such
that Riccy, = H. If B(m r) and B(, r) are normal balls with radius r, centered
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respectively at me M and vi € M, where M i§ the simplv connected n-dimensional
manifold with constant curvature H, then '

v(B(m, r)) < v(B(1, ).

If equality holds, then Ricc(y'(t)) = H, t-< r, for all radial geodesic y on B(m, ).

The purpose of this paper is to present a counter-example, which shows

that, in’ contrast with what happens when sectional curvature is concerned

([4], Corol. 1), Rice(y'(t) = H in Theorem 1 does not imply equality for
the Jacobian determinant p(t). Consequently, in Corollary 1, we may have
Ricc,, = H without obtaining equality for the volumes of the normal balls.
Moreover this counter-example also shows, that it is not possible to obtain
results analogous to Theorem 1 and Corollary 1, when Riccy, < H.

In section 1 we prove Theorem 1 an Corollary 1, based essentially in the
proof given in ([1], pg. 253). In section 2, we present the counter-example
mentioned above.

I want to thank Prof Manfredo P. do Carmo for helpful conversations on
this paper.

§1. We use the same notation as in [2]. Every geodesic is parametrized by
arc length. M denotes a complete Riemannian manifold and S" the unitary

n-dimensional sphere contained in the Euclidean space R"*! In the follo-
* wing proofs, we need the index form of a geodesic and its properties (see [2]).
If W is a vector field along a geodesic y: [0,a] — M, we denote

IWr) = J (W, W) (R, W)y, W)} dt,

where re (0, a] and R is the curvature tensor on M. Moreover we need the
following lemma:

LEmMMA A. Let y: [0,a] — M be a geodesic with no conjugate points to 1(0)
along y(0,I],1 < a. Let J be a Jacobi field along y and W a vector field along y such
that (1,7’ = (W,y'y = 0. If J©) = W(0) =0 and J() = W(D), then

I(J,D < I(W, D).
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. Equality holds if and only if J = W.

A proof of this lemma can be found in ([2], pg. 205).

Consider a geodesic y on an n-dimensional, Riemannian manifold, such that
9(0) = m. If v(t), i = 1,2,...,n—1, are linearly independent vectors, normal
to y'(0) at ty'(0), then the Jacobian determinant of exp, at t'(0), is

|dexp, vy A ... A dexpyv._1]
oy AL Ao,y

u) =

>

where v; A ... A v,_; is the exterior product of the vectors v,,...,v,_1.
We can now prove Theorem 1. )

Proof of Theorem 1: Let M be the n-dimensional, simply connected space,
with constant curvature H > 0. Let 7: [0,a] — M be a geodesic on M,
such that $(0) = ri. Denote by fi(t) the Jacoblan determinant of exp,, at tJ'(0).
We will prove that, for all t € (0, a].

sen /H t)”‘ 1

1) 2 i) = ( e

Fix re(0,a]. Let J(t), i =1,2,...,n—1, be Jacobi fields along 7, ortho-
gonal to y'(t) and such that J(r) are orthonormal. For each i, consider
J{(t) = d exp,, tA;, where A, is a parallel vector field along t)'(0). Then

e Ao s |
VAN R AL i

w) =

Differentiating p*(t) at t = r, we get

n—1
2 Z <J:.(r), Ji(r)> p2n=1 — -1 pn=3
i=1

2‘u(r)'u(r) = r4(n-17)|A1 P i s N An—l l2

Hence

n—1
(1) = 2 {Jin, Js >** ZI(J”-
i=1
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Consider {Z, ,..., Z,yorthonormal vector fields, parallel along 7, such that
Z() =7t and let J(t), i =1,...,n—1, be the Jacobi fields along 7, defi-
ned by

'fi(t):MZ(t) o B i -k
Seh /[ H 1.5

With the same reasoning we did for J; we get

BO 5! g g et

W—i=l I

If we denote f(t) = M we conclude that

sen\/ﬁr

@(r)
A(r)

&) =(n-1) f (f - f2Hyde-"—~

Now consider {Z,,...,Z,} orthonormal vector fields, parallel along 7y, ge-
nerated by J(r) and y'(r). For each vector field

W) = Z ) Z (1)

along §, we associate a vector ﬁeld

n

Yw) () = Z Z(1)

along y. Then if W, and W, are vector fields along 7,

<‘//(W1), l//(Wz)> o <W1 > W/2>,
W(W)) = y(W").

It follows from these properties, Lemma A and from the hypothesis Rice(y'(t)) >
H, that

=1 n—1
3) PR EN (TR
= - 1)] ((f') = f? Rice(y (1)) dt

= (nl)J-r(f’)z—sz)dt-
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From (1), (2) and (3) we obtain

K g0,
un = i)

The point re(0,a] was arbitrarily fixed, hence

;t lfg; <0, for all te(0,a]

Since u(0) = (0).= 1, we conclude that
u(t) < a), for all te(0,al.

i(t) = sen /H t>"“
£ JHt ¥
we substitute f and f” in (2), and integrate from ¢ > 0 to 1 € (0, a] obtaining

1 H
logl%%) =(n—1) log (Sen \t[ 27 sen\ﬁ/f{ 8)

In order to prove that

Hence

;Lt)=(sen\/Ht 5 € >"'1

f(e) t sen \ﬁ{ P

Considering the limit, when ¢ — 07, we conclude that

i) = (set\l/g t>" t

Finally if u(t) = (t), for all te[0, a], then equality holds in (3) and hence
Ricc(y't) = H
This completes the proof of Theorem 1, when H > 0.

If H=0 or H <0, we have -similar proofs, considering the Jacobi fields
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J; along 7, defined by J(1) = LZ~-(t) when H =0, and

f(t senh th
' Senh fH r

when H < 0. g.ed.

Proof of Corollarv 1. Tt follows from Theorem 1, since the volume of a normal
ball is obtained by integrating the Jacobian determinant of the exponencial
map, on a ball with the same radius on the tangent space. q.e.d.

§2. In this section we give a counter-example, which shows that in Theorem 1,
Rice(y'(t)) = H does not imply equality for the Jacobian determinant u(r),
and also in Corollary 1] Riccy, = H does not imply equality for the volumes
of the normal balls. First we summarize some properties of the product ma-
nifolds, which will be necessary for the counter-example.

Let M, and M, be Riemannian manifolds and M = M, x M, the Rieman-
nian product of M, and M, . If y, and y, are curves in M, and M, ., X, and
X, are parallel vector fields along y, and 7, respectively, then X, + X, is
a parallel vector field along the curve (y,(), 7,(¢)) in M. Conversely a parallel
vector field on M is obtained in this form. Hence the geodesics on M have the
form (y,(¢), y,(1)), where 7, and 7, are geodesics on M, and M, respectively.
Moreover, the curvature tensor R of M at a point (m, , m,) satisfies the follo-
wing equality

R, m (X4 + X5 Bt LI=E SO )+R
where X, Y, eT,M,, X,, Y,eT, M, and R, ., R,, are the curvature

tensors of M, and M, at m; and m, respectively. It is clear that if X, e T, M,
and X,e T, ,M,, then

R(ml.mz)()(l ’ XZ) = R(mx,mz)(X’Z ) ‘Yl) = 0

LEMMA 1. Let M = M, x M, be the n-dimensional Riemannian product of
M, and M,. If M, and M, have dimensions n, and n, respectivelv and the
Ricci curvatures satisfv

(ny — DRiccy, = (ny — DRicey, = 2,

(X5, 1),

my

then

(n=1)Riccy; = .
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PRroOF. Let X be a unitary vector, tangent to M at (my; , my). Consider Z,, ...,
Zys Zy+15---,2Z, an orthonormal frame at (m,,m,) € M, such that
Zy,..5Zy €T, M, and Z, .,,...,Z,€T,,M,. Then

X=) xZ  and IS A

i=1
Hence

n

(n—1) Rice(X) = ) Z xxJ<R(ml Bl ) N s

iL,j=1k=1 -

ny n

= 3 Z X% <le(zl,z )Z;,Z,)) + Z Y, xx;{Rw,(Z:.2)Z;,Z,)

i,j=1k=1 i,j=n;+1 k= n1+1

If we consider i,j = 1,...,n,,i #j, then using the fact that

1 1
ny—1)Ricc| —=Z;+ —2Z;) = A
(n,~1) <ﬁ ﬁ,>
we get

Z <Rm|(Zi7 Zk)Zj» Zk> :0
k=1
Similarly,
Z (Ru(Z:,2)Z;,Z,y =0 for all i,j =n + 1,...,n and i # |.

k=n;+1

Hence
(n-1RiceX) = 3 3 33 (Rp (2.2 Z:, Z,) +

+ ) 2 BRAZ BB 7y

i=n+1k=n+1

ny n

ZZM—Z Bi=Y x2 =4

i=1 i=n +1 i=1

g.ed.

COUNTER-EXAMPLE. Let M, = S* and M, = S% Consider M = M, x M,
the Riemannian product of M, and M,.
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It follows from Lemma 1, that Rice(X) = for any unitary vector X tan-

1

?’
gent to M. Consider a geodesic y(t) = (m,, 7,(¢t)) on M, such that m, e M,
and 7,(¢) is a geodesic on M,, defined for z€ [0, n\/§/2]. It is not difficult
to verify that 0 < K,, < 1 and hence it follows from Rauch Comparision
theorem ([2], pg. 206), that two consecutive, conjugate points occur at a
a distante > n. Consequently there is no conjugate point of y(0) along y.
We shall prove that the Jacobian determinant of exp,, is not equal to

<sen t\/§/3>3.
t/3/3

Fix r € (0, 71:\/3/2] and consider Jacobi fields J(t), i = 1, 2, 3, along y, ortho-
gonal to y'(t) and such that J(r) are orthonormal vectors, J,(r) and J,(r)
tangent to M, and J;(r) tangent to M, . Let {Z,,..., Z,} be parallel vector
fields along 7y, generated by J(r) and y'(r). Con51der M = S%s a sphere of
radius, \/3 contained in the Euclidean space RS. Let %(t), te[() n\f /2]
be a geodesic on M, and {Z,..., Z,} parallel vector fields, orthonormal
along , such that Z,(t) = 7(t). Let f (t), i =1, 2, 3, Jacobi fileds along 7 de-
fined by

Tt = Sent\/ﬁ 4 e

sen r\/_/3 ¥

From (1), (2) and (3) in the proof of Theorem 1, we know that

(4) =Y IU.7)-
where

= sen tf /3
W) = N 20,

We claim that (J;) is not a Jacobi field along 7. In fact
WJ3)" + RO, WTS) Y # 0,

since

2 senty/3/3
TS 0 KBl T ) =

It follows from Lemma A, that
I(J5, 1) < IWJ3), 1)
and hence from (4), we conclude that
Ko A0
wr) Al

Since r was fixed arbitrarily, we have that

d
" 58 <0, for te(0, nﬁ/2].

3

That is

ut) < alt) = <Sef \t[\//; /3>, for all  te(0,n/3/2]

This justifies the remark about Theorem 1.

If B((m,., m,), r) and B(ri, r) are normal balls centered respectively at (m, , m,)e M

_and #i € M, with radius r, then it follows from what we have just seen, about

the Jacobian determinant of exp,, ., that
u(B(my ,my), r) < v(B(r, r)).

REMARK. Itis‘clear from this counter-example, that it is not possible to obtain
results analogous to Theorem 1 and Corollary 1, when Ricﬁ < H.
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