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Singularities of Anti de Sitter torus Gauss maps
Liang Chen*" and Shyuichi Izumiya?

Abstract. We study timelike surfaces in Anti de Sitter 3-space as an application
of singularity theory. We define two mappings associated to a timelike surface which
are called Anti de Sitter nullcone Gauss image and Anti de Sitter torus Gauss map.
We also define a family of functions named Anti de Sitter null height function on the
timelike surface. We use this family of functions as a basic tool to investigate the
geometric meanings of singularities of the Anti de Sitter nullcone Gauss image and
the Anti de Sitter torus Gauss map.

Keywords: Anti de Sitter 3-space, timelike surface, AdS-nullcone Gauss image,
AdS-torus Gauss map, Legendrian singularities.

Mathematical subject classification: 53A35, 58C25.

1 Introduction

This paper is written as one of the research projects on differential geometry
of submanifolds in Anti de Sitter 3-space from the viewpoint of singularity
theory. There are several articles for the study of submanifolds in Minkowski
space, which is a flat Lorentzian space, and also in de Sitter space, which is a
Lorentzian space with positive curvature [9, 11, 13, 14, 15]. The Lorentzian
space form with negative curvature is called Anti de Sitter space which is one
of the vacuum solutions of the Einstein equation in the theory of relativity. Sin-
gularity theory tools, as illustrated by several papers which appeared so far
(2, 4,5, 6,7, 10, 11, 12, 16, 20, 21, 22, 23, 25, 28, 29, 30]), have proven
to be useful in the description of geometrical properties of submanifolds im-
mersed in different ambient spaces, from both the local and global viewpoint.
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The natural connection between Geometry and Singularities relies on the basic
fact that the contacts of a submanifold with the models (invariant under the ac-
tion of a suitable transformation group) of the ambient space can be described
by means of the analysis of the singularities of appropriate families of con-
tact functions, or equivalently, of their associated Lagrangian and/or Legendrian
maps ([1, 24, 26]). However, there are not many results on submanifolds im-
mersed in the Anti de Sitter space, in particular from the view point of singularity
theory. In [8] we have studied the spacelike surfaces in Anti de Sitter 3-space as
an application of Legendrian singularity theory. We construct a basic framework
for the study of timelike surfaces in Anti de Sitter 3-space here. As it was to
be expected, the situation presents certain peculiarities when compared with the
Minkowski case and the de Sitter case. For instance, in our case it is always
possible to choose two lightlike normal directions along the timelike surface in
the frame of its normal bundle. This is similar to the de Sitter case, but the
normalized image is located in the Lorentzian torus 77. For the de Sitter case,
the normalized image of the lightlike normal is located in the spacelike sphere
Si. Moreover, there are no closed timelike surfaces in de Sitter space but there
are such surfaces in Anti de Sitter space.

In §2 we prepare the basic notions on timelike surfaces in Anti de Sitter 3-
space. We define the Anti de Sitter nullcone Gauss image (briefly, AdS-nullcone
Gauss image) and the Anti de Sitter torus Gauss map (briefly, AdS-torus Gauss
map). We will find the AdS-nullcone Gauss image is more computable than the
AdS-torus Gauss map. We also define the Anti de Sitter null Gauss-Kronecker
curvature and the Anti de Sitter torus Gauss-Kronecker curvature. We inves-
tigate their relations. We can prove that Anti de Sitter torus Gauss-Kronecker
curvature is not a Lorentz invariant but it is an SO(2) x SO (2)-invariant. More-
over, these two Gauss-Kronecker curvature functions have the same zero sets.
In §3 we introduce the notion of height functions on timelike surfaces, named
the AdS-null height function, which is useful to show that the AdS-nullcone
Gauss image has a singular point if and only if the Anti de Sitter null Gauss-
Kronecker curvature vanished at such point. we also apply the Legendrian sin-
gularity theory to interpret the AdS-nullcone Gauss image as a Legendrian map.
In §4 we define a surface, named Anti de Sitter torus cylindrical pedal, as a
tool to study the relationship between the AdS-nullcone Gauss image and the
AdS-torus Gauss map. We also study the contact of timelike surfaces with some
model surfaces (i.e., AdS-horospheres) in §5. In §6 we give a generic classifi-
cation of singularities of AdS-nullcone Gauss image and AdS-torus Gauss map.
In the last part, §7, we introduce the notion of the AdS-null Monge form of a
timelike surface in Anti de Sitter 3-space and as an application of this notion
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ANTI DE SITTER TORUS GAUSS MAPS 39

we give two examples.
We shall assume throughout the whole paper that all maps and manifolds
are C'* unless the contrary is explicitly stated.

2 The local differential geometry of timelike surfaces

In this section we introduce the local differential geometry of timelike surfaces
in Anti de Sitter 3-space. For details of Lorentzian geometry, see [27].

Let R* = {(x1,---,x4)|x; € R(@ = 1,---,4)} be a 4-dimensional vector
space. For any vectors x = (xj,---,x4) and y = (y1,---, ys) in R*, the
pseudo scalar product of x and y is defined to be (x, y) = —x1y1 — X202 +
x3y3 + x4ys. We call (R, (,)) a semi-Euclidean 4-space with index 2 and
write R‘z‘ instead of (R*, (,)).

We say that a non-zero vector x in IR{‘z‘ is spacelike, null or timelike if
(x,x) > 0,(x,x) = 0 or {(x,x) < 0 respectively. The norm of the vector
x € R} is defined by ||x|| = +/[{x, x)]. We denote the signature of a vector x by

1 x is spacelike
sign(x) = 0 x isnull
—1 x istimelike

For a vector n € R} and a real number ¢, we define the hyperplane with pseudo-
normal n by
HP(n,c) = {x € R§|(x, n) = c}.

We call HP(n, c) a Lorentz hyperplane, a semi-Euclidean hyperplane with in-
dex 2 or a null hyperplane if n is timelike, spacelike or null respectively.
We now define Anti de Sitter 3-space (briefly, AdS 3-space) by

H} ={x eR} | (x,x) = —1},
a unit pseudo 3-sphere with index 2 by
S;={xeR;|(x,x)=1},
and a closed nullcone with vertex a by
A, = {x € Rg|(x—a,x— a) = 0}.

In particular we call Ag the nullcone at the origin. We also define the Lorentz
torus by

2 2 2 2 2
17 = {x: (x1,x2,x3,x4) € Aolxy +x5 =x3 +x; = 1}.
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If a non-zero vector x = (x, x2, X3, X4) € Ay, we have
. 1
X =+ ——(x1,x2,X3,x4) = £

1
Jxi+x3 VX7 4 x3

For any X, X», X3 € R‘z‘, we define a vector X; A X, A X3 by

x e T}

—ey —e ez ¢ée4
xpoxpox oxf
X ANXo A X3 = | ) 3 4l

X Xy Xy Xy

1 2 3 .4
X3 X3 X3 X3

h is th ical basis of R? and X; = (x!, x2, x3, x*
where {e;, e, e3, e4} is the canonical basis of R and X; = (x;, x/, x;, x/).

We can easily check that (X, X; A X> A X3) = det(X, X1, X2, X3), so that
X1 A X3 A Xj is pseudo-orthogonal to any X; (fori =1, 2, 3).

We now study the extrinsic differential geometry of timelike surfaces in Anti
de Sitter 3-space. Let X : U —> H} be a regular surface (i.e., an embedding),
where U C R? is an open subset. We denote M = X (U) and identify M with
U through the embedding X. The embedding X is said to be timelike if the
induced metric I of M is Lorentzian. Throughout the remainder in this paper
we assume that M is a timelike surface in H13. We define a vector N(u) by

Xw) AN Xy,, () ANX,, (u)
N(u) = .
X () A Xy, () A Xy, ()]

By definition, we have
(Nw), X(u)) = (N(u), X,;(w)) =0 and (X(u), Xy, (w)) =0 (for i =1,2).
This means that X (u), N(u) € N,M,where u = (u;,u;) € Uand p = X(u) €

M. Since the embedding is timelike and X (u) € H13, N is spacelike. Therefore
(N(u), N(u)) = 1. It follows that

X(u) = N@w) € AyNN,M and X(u) = N(u) € T2N N, M.
Thus we can define a map G¥ : U — A by GE(u) = X(u) £ N(u).

This map is analogous to the hyperbolic Gauss indicatrix of hypersurfaces in
HY (—1) which was defined in [12]. Here, we call it the Anti de Sitter nullcone
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Gauss image (briefly, AdS-nullcone Gauss image) of X(or M). We also define
a map
—~ —~ —_~— 1
Gr:U — T12 by Gf(u)=Xu)E£Nu)= mG;—L(u),
u

where

E) = £ /00 (u) £ 1 @)? + (va(u) £ na(u))?.

We call it the Anti de Sitter torus Gauss map (or, AdS-torus Gauss map) of X.

We remak that the map G (u) was used by S. Lee [17] to study the timelike
sufaces of constant mean curvature £1 in Anti de Sitter 3-space. He called
G (u) the hyperbolic Gauss map. By a direct calculation we know that G is
constant if and only if GN;} is constant.

It is easy to show that N, (i = 1, 2) are tangent vectors of M. Therefore we
have a linear transformation S,y = —dG;; (1) = —(dX(u)+dN(w)): T,M —
T, M which is called the Anti de Sitter null shape operator (briefly, AdS-null
shape operator) of M = X(U) at p = X(u). Under the identification of U
and M, the derivation d X (1) can be identified with the identity mapping idr, v,
this means that S;t = —de (u) = —(id7,» = dN(u)). We have another linear
mapping

dGE(u) : T,M — T,RY = T,M & N,M.
If we consider the orthogonal projection =’ : T,M & N,M —> T,M, then
we have

§% = —(dGEu)" = —nT 0dGE(u) : T,M — T,M

and call it the Anti de Sitter torus shape operator (briefly, AdS-torus shape
operator) of M = X(U) at p = X(u). We remark that Slf (resp., §;:t) does not
always have real eigenvalues. If the eigenvalues are real numbers, we denote it
by kf‘ (resp., k,.i) (fori =1,2).

We define

e~ —

Kjds,, (u) = de‘[Spi = k?t . kzi and Kjdst(u) = det,g‘;i = /:l;: . ]’;25

We respectively call K5, (1) the Anti de Sitter null Gauss-Kronecker curva-

e~

ture (briefly, AdS-null G-K curvature) and Kjde[ (u) the Anti de Sitter torus

Gauss-Kronecker curvature (briefly, AdS-torus G-K curvature) of M = X(U) at
p = X(u). Wesay thatapoint p = X (u) is a ( positive or negative) Anti de Sitter
horospherical parabolic point (briefly, AdSh*-parabolic point) (resp. positive
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or negative Anti de Sitter torus parabolic point, briefly, AdSt*-parabolic point)
of M = X(U)ifK jd 5, () = O(resp. Kjd 5 () = 0). By a straightforward cal-

culation we have the relation SPi =£ (u)%, so that we have k" (p) = E(u)lfc?E (p)

and K j,td o) =§ 2w)K jd s;(u). Then we have the following relations:

KE(p) = 0 <= kX (u) = 0

K&, @) =0 K&, ) =0.

We say that a point u € U or p = X(u) is an umbilic point if Sljf =
ki(p)idTpM. We also say that M = X(U) is totally umbilic if all points on
M are umbilic.

We now consider the geometric meaning of the AdS-nullcone Gauss image
of a timelike surface. First, we consider a surface given by the intersection
of H; with the hyperplane HP(n,c). We denote it by AH(n,c) = H} N
HP(n,c) and call it a Anti de Sitter pseudohyperboloid with index 1 (briefly,
AdS-pseudohyperboloid), a Anti de Sitter pseudosphere with index 1 (briefly,
AdS-pseudosphere) or a Anti de Sitter horosphere (briefly, AdS-horosphere) if
n is spacelike, timelike and ||n|| < |c| or null respectively. Especially, we
call AH (n,0) the Anti de Sitter small pseudohyperboloid with index 1 (briefly,
AdS-small pseudohyperboloid) if n is spacelike and ¢ = 0. Then we have the
following proposition.

Proposition 2.1. Let X : U — Hl3 be a timelike surface in Anti de Sitter

3-space. If the AdS-nullcone Gauss image G+ is constant, then the timelike
surface X(U) = M is a part of a AdS-horosphere.

Proof. We consider the set V' = {y € ]R‘2‘|(y,X:|: N) = —1}. Since GF =
X + N is constant, the set ¥ = H P(G, —1) is a null hyperplane. We also have
(X,GF)=—1,50X(U) =M C VN H}. O

We also have the following classification theorem on umbilic points.

Proposition 2.2. Suppose that M = X(U) is totally umbilic. Then k*(p) is
constant k*. Under this condition, we have the following classification.

(1) Suppose k* # 0.

(@) If 0 < |k +1| < 1, then M is a part of an AdS-pseudohyperboloid;
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(b) If |k 4+ 1| > 1, then M is a part of an AdS-pseudosphere;
(c) If k* = —1, then M is a part of an AdS-small pseudohyperboloid.

(2) Suppose k* = 0 then M is a part of an AdS-horosphere.

The proof is almost the same as that of Proposition 2.3 in [12], so that we
omit it. We also call a point p € M the Anti de Sitter horospherical point
(briefly, AdS-horospherical point) if kii (p=03G=1, 2).

We now introduce the pseudo-Riemannian metric ds* = le =1 &ijduidu; on
M = X(U), where g;;(u) = (X, (u), Xy, (1)) forany u € U. We also define
the Anti de Sitter null second fundamental invariant by h;—;(u) = (—(G;—L)u[ (u),
Xy, (u)), the Anti de Sitter torus second fundamental invariant by

hE 5T 1
Iy () = (=(G),, ). X, () = goohi; ()

forany u € U. We can also show the following Weingarten formulas by exactly
the same arguments as those of [8, 12, 15].

Proposition 2.3. With the above notations the following hold

(1) The Anti de Sitter null Weingarten formula:
2
+ +1J
(Gy),, =—D_ ("X,
j=1

where (1)) = (%) (&) and (&) = (z))”"

(2) The Anti de Sitter torus Weingarten formula:

— —~ LN 1 & :
GH )V =aTo(GE) =-N X, =— Y )X,
(( ’l)uz) T ( ﬂ)ui ];( )l J E(”) 1;( )l J
where ((F)]) = (h)(gY) and (2) = (gi) ™" O

As a corollary of the above proposition, we have the following expression of
the AdS-null G-K curvature and AdS-torus G-K curvature.

Corollary 2.4. With the same notations as in the above Proposition, we have:

N _det(h?;) B , det(h5) o -
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3 Height functions on timelike surfaces

In this section we define two families of functions on a timelike surface in Anti de
Sitter 3-space which are useful for the study of singularities of the AdS-nullcone
Gauss image and the AdS-torus Gauss map.

Let X : U —> H; be a timelike surface. We define a family of functions
H:Ux Ay — Rby H(u,v) = (X(u),v) + 1. We call H an Anti de Sitter
null height function (or, AdS-null height function) on M = X(U). We denote
the Hessian matrix of the AdS-null height function 4,,(u) = H(u, vo) at ug by
Hess(/,,)(uo). Then we have the following proposition.

Proposition 3.1. Let M = X(U) be a timelike surface in H13 and H : U x
Ay —> R be an AdS-null height function. Then we have the following:

(1) H(ug,v) = gTH,-(“O’ v) =0 (fori = 1,2) if and only if v = X(up) =
N(uo) = G (up);

(2) Let va—L = X(uo) = N(uo), then p = X(uy) is an AdSh* —parabolic point
if and only if det Hess(hvoi)(uo) =0;

(3) Let vOjE = X(ug) £ N(uy), then p = X(uq) is an AdS-horospherical point
if and only if rank Hess(hvoi)(uo) =0.

Proof.

(1) Since {X, N, X,,,, X,,,} is a basis of the vector space TPR‘Z‘ where p =
X(u), there exist real numbers A, n, oy, @ such that v = AX + nN +
a1X,, +a2X,,. Therefore H(u, v) = O0ifand only if A = —(X(u), v) =
1. Since 0 = %(u,v) = (Xy,v) = Zi:l g;;o; and (g;;) is non-
degenerate, we have o; = 0 (for i = 1, 2). Therefore, v = X + nV.

From the fact that (v, v) = 0, we have n = +1.

(2) By definition, we have

Hess(h,2) (o) = ((Xyu; (o), Gy (o)) = (= (X, (o), Gy, (o))
From the AdS-null Weingarten formula, we have

2 2
—(Xu G,y =) )Xy X)) = Y (W) goj = I

a=1 a=1
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Therefore we have
det(h},(u))  detHess(h,z)(uo)
det(gij(uo))  det(gij(uo))

Then assertion (2) is satisfied.

+
K sy (o) =

(3) By the AdS-null Weingarten formula, p is an umbilic point if and only if
there exists an orthogonal matrix 4 such that A’ ((hi)ﬁ)A = k*I. There-
fore, we have ((hi)f) = Ak*I A" = k™ 1. Then we have

Hess () (uo) = (h3;(u0)) = ((hF); (0)) (g1 (40)) = k™ (gij (uo)).

Thus, p = X(ug) is a AdS-horospherical point if and only if
rank Hess(hvoi)(uo) =0. O

As an application of the above proposition, we have the following direct
corollary.

Corollary 3.2. Let H : U x Ag —> R, with H(u, v) = h,(u) be an AdS-null
height function on a timelike surface M = X(U) and GF be the AdS-nullcone
Gauss image, p = X(u). Suppose v = GE(u), then the following conditions
are equivalent:

(1) p € M is a degenerate singular point of the AdS-null height function h,+
(2) p € M is a singular point of the AdS-nullcone Gauss image G=;
(3) KAdsn (u) =0. ]

We can also define another family of functions H : U x T? —> R by
H (u, v) = (X(u), v). Wecall H an Anti de Sitter torus height function (briefly,
AdS-torus height function) on X. We denote the Hessian matrix of the AdS-
torus height function hvo (u) = H (u, vo) atugy by Hess (h w) (o). We remark that
this family satisfies the same properties as those stated in Proposition 3.1 and
Corollary 3.2.

On the other hand, we can naturally interpret the AdS-nullcone Gauss image
G of M as a Legendrian map from the viewpoint of generating family. For
notations and some basic results on generating family, please refer to Arnold
and Zakalyukin [1, 32]. Then, we have the following fundamental property with
respect to the AdS-null height function H.
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Proposition 3.3. The AdS-null height function H : U x Ay —> R is a Morse
family of hypersurfaces h;'(0)yen,-

Proof. For any v = (vy, v2, v3, v4) € Ay, we have v # 0. Without loss of
generality, we might assume that v; > 0, then v; = ,/v} + v] — v3. So that

Hu,v) = —xl(u)\/l + v§ + vi — v% — X2 (u)vy 4+ x3(1)v3 + x4(1)vg + 1,

where X (u) = (x;(u), xa(u), x3(u), x4(u)). We have to prove the mapping

. oH o0H
ANH=\|\H —,—
ou; 0us
is non-singular at any point. The Jacobian matrix of A*H is given as follows:
(X, v) (Xu,, v) Xlz—f—xz —X15—f + x3 —Xlﬂ—‘l‘ + x4
(Xululv v> (Xuluzv v> xlulz_T _x2M1 _xlulﬁ_f +x3u1 _xlulz_‘: +x4u1

v2 v3 V4
<Xu2u1 ) v) <Xu21,{27 v> xluzv_l - x2u2 _xluzv_l + x3u2 _XIMZE + x4u2

We claim that it will suffice to show that the determinant of the matrix

v oy 3 oy 4
X1 o X2 X1 o + X3 X1 o + X4
v2 U3 V4
A= xlulﬁ - x2u1 _xlula + x3u1 _xlulﬁ + x4u1 5

v v3 V4
xluza — X2u, _xluza + X3u, _xluza + Xdu,

does not vanish at (u, v) € A*H~!(0). In this case, v = G (u) and we denote

X1 X2 X3 X4
by=| x1uy | b=\ x |,b3=1| X34, |, ba=| x4y
Xluy X2u, X3u, X4u,

Then we have

detd = —Ldet(by, bs. by) + 2det(by, bs. by)
(] U1

B det(by. by, by) + det(by, by, bs).
V1 U1

On the other hand, we have

X/\Xul /\Xuz = (_det(b2’ b37 b4)7 det(bla b3a b4)’
det(by, by, bs), —det(by, by, b3))-
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Therefore we have
v v v )
detd = <(——1,——2,——3,——4>,X/\Xu1 /\Xu2>

1
= —U—I(Gf, | XA Xy A Xy, | N)

+ | XA Xy A Xy, |l
V1

£0. O

Let X : U — H; be a timelike surface in H; and G be the AdS-nullcone
Gauss image on M = X(U). We denote X (u) = (x1(u), x2(u), x3(u), x4(u))
and (fo(u) = (vi(u), va(u), v3(u), v4(u)) as coordinate representations. We
define a smooth mapping

GT:U — PT*(Ag)

by G*(u) = (G (u), [(x1v2 —x2v1) : (—x1v3 +x301) : (—X104 4 x401)]). Then
by the above proposition we have the following corollary.

Corollary 3.4. For any timelike surface X : U —> H}, the AdS-null height
function H : U x Ay —> R on X is a generating family of the Legendrian
embedding G*. O

Therefore we conclude that the AdS-nullcone Gauss image G can be re-
garded as a Legendrian map and GZ(U) can be regarded as a wave front set
of G*.

4 The AdS-torus cylindrical pedals of timelike surfaces

In this section we consider a surface associated to M = X(U), whose singular
set is diffeomorphic to that of the AdS-nullcone Gauss image. We can use this
surface to investigate the relationship between the AdS-nullcone Gauss image
G and the AdS-torus Gauss map @;} of a timelike surface in the Anti de Sit-
ter 3—space. For any timelike surface X : U — H?, we define a smooth
mapping AC Py, : U —> T? x R* by

~ ~ ~ 1
ACP = (GF(w), —(X(u), G* = (G*X(u), —).
() = (G, (X, G ) = (G, ¢ 5)
We call it the AdS-torus cylindrical pedal of M = X(U), where R* = R\{0}.
We define a diffeomorphism ¢ : T2 x R* —> Aq by ¢ (v, 1) = A~ !v. Itis easy
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to check that ¢ (AC Py(u)) = GF(u), this means that the singular sets of G*
and AC Py, are diffeomorphic.
We now consider a family functions H : U x T? x R* —> R defined by

Hw,v,)) = (Xu),v) + A= H(@u,v)+ A,

we call it the extended AdS-torus height function on M = X (U). By similar
calculations to the proof of Proposition 3.1(1), we have

D = {( = (u), m)m e U} — (AC Py (u)|u € U).

On the other hand, we consider the canonical projection 7; : 77 x R* —>
T?. Then we have 71| Dy can be identified with the AdS-torus Gauss map Gi
of X. Since

1 ~ ~
Gy u) = ————=——Gy(w) = §W)G; ),
(X@w), Gy (w))
we have ¢ (D) = {Gf(u)|u € U} = Dy. Therefore, we may say that the
AdS-nullcone Gauss image G is a /iff of the AdS-torus Gauss map G In fact,
we also have

S.(H) = {(u, GEw), —(Xw), GEw)|u € U}.

We remark that similar discussions apply to the extended AdS-torus height
function H and AdS-torus height function H, and it follows that H and H
are Morse families.

On the other hand, for any v = (vy, v, v3, v4) € T, 12, we consider a coordinate
neighborhood Uy, = {v = (vy, v2, v3, vg) € T?|va > 0 and vy > 0}, then

H(u,v,\) =ﬁ(u,v)+k= —X1V] — X24/ 1 —vf+x3v3 + x44/ 1 —v§+k.

We now consider smooth mappings L7 : @_I(U;) —> T*(T?) x R* de-

fined by
. OH 0H oH 1
PR— o i : . P
L) = (Gn @), [avl vy EM]’ E(u))

oH 8H 1 )
dv;’ vy’ E(u)

= (Gi( )y 7
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and L : @3571(sz‘) —> T*(T}) defined by

~ oH 0H ~ oH 0H
a0 = (G 0 50) = (G 300 50
According to these definitions, £ is a Legendrian embedding whose generating
family is the extended AdS-torus height function A and L j; is a Lagrangian
embedding whose generating family is the AdS-torus height function H. The
details on Lagrangian singularities can be found in [1, 32]. We now consider the
canonical projection

7 THTH x RY — T*(TP), m(v, 1) = v,

then w(L77) = L. We remark that if we adopt other local coordinates on 7, 2
exactly the same results hold. Therefore we have the following proposition.

Proposition 4.1. Under the same assumptions as in the above arguments, we
have the following:

(1) The AdS-torus Gauss map @% is a Lagrangian map. The corresponding
Lagrangian embedding L is called the Lagrangian lift of the AdS-torus
Gauss map G£;

(2) The Legendrian lift G* of the AdS-nullcone Gauss imageﬁ(g};f is a covering
of the Lagrangian lift L jj of the AdS-torus Gauss map G

Proof. The assertion (1) follows from the above arguments.

On the other hand, for any v € T?, without loss of the generality, we can
assume that v, > 0 and v4 > 0. Then we have

vzz,/l—vlz, v4:,/1—v§,

so we can regard (v, v3) as the coordinate system of 7;2. Therefore, the homoge-
neous coordinates ofPT*(Tl2 x R*) can be expressed as (vy, v3, A, [¢1: 62 : ).
Moreover, if ¢ # 0, we have
(vi,vs, A g1 6]) = (vl, U3, A, [2 22 1])
S g

so that we can adopt the corresponding affine coordinates (v, vs, A, p1, 02),
where p; = ¢;/¢. By the above argument we can naturally regard 7*(7?) x R*
as the affine part of PT*(T; 12 x R*). We also have the following relation:

Ho (idy x ¢)(u, v, 1) = Hu, " "v) = A" "H(u, v, A).
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This means that H o (idy x ¢) and H are C-equivalent in the sense of
Mather [18]. So that these generating families correspond to the same Legen-
drian submanifold (cf., [1, 32]. Then we have a unique contact diffeomorphism
D . PT*(T12 x R*) — PT*Ay covering ¢ : T12 x R* — A such that
® o L77 = G*. Therefore, G* is a covering of L . O

5 Contact with AdS-horospheres

In this section we consider the geometric meaning of the singularities of the
AdS-nullcone Gauss image of a timelike surface M = X(U) in H 13 We consider
the contact of timelike surfaces with AdS-horospheres in the sense of Montaldi
[24]. Let X;,Y; ¢ = 1,2) be submanifolds of R” with dimX; = dimX,
and dimY; = dimY,. We say that the contact of X; and Y; at y; is the same
type as the contact of X, and Y, at y, if there is a diffeomorphism germ @ :
R, y1) —> (R”, y») such that ®(X;) = X, and ®(Y;) = Y;. In this case we
write K (X1, Y1; y1) = K(X3, Ya; y2). Itis clear that in the definition R” could
be replaced by any manifold. In his paper [24], Montaldi gives a characterization
of the notion of contact by using the terminology of singularity theory.

Theorem 5.1. Let X;, Y; (i = 1,2) be submanifolds of R" with
dimX; =dimX, and dimY; =dim}Y,.

Letg; : (X;, x;) —> (R”, y;) be immersion germs and f; : R", y;) — (R?, 0)
be submersion germs with (Y;, y;) = (fi_1(0), vi). Then K(X1, Y1) =
K (X3, Ya; yp) if and only if f1 o g1 and f> o g» are K-equivalent.

For the definition of the K-equivalence, see Martinet [19]. We now consider
a function H : H} x Ag — R defined by H (u,v) = (u, v) + 1. For any
vy € Ag, we denote §),,(u) = H (u, vy) and we define the AdS-horosphere by
b,,'(0) = H N HP(vo, —1). We write 4H (vg, —1) = H; N H P (v, —1). For
any uo € U, we consider the null vector v(ﬂf = fo (ug). Then we have

Bot 0 X(uo) = H o (X x ida,)(uo, vo) = H(uo, G} (ug)) = 0.

We also have relations
P o Xy = 22
ou; ou;

for i = 1,2. This means that the AdS-horosphere 4AH (v(jf, —1) is tangent
to M = X(U) at p = X(up). In this case, we call AH(vf)t, —1) the tan-
gent AdS-horosphere of M = X(U) at p = X(uy) (or, ug), which we write

(uo, GF(up)) =0,
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AH*(X, ugp). Let vy, v, be null vectors. If v; and v, are linearly dependent,
then H P(v;, —1) and H P(v,, —1) are parallel. Therefore, we say that AdS-
horospheres A H (v, —1) and 4 H (v,, —1) are parallel, if v, and v, are linearly
dependent. Then we have the following lemma.

Lemma 5.2. Let X : U —> H} be a timelike surface. Consider two points
uy, uy € U. Then we have the following assertions:

(1) Gf(ul) = Gf(uz) if and only if AH (X, u) = AH*(X, uy).

(2) @%(ul) = @E(uz) if and only if AH* (X, u1) and AH* (X, u,) are paral-
lel. O

We now consider the contact of M with the tangent AdS-horosphere at
p € M as an application of Legendrian singularity theory. The main result
in the theory of Legendrian singularities [1, 32] is the following:

Theorem 5.3. Let F, G : (R x R", 0) — (R, 0) be Morse families. Then

(1) Lg and L are Legendrian equivalent if and only if F and G are P-XK-
equivalent;

(2) Lp is Legendrian stable if and only if F is a K-versal deformation of
f = F|R*x {0}.

For definitions of the Legendrian equivalence, Legendrian stability, P-K-
equivalence and K-versal deformation, see [1, 19, 32].

Let
GE, . (U, u)) — (Ao, vF) (for i =1,2)

be AdS-nullcone Gauss image germs of timelike surface germs X; : (U, u;) —
(H;, X:(u;)). We say that G| and G, are A-equivalent if there exist diffeo-
morphism germs ¢ : (U, u;) —> (U, uy) and ® : (H3, v?) — (H?, vzi) such
that ®oG;| = Gi,o¢. Suppose theregularsetof G, isdensein (U, u;) for each
i =1, 2. It follows from Proposition A.2 in the appendix of [12] (See also [33])
that G| and G, are A-equivalent if and only if the corresponding Legendrian
embedding germs gfﬁ :(U,u;) — (Aq,77) and Gzi (U, un) — (A, 1))
are Legendrian equivalent. This condition is also equivalent to the condition
that two generating families H; and H, are P-XK-equivalent by Theorem 5.3.
Here, H; : (U x Ao, (u;, vfc)) —> R is the corresponding AdS-null height
function germ of X.
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On the other hand, we denote h; + = H;(u, vli); then we have h; +(u) =
f,+ o X;(u). By Theorem 5.1,

K(X,(U), AH* (X1, u1), v7) = K(X2(U), AHF (X2, u2), v3)

if and only if hl,vli and hz’vgc are K-equivalent. Therefore, we can apply the
above arguments to our situation. We denote by O* (X, uy) the local ring of the
function germ hvoi 1 (U, up) — R, where v(j)E = G (ug). We remark that we
can write the local ring explicitly as follows:

C2(U)
(X (), G (uo)) + 1)ng((/)’

O0* (X, ug) =

where C2(U) is the local ring of function germs at u¢ with the unique maxi-
mal ideal M,,,(U).

Theorem 5.4. Let X; : (U,u;) — (H?, X:(u;)) (for i = 1,2) be timelike
surface germs such that the corresponding Legendrian embedding germs gii :
(U, u;) —> (A1, z;) are Legendrian stable. Then the following conditions are
equivalent:

(1) AdS-nullcone Gauss image germs Gfl and sz are A-equivalent;

(2) H, and Hy are P-XK-equivalent;

3) hl,vli and hz,uzi are K-equivalent;

@) K(X1(U), AH*(X1, u1), v7) = K(X2(U), AH*(X2, u2), v3);

(5) O* (X4, uy) and O (X5, us) are isomorphic as R-algebras. O

For a timelike surface germ X : (U, ug) — (H?, X(uy)), we call
(X~ (AH( G} (uo), —1)), ug)

the tangent Anti de Sitter horospherical indicatrix germ (briefly, tangent AdS-
horospherical indicatrix germ) of X. In general we have the following proposi-
tion:

Proposition 5.5. Let X; : (U, u;) — (H?, X;(u;)) (fori = 1,2) be timelike
surface germs such that their AdSh*-parabolic sets have no interior points as
subspaces of U. If the AdS-nullcone Gauss image germs Gfl and foz are
A-equivalent, then

K(X,(U), AH* (X1, u1), v}) = K (X2(U), AH* (X5, u), v5).
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In this case, (X[ (AH(GZ (u1), —1)), u1) and (X, (AH(GE, (1), —1)), u2)
are diffeomorphic as set germs. U

From the above proposition, the diffeomorphism type of the tangent AdS-
horospherical indicatrix germ is an invariant of “A-classification of the AdS-
nullcone Gauss image germ of X. Moreover, we need some numerical K-
invariants for a function germ. We denote

Coy (1)
(i (o), Dl k(o) /Oui) coe vy

Ah* — ord(X, ug) = dim

where vgt = Gi (up). Usually Ah*-ord(X, up) is called the K-codimension of
h, . However, We call it the order of contact with tangent AdS-horosphere at
X (uo) We also have the notion of corank of function germs:

Ah* — corank(X, ug) = 2 — rank Hess(h,) (uo),

By Proposition 3.1, X(uo) is an AdSh*-parabolic point if and only if
Ah*-corank (X, u9) > 1 and X(ug) is an AdS-horospherical point if and
only if Ah*-corank (X,uo) = 2. On the other hand, a function germ
f: (R*!,a) —> R has the 4;—singularity if f is K-equivalent to the germ
+ud £+ u? , +ubt] If Ah*-corank(X, ug) = 1, the AdS-null height
function hvoi has the A;—singularity at u( and is generic. In this case we have
Ah*-ord(X, uo) = k. This number is equal to the order of contact in the classi-
cal sense (cf. [3]). This is the reason why we call Ah*-ord(X, u,) the order of

contact with the AdS-horosphere at X (u).

6 Classification of singularities of AdS-nullcone Gauss images

In this section we give the generic classification of singularities of the AdS-
nullcone Gauss images. The arguments are almost the same as those of [12],
so that we omit the details. We consider the space of timelike embeddings
Emb7 (U, H13) with the Whitney C*°-topology. By the classification of sta-
ble Legendrian singularities of # = 3 and the transversality theorem of [12]
(Proposition 7.1), we have the following theorem.

Theorem 6.1. There exists an open dense subset © C Emby (U, H13 ) such that
forany X € O the following conditions hold.

(1) The AdSh*-parabolic set Kidan (0) is a regular curve. We call such a
curve the AdSh*-parabolic curve.
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(2) The AdS-nullcone Gauss image GF along the AdSh*-parabolic curve is
a cuspidal edge except at isolated points. At such the point GF is the
swallowtail.

(3) The cuspidal edge points (swallowtail points) of the AdS-nullcone Gauss
image G correspond to fold points (cusp points) of the AdS-torus Gauss
map. (cf., Figure 1).

Cuspital edge Swallowtail

Figure 1

Following the terminology of Whitney [31], we say that a timelike surface
X: U —> H; has an excellent AdS-nullcone Gauss image G*, the AdS-
nullcone Gauss image G has only cuspidal edges and swallowtails as singular-
ities.

We now consider the geometric meanings of cuspidal edges and swallowtails
of the AdS-nullcone Gauss image. We have the following results analogous to
the results of [12].

Theorem 6.2. Let Gf (U, ug) — (Ay, voi) be the excellent AdS-nullcone
Gauss image germ of a timelike surface X and h,,: (U,uy) — R the
AdS-null height function germ at ug, where va—L = G¥(up). Then we have the
following.

(1) The point uq is an AdSh*-parabolic point of X if and only if Ah*-
corank (X, ug) = 1.

(2) If ug is an AdSh*-parabolic point of X, then hvoi has an Ay-singularity
fork =2,3.
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(3) Suppose that u is an AdSh*-parabolic point of X. Then the following
conditions are equivalent:

(a) G has a cuspidal edge at u;

(b) hvoi has an A,—singularity;

(c) Ah*-order (X, uy) = 2;

(d) the tangent AdS-horospherical indicatrix germ is an ordinary cusp,
where a curve C C R? is called an ordinary cusp if it is diffeomor-
phic to the curve given by {(u;, u2)|u% — ug = 0}.

(e) for each ¢ > 0, there exist two points uy,u; € U such that
lug — u;| < & fori = 1,2, neither uy nor u, is an AdSh*-parabolic
point and the tangent AdS-horospheres to M = X(U) at uy and
uy are parallel.

(4) Suppose that ug is an AdSh*-parabolic point of X. Then the following
conditions are equivalent:

(@) GF has a swallowtail at o,

(b) hvoi an the As-singularity;

(c) Ah*-order (X, uy) = 3;

(d) the tangent AdS-horospherical indicatrix germ is a point or a tac-
nodal, where a curve C C R? is called a tacnodal if it is diffeomor-
phic to the curve given by {(u;, u2)|u% — ug = 0}.

(e) for each ¢ > 0, there exist three points uy, u,,u3 € U such that
lug — u;| < e fori = 1,2, 3, none of which is an AdSh*-parabolic
point and the tangent AdS-horospheres to M = X(U) at uy, u, and
us are parallel.

(f) for each ¢ > 0, there exist two points uy,u, € U such that
lug — u;| < € fori = 1,2, neither uy nor uy is an AdS-parabolic
point and the tangent AdS-horospheres to M = X(U) at u; and
uy are equal.

Proof. By the Proposition 3.1, we have shown that u is an AdSh*-parabolic
point if and only if Ah*-corank(X, ug) > 1. Since n = 3, we have Ah*-
corank(X, ug) < 2. Since the AdS-null height function germ H: (U x Ay,
(uo, voi)) —> R can be considered as a generating family of the Legendrian
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embedding germ G+, hvoi has only Aj-singularities (k = 1, 2, 3). This means
that the corank of the Hessian matrix of huoi at an AdSh*-parabolic point is 1.
The assertion (2) also follows. For the same reason, the conditions (3){(a), (b),
(c)} (respectively, (4){(a), (b), (c)}) are equivalent.

On the other hand, if the AdS-null height function germ hvoi has an 4;-
singularity, it is K-equivalent to the germ 4u? + u3. Since K-equivalence
preserves the zero level sets, the tangent AdS-horospherical indicatrix germ
is diffeomorphic to the curve given by fu? + u3 = 0. This is the ordinary
cusp. The normal form for the A3-singularity is given by fu? + u3, so the tan-
gent AdS-horospherical indicatrix germ is diffeomorphic to the curve given by
:I:u% + ug = 0. This means that the condition (3){(d)} (respectively, (4){(d)})
is also equivalent to the other conditions.

Suppose that u is an AdSh*-parabolic point, by Proposition 4.1, the AdS-
torus Gauss map has only folds or cusps. If the point u is a fold point, there
is a neighborhood of #y on which the AdS-torus Gauss map is 2 to 1 except
at the AdSh*-parabolic line (i.e, fold curve). By Lemma 5.2, the condition
(3)(e) holds. If the point u is a cusp, the critical value set is an ordinary cusp.
By the normal form, we can understand that the AdS-torus Gauss map is 3 to
1 inside region of the critical value. Moreover, the point u, is in the closure
of the region. This means that the condition (4)(e) is satisfied. We can also
observe that nearby the cusp point, there are 2 to 1 points which approach to
uo. However, one of those points is always AdSh*-parabolic point. Since other
singularities do not appear in this case, so that the condition (3)(e) (respectively,
(4)(e)) characterizes a fold (respectively, a cusp).

For the swallowtail point u, there is a self-intersection curve approaching
ug. On this curve, there are two distinct points #; and u, such that fo (uy) =
Gni (u2). By Lemma 5.2, this means that the tangent AdS-horospheres to M =
X(U) at u; and u, are equal. Since there are no other singularities in this case,
the condition (4){(f)} characterizes a swallowtail point of G. This completes
the proof. 0

7 AdS-null Monge form

The notion of the Monge form of a surface in Euclidean 3-space is one of the
powerful tools for the study of local properties of the surface from the view point
of differential geometry. In this section we consider the analogous notion for a
timelike surface in H;.
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We now consider a function f(u, u;) with f(0) = £,(0) =0, i =1,2.
Then we have a timelike surface in /} defined by

(I —epur + (1 — e)us
2 9

X ) = (1+ewd+ed + 2, 00),

(I+e)u; + (1 + 82)142)
2 9

where ¢; = sign(X;) (i = 1, 2). We can easily calculate

S (uy, uy),

Ery — &1
N(O) - <07 Ov 2 ’0>7
therefore G(0) = (1,0, +1, 0). We call X r an Anti de Sitter null Monge form
(briefly, AdS-null Monge form). Then we have the following proposition.

Proposition 7.1.  Any timelike surface in H} is locally given by the AdS-null
Monge form.

Proof. Let X: U —> H; be a timelike surface. We consider a Lorentzian
motion of H; which is a transitive action. Therefore, without loss of the gen-
erality, we assume that p = X(0) = (1,0,0,0). We denote M = X(U), we
have a basis {X(0), N(0), X,,(0), X,,,(0)} of TPR‘Z‘ such that T, M = (X,,(0),
X.,(0))r. Applying the Gram-Schmidt procedure we have a pseudo-ortho-
normal basis {X(0), N(0), ey, e} of T,,]R‘Z1 such that 7,M = (e, e;)r. In par-
ticular, {e;, e,} is an pseudo-orthonormal basis of 7, M. Since p = (1, 0,0, 0),
T, M is considered to be a subspace of OR? = {(0, x1, x2, x3)|x; € R}. Bya
rotation of the space OR?, we might assume that

1— 1— 1 1
TPMZ{(O,( 81)u1v2L( 82)142’0’( +81)u142r( +82)u2)|u,~eR}cR‘2‘.

Then the germ (M, p) might be written in the form

(I —euy -; (11— 82)“2’ Furu), (I +enu; -; (1+ 82)142)

<fo(u1, uz),

with function germs fo(u1, uz), f(u1, uz). Since M C H 3 we have the relation

Jo(uy, uz) = \/1 + eyt + e2u3 + f2(uy, uz).

Since we have

1-— 1-— 1 1
T,M = {(0’ (I —epur +( SZ)M,O, (I +eur +( +52)u2)|u,~ c R}’
2 2
the condition f(0) = 0, f,,(0) = 0 are automatically satisfied. ]
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For the null vector vOjE = (1,0, £1, 0), we consider the AdS-horosphere
AH(va—L, —1). Then we have the AdS-null Monge form ofAH(v(")—L, —1):

2 2
g1uy + &u I —epu; + (1 —ex)u
aEuy ) = ( it euy ( Dur +( 2) 2
2 2
n 81“% + 82“% (IT+epu+ A+ 82)1/!2)
2 ’ 2 '
Here, we can easily check the relation (a(u), v(jf) =—1.

On the other hand, a*(0) = (1,0,0,0) = p and auii (0) is equal to the
X34¢-axis for i = 1,2. This means that 7,M = Tp(ai(U)). Therefore
at(U) = AH(v(j)E, —1) is the tangent AdS-horosphere of M = X ,(U) at
p = X;(0). It follows from this fact that the tangent AdS-horospherical in-
dicatrix of the AdS-null Monge form germ (X r, 0) is given as follows:

X (AH g, 0) = [y, u)| £2f (w1, u2) = 1] + e2u3}.
On the other hand, since f(0) = f£,,(0) = 0, we may write

1- 1 -
Suy,u) = Eklu% + Ekzug + g(ur, uy)

where g € .’M% and ki, k, are eigenvalues of (f, iu; (0)). Under this representa-
tion, we can easily calculate (X uu; (0) = (&85, 0, k;, 3;j, 0). It follows from
this fact that

h50) = (G (0), (X uu; (0)) = ;8,5 (—1 £ ki),
and
8ij(0) = ((X1)u; (0), (X 1)u, (0)) = &;5;;.
Therefore, we have kl.ﬂE O)=-1x &;k; and
K6,(0) = k5 (0)k5(0) = (=1 £ ek (=1 £ e2kr).
The tangent AdS-horospherical indicatrix is given by
X (AH @y, —1) = {1, u2)| + kg + kous + 2g(un, uz) — e1u; — a1 = 0}

= {(u1, u2)le1ki 0)u? + e2ky (0)u3 £ 2g(ur, us) = 0}.

If we try to draw the picture of the AdS-nullcone Gauss image, it might
be very hard to give a parameterization. However, by the AdS-null Monge
form of the tangent AdS-horospherical indicatrix, we can easily detect the type
of singularities of the AdS-nullcone Gauss image G,jf (or, AdS-torus Gauss
map G;).
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Example 7.1. Consider the function given by

1
f(u],uz)— u1+u2+

Suppose that e, = —1,&, = 1 Then ki, = 1, k, = 2. We have kfr(O) =
-2, k;(O) =1, k;(0) = 0,k (0) = —3. So that the origin is an AdSh™-
parabolic point. The tangent AdS-horospherical indicatrix germ at the origin is
the ordinary cusp u3 = ——ul By Theorem 6.2, G, (((’};—) is the cuspidal edge
(fold) at the origin.

Example 7.2. Consider the function given by

1 1 3
Sur,up) = Eu% + Zu% + Eu?
Suppose that &, = 1,6, = —1 Then k; = 1, = 1/2. We have k7 (0) =
0, kz’(O) = =3/2, k;(0) = =2,k (0) = —1/2. So that the origin is an

AdSh™- parabolic point. The tangent AdS-horospherical | indicatrix germ at the
origin is the tacnodal u3 = u}. By Theorem 6.2, G, G;) is the swallowtail

(cusp) at the origin.
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