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Zeta measures and Thermodynamic Formalism
for temperature zero

Artur O. Lopes™ and Jairo K. Mengue**

Abstract. We address the analysis of the following problem: given a real Holder
potential f defined on the Bernoulli space and . / its equilibrium state, it is known that
this shift-invariant probability can be weakly approximated by probabilities in periodic
orbits associated to certain zeta functions.

Given a Holder function f > 0 and a value s such that 0 < s < 1, we can associate a
shift-invariant probability v such that for each continuous function & we have

M (x)—nP(f) k" (x)
/kdv = Lo D _xeFix, /" (x)=n (f)Tx
s — m — : ,

Z;C;il ZxGFan esf"@)=nP(f)

where P(f) is the pressure of f, Fix, is the set of solutions of ¢”(x) = x, for any
neNand ["(x) = f(x)+ fo(x) + -+ f(6" (x)).

We call v a zeta probability for f and s, because it can be obtained in a natural way
from the dynamical zeta-functions. From the work of W. Parry and M. Pollicott it is
known that vy — 1 ¢, when s — 1. We consider for each value ¢ the potential ¢ /" and
the corresponding equilibrium state (., What happens with vy when ¢ goes to infinity
and s goes to one? This question is related to the problem of how to approximate
the maximizing probability for f by probabilities on periodic orbits. We study this
question and also present here the deviation function / and Large Deviation Principle
for this limit ¢ — oo, s — 1. We will make an assumption: for some fixed L we have
lime— 00,51 ¢(1 —s) = L > 0. We do not assume here the maximizing probability
for f is unique in order to get the L.D.P.
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1 Introduction

We denote by X = {1, ..., d}" the Bernoulli space with d symbols. This is a
compact metric space when one considers the usual metric

d(x,y) =do(x,y) = 0", x; =y1,....,XN_1 = YN_1, XN # VN>

with 6 fixed 0 < 6 < 1.

The results we will derive here are also true for shifts of finite type, but in
order to simplify the notation, we will consider here in our proofs just case of
the full Bernoulli space X.

We consider the Borel o —algebra over X and denote by M the set of invariant
probabilities for the shift. Fy denotes the set of real Lipschitz functions over X.
There is no big difference between Holder and Lipschitz in this case (see page
16 in [16]).

Here we work with a strictly positive function f in Fy. We denote respectively

B = sup / fdv,

veM
Mo (f) = {veM:/fdv=/3(f)},

hy = sup {hv VNS Mmax(f)}.

A probability 1 Which f-integral attains the maximum value My, (f) will
be called a f-maximizing probability. We refer the reader to [2, 3, 6, 9, 10, 11]
for general properties of such probabilities.

As usual, given a real continuous function k over X, and x € X, the number
k" (x) denotes k(x) + k(o (x)) + k(0% (x)) + - - - + k(a" " (x)).

We denote by Fix, the set of solutions x to the equation " (x) = x and P(f)
is the pressure for f.

We address the reader to [15, 16] for general properties of Thermodynamic
Formalism, zeta functions and the procedure of approximating Gibbs states by
probabilities with support on periodic orbits.

Following [15, 16] (see also the last section) we consider probabilities i, g
in M such that for any continuous function k : X — R

00 -5 f(x)—n P(c f) k" (x)

/ de _ Zn:l ZxEFix,, ec?f =P n
c,s — 00 iy s

Zn:l erFixn e’ fr@=nPlef)

where ¢ > 0,5 € (0, 1).
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The above expression is well defined because P(csf — P(cf)) < 0, and
appear naturally when we work with the zeta function

oo
1 " () — n
¢(s,z) = exp Z; D e 1T Pl k)

n=1 xeFix,

Following W. Parry and M. Pollicott [16] it is known that when c is fixed and
s — 1, one gets that . ; weakly converges to the Gibbs state for ¢f. We prove
this here (see Lemma 16), but we will be really interested in analyzing u. ,
when s — 1 and ¢ — oco. Such limit is the maximizing probability pt~,, when
this is unique in M. (/) (see next theorem).

In order to simplify the notation £ will also represent the characteristic func-
tion of a general cylinder which will be also called £.

In the present setting, a Large Deviation Principle should be the identification
of a function / : X — R, which is non-negative, lower semi-continuous and
such that, for any cylinder £ C X, we have

1
lim —log(u.s(k)) = —inf I(x).
1c x€k

c—00, s—>

We point out that we will need same care in the way we consider the limits
s — 1 and ¢ — oco. We will assume that in the above limit the values c and s
are related by some constrains (which are in a certain sense natural).

A general reference for Large Deviation properties and theorems is [8].

We point out that

P(cf) =cB(f) + €.
where €. decreases to 4 when ¢ — oo (which was defined above) [7].

In Thermodynamic Formalism and Statistical Mechanics ¢ = %, where T is
temperature. In this sense, to analyze the limit behavior of Gibbs states 1 r
when ¢ — oo, corresponds to analyze a system under temperature zero for the
potential f (see also [12]).

It is known that there exists certain Lipschitz potentials f such that the se-
quence . r does not converge to any probability when ¢ — oo [5]. We will not
assume the maximizing probability is unique for the potential f in order to get
the L.D.P.

Definition 1. We define the function / (x) in the periodic points x € PER by:
/™ (x))

X

I(x) := ny </3(f) -

where 7, is the minimum period of x, and f* > 0 is Lipschitz.
We need some properties of /. We show in section 2.
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Lemma 2.
inf I(x)=0.
xePER

The next result is not a surprise:

Theorem 3. Suppose f > 0 is Lipschitz. When ¢ — oo and s — 1, any ac-
cumulation point of (i is in M (f). Moreover, if g : X — R is a continu-
ous function ¢c; — oo and s; — 1 are such that there exist

lim w5 (2),
Jj—>o0

then this limit is [ gdw for some accumulation point ju of w5 in the weak*

topology.
In particular, if 1 is unique, then for any continuous g : X — R

tim [ gdpe, = / gdtos.

c—>00,5—1

The main result of our paper is a Large Deviation Principle for 1. s:

Theorem 4. Suppose f > 0 is Lipschitz. Then, for any fixed L > 0 (it is
allowed L = o0), and for all cylinder k C X

lim llog(y#c“y(k))z— inf  7I(x).

c(l-s)—L ¢ x€k, xePer

The same is true if we have:

1iminflc(1 —s)=L > 0.

CcC—>00, S—>

We going to extend / (which was defined just for periodic orbits) to 7, de-
fined on the all set X, which preserve the infimum of / in each cylinder, and,
which is also lower semi-continuous and non-negative (see sections 4 and 5).

Finally, we can get the following result:

Corollary 5. Suppose f > 0 is Lipschitz. Then, there is a Large Deviation
Principle with deviation function 1 : for fixed L > 0, and for any cylinder k C X

1 ~
li -1 cs(k) = —inf I(x),
c(l—lgl—>L C 08 He, ( ) )lcrék (X)

where [ is lower semi-continuous and non-negative.
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The same is true if we have:

1iminflc(1 —s)=L > 0.

CcC—>00, S—>

In [2] it is assumed that the maximizing probability (., is unique. The
equilibrium probabilities 1. r for the real Lipschitz potential cf converge to
oo and it is presented in [2] a L.D.P. for such setting (a different deviation
function). The deviation function /; 7 in that paper is lower semi-continuous
but can attains the value co in some periodic points. Under the assumption
lim, 00,51 ¢(1 —s) = L > 0, we can show that the deviation rates in cylin-
ders described here by I are different from the ones in [2] which are described
by Iz, 7. This is described in section 5 Proposition 15. Finally, Proposition 17
in section 6 shows that if ¢(1 —s) — 0 with a certain speed, then u. , have a
L.D.P., but the deviation function is /g, (not /). We want to present a suffi-
cient analytic estimate that allows one to find s. as a function of ¢ in such way
this happens.

In the last section we also study the invariant probabilities 7. x and 7.y
given respectively by

N "(x)—n P k' (x)
/kdn N = Zn:l erFix,, eCf =Pl n
c, - N n _nP .
Zn:l erFixn ecf )=nPlef)

’

and

/kdnc,N _ Z;]qv_]lexeFix,, e/ (ﬂ%
Donmt Doxerix, €7
where ¢ > 0, N € N.

We show that when N — oo these probabilities converge weakly to ., and
when ¢, N — o0 they satisfies a result analogous to Theorem 3, with small
modifications on the proof. Also, if N/c¢ — 0, then 7, y have a L.D.P. which
the same deviation function 7 above.

We point out that it follows from the methods we describe in this paper the
following property: given f, fi € Fjp, such that f; — f uniformly when
A — 00, suppose there exist the weak™ limit

111’11 Tei,Nj fi, = Vs
j—oo J

c¢j, Nj, fAj — 00, then v is a maximizing measure for /. Moreover, if we take
first N — oo and afterc¢;, A; — oo, then we get: any weak* accumulation point
of of 1, s, 1s a maximizing probability for f.
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In particular given f one can consider for each m a f,, approximation which
depend just on the first m coordinates as in Proposition 1.3 [16]. We point out
that for each f,, the eigenvalues, eigenvectors, pressure, etc. can be obtained via
the classical Perron Theorem for positive matrices [16, 17].

In the same way, if when ¢;, A; — o0, s; — 1, there exists the limit

fim, by s = v
then v is maximizing for f.

This work is part of the thesis dissertation of the second author in Prog. Pos-
Grad. Mat. — UFRGS.

2 Proof of Lemma 2

We want to show that
inf I(x)=0.

xePER
We will need the following lemma ([1, 13]):

Lemma 6. Given a Borel measurable set A, a continuous f: X — R, and an
ergodic probability v, with v(A) > 0, there exists p € A such that for all € > 0,
there exists an integer N > 0 which satisfies o™ (p) € A and

N-1

> [ (p) =N / fdv
i=0

< €.

The set of such p € A has full measure.

Now we will present the proof of Lemma 2.

Proof. M.« (f) is a compact convex set which contains at least one ergodic
probability v.

Then,

ﬂ(f)=/fdv and 1(X)=|f""(x)—nxfdeI-

It is enough to show that for any € > 0, there exists x € PER such that
169 = 15700 = s [ favi <
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As f € Fp, there exists a constant C > 0 such that for any x, y € X:
/) = fO)] < Cd(x, y).
We fix j such that
co’

T—o < €/2.

There exists a cylinder k; of size j such that v(k;) > 0. Using the last lemma
with 4 = k; we are able to get a point p € k; and an integer N > 0 such that

aV(p) e k; and
' N—1

> [ (p) - N / fdv
i=0

It follows that p is of the form p = p;...pypi1...p;.... Now if we con-
sider the periodic point x given by repeating successively the word

< €/2.

X =p1...DPN,

then we get

N—1
<Y | (p) - f(o'(x))|
i=0

N—-1 A N-1 -
Y f@ (@)=Y fe'x))
i=0 i=0

< Cdp(p,x) + - +ds(a™(p), " (x)))
<CO" +---+6)
<CO1+6+..)

= Co’ < €/2.
1-06
It follows that
ny—1
169 =Y £ = [ v
i=0
N-1 ‘
=\ r@'en - [ sa
i=0
N—1 A N-1 A No1 A
<Y f@ o) =Y. @)+ | flo (p) ~ N / fdv
i=0 i=0 i=0
< e.
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3 Proof of Theorem 3

We begin with an auxiliary lemma:

Lemma 7. Suppose f > 0 is Lipschitz. Then,

Jiminf e, () = BOS). (1)

Proof. We write
P(cf) = cB(f) + €.,
where €. decrease to 4y when ¢ — oo [7].

Fix € > 0. We define

A, = {x € Fix,, : f”n(x) < B(f) —e},

B, = {x € Fix,, : S7x)
n

zﬂ(f)—E}.

It follows that for ¢ >> 0:

i Z eI Pef) < Z Z csn(B(f)—€)—ncB(f)—ne.

n=1 xed, €Ay

Z ne(s—1)B(f)—ncse—ne,

€A,

§ : —ncse
€Ap

3

M8 ||M8 ||M8 I

—ncse+nlog(d)

A

e
1

n

efcseﬂog(d)

1 — e—cse—Q—log(d)’
and, with a similar reasoning,
—cse+log(d)

3 e
esf"=nP(cf)/__ - _
Z Z ¢ n = 1 — e—csetlog(d) (:B(f) €

n=1 xe€Ad,
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By the other side, by lemma 2, there exists a periodic point x such that:

1) = n, (ﬁ(f) - f;“”) <en

X

Therefore,

oo
Z Z eSS =P ef) 5 pesf™ () =nx Plcf)

n=1 xeB,
— /™ (W) =nxcB(f)—nxec ()
_ _Mrw 1 e
—— cs"x(ﬁ(f) nx )+C(S ny B(f)—nxec (3)
— e_CSI(x)+C(S_1)”xﬁ(f)_"x5(: (4)

- e—css/2+c(s— Dny B(f)—nxec ,

and, with a similar reasoning,

oo fn
YD e ren L e (g ) — ).

n=1 xeB,
It follows that

Z:O:I ZxGA,, ecsf" _nP(cf)an - e—cse-i—log(d) 1
Z:il erBn ecsf”—nP(cf)% T 1 — e—csetlog(d) p—cse/24c(s—Dnx B(f)—nxec

e—cse+log(d)+css/2—c(s— Dy B(f)+nyec

1 — e—cse-i—log(d)

—Cle /2= Dm BN Hogld+mee |

= 1 — e—csetlog(d) - 0.

Finally, in the same way

T Sy, €
m

=0
o0 csf"—nP(c ’
c—>00,5—>1 Zn:l erB,, € / €

It follows that

oo sf"—nP(cf) [ 00 n_pyplef) f
Eott Lveri, ¢ "D Yot Yen, TP

lim inf = ~ = liminf = ”
c—>00,5—>1 Zn:l erFix,, ecsf"—nP(cf) c—00,5—1 Zn:l erB,, ecsf"=nP(cf)
= B(f) —e.
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As we consider a general € > 0, then we get

0 P
lim inf Z”ZI erFixn ees"n (Lf)T

o0 csf"—nP(c
¢—00,5—1 Zn=1 erFix,, ecsf (/)

Now we can show the proof of Theorem 3.

> B(S). O

Proof. Suppose u is an accumulation point of 1. 5. Then, u is a o —invariant
probability and by last lemma

n(f) = B,

and from this follows that u € M. (f).

Now we fix a continuous function g and sequences ¢; — oo ands; — 1, such
that there exists

,-IEEO Ke;.s;(8)-

By the diagonal Cantor argument, there exists a subsequence {j;}, such that
there exists
M(k) = hm /’LL‘/'I.‘S]'I. (k)a
11— 0 .

for any cylinder £.
We will show that for any 4, there exists the limit

hm MC/'i ,S/‘l. (h)
11— 00 ; )

Given € > 0, as X is compact, there exists functions k; and k;, that can be
written as linear combinations of characteristic functions of cylinders, such that
forallx € X

ki(x) <h(x) <k (x) < ki(x) +e.

It follows that
lim sup Ke; s (h) < lim Ke; s, (ky) < lim Mej s (k1) + ¢
i—>00 A i—»oo T i—00 e
< liminf u, 5, (h) + €.
i—o00 L

Therefore

hm inf Me;. s (h) = lim Sup Ue;. s, (h).
i—00 L i

i—00
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It follows that for any continuous function / there exists the limit
w(h) = hm Hej, s, (h).
1—> 00
Therefore, u is an accumulation point of the . ;. Moreover,

hm Mej,s; (g) = hm Hej, s, (&) = n(g). U
jooo i—oo TV

4 Proof of Theorem 4

We will show that: for any fixed L > 0 (it can be that L = c0), and any cylinder &

. 1 .
c(ll—lgl—w c log(ue.s(0)) = — xek}?gPERI(X)'

Remark. As we point out in the introduction we have to consider ¢ — oo and
s — 1. The hypothesis ¢(1 —s) — L can be understood as a constraint on the
speed such that simultaneously ¢ — oo and s — 1: thatis, ¢(1 —s) — L.

The proof presented here also covers the case where we assume

liminf1 c(l—s)=L >0,

c—00,5—>

and, it is not really necessary that ¢(1 —s) — L.

Now we will present the proof of Theorem 4.

Proof. Remember that we denote a cylinder £ and the indicator function of
this set also by k.

It is enough to show that for any fixed cylinder £

i 11 S CSf"(y)—nP(Cf)w —— inf [
c(1flsr§LL c Og;y;}; ¢ n o xek,l?ePER @),
because, by taking k£ = X, we will get
lim l1ogi D e TPl = — inf I(x) =0.
c(l-s)—>L ¢ xePER

n=1 yeFix,
First we will show the lower (large deviation) inequality

1 > . k"
liminf —log ) Y /"N > — inf I(x),

c(l1—=s)—>L ¢ n -~ xek,xePER

n=1 yeFix,
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(for this part it is just enough to assume ¢ — oo and s — 1).
Consider a generic point x € k which is part of a periodic orbit {x,...,
o "==Dx}. Therefore,

00
Z Z ecsf” »)—nP(cf) k" (y) > Z ecsf”v" —ny P(cf) &
" =

n
n=1 yeFix, (.o (=D} ¥

,,,,,

Y

eCSf-nx (x)=nx P(cf) K" (x)

eOSI™ @) —nx Pef)

v

= I Ftnycs—DA(N)—nrec (by (2), (3), (4)).

From this follows that

1 nd K
lim inf —logz Z oosS"=nPe)H

c(l-=s)—>LcC - n
n=1 yeFix,

Z llm lnf l log (ech[(x)‘i‘nxc(S*l)ﬁ(f)fnxfc)

c(l-s)—L ¢
.. ny€c
> liminf —s/(x) +n,(s — 1)B(f) — —
c(1-s)—L C
= —I1(x).
As we take x as a generic periodic point in k£ we finally get
[ k"
liminf =1 esf"=nP(c)HT o _ inf I .
c(lers)lgL c ng Z ¢ n - xek,l?ePER x)

n=1 yeFix,

Now we will show the upper (large deviation) inequality

1 ad k"
lim sup — 1 esf'-nPeN . e 1),
P ng Z € o 1n (x)

(1— c x€k, xePER
c(l=s)—>L n=1 yeFix,

We will denote the value inf ¢, ceppr £ (x) by 1.

Consider a fixed § > 0. As f > 0 and f is continuous, there exists a
constant | f|_ > O such that f > |f|-. Asc(l —s) — L > 0 (or just
considering lim inf ¢(1 — s) = L) there exists ¢ > 0 such that for ¢ big enough
c(1—s)>2¢y. Ase. = P(cf) — cB(f) decrease to /& s, we can also suppose
that ¢ is such that €.; < h, + y|f|-. Therefore, there exists ¢y such that
forc > ¢

c(L=S)fl-+hy>hp+201f]- > €5 + ¥ f]-
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The conclusion is that for such ¢ > ¢y:

o o
D2 e ey = > oo V=D 17 -en(p( ) -ne. K V)
n n

n=1 yeFix, n=1 yeFix,

IA

Z —cn ﬂ(f) f (”) —c(l=s)n|f]-—nh; K" (¥)

n

Z —en(B(N)— L) (1=8)+8)—c(1—s)nl f1-—nhy K" (V)
n

€Fix

Z 701(175)7cn(ﬂ(_f)ff"%)afc(1fs)n|f|_fnhfk"(Y)
n

A

i MEB i &8 || Mé@

eFix,

e‘”“—‘”i Z e—ncé(ﬂ(f)—f”n&)—ne%s—nww

n=1 yeFix,

[A

e—c[(l—ﬁ)i Z o108 (BU= 152 ) ey /1

<
B n=1 yeFix,
o
< e c11-9) Z Z eCoﬁf”(y)—nP(CO!Sf)—nwlflf‘
n=1 yeFix,
As
P (codf — P(codf) — ¥ If1-) = —v¥Ifl-
the series

(0.¢]
Z Z 0SS W =nP(codf)—ny|fI-

n=1 yeFix,

converges to a constant 7 < oo ([16] cap 5). It follows that

1 > o
lim sup —logz Z oS/ =nPeN_
¢ n

c(l=s)—L n=1 yeFix,

1
< limsup —log (e*"l(lf‘s) T)
c(l=s)—»L C
=—I(—9).

Now taking § — 0, we get the upper bound inequality. U
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462 ARTUR O. LOPES and JAIRO K. MENGUE

5 The function / and its extension 7
For a periodic point x we denote 7, its minimum period.

Remember that for x € PER the function 7 (x) is given by

f”x(X))

X

I(x) := ny (ﬂ(f)— =nB(f) — " (x).

We will show that / can be extended in a finite way to a function T defined
the all Bernoulli space X. This Tis non-negative, lower semi-continuous and
such that the infimum of 7 and T are the same in each cylinder set. This function
T will be a deviation function for the family . and will be different from the
deviation function described in [2] (which did not consider zeta measures).

By definition 7:X—RU {oo} is lower semi-continuous if for any x € X
and sequence x,, — x we have

liminf 7(x,,) > 1(x).

Definition 8. We define 7 : X — R U {oo} by
T(0) = lim (inf{/ (y) : d(y.x) < €}).
As I > 0,and
e <e=inf{l(y):d(y,x) <e}>inf{I(y):dy, x) < e},

we have that 7 is well defined.

Lemma9. Suppose x € PER and I(x) # 0. Then
lin}) (nf{Z/(y) : 0 < d(y,x) < €}) = +o0.

As a consequence we have:

I(x) =I(x), x € PER.

Bull Braz Math Soc, Vol. 41, N. 3, 2010
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Proof. Suppose x € PER and /(x) # 0. Let
Y;:={y €PER:y #x and d(x,y) <6/}.
We only need to show that

lim inf /(y) =
Jj—oo yeY;
Let
Y]f:z{erj:nij} and Y].Jr:={erj:ny>j}.

We are going to show that

lim inf 7(y) = hm 1nf I(y)

J=ooyey;

463

Suppose first that y € Y. By hypothesis /€ Fy, then there exists C > 0

such that

0 = fO) + fe) + f©@23)) + -+ fe™ 7 (1)

< (f@)+CON + (flo(x) +Co™Y 4 (fle™ (x)) + o/~

0
< My C—.
= /) + 1—o

We write ny, = a(y)n, + b(y), 0 < b(y) < n,. Then

0
I1(y) =nyB(f) = [ ) Z BN — [ (%) — T

-0
= (a()n, +bO)P(f) — fAOmTPO () — Ciesp
0
= a(y)(n B(f) — [ (x) +bOWBS) — [P (x) — iy
0
= a(J/)I(x) — nx|f|oo — Cm

=a(y)(x) —Cy,
where C; not change with y and j. Then

lim inf /(y) > lim inf a(y)I(x) — Cy = o0,

J=00 yer; J=00 yer;
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because
lim inf{ny 1y € Yj_} = 00.

Jj—oo

Now suppose that y € Yj+. Thenn, = j +1i, i > 0, and we write

Y =Y1---YjVj+1---Vj+i»
and define
2=V T
Then,
F@/ ) = fe/ )+ oD+ + fe/T (1)
< (f@) +COY+ (f(0(2) +CON 4+ (f(a' (2)) + CO)

. 6
< f! C——r0,
</(@+Cr—

and, also

T = fO)+ fle) + f@* ) + -+ f@/ ')

<(fx)+CON+ (fe@x) +CO N+ + (f(6/ 7 (x)) + CO)
< fl+ O

So

) = o)+ fio’ ) < f1x) + fi2) + 20—

We write j = a(j)n, + b(j), 0 <b(j) < ny. Then
[ =G +DBL = W)

. . 0
= +DBS) = 1) - (@) —20—

1-6
. . 2]

>iB(f)— f@)+jBf)— fl(x)— 2Cm

> 1(z) + (a(j)nye + b(B(f) = fAO D (x) — 20— f .

. 0
> a(Hn B +b(HB) —a() f™(x) — PP (x) — 20—
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>a(])[(X)—nx|f|oo_2C1 f@

=a()HIx) - Cy,
where C| not change with y and j. Then, finally

lim inf 7(y) > hm a)l(x) — C; = 0. ]

J=ooyerf

Corollary 10. Given x € PER, then there is a cylinder k such that x € k and
infyePerﬁk I(y) = 1(x).
Proof. If /(x) = 0 there is nothing to prove.

If I(x) # 0, then we can use the lemma. ]

Corollary 11. Let x € PER. Then, the following are equivalent:
i) I(x) =0
i) e given by px(g) = L s in Muax(f)

iii) x € supp(ieo), for some froo € Max(f).

Proof. It is easy that i) <> ii), and ii) — iii). We are going to prove that: not
true i) — not true iii).

Suppose /(x) # 0. By the corollary above there is a cylinder &, such that
x € k and inf,cperri I(y) = I(x) # 0. We are going to prove that if
Moo € Mumax, then poo(k) = 0 (this show that x ¢ supp(ite)). We remark
that we can suppose (oo € Mnax is ergodic.

To prove that (o, (k) = 0, we have to prove that if (k) # 0, then

inf I(y)_l(x)_O

y€ePerN

But, this is false.
We remark that if @ (k) # 0, then the same ideas in proof of lemma 2, that
is inf, eppr 1 (x) = 0, can be used to prove that inf ,cper s 1(y) = 1(x) =0. 0

Corollary 12. Let f € Fy. Suppose there is a unique oo in M (f). Then
Ueo has support in a periodic orbit, or there are no periodic points in the sup-

port of heo.
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Proof. If there is a x € PER such that x € supp(u), then (iii) — ii))
HUx € Mmax(f)a SO0 Uoo = Mx- U

Lemma 13. The function 7:X > RU {oo} is non-negative, lower semi-
continuous and for all cylinder k

inf / = inf 1.
kNX KNPER

Proof. It is trivial that 7 > 0. Suppose x and {xm} in X are such that x,, — x.
If 7(x) = 0 there is nothing to prove. Suppose / T(x) > 0. Take § > 0 such that
T (x) > §. By definition of T (x), there exists € > 0 such that for all y € PER
with d(x, y) < €, we have that /(y) > §. If m is large enough d(x,,, x) < €/2.
It follows that for large m

inf{I(y) : d(y, xn) < €/2} > inf{I(y) : d(y,x) < €} = 6.
Therefore, T (xp) > 6, and finally

lim 1nfl(xm) > 4.

As we take any § < T (x), we have that
liminf 7(x,,) > 1(x),
m—00

and this shows that 7 is lower semi-continuous. Now, for a fixed cylinder £,
we will show that:

inf 7 = inf I.
knx kNPER
We know that for any y € £k N PER
I =10,

then
inf/ < inf I = inf I.
kX kNPER kNPER
We have to show that
inf /7 > inf 1.
kX kNPER
Consider x,, a sequence of elements in £ N X such that T (xn) — infyn XIN.
Denote by x € k£ N X an accumulation point of {x,,}. Then, as I is lower
semi-continuous
T(x) <liminf 7(x,),
m— 00
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that is,
I(x) = inf I.
() = fnf
From the deﬁnition T (x), there exists {y,,} in £ N PER such that y,, — x
and / (y,,) — I(x). It follows that
inf 7 = I(x) > inf I. O
kNX kNPER

From this lemma and theorem 4 it follows that

Corollary 14. The probabilities . s satisfies a Large Deviation Principle with
deviation function I : for fixed L > 0, and for any cylinder k C X

1 ~
li -1 cs(k) = —inf I (x),
c(l—lgl—u, c 08 he.s (k) ylcrék )

where [ is lower semi-continuous and non-negative. The same is true if we have:

liminf ¢(1 —s) =L > 0.

c—00,5—>1

The equilibrium measures 1. ; for cf converge to fio (When o € Mpax(f)
is unique). According to [2] they satisfy a L.D.P. with deviation function 7z, 7:
That is, when (oo € Mumax(f) is unique, for any cylinder £ C X = {0, N

o1 )
lim — log(ue p(k)) = —inf I 7 (x).
c—>00 C xek

The deviation function /g, 7 is non-negative, lower semi-continuous but is
finite only in the pre-images of points in the support of the maximizing proba-
bility.

We will show that:

Proposition 15. Suppose [ is the unique maximizing probability for f as
above. Then, there exists a cylinder k such that

inf 7 # inf I, 7.
xek

x€k

Proof. We fix a periodic point x such that /z; 7(x) = oo, and for each m we
consider the cylinder k,, = [x; ...x,;]. We know that

T(x) =I(x) <oo and Iz 7(x) = oo.

As, for each m

inf 7 < I(x),
kmNX

we just have to show that:
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Claim. There exists m such that inf; ~x Iprr > 7 (x).

The proof will be by contradiction. Suppose that for any m, we have that
infy nx Iprr < I(x). Then, for each m denote x,, € (k,, N X) a point which

realizes infy, nx /z.r. Therefore, we get a sequence x,, — x, such that
liminf .7 (xp) < T(x) < IgLr(x),
m-—0o0
and this is in contradiction with the fact that Iz, is lower semi-continuous

[2]. O

6 Thecasec(l —s)— 0

In the previous sections, under the condition ¢(1 —s) — L > 0, we geta L.D.P.
with deviation function 7 #+ Iprr.

This raises the question: what happens if ¢(1 —s) — 0? We will show here
that the final conclusion is quite different in this case. We have that:

Lemma 16. For each continuous function k : X — R
SIEI} Me,s (k) = /’ch(k>’

where s is the invariant equilibrium state for cf .

From this lemma, it is not surprise that:

Proposition 17.  Suppose that jieo € Muax(f) is unique and X = {0, 1}, If
c(1 —s) — 0 fast enough, then for all cylinder k

. 1 o1 )
lim  ~log(ue (k) = lim ~log(uc ;(k)) = — inf Ip; 7 (x),
c(l—-s)—=0 ¢ c—>00 C x€k

where i s is the invariant equilibrium state for cf .

We will need some results presented in [16].
Lemma 18. Consider gy a real Lipschitz potential in Fp.

a) If P(go) < O, then, for g close by g (in the Lipschitz norm)

=1
Z;lZegn(xH < 0.

n=1 Fix,,
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b) If P(go) = O then, for g close by gy (in the Lipschitz norm)

<1

Z ; Z 80 _ gnP@] - ao

n=1 x€Fix,

Proof. For a) see page 80, Theo. 5.4 [16] and for b) see page 81 Theo. 5.5 (ii)
[16]. Note that for a real g we have the spectral radius p(L,) = e”®). O

Note that for s € (0, 1) we have P(csf — P(cf)) < 0, therefore, for any
k € F, fixed

00
1 n n
(S,Z) _ Z ; Zecsf +zk —P(cf)n’

n=l1 Fix,

is analytic for s € (0, 1) and |z| small (in a small neighborhood that depends of
s and ¢). When convenient z will be real.
From this the function

o0
1 N
¢(s,z) = exp Z - Zecsf k"~ P(cfn

n=l1 Fix,,

is not zero at z = 0, and is analytic for s € (0, 1) and |z| small (in this small
neighborhood that depends on s and ¢). Therefore:

Proposition 19. [f we denote the partial derivative of ¢ in the variable z by

0o, then
Q) (s, 0) _ = csf"—nP(cf) k'
;(S, O) - Z Z ¢ n

n=1 xeFix,

is analytic for s € (0, 1).

Moreover:

Proposition 20. For each real value c:

1) the function

o
1 o 1 n . s N
a(s, z) = exp E - § :ecs.f 2k =P(cfin | _ gnPlesf+zk—P(cf)
n

n=1 Fix,,

is analytic for s € (0, 1] and z in a small neighborhood that depends
on s and c.
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it) Fors € (0, 1) and z in a small neighborhood that depends on s and c

(s, z) = £(s, 2)(1 — el e/ +#=Pe)

Proof. For ii) we just have to use
1

Z —z"=—log(1 —2), |z| <1
n

Therefore, for s € (0, 1) we have P(csf + zk — P(cf)) < 0, for z in a small
neighborhood that depends on s and c. In particular, e”(©/+#=P/) ~ | and
we can write

log(l P(Ls/Jrzk P(cj)) Z enP(cstrzk P(cf))

n= 1

It follows that:

Z ecsf”Jrzk”fP(cf)n _ enP(cstrzka(cf))
FIX,

S|~

o0
o(s,z) = exp Z
n=1

— Z Z csf+zk"—P(cf)n exp< Zl nP(csf+zk— P(cf)))

len n=1

= {(S, Z) elOg(l_eP(CSfJFZk*P(ef))

— {(S,Z) (1 _ eP(csf+zk—P(cf))).
Now we prove i).

When s € (0, 1), we just have to use ii) and the fact that P is analytic. When
s = 1 we have to use the previous lemma (b) and the fact that exp is analytic.[]

As a(s, 0) £ 0, we can calculate %. Then we get:
Lemma 21. The function “2((S(§))) is analytic for s € (0, 1] and z in a small

neighborhood that depends on s and c.
Fors € (0,1)

ax(s,0)  &(s,0) ePesN=Pcf)
- B decsf
a(s, 0) C(s,0) 1 —ePesN=Peh
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Proof. We remark that W‘ .= [ kd sy (see [16] page 60).

Fors € (0, 1) we have

als,z) = (s, z)(l _ eP(CSf#zka(cf)))’

then
(s, 0) - ;2(5, 0)(1 _ eP(csf-)—P(cf-)) _ ;(Sa O)eP(csf)—P(cf) 8P(c§£+zk) _
a(s,0) (s, 0)(1 — ePlesN—P(cf))

(s, 0) eP@N=PEhH  JP(csf + zk)
T (s,0) 1 —ePlesNH=PEh 9z

$(s,0) ePlesH=P(ch)
= £(s,0) B 1 — ePlesf)—P(cf) fkducsf

z=0

Now we will show the proof of Lemma 16.

Proof. Fix a cylinder k. We know that

00 n P(esf)—P(cf)
303 eorrenk’ _ 060 s, 0) M fkducsf-
n £(s,0) als,0) 1 —ePsH=Peh

n=1 xeFix,
This means
1 — ePleshH—Pcf) 2

le
csf"—nP(cf)
eP(csf)—P(cf) Z Z ¢ n

n=1 xeFix,

1 — ePeN=PE) o, (s, 0)
= PP + / ke phesy
e (s, 0)

We can also consider the same reasoning for £ = 1. Now, taking the quotient
we get

1 — ePlesH=Pef) (s, 0)
P(esf)—Plcf) + f deLSf
ePlcs, . (s, 0)
1 — ePesN=P(cf) Ba(s, 0) ’
ePesH=Peh)  B(s, 0)

where 8 represents the function « when £ = 1.

He,s (k) =

)
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It is known that for fixed ¢, the value f kd sy depends in a continuous way
on s (it’s the derivative in z = 0 of P(cs f + z k). Then when we take s — 1
on (5) we have

!EI} Me,s(k) = Mecr (k).

Now, when g : X — R is continuous, we approximate by functions that can be
written as linear combinations of characteristic functions of cylinders and repeat
the argument on proof of Theorem 3. So

g = lim juc,s(g)
is a measure and have the same value that 1., on cylinders. Then
lim pie.s(8) = Her (8)- O
Now we will show the proof of Proposition 17.

Proof. We just have to investigate cylinders k& such that u,, (k) = 0. Consider
a enumeration &y, k, ... of all cylinders such that p (k) = 0. We begin with a
fixed k; with this property and denote this by k.

For fixed c, the value [ kdu.s; depends in a continuous way on s. In par-
ticular, as ..y are Gibbs states and therefore positive in open sets, then
[ kdpcs p > 0 for each s. It follows that

A, = inf es f .
¢ 56[111}2,1]/de sr >0

As for each fixed ¢, (with the notation of the proof above)

Ba(s, 0) as(s, 0)
and
B(s, 0) a(s, 0)

are analytic on s = 1, and, as for each fixed ¢

| — ePlesN=PhH

Fenran 0

then, we can find for each ¢, a value sé (remark that i is the index of the cylin-
der k = k; fixed) such that ¢(1 — sé) — 0, and ifsé <s <1

1 — eP@hH=PCh g, (s, 0)

a) —1/2 < ePesN=PE)  B(s, 0) =l
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_ f kd:ucsf 1 — el@=Pef) as (s, 0) f kd;ucsf

b) 7 =A< R .0y < A S

It follows from (5) above that for each c and s’ < s < 1:

"kd csf
! 2ﬂ ! +/kd/1vcsf
3/2

kd s
% + f dech

< Ues(k) <
< We,s(k) 12

This means

kd csf
% = Mc,s(k) = 3/kd/~’Lc€f

The conclusion is

1 1
lim —log(pe (k) = lim — log(p,.s(k))
c sc

(c—00, si<s<l) (c—>00, sk<s<l)

. 1
= lim - log(ﬂcsf(k))

(c—>o00,si<s<l) SC
= — ianBLT(x).
xek

We remember that in this argument k is fixed. For each k; we have a associa-
tion ¢ — s’ described above. Consider now the association ¢ — s., where for
each integer n > 0:

cemn+l)y=s.= sup s,.<l.

Then for each cylinder £; we have that ¢ > i = Sé < S, so has above

1 1
lim  —log(ucs(k) = lim  —log(pcs(k))
c—>00,s.<s<1 C =00, 5 <s<1
st O
= — inf]BLT(x).
xek

7 About the measures 7. y and 1, y

There are other ways to approximate . and j1o: We can use, for example, the
measures 7. y and 1. y, c € Rand N € N, given by

N "(x)—n P k" (x)
Zn:l erFixn eCf ()= Plef) n
N n(x)—n P
Zn:l erFix,, ecf x)=n Ple f)

nc,N(k) =

Bull Braz Math Soc, Vol. 41, N. 3, 2010



474 ARTUR O. LOPES and JAIRO K. MENGUE

and N o
n n(x
Zn:l erFix,, e 2 n

N n
Zn:l erFixn ecf &)

e (k) =
We will prove:
Lemma 22. For fixed c and continuous g : X — R:
Jim 7 v(g) = lim e n(g) = ke r(g),

where i, 7 is the Gibbs state for cf .

After that we will analyze what happens when ¢ — oo, simultaneously, with
N — oo. We prove that:

Theorem 23. When ¢, N — oo any accumulation point of . y (or n. n) is
in My (f). Moreover, if g : X — R is a continuous function, ¢; — o0 and
N; — o0, are such that there exist

hm an,Nj (g)v
J—>00
then, this limit is [ gdp for some accumulation point ju of 7. y in the weak*

topology. (the same happens for 1. y).
In particular, if Lo is unique in Muyax (f), then for any continuous g : X — R

lim 7. ny(g) = lim n. n(g) = f gd o
c¢,N—>o0 c¢,N—>o0o
We also study this result for . » in order to get a L.D.P..

Theorem 24. Suppose f is Lipschitz. Then for all cylinder k C X

1 ~
m —log(m, ny(k)) =— inf I(x)=-— in£](x).
C xXe

li
N_,o x€k, xePer
c

We point out that we take ¢, N — oo.

We start with the proof of Lemma 22:
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Proof. By Lemma 21 the function

aZ(S’ O) = csf"—nP(cf) k" nP(csf)—nP(cf)
—:Z Ze- Sl B - kd e

is analyticon s = 1.

Then:
0 (1,0) & k"
24 _ "—nP(cf)
—oo < EB Y [ e et - [k | <
Ol(l,O) n=1 Fix,, n
So
of'=npen) K" =
De — kd ey (6)
Fix,,
Then,
ZFiX,, cf”—nP(cf)k: n—o00
S el nPen /kd“Cf’
Xy
and

ZF n r £ n—o00
ZI: f"n — /kdﬂqf.
Xy

Now we use the following well known result:

“Let a, and b, sequences of real numbers > 0. Suppose that 3> — L, and there
1S € > Osuchthatan >cand b, > €, n >> 0

Then g” 1% goes to L when N — 00.”
n=1 by

We have then (using (6) in order to get the > € property) that for £ > 0 (or,
cylinder sets):

N n__ Ve
m Zn 1 ZFix,, Cf nP(Cf)T — kdﬂ
o YN S el e o

]\}Lnloo e N (k) 11

and N B}
A
lim ne,x(k) = lim Lot 2k @ / kdpies.
N=eo —ee 3 2 Fix, €
When g : X — R is continuous, we use aproximation arguments. 0

Bull Braz Math Soc, Vol. 41, N. 3, 2010



476 ARTUR O. LOPES and JAIRO K. MENGUE

Now we prove the Theorem 23:

Proof. We start with . . Using the same arguments that we used in Theo-
rem 3 we only need prove that

liminf 7. x(f) = B(S).

We will use the same notations and ideas that Lemma 7, so for fixed € > 0 we
only need prove that:

Tt ety @D o
Zn:l erB ec/"—nP(cf)

Now:

XN: Z oS P ) < XN: Z e BU)—e)—nch(f)—nec

n=1 x€A, n=1 x€Ad,

§ : —nce—ne;

€A,

Mz i Mz

—nce+nlog(d)

IA

e
1

3
Il

e—ce+10g(d)

< — .

= 1 — eg—cetlog(@)

On the other hand, by lemma 2, there exists a periodic point x such that:

1) = n, (ﬁ(f) - f;(x)) <ef2.

X

Therefore,

N

Z Z of"=nPef) 5 pef™ () —nx Plcf)

n=1 x€B,
— e—cl(x)—nxsc
> efce/2fnxec

It follows that
N n_
Yo erA" el —nPcf) e—cetlog(d) 1

N = /2 +log(d) -
n_pp — p—c€/2—nye€ _ p—ce+log
anl erB" ec/"—nP(cf) e ] —e
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Now we consider 7, y:
In the same way as above, using the same notations and ideas of Lemma 7,

we only need prove that for € > 0 fixed:

N
Zn:l erAn ecf” C,N_—))oo 0
N - .
Zn:l erB,, ecf”

We have
N N N
Z Z P Z Z en(B(f)=e) < Zecn(ﬁ(f%ewn log(d)
n=1 xeAd, n=1 x€A, n=1

c(B(f)—€)+log(d) eCN(/S(f)—G)-'erOg(d) —1
=e

oc(BN—e+logd) _ |
By the other side, there exists a periodic point x such that:

S0 b -

X

Therefore,
N [N/nyx] [N/nyx]
Z Z ecf" > Z eij"X(X) > Z eCjnx(ﬂ(f)*E/Z)
n=1 xeB, j=1 j=1

cIN/nxlny (B(f)—€/2) _
ecnx(B()—€/2) — 1

> o (B(N=e/DE

It follows that
eN(B(f)—€)+Nlogd) _ |

eC(BUN—e)+logd)
ecB()—e)+Hlogd) _ |

N n
Zn:l erAn ecf <
N n = [N /nxlne (B(f)—€/2) _
Dn=t Xves, € een(B(N—e/2) € :
ecnx(ﬂ(f)_e/z) — 1

eNB(—e)+Nlogd) _ 1 oe(B(f)—e)+log(d)

T N/ m I (B(N—€/2) _ | ecB(N—etlogd) _ |

e BU—€/2) _
ey (B(f)—€/2)

Now, we have:
e (B()—€/2) _

m e B

eCB(f)—€)+log(d)

=1 and 01]\}1—1300 ec(B(f)—e)+Hogd) _ -
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By the other side,
SN BN logd) _ | oI /ncnc (B(H—€/2) _
oMm S NGB(—) =1 and  lim — o =1L
Then
N BN logd) _ | L NGB0

lim = I 0.

N e N/ BN/ — 1 eNSoo eN B —€/2)

So we have

N
Zn:l ZxGA,, eCfn ¢,N—>00
—>

N
Zn:l erB,, ecf”

Now, given g, ¢; — oo and N; — 00, such that exist lim;_, 7e; N; (), wWe
repeat the proof for p. ¢ and obtain an accumulation point 77, such that

0.

jli)noloncj,]vj (&) = T (g)-

The same is true for 7. y. O
Now we prove the Theorem 24:

Proof. We just repeat the ideas used in the proof of Theorem 4. We only need
to prove that

N
1 n kn
lim —lo /TP — — inf  T(x).
N/c—0 ¢ & Xl: ; n x€k, xePer ( )
n=1 xeFix,
First we will show the lower inequality:
1 Y %
lim inf — lo e/TPEN | > — inf I (x).
N/c—0 ¢ g Z Z n —  xek,xePer ( )

n=1 xeFix,

Consider a generic point x € k which is part of a periodic orbit {x, ...,
o"~Ix}. For N >> 1 we use that:

N n Ny
Z Z ecf”—nP(cf)k_ > Z ecf”x—nxP(cf)k_
n

n
n=1 xeFix, {x,...,0(x=Dx} x

— ecfnx(x)_nxp(cf)k"x (x) > ecfﬂx (x)=nyx P(cf) — e_CI(X)_"xec'
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From this follows that
cf"—nP(cf ) k"
hm 1nf log E E e > —1(x).
N—oo C
n=1 x€eFix,

Now we will show the upper inequality

Vl
hmsup—log ZZ Cfn_”P(cf)— <— inf I(x).

Njce—0 C el xcFix x€k, xePER
n

We will denote the value inf, ¢ yeprr /(x) by /. Then:

Z Z Cfn—nP(cf) i Z —en ﬂ(f)——) néi,k_”
n

n=1 xeFix, n=1 xeFix,
N Vl
< 2 : § : —cl— nec < 2 : —cI—neq+nlog(d)
n=1 xeFix,

—Ne.+Nlog(d) _ 1

_ _ e
—e c[e ec+log(d)

e—ec+log(d) -1

It follows that

n ” _N Nl d
11msup log Z Z of 7nP(cf)_ «_ g “Net ogd) _ I

c - c
N/e—>0 n=1 xeFix,
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