A Note on a Central Limit Theorem for
Dependent Random Variables*

P. A. MORETTIN

L. INTRODUCTION. Let {{,(x),n =0, 1,...,x € R, } be the set of Walsh functions,
periodically extended to the non-negative real numbers. These functions are
defined as products of Rademacher functions and form an orthonormal,
complete set on [0, 1]. They assume only the values —1 and + I and may
be identified with the full set of characters of the dyadic group. This is the
set of all sequences X = {x,}, where x, =0 or x, = 1 and the group opera-
tion is addition modulo 2, 4, componentwise. For the necessary detalls
and notation we refer to Fine [2] and Morettin [3].

Let {X,.,n=0,1,2,...} be a strictly stationary sequence with E{X,} =0,

for all n, and covariance function, Ryy(k) = E{X,X,.,}, k =0,1,2,.... If

we assume that ) |Ryy(k)| < o, then we define the (Fourier) spectrum of
k

X, as being

(1) gxx(X) = (2m)~ Z Ry x(k)e ™,

-0 < x < . This is bounded, uniformly continuous and of period 2m.
Also

(2) Ryx(k) = J "y y(@0) dot

Let the cumulant of order r of X, be denoted by

(3) B L ITEIRNE RE_T. T SRR o

ny,....n,=0,1,2,..., assuming E{| X,|"} < w. By stationarity,
Cxx(ny,...,n) = cx.x(ny +u,...;n, + u),

and in asymmetric notation,
4 Cxx(y oo oom_y) =cx.x(ny,...,n,_,,0).
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Let Xy, X;,..., Xy_, be N observed values of {X,} and consider the fi-
nite Walsh transform "

N-1
) dMx) = Y X, (),

n=0

Ol i<

2. THEOREM. Assume E{X}! < » and

Y Jegnliy .ol iwiesfl < %o
Suppose also that
_ N-—k N-1
(6) lim N7E Y Y Y iR yx(k) = A(0)
~to n=0 k=0

exists, for all x e R, . Then d™(x) is asvmptoticallv normal {0, NB(x)),
where B(x) = E{X}} + 2A(x). s

Proor. We have that E{d™(x)} =0 and

N N
E{d™(x)*} = N E{X3} +2 ) ) ¥,14%) E{X,X};

t=1s=1
by stationarity this equals to

N—1N—k

NE{X3 +2 Y Y ¥.i6en(®) Rexlk),
k=1 s—1

and therefore N~ ' - E{d™ (x)*} — B(x), by (6). For the higher order cumulant,

1 N-1

Cum{d(m(xl), o d™(x,)) = Ng 2 W el (x):

n =0 n-=0
“eumi{ X, 5y Xad =0,
hence N~ cum{d™ (x,),...,d™ (x,)} — 0 as N — oo, if r > 2, and

the theorem is proved by a basic lemma of Chapter 4 of [1].

3. CoMMENTS. The theorem holds true for an m-dependent stationary process.
Here, Ry(k) = 0, for |k| > m. For this case, and x = 0, we have that

N L

d(N)(O) = ";) ‘Yn __~,‘/V’(O’ NJ\ Dm(a) Ixx (oc)doc),
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where D,(a) = ) ¢ isthe Dirichlet kernel. Here, B(0) = i Ry y(u) and

|iT<m us"m
use (2). Note that the distribution of d™(0) may be approximated by .10,
Ngyx(0), since D,(x) is concentrated near 0. In particular, for m = 0, that
is, a 0-dependent stationary sequence, d¥)(x) is asymptotically

A (O,N J gxx(@) dov).
“REFERENCES

F1] BriLLINGER, D. R., The Frenquency Analysis of Vector-valued: Time
Series, 1973, Holt, Rinehart and Winston.

[2] FINE, N. J., On the Walsh Functions, Trans. Amer. Math Soc. 65 (1949),
372-414.

[3] MORETTIN, P.A., Walsh-Fourier Analysis of Time Series, Ph. D. Disser-
tation, University of California, Berkeley, 1972.

Instituto de Matematica e Estatistica
Universidade de S. Paulo
S. Paulo - BRASIL

49



