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Introduction

In geometry there are, essentially, three points of view!

e the pointwise geometry, sometimes called linear (or multilinear) algebra,

e the local geometry, sometimes called analysis,

e the global geometry, usually called topology.

The interplay of the three points of view is one of the beauties of geometry. In these notes we want to
present, in the classical context of differential forms and their integrals, an example of such an interplay.

The result we will be focusing is the Theorem of de Rham, that states that integration gives an isomor-
phism between the de Rham cohomology and the dual of the singular homology (with real coefficients). We
will prove this Theorem in the case of open sets of Euclidean spaces, which is, really, the significant case.
The extension of the proof presented here to the case of manifolds is very simple. Naturally, on the way, we
will introduce all necessary concepts.

The choices we made for the subject and the presentation attend the basic needs

e relevance: it is a relevant theory both in classical and modern mathematics,

e prerequisite: just a basic knowledge of linear algebra and calculus of several variables,

e introduction to more advanced topics: we hope to give the reader a painless introduction to more
advanced topics as algebraic topology and partial differential equation between others.

These notes where prepared for a short course given by the second author at the “I Coléquio de
Matematica da Regidao Nordeste” that will take place at The Federal University of Sergipe, Brazil, from
28/02 to 04/03 of 2011, but they grow up from courses delivered by the authors at various levels. The
lectures where addressed to an audience of undergraduate students. We tank the organization for the invi-

tation.

LQuoting freely from A. Weinstein, Journal of Differential Geometry, 1970.
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CHAPTER 1

The de Rham cohomology for open sets of R"

1. Exterior forms

Let E be a finite dimensional real vector space and E* its dual. We will identify, as usual, E with

1.1. DEFINITION. A tensor of type (p,q) in E is a multilinear! map:

t: B x--  xE'xEx.---xE—R

p times q times

We will denote by E(, ) the space of these tensors. This is a real vector space with the obvious operations
of sum of multilinear maps (summing the values) and product by a scalar (multiplying the values by the
scalar).

1.2. EXAMPLES.

e Eg =E*, Eq =E"*=E.
e A scalar product in E is an element of E(q g).

e It is convenient to define Eg o) := R.

We will be interested mainly in tensors of type (0, q). To simplify the notations we will set E, := Eg 4).

Beside adding tensors, we can multiply them.

1.3. DEFINITION. Given w € E,,, 7 € Ey, we define the tensor product w ® 7 € Epiq as

WRT(Z1,. .., Tptq) = w(@1, ..., Tp)T(Tpt1, - Tptq)-
It is easy to see that the tensor product is associative and distributive (Exercise 9.1).

1.4. PROPOSITION. Let {wi,...,wyn} be a basis of By = E*. Then the set {w;, @ -+ @ wj, :11,...,0q €
{1,...,n}} is a basis of E,.

PROOF. Let {e1,--- ,en} be the dual basis, i.e., w;(e;) = d;;. Then:

Zai1~~~iqwi1 ® - @wi(€jys- -5 €5,) = Qjyej,
It follows, by a standard argument, that the the elements of the set in question are linearly independent.
Conversely, given w € E, we define a;,...;, = w(e;,,. .., e;,). It is easy to check that w = Y~ a;,...,wi, ®@- - -Bwj,,
and this concludes the proof.
O

Li.e. linear in each variable.
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We will be interested in special elements of E,. Let X(p) be the group of permutation of {1,...,p} C N.
If 7 € ¥(p), we will denote by || the sign of m, i.e. |r| = 1 if 7 is the product of an even number of

transpositions and |r| = —1 otherwise.

1.5. DEFINITION. Let w € E,. We will say that
o wis a symmetric form if  w(x1,..., 1) = wW(Tra), .- Trip)), VT E E(D).

e wis an exterior form * if w(w1,...,xp) = |[T|w(@r(1)s -, Tagp), VT E X(p).

We will denote by XP(E) the space of symmetric tensors in E, and with AP(E) the space of exterior
p-forms. These are subspaces of E,,. Clearly A°(E) =R = X°(E), A'E)=E; =E* =3!(E).

We will be mostly interested in exterior forms and we will describe now the basic examples.

1.6. EXAMPLE. Let {e1,...,e,} be a fixed basis of E and {¢1,...,d,} be the dual basis. Let us fix

indexes 1 <47 < --- <14, < n and define:

CIJ(ih,__,,»p)(xl, ooy xp) = det(oy, (21)).

In other words we consider the matrix whose k" column is given by the coordinates of x;, in the fixed
basis, and compute the determinant of the sub matrix obtained considering only the lines (i1, ...,1,) of the
original matrix. The ®(;, . ;)’s are exterior p-forms since the determinant is multilinear in the columns
and, permuting the columns it changes sign according to the parity of the permutation. As we will see
(Proposition 1.22 and Remark 1.20), these forms are a basis of AP(E).

1.7. REMARK. By Example 1.6 p-forms are, essentially, determinants of p X p matrices and, therefore, “p-
dimensional (oriented) volume elements”. So they appear as the natural integrands of the multiple (oriented)

integrals. These statement will be made precise in the next chapter.

The tensor product of exterior forms is not, in general, an exterior form. But we can “alternate” the
tensor product in order to obtain an exterior form.

Define the linear operator

A:E, —E, A@)(x1,...,1p) = l, S m T @y Tagp))-
meX(p)
1.8. PROPOSITION.
(1) IfreE,, A(r)€ AP(E).
(2) If T € AP(E), A(r)=r.
In particular A2 = A.
PROOF. If p =1 there is nothing to prove, so we will assume p > 1. For i,j € {1,...,p}, we will denote

by (ij) the element of X(p) that interchanges ¢ and j and leaves the other integers fixed. If © € ¥(p), we set

7' =mo (ij). Then |7'| = —|r| and

1
A(T)(x1, .oy Ty, Tp) = EZ|7T|T(x,r(1),...,xﬂ(j),...,xﬂ(i),...,xﬂ(p)) =

2The terms alternating tensor or skew symmetric tensor are also used in the literature.
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1
H Z |7T‘T(J}7T/(1)7 s Tt (i) e Tl (G)s e ,Z‘ﬂ./(p)) =

1
E Z —|7T/|T(1‘ﬂ-r(1), e 7x7r’(i)7 ey 137r’(j)7 e ,z,r/(p)) = —A(T)(:El, ey Ly ey gy ,xp)
It is easy to see that the equation above implies that A(7) € AP(E) (see Exercise ??). Moreover, if 7 € AP(E),

1 1
A(T)(x1, .. ) = = S Il (@eys - Tegp)) = = SolnlPr(@, . wp) = T(2, 1)

and this proves the second claim.

g
Observe that, in general, A(¢ ® ) # A(¢) ® A(y). However we have
1.9. LEMMA. If ¢1,...,¢, € E*, then:
1
Alpr @@ dp) = — Z |o|ds(1) ® -+ @ Do (p)-
)
PROOF.
1
A1 @ @) (w1, mp) == D [olo1 @ ® Gp(To(1)s s To(y)) =
P oestn)
1 1
o S lolér(@eq) - bp(Tog) = o D lolbo) (1) -+ Gy (@p)-
" oes(p) " o€3(p)
U

Using the operator A we can define product of exterior forms.

1.10. DEFINITION. The ezterior (or wedge) product is defined as the map

(p+q)
plq!

A:AP(E) x AYE) — APTIE), A(w,7) i =wAT= AlweT).

(r+q)!
plg!

(The reason for the coefficient will be discuss in Remark 1.21.)

It is easy to prove that the exterior product is distributive (see Exercise 9.2). It is also true that it is
associative, but this fact is a little bit tricky. The proof involves a characterization of the kernel of A. For

this, although not strictly necessary®, we start introducing some algebraic concepts.

1.11. DEFINITION. An algebra over the reals is a real vector space E together with a bilinear map, the
product, b : EGE — E.

3We could hide those concepts in the proof, but we prefer to expose them, also to be free to use them in what follows.
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Examples of such a structure are

e The real or complex numbers with the usual multiplication. They are associative and commutative
algebras.

e The set of real (or complex) valued functions defined on an open set U C R™, with the usual sum and
product of functions. This is an associative and commutative algebra.

e The spaces M (n,K) of n x n matrices with entries in K = R or C, with the usual product of matrices.
They are associative but non commutative algebras (if n > 1!).

o The tensor algebra E. = &,>0E, with the tensor product (suitably extended).

o The exterior algebra A*(E) = @p>oAP(E) with the wedge product (suitably extended).

1.12. DEFINITION. An algebras homomorphism h : E — E’ between the algebras E and E’ is a linear

map such that the image of the product of two elements in E is the product of the images (in E').

1.13. DEFINITION. An ideal Z of an algebra E is a vector subspace of E such that if x € Z,y € E, then
b(z,y), bly,z) €L

It is not difficult to see that if Z is an ideal of E, the quotient vector space E/Z has a natural product
(and hence a structure of algebra) such that the quotient map is an algebras homomorphism. Moreover,
given an algebras homomorphism h : E — E’, the kernel of h, ker h, is an ideal and, in fact, every ideal is
the kernel of an algebras homomorphism.

We go back now to the case of our interest. We want to characterize the kernel of the operator A
extended, by linearity, to the tensor algebra. The point is that A is not an algebras homomorphism, hence
we can not guarantee, a priori, that ker A is an ideal. Then we start by proving that ker A is, in fact, an
ideal.

Consider the ideal Z C E, generated by ¢ ® ¢, ¢ € E*. This is the vector subspace of E, generated by
elements of the form TR ¢ @ ¢, Y Y RN, ¢, € E* 7, € E, or, alternatively, the intersection of all ideals
containing the elements of the form ¢ ® ¢, ¢ € E*.

1.14. THEOREM. ker A =7.

PROOF. It is easily seen that Z C ker A. We will prove that ker A C Z. Consider the quotient algebra
E./Z. Denote by - the product in this quotient and by = : E, — E,/Z the projection map, which is an
algebra homomorphism. First observe that, if ¢,¢ € E*:

0=m((¢+¢)®@(@+¢)=7(¢R®¢+ Y+ R®P+YRY)=T(p®Y) +7(¢ @ ¢),
ie. (¢ ®@¢) = —m(¢ ® ¢). Therefore, for ¢1,...,¢, € E* and o € X(p), we have
7r(¢a(1)a®-~-a®¢a‘(p)) =7 ((bo'(l)) o '7T(¢U(p)) = |U‘7T(¢1) : "W(¢p) = |U‘7T(¢1 Q- Q (bp)-

Hence

F(A((bl@"'@@bp)):ﬂ-(}% > ‘U|7T(¢U(1)®"'®¢a(p))):% S lofPr(r @ @y) =T(d1 @ D ¢y).

CoeS(p) " oex(p)

So any element in ker A is in Z := ker 7. O
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1.15. COROLLARY. Letw € E,, 7 € E;. If A(w) =0, Alw®7)=0=A(TQuw).
ProOOF. It follows from the fact that ker A is an ideal. O
At this point we can prove the announced result
1.16. PROPOSITION. The wedge product is associative.
PrOOF. First we observe that:
AAwen)®0) =Awen®b) =Alwe A(n®6)).
In fact, by 1.8, A(A(n®0) —n®6) =0 and, by 1.15, we have that:
0=Aw[An®0) —nb) =AW Anen) —wenel) = Alwe A 0)) - Alwen®H0),

which proves the second equality. The first one is proved in a similar way.
Therefore, if w € A¥(E),n € AY(E), 8 € A™(E), we have:

(k+1+m)! (k+1+m) (k+1)!
AMPAO) = ————"—"A((wA 0) = A 0
(@nAm) Gt it @A ®6) = = AW en@o),
and the associativity follows from the associativity of the tensor product. O

1.17. EXAMPLE. Let ¢1,¢2 € E*, z1,29 € E. Then:
61 1 921,22 = 23 (01 (01)6a(w2) — b1 (22)0a(a1)) = detl(z;).
More generally, an induction on p gives:
1.18. PROPOSITION. Let ¢; c E*,x; € E 4,5 =1,...,p. Then:
GL A ANop(an, ..., xp) = det[p;(z;)].
In particular if o € X(p), ¢1 A= Ndp = [0ld1) N+ A Do(p)-
1.19. REMARK. Observe that, by 1.16, the form ¢; A --- A ¢, is well defined.

1.20. REMARK. In the Example 1.6 the form ®;, . ;, is just ¢;; A~ A ¢y,

!
1.21. REMARK. The coefficient (p —:— |q) in 1.10 is convenient both for avoiding coeflicients in 1.18 and
p-q:
for a geometric reason: let E be an inner product space, {eq,...,e,} an orthonormal basis and {¢1,..., ¢}

the dual basis (so ¢;(e;) = (e;,e;) = d;5). Given vectors 1,...,2, € E, ¢1 A--- A pp(x1,...,2,) is the
“volume” of the parallelepiped of edges the x}s. The coefficient above is such that the “unit cube”, i.e. the
parallelepiped spanned by the e;’s has volume 1. We will be more precise at the end of this section (see
Definition 1.26).

The following Proposition is proved, essentially, as Proposition 1.4.
1.22. PROPOSITION. Let {¢1,...,dn} be a basis for E*. Then
{oi, NNy, 01 <iiyp <--- <ip <n}

is a basis of AP(E). In particular AP(E) has dimension (Z) and AP(E) = {0}, if p > n.
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1.23. PROPOSITION. The algebra A*(E) is graded commutative® | i.e. if w € AP(E), 7 € AI(E)
wAT=(-1DPIT Aw.

In particular the square of a form of odd degree is zero.

PROOF. It is easily seen that the claim is true for products of decomposable elements (i.e. elements of

the form ¢;, A--- A ¢;,). The general case follows from the fact that such forms span, by Proposition 1.22,

the exterior algebra. O

1.24. REMARK. There is a restriction, in Proposition 1.22, on the set of indexes with respect to Propo-

sition 1.4 and this is due to the graded commutativity of the exterior algebra.

Let L : E — T be a linear map. Recall that the transpose of L is the map

L* :F(=F;) — E*(=Ey), L*(¢)(x):=¢(Lx).
This map extends to a linear map

E,(L):F, — E,, E,(L)(w)(z1,...,2p) =w(L(x1),...,L(zp)).
It is simple to see that if w € AP(F) then E,(L)(w) € AP(E). So we get, by restriction, a linear map
AP(L) := Ep(L)|ar(my : AP(F) — AP(E),
and, by additivity, a linear map A*(L) : A*(F) — A*(E).

When clear from the context we will write Ly, or just L*, for AP(L) and A*(L).

1.25. PROPOSITION. L*(w A T) = L*(w) A L*(T). This means that L induces a graded algebra morphism
L* : A*(F) — A*(E). Moreover we have the following properties, called the funtorial properties®
(1) (1e)" = La-(g)-
(2) If L:E—TF and T : F — G are linear maps, then (T o L)* = L* o T*.

ProOOF. To prove the first assertion, we just observe that, if ¢; € E*,z; € E, 4,5 =1,...,p, we have:
Ly(¢1 A AN gp)(@, ... mp) = det[ds(Laj)] = det[L™(¢)(x;)] = L*(d1) A+ -+ AL (¢p) (21, - - -, ).

Since AP(E) is spanned by elements of the form ¢; A--- A ¢, (see 1.22), the conclusion follows by linearity.

The functorial properties are obvious. (I

Let E be a finite dimensional real vector space with an inner product (-,-) : Ex E — R. Then we have
a canonical isomorphism®

b:E—E*, b(z)(y) = (z,y),

and therefore an inner product in E* that makes b an isometry.

4An algebra E, with product b: E®E — E is a graded algebra if there is a sequence of vector subspaces E; such that
E = ®FE; and b(E;®E;) C E;4;. Such an algebra is said to be graded commutative if for w € Ep, 7 € Eq, b(w,7) = (—1)P9b(T,w).

5In the language of category theory this means that the low that associate to a finite dimensional real vector space E
the graded algebra A*(E) and to a linear maps L : E — F the map L* is a contravariant functor from the category of finite
dimensional real vector spaces and linear maps, to the category of algebras and their morphisms.

8Sometimes called the musical isomorphism. It inverse is often denoted by .
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We define an inner product in A?(IE) declaring orthonormal a basis of the type {w;, A- - -Aw;, i1 < -+ <y}

where {w;} is an orthonormal basis of E*. Observe that:

(61 A= A ot A= Ay} = det( (g, 5)).

In fact, the formula above, extended by bi-linearity, defines the inner product with respect to which {w;, A
“Awg, iy < -0 <ip} is orthonormal.

We recall that two bases of a n-dimensional real vector space E are equioriented if the matrix that gives
the change of bases has positive determinant. This relation is an equivalence relation and the set of bases of
E is divided into two equivalence classes. The choice of one of these classes is the choice of an orientation
on E. E is oriented if such a choice has been made and the bases in the chosen class will be called positive.
Naturally an orientation in E induces an orientation on E*, declaring positive the bases that are dual of

positive bases of E.

1.26. DEFINITION. Let E be a n-dimensional oriented inner product space and {ws,...,w,} a positive

orthonormal basis of E*. The volume form of E is the n-form v = wi A -+ Awny,.
1.27. LEMMA. The volume form is well defined, i.e. does not depend on the choice of the basis.
PrROOF. Let {w;}, {¢;} be bases of E* and A = (a;;) such that ¢, = > agjw;. Then

PLN Ny = Z lo|a1o1) - Gnom)wi A~ Awp = det(A)wr A=+ A wp.
oceX(n)

If the bases are orthonormal and positive, A € SO(n). In particular det(A) = 1. O

1.28. DEFINITION. Let E be a n-dimensional oriented inner product space. The Hodge (star) operator

is the operator
#p  AP(E) — ACTPUE), oy (0)(@1,- - Bamp) = (0 AD(@1) A AD(E(0—p)), 0),
where v is the volume form. When clear from the context, we will write simply * instead of *,.
1.29. REMARK. Let {w;} be a positive orthonormal basis for E*. Then the Hodge operator may be

defined extending by linearity the map:

*wig N Awi)) =wj A Awj,
where {i1,...,%p,71,---Jn—p} is an even permutation of {1,...,n}.
The following properties are easily established
1.30. PROPOSITION. * is a linear isometry and #,_p, o %, = (—1)P" PV 1z, ().
2. Vector fields and differential forms

2.1. DEFINITION. Let U be an open set of R”. A wector field on U is a smooth” map X : U — R"™. We
will denote by H(U) the space of vector fields on U.

7By smooth we will always mean C°.
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2.2. REMARK. Let X be a vector field. We want to think of X (z) as a vector based at x. This is the

reason why we use different names for the same thing®. We can make this point more precise as follows:

e The tangent space of U at x € U is the vector space
T, U ={(x,v) : v e R"}

with the obvious operations on the second component.
e The tangent bundle of U is

TU = UpeyT,U = U x R™.

A vector field on U should be defined as a smooth map X : U — TU of the form X (z) = (z, X (x)), X :
U — R". Naturally, in our context, we are just complicating notations, but this point of view, that seems
silly now, will come in handy when the concepts we are discussing in this chapter are extended to the case

of differentiable manifolds.

An other approach to vector fields that will be useful later is the following.
Let F(U) be the algebra of smooth real valued functions defined in U (with the usual operations of sum

and product of functions).

2.3. DEFINITION. A derivation of F(U), (resp. a derivation at x € U) is an R-linear map Y : F(U) —
FU) (resp. Y(z): F(U) — R), such that:

Y(f9) =Y (f)g+fY(g) (vesp. Y(z)(fg) =Y (2)(f)g(p) + f(p)Y(x)(9)) V f,9 € F(U).

Both the set of derivations and the set of derivations at x have a natural structure of real vector space.
We will denote by Der(U) and Der,(U) these spaces. Observe that Der(U) is infinite dimensional (if n > 0!)

while, as we will see soon, Der,(U) is n-dimensional.

2.4. EXAMPLE. Let v € R*, « € U. Given f € F(U), we will denote by v(z)f the usual directional

derivative of f, at z, in the v direction, i.e.

o)) = T+ )y

Then v(z) : F(U) — R is a derivation at . When v = e;, the i** vector of the canonical basis of R", we
will use the standard notation of
e;i(x)f = oz, (z).

If X € H(U), we define a derivation X € Der(U), by X(f)(x) = X(z)(f). It is easily seen that
X(f)(z) € F(U) so X is, in fact, a derivation in Der(U).

Some simple but basic facts are the following:

2.5. LEMMA. Let f € F(U) and X, € Dery(U).
o If f wvanishes on an open neighborhood V- C U, then X,(f) = 0. In particular, if two functions
fyg € F(U) coincide in a neighborhood of x, X, f = X.g.

8B. Russel used to say that “Mathematics is the art of calling different things with the same name and the same thing

with different names”.
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o If f is constant in a neighborhood of x, X,f = 0.
o If f is (locally) a product of functions vanishing at x, X, f = 0.

ProOOF. Let ¢ € F(U) be a function vanishing in a neighborhood V; of x and identically 1 outside V'

(see Lemma 7.3 for the existence of such functions). Then f = ¢f and

Xao(f) = (Xa9) f(z) + ¢(2) X f = 0.

The second claim follows from 1-1 = 1 and the definition of a derivation. The third one is also immediate. [
Let € R™. Consider the set
Fp:={(f,V):V is a neighborhood of z, f e F(V)}.

2.6. DEFINITION. The algebra of germs of smooth functions at x, F,, is the quotient of F, by the
equivalence relation (f,U) ~ (g,V) <= f = g in a neighborhood of z (contained in U NV'). The operations

are the usual sum and product of functions (which are defined in the intersections of the domains).

We will denote by D, the space of derivations of F,. Lemma 2.5 imply, in particular, that an element
of Der, induces a derivation of F,. The advantage of this point of view is that we do not have to worry
about the domain of definition of a function.

As we have seen, a vector defines a derivation at x and hence an element of D,. We will see next that

all derivations in D, are of this type.

2.7. THEOREM. Given p € R" and a derivation X, € D,, there exist a unique vector v € R"™ such that
X, =v(p). In particular D, = T,R™ = Der,(U).

Proor. Let f € F,. Consider, in a suitable neighborhood of p, the Taylor formula

flen,.oan) = f0) + ) oz, (@i = 2i(p)) + ®(@),

where ®(x) is product of two functions vanishing at p.

Applying X, to both sides and using Lemma 2.5 we have:

X,(0) = 3 Xl (0.

1

Therefore:

0

(p) extends to an isomorphism of R™ (or, better T,U)
z;
onto D,,. O

and the map that associates to e; the derivation

In what follows we will identify T,,U with D, and H(U) with Der(U).
The composition of two derivations is not, in general, a derivation. However the commutator of two

derivations is a derivation (see Exercise 9.22). This fact suggest the following
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2.8. DEFINITION. Let X,Y € Der(U). The Lie product of X and Y is the commutator [X,Y] :=
XoY -YoX.

The following properties are easy to prove and we will leave the details to the reader (Exercise 9.23).

2.9. PROPOSITION. The Lie product [ -,- | : H(U) x H(U) — H(U) is a R-bilinear map. Moreover
(1) X, Y] = -[y, X],
() [X,[¥, 2] + [V, (2. X]] + [Z,[X, Y]] =0 (Jacoby identity).

2.10. REMARK. An algebra which satisfies the properties in Proposition 2.9 is called a Lie algebra.

2.11. DEFINITION. A differential p-form on an open set U C R" is a smooth map w : U — AP(R™) =

R(:). When clear from the context we will just say that w is a differential form or simply a form.

2.12. REMARK. According to Remark 2.2 we can complicate the definition in order to have one that

make sense in the context of smooth manifold. Consider the bundle of exterior p-forms
AP(U) = UZL’GUAP(TIU)
that can be identified with U x AP(R™). Then a differential p-form is a smooth map @ : U — AP(U) such

that @(z) € AP(T,U), ie, ®(x) = (z,w(x)), w(z) € AP(R™), modulo the identification.

We will denote by QP(U) the set of differential p-forms on U. QP(U) has an obvious structure of real
vector space. Moreover we can multiply a differential form by a function and this operation is associative
and distributive, in the appropriate sense, i.e. QP(U) is a module over F(U).

A differential form w € QP(U) induces a F(U)-multilinear map, denoted by the same symbol,
w:HU) % xHU) — FU), wXi,...,Xp)(r) =w@)(X1(z),...,X,(x)).
Conversely, we have
2.13. THEOREM. A R-multilinear map
w:HU)x - xHU) — FU),
is induced by a differential form if and only if it is F(U)-multilinear.

ProOF. Clearly, if w is induced by a form, it is F(U)-multilinear. Suppose that w is F(U)-multilinear.

Let z € U, X; € T, U. Extend the X;’s to vector fields X; € H(U), Xl(y) = Zj a;j(y)ej, and define:

w()(Xq,...,Xp) = w(Xl, . ,Xp)(x).

In order to show that the above equality defines a form it is sufficient to show that it does not depend on

the extensions. In fact, by F(U)-multilinearity,

w(Xy,..., X,)(z) = Z ariy () - - aps, ()w(esy, .. eq,).

i1,eyip=1

2.14. EXAMPLE. Since A°(R*) =R, QO(U) = F(U).
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The basic example of a differential form is the following. Let f € F(U). Then the differential of f is
the the 1-form

(df)(@)(X) := X(2)(f), X € Der(U).
In particular, we can consider the coordinate functions x; : R® — R. At each point x € U, the
differentials at x, dz;(x) ? are a basis of A'(R™). Therefore {dxz;, () A---Adz; (z): 1<4; <+ <ip<n}

is a basis of AP(R™). So we have

2.15. PROPOSITION. Let w € QP(U). Then w can be written in a unique way as:

w= Z Wil,...,ipdwil VANREIAN dxip,
11 < <ip
where wy, .., € F(U).

2.16. ExamPLE. If f € F(U), df = Z gg dz;.
1 %

2.17. REMARK. As a real vector space, QP(U) is infinite dimensional (if n > 0!), but as a F(U)-module,

n
it is a free module of dimension ( )
p

Let U C R™, V C R™ be open sets and F : U — V a smooth function, F(x) = (Fi(x),..., Fn(z)).
Then dF(z) : R® — R™ is a linear map and we have an induced map F* : AP(R™) — AP(R™). This map

induces a linear map:

F* 1 QP(V) — QP(U),  F*(w)(X1, ..., X,)(2) = w(dF(z)(X1),...,dF(2)(X,)).

If 1,...,%n, Y1,-..Ym are the canonical coordinates in R™, R" respectively, we have
n
OF;
(1) Fr(dy) = ) 5—day,
i—1 axj

and therefore, if w = Z Wiy,oipy Qs Ao Ady;,,

V1yeeny ip

F(w)(z) = | Z Wiy ..., (F (@) F* (dyiy ) Ao A F™ (dyi, ).

We have the functorial properties:

[ ] I]'*U = ]].Qp(U),
o If Fy : Uy — Us e Fy : Uy — Us are smooth maps, (Fy o F})* = F} o F.

In particular, if F is a diffeomorphism, £ is an isomorphism.

2.18. EXAMPLE. Let U CR" and j : U — U x R™ j(x1...,2,) = (x1...,25,0...,0), be the in-
clusion. If w = f(x1,...,Tpym)day A - Aday,, iy < -0 < iy, j'w =0, if i, > n, and j'w =
[z, 20,0,...,0)dx; A--- Aday, is iy < n.

9Since dz; = x;,dx; is the form that associate to a vector its i*" coordinate, in the canonical basis.
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3. The de Rham cohomology
Differentiating a function can be viewed as a R-linear map:
d:Q%U) = F(U) — QYU).
We will extend now this operation to higher dimensional forms.

3.1. THEOREM. There erists a unique family of R linear operators dP : QP(U) — QPYL(U), p =
0,...,n, such that:
(1) d° =d (the usual differential).
(2) dPtlodr = 0.
(3) IfweQP(U), 7€ QU),dP M w AT =dPw AT+ (—1)Pw A diT.
Moreover, if F: U — V is a smooth map and w € QP(V), dPF*w = F*dPw.

When clear from the context we will write simply d for dP.

PROOF. Let us suppose that such a family exists. If w = f(z)dx;, A--- Adax;,, we have:

dw = (df) Adxzs, A--- Adwg, + fd(dag, A--- Aday,).

Now, from ( Z

and, from (2) and (3)

d(dai, Ao Adag) = Y ddag, A-o- Addag; A Adig, = 0.

1< <ip

Therefore, if w = Z Wiy iy dri, Ao Adag,

i< <ip
dw=>" Z Pt Gy Adas, A A dag

k1< <ip

This shows that if such a family exist, it is unique. Conversely, if we define dP by the formula above we
obtain a family of operators that, as it is easily seen, has the desired properties.

The last claim follows from
F*(dy;) = Za zj =d(yio F) = d(F*(y))

and the fact that F'* is an algebras morphism. O

The operator d is called the de Rham differential or exterior differential or simply the differential.

3.2. REMARK. The following facts are useful and easy to verify:

(1) dis a local operator, i.e. if w =7 in an open set U, then dw = dr in U.

(2) d may be defined, without the use of coordinates, by the formula:

dw(Xo, ..., Xp) =Y (—1)'X; - w(Xo,..., Xiy.. Xp) + 3 (=) (X5, X;], Xo, o, Xiy oo, Xy, X).
=0 i<j

It is easily seen that the expression on the right hand side of (2) is F(U)-multilinear and so, by Theorem
2.13, it is a differential form (see Exercise 9.25).
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So we have a sequence of vector spaces and R-linear maps:

oovony LY or ) — 0

0 — Q%)
which is a cochain complez, i.e. dP*! o dP = 0, or, equivalently, Imd?~! C ker d” (see next section the
definition and basic properties of cochain complexes). This sequence is called the de Rham complex of U.

We define
o ZP(U) :=ker dP, the space of p-cocycles or closed p-forms.
e BP(U) :=1Im dP~1, the space p-coboundaries or exact p-forms.
e HP(U) :=ZP(U)/BP(U), the p-dimensional (de Rham) cohomology of U.

Let U CR™ V C R™ be open sets and F' : U — V a smooth function. As we already observed, F’
induces a map F* : QP(V) — QP(U). Since, by Theorem 3.1, F* od = do F*, F™* maps closed forms to
closed form and exact forms to exact forms. Therefore it induces a R-linear map, that we will still denote
by F*:

F*:HY(V) — HP(U).
The basic functorial properties are easily verified:
o ;=1 H?(U)s
o If 1 : Uy — Uy and Fy : Us — Us are smooth maps, then (Fy o F1)* = F} o Fi.
In particular, if F' is a diffeomorphism, F* is an isomorphism. So the de Rham cohomology is a

(differential) topological invariant of U.

4. Algebraic aspects of cohomology

The construction of the de Rham cohomology fits into a general algebraic setting called homological
algebra. In this section we will discuss some elementary facts that will be used in these notes. For simplicity
we will restrict to the case of real vector spaces (not necessarily finite dimensional) although most of the
matter could be extended to the case of modules over commutative rings (see Remarks 4.9 and 4.20 ).

The objects we will study are sequences of (real) vector spaces and linear maps of the type

£ = {(EP,dP) : dP : EP — EPT1}.
When we introduce “objects” it is a good strategy to introduce “morphisms” between such objects, i.e.

maps that preserves the structure of the objects.

4.1. DEFINITION. A morphism ¢ : £ — F, between two sequences is a sequence of linear maps ¢y, :
E? — FP such that the diagrams
dP

.—» [P £, [Ept+l ...
l ¢p i ¢p+1
o e Y et

commute, i.e. dPog, = ¢,410d? (we are using the same symbols d? for the linear maps in the two sequences).

The morphism is an isomorphism if all ¢, are vector spaces isomorphisms.

We have some special sequences.
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4.2. DEFINITION. A sequence & = {EP,dP} is ezact at EP if ImdP~! = ker d?. The sequence is an eract

sequence if it is exact at all EP.

4.3. EXAMPLES.

(1) A sequence of the type {0} — E %, F is exact at E, if and only if ¢ is injective.
(2) A sequence of the type E 2F — {0} is exact at F if and only if ¢ is surjective.
(3) A sequence of the type {0} — E 2 F — {0} is exact if and only if ¢ is an isomorphism.

4.4. DEFINITION. A sequence of the type:
{0} - E—F—G— {0}
is called a short sequence.
4.5. PROPOSITION. A short exact sequence
{0} —E-25TF -G — {0}

1s isomorphic to the sequence
{0} —E-S5EaG -G — {0},

where i(v) = (v,0) and 7(v,w) = w.

PROOF. Let G be a complement'® of Im ¢ = ker v, i.e F = »(E) @ G. The map FE G — G is an
isomorphism. Therefore the map k: F — E® G, k(v 4+ w) = (¢~ (v),¥(w)) (v € ¢(E),w € G) is the

required isomorphism. O

The following result appears often in the applications

4.6. LEMMA. [The five Lemma] Consider the diagram:

B, % B, Ry B RIS OE
L ¢ L @2 1 ¢3 1 ¢4 1 ¢s
PR L r 2 rF E2FR IR

If the squares commute, the lines are exact and the ¢;’s are isomorphisms for i = 1,2,4,5 then ¢3 is an

isomorphism.

PROOF. Suppose ¢3(ez) = 0. Then ¢4(f3(e3)) = g3(¢ps(es)) = 0. Therefore f3(e3) = 0 and, by exactness
of the first line, e3 = fa(e2). Now ga(¢p2(e(2)) = ¢3(e3) = 0, and therefore ¢a(e2) = g1 (1), for some py € Fy,

by exactness of the second line. Since ¢; is surjective, there exists e; € E; such that ¢1(e1) = p1. Finally

0= fa(fier)) = f2(d3 ' qr1(er)) = fa(e2) = e3

and therefore ¢3 is injective. We will show now that ¢3 is surjective. Let ps € Fz, pg = g3(us) and
eq € ¢y (pa). Now ¢5(fales)) = ga(pa) = 0 and therefore fi(eq) = 0, since ¢ is injective. In particular
there exists es € E3 such that fs(es) = es. Let iy = ¢3(e3) and w = pg — 3. Now gs3(w) = 0 and

10Recall that a complement of a subspace is obtained starting from a basis {en} of the subspace and completing it to a

basis of the ambient space with elements {fg} and considering the subspace spanned by the {fg}.
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therefore w = ga(p2). Let ez = ¢y (2). We have ¢3(fa(e2)) = ga(da(e2)) = w = ¢(e3) — ps and therefore

pz = ¢3(ez — fa(e2)) € Im 3.
O

4.7. REMARK. We observe that in the proof of Theorem 4.6 we use only that ¢o, ¢4 are isomorphisms,

¢1 is surjective and ¢s5 is injective. However, in general, the lemma is used as it is stated.
A more general and very important class of sequences is the class of cochain complexes.

4.8. DEFINITION. A sequence £ = {EP,dP} is semieract or a cochain complez if ImdP~! C kerd?, Vp.

Equivalently, it is a cochain complex if d? o dP~! = 0.

If £ is a cochain complex we define:
e ZP(E) :=kerdP, the group of p-dimensional cocycles,
e BP() :=1ImdP~1, the group of p-dimensional coboundaries,
e HP(E) := ZP(E)/BP(E), the p-dimensional cohomology group.

4.9. REMARK. Naturally Z?(£), BP(£), HP(E) are vector spaces. The use of the term “group” is due
to the fact that they can be defined in the more general context of complexes of Abelian groups, or modules

over a commutative ring.

The cohomology gives a measure of how much the complex is not an exact sequence.

dP

4.10. EXAMPLE. The de Rham complex --- — QP(U) “— QP*T)(U) — ... is a cochains complex

whose cohomology is the de Rham cohomology HP?(U).

Consider now a morphism between two cochain complexes, ¢ : &€ — F. The commutativity condition
implies that cocycles are sent to cocycles and coboundaries to coboudaries. In particular ¢ induces linear
maps

¢y, HP(E) — HP(F).
When clear from the context we will write simply ¢*.
The following “functorial” properties are easily verified:
e 1" =1,
o (poth)" =g oy,

It is convenient to consider also sequences with “decreasing indexes”, i.e. a sequence of the type:

E={E,0):0,:E, —E,_1}.
If such a sequence is semiexact, we will call it a chain complex. For such a chain complex we define:
o Z,(&) :=kerd,, the group of p-dimensional cycles.
e B,(€) :=Im0pt1, the group of p-dimensional boundaries.
o H,(E):=Z,(E)/By(£), the p-dimensional homology group.
As in the case of cochains, a morphism ¢ : £ — F, between two chain complexes sends cycles to cycles
and boundaries to boundaries, so it induces a sequence of maps ¢, , : H,(€) — H,(F) and the functorial

properties are easily verified. When clear from the context we will write simply ¢..
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4.11. REMARK. Naturally chain and cochain complexes are, essentially, the same objects. For example,
changing the index p by —p we pass from a chain complex to a cochain complex. But a more interesting

approach is duality and we will discuss this now.

Let £ :={(E,,d,) : 0 : E, — E,_1} be a chain complex. We define the dual complex £* = {(E?,d?)}
where EP := (E,)* is the dual space, and d? = (J,)* is the transpose of d,. It is simple to show that
dP o dP~1 = 0 so £* is, in fact, a cochain complex. We will denote with H,, (resp. HP) the homology of £
(resp. the cohomology of £*). Consider the bi-linear map

b:EP xE, — R, b(¢,c)=¢(c).
It is easily seen that this map induces a bi-linear map
b: HY x Hy — R, b([¢], []) = ¢(c),
and therefore a linear map
K:HY — [Hy]",  K([o])([d]) = é(c).

4.12. THEOREM. The map K is an isomorphism.

PROOF. We start observing that we have two short exact sequences

%
(2) {0} — 2, —E, — Byp-1 — {0}, {0} — Bp-1— Zp-1 — Hp1 — {0}

where the non labeled maps are the obvious ones. By Proposition 4.5, we have the decompositions

(3) Ep = Zp D Bpfla prl = Bpfl ® prl

CLAIM: K is surjective. Let [¢] € [Hp]*. Consider the map ¢ on : Z, — R, where 7 : Z, — H,, is the
quotient map. Using the first decomposition in (3), we can extend this map to a map ¢~> : E, — R with
¢=00n B, ;. Let e € E,. Then dé(e) = ¢(d(e)) = 0, hence ¢ is a cocycle and K ([¢]) = [4).

CLAM: K is injective. Let ¢ € ZP be such that 1)(c) =0V ¢ € Z,. The map ¢ =1 od~': B, 1 — R is
well defined since, by the first sequence in (2), the difference of two elements in 7' (B,_1) is a cycle. Using

the decompositions in (3), we can extend ¢ to a map gzNS : E,_1 — R. Now, Ve € E,, we have:
dd(e) = $(de) = 1 0 07" (de) = ¥(e).
Hence [¢] = [d¢] = 0. O

We will study now when two maps between cochain (resp. chain) complexes induces the same map in

cohomology (resp. homology).

4.13. DEFINITION. An algebraic homotopy between two morphisms ¢,1 : € — F of cochain (resp.

chain) complexes is a family of maps K, : EP — FP~! (resp. K, : E, — F,;1), such that:
p—tp=doK+Kod (resp. ¢ —¢p =00 K + K 00).

If there exists such an algebraic homotopy, we will say the the two morphisms are (algebraically) homo-

topic.
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From the very definition of induced morphisms we have:

4.14. PROPOSITION. Two algebraically homotopic maps induce the same morphism in cohomology (resp.

in homology).

Consider now a short exact sequence of cochain complexes:

0 —e-2LF g — o

In particular ¢; is injective and ; is surjective. In general, at cohomology level, ¢* is not injective and
1" is not surjective. In any case, we still have a good relation between the cohomology groups of the three

complexes.

4.15. THEOREM. [Algebraic Mayer-Vietoris Theorem] In the situation above there exists a family of
linear maps A% : HP(G) — HPT1(E) such that the sequence:

, P &, gp v 2o, o+
- — HP(&) — HP(F) — H"(G) — H" () — -+
is a (long) exact sequence.

PrOOF. We have the commutative diagram

0 0 0

L dp+1
- —> EP —— Ep+l Ep+2

®p Pp+1 Ppt2

ar drti
- —> FP —— Jpp+l Fr+2

wp wp-%—l 1l’p+2

dr drt+t
- — GP —— @Gpt! Gpt2

0 0 0

where the columns are exact and the rows are the cochain complexes under consideration. The idea is to
construct a map from GP to EP™!. A natural choice would be (¢p41) "' od? ot . The fact is that this map is
not well defined. Let see how we can overcome this problem. Consider a cocycle ¢ € GP. Since 1, is surjective,
there exists b € F* such that ¢ = 1,(b). The element d?(b) € FPT! is in ker ¢/, 1 since the diagrams commute
and c is a cocycle. Since ker ¢, 11 = Im ¢, 1 we have d?(b) = ¢,41(a) for some a € EP*! and this a is unique
since ¢,11 is injective. Observe that dPT!(a) = 0, since ¢pi2(dPT(a)) = AP (¢pi1(a)) = dPT o dP(b) =0
and ¢; 1o is injective. Therefore a is a cocycle. We define: A%: HP(G) — HPT1(E), Ax([d]) = [a]. We
have to show that [a] is well defined. The first choice we made was b € FP. If b’ is an other choice, i.e.
PP (') = ¢P(b), then b—b € kertp, = Im ¢,,. Therefore b’ —b = ¢,(a’), for some o’ € EP, and b’ = b+ ¢,(a’).
So, changing b by b+ ¢,(a’), we change a by a + d?(a’) and this does not change [a]. Next we shall show
that [a] does not depend on the choice of ¢ € [¢]. Consider ¢4 dP(¢'). Since ¢ = tb,_1(b), for some b € FP~1,
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we have ¢ +dP~H(¢) = ¢+ AP~ (b1 (D)) = ¢+ ¥, (AP~ (D)) = 1, (b+ dP~1()). Therefore b is substituted by

b+ dP~1(b), and this does not change d?(b) and, therefore, [a].

It is easy to see that A} is linear. We leave to the reader the task of proving exactness. (I
4.16. REMARK. The map A} is well defined in cohomology but not at cocycles level.

4.17. DEFINITION. The sequence in Theorem 4.15 is called the (algebraic) Mayer-Vietoris sequence. The

maps A7, often denoted just by A*, are the Mayer-Vietoris coboundaries.

4.18. REMARK. Naturally we have a similar sequence in homology, associated to a short exact sequence
of chain complexes. The similar maps A? are called the Mayer-Vietoris boundaries. We leave the details to

the reader.

An important aspect of the Mayer-Vietoris (co)boundaries is that they are “natural” in the following

sense ( Exercise 9.19)

4.19. PROPOSITION. A map between short exact sequences of (co)chain complezres induces a morphism
between the associated Mayer-Vietoris exact sequences, i.e. the Mayer-Vietoris (co)boundaries commutes

with the induced maps.

4.20. REMARK. As suggested in Remark 4.9, instead of chain and cochain complexes of vector spaces
we could consider chain and cochain complexes of Abelian groups (or modules over a commutative ring).
Almost all we have done in this section extends to the case of complexes of abelian groups. The “almost”
refers to two exceptions:

e Proposition 4.5 does not hold in this more general setting. For example the sequence of abelian groups
{0} —Z 27— 7, — {0}, 2(a) :=2a,
is a short exact sequence, but it is not isomorphic to the sequence
{0} —Z—Z®Zy — Zy — {0}.

A short exact sequence of Abelian groups that verify Proposition 4.5 is called a split short exact sequence.

A sufficient condition for splitting is given by the following simple fact

4.21. PROPOSITION. A short exact sequence of Abelian groups
0y — A2 BY%c—{0)
splits if and only if there is a map v : C — B such that 1 or = lo. This always happens if C is free 1.

e We can consider “duality” in the context Abelian groups. If G is such a group, G* := Hom(G,Z) is
the group of homomorphisms of G in Z. Therefore we can define the dual of a chain complex of Abelian
groups. However Theorem 4.12 does not holds in this context. In fact, one of the points in the proof was

that the sequence of vector spaces
{0} — Bpy — Zpy — Hypy — {0}

A free Abelian group G is an Abelian group that admits a basis, i.e. a subset B C G such that for any Abelian group H

and map ¢ : B — H, there exists a homeomorphism <;~5 : G — H, extending ¢.
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splits. As observed above, this is not the case, in general, for short exact sequences of Abelian groups.
However, if Hp_; is a free Abelian group, then the sequence splits, by Proposition 4.21, and the Theorem
holds true. In the general case there is still a relation between the homology of a chain complex of Abelian

groups and the cohomology of the dual complex, known as the Universal Coefficients Theorem.

5. Basic properties of the de Rham cohomology

The natural problem that cohomology attacks is the problem of (indefinite) integration, i.e. the problem
of solving the equation dw = 3, for a given 8 € QPT1(U). A necessary condition for the existence of a solution
w is d@ = 0. In general the problem has two aspects:

e The local problem: given x € U, 8 € QPT1(U) do there exist a neighborhood V C U of z and a solution
w € QP(V) of the equation dw = S|V 7 In this case, as we will see, the condition dfF = 0 is also sufficient.

e The global problem: given 3 € QP+1(U), does there exist a solution w € QP(U) of the equation dw = 3?
In this case, the condition d3 = 0 is not any more sufficient and the answer will depend on the particular g3

and/or on the topology of U.

We will start with some simple examples.

5.1. ExAMPLE. For U = R? we have:

R if p=0

HP(R):{ (0} if p>0

5.2. EXAMPLE. Let U =[], U, be the union of disjoint open sets U,. Then QP(U) =[], (U, ) (direct

product) and the differential preserves the decomposition, i.e. if w = {w,}, dw = {dw,}. It follows that:
HY(U) = [[ H?(U).

5.3. EXAMPLE. Let us analyze the O-dimensional cohomology. In this case, the only exact 0-form is the
zero form so HO(U) is the space of closed O-forms, i.e. functions in F(U) with zero differential. Such a
function is locally constant, in particular constant on the connected component of U. It follows that H°(U)

is the direct product of copies of R, as many as the connected components of U.

Let us give a further look at the O-dimensional cohomology. Let U C R™, V C R™ be open connected
sets, and F' : U — V a smooth map. As we observe in 5.3, the zero dimensional cohomology of U is the
space of constant functions, and the same for V. Given a O-form f € Q°(V) = F(V), F*(f) = foF and
therefore F* : H°(V) — H°(U) is an isomorphism. Modulo the identification of the zero dimensional
cohomology groups with R, F* =1 :R — R.

We want to look now at the induced maps in higher dimensional cohomology groups. The question is
the following: When two smooth maps F; : U — V, i = 0,1 induce the same morphism in cohomology?

We will give a sufficient condition in terms of homotopy.

5.4. DEFINITION. Let U CR™, V C R™ be open sets and F; : U — V, ¢ = 0,1 be smooth functions.
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e A homotopy between the two functions is a smooth map'?
H:Ux[0,1] CR"™ —V,

such that H(x,i) = F;(z),i =0, 1.

e We will say that the two functions are homotopic if there exist a homotopy between them. In this
case we will write Fy ~ FY.

o We will say that U and V' are homotopy equivalent if there exist functions F : U — V, G : V — U,
such that Go FF ~ lly, FoG ~ ly.

o We will say that U is contractible if U is homotopy equivalent to RO.

5.5. REMARK. Given an homotopy H : U x [0,1] — V/, there is a smooth function H : U x R — V,
such that H(z,i) = F;(z),i = 0, 1. In fact, if A : R — [0, 1] is a smooth function such that A\(t) =0 if ¢ <
0, A(t) =1 if t>1, just take H(x,t) = H(x, \(t)) (see Lemma 7.3 for a proof of the existence of such \).

A homotopy between two functions may be viewed as a curve in the space of smooth maps joining the

two functions. Also may be viewed as a “smooth deformation” of one function to the other.

5.6. THEOREM. [Homotopy invariance for cohomology] If F; : U — V,i = 0,1 are two homotopic
smooth function, then Ff = Fy : HP(V) — HP(U), for all p.

Proor. By Remark 5.5 we can suppose that there is a homotopy H : U x R — V. Let j; : U —
UxR, i=0,1, ji(x) = (x,4), be the canonical inclusions. We claim that it is sufficient to prove that
Jo = j1. In fact, if so, we have:

Fy=(Hojo)" =jooH =jioH" = (Hoj)" = Ff.

To prove that j§ = j; we will construct an algebraic homotopy between j§ and ji (at the cochain level,
see Definition 4.13 and Proposition 4.14), i.e. an R-linear map H : Q”(U x R) — QP~(U) such that:
(4) Hdw + dHw = jjw — jiw.

Let us construct such a map. If w € QP(U x R), w = dt A a + 3, with:

o = Z ai17.._,ip71(x)t)dxil Ao A dxip,p 6 = Z /gj1,---,jp(x7t)dxj1 A A dxjp-

1< <ip_1 1< <Jp

We define:
~ 1
H(w) = Z </ Qiy oy (T, t)dt) dag, A--ANdag, .
0

Then:

O, i
dw=—dtAda+dB=—dtA T— dzj Adag, Ao Aday, | +
Gyin < <ip L
a . .
A > % dwj, A+ Aday, + 7
J1<<Jp

127 map f:V CRY — RM | defined in a non necessarily open subset V. C RN is smooth, if for all p € V, f extends to

a smooth map defined in an open neighborhood of p.
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where v does not contain terms with d¢. So:

Adw= " /1%"”’”& dz; A--- Adx;
0 at J1 Jp

J1<--<Jjp
1 a X .
3 (/ P gy >dxj/\dxi1/\-~-/\dxi o
. . 0 8xj i
J511 < <1p
- Yoo, i
dHw= > (/0 (fmj“dt)dxj/\dzil/\-oJ\dxip_l.

Therefore (see also Example 2.18):

. _ L 9By,
Hdw+dHw= > (/O Mdt)dle/\---/\dxjp:

j1<"'<jp

= > B @) =B, (@,0)]des, A Aday, = jiw — jiw.
<<

From 5.6, and the funtorial properties, we have:

5.7. COROLLARY. IfU CR", V C R™ are homotopically equivalent open sets, then they have isomorphic

cohomology.
In particular we have the so called Poincaré Lemmoa:

5.8. COROLLARY. [Poicaré Lemma] If U is a star shaped Popen set in R™, every closed p form, p > 1,

15 exact.

5.9. REMARK. Theorem 5.6 allows to define the map induced in cohomology by a continuous map. In
fact, as we will see in the Appendix, a continuous map F' : U — V is homotopic, via a continuous homotopy
H :U x[0,1] — V, to a smooth map F :U — V and if there is a continuous homotopy between two

smooth maps, there is a smooth one. So F* := F* is well defined and invariant by continuous homotopies.

A basic method to compute the cohomology of an open set U C R™ is to write U as union of two,

possibly simpler open sets Uy, Us, and look for relations between the cohomology of U, U; and V := U; NUs.

5.10. LEMMA. Consider the sequence :
» (41:33) Ap » (k1 =k3) ~p
{0} — QP(U) =—="QP(Uh) @ QP (Uz) —"" QP(V) — {0},
where j; : Uy — U and k; : V. — U; are the inclusions. Then the sequence is a short evact sequence of

cochain complezes.

13A subset U C R™ is star shaped if there exists p € U such that, for all ¢ € U, the segment joining p and q is contained
in U. Star shaped subsets are contractible since the map H(q,t) := tp + (1 — t)q is a homotopy between 1y and the constant

map F(g) = p.
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PROOF. Observe that jiw = w|y, and, if (w1,ws) € QP (Uy) & QP (Uz), (k§ — k3) (w1, w2) = wi|y — waly
(see Example 2.18). So the exactness of the sequence is obvious, except for the surjectivity of (k7 — k3). To
prove that (ki — k%) is surjective we consider a partition of unity dominated by the covering {Uy, Us}, i.e.
smooth functions ¢; : U — [0,1], < = 1,2 such that:

¢1(z) + g2(x) =1 Vo €U,  supp(¢i) :=={z €U : ¢i(z) >0} CU;

(see Theorem 7.2 for a proof of the existence of partitions of unity).
Given w € QP(V), we define:

wilz) = pj(z)w(z) ifzeV
Z 0 if e e U\ V

where i # j. w; is well defined since ¢; vanishes outside U;,j # i. Moreover,
(kT — k) (w1, —w2) = w1lv +waly = 1w + dow = w.
Therefore (ki — k3) is surjective. O
At this point Theorem 4.15 gives:

5.11. THEOREM. [Mayer Vietoris sequence for de Rham cohomology| There exists a sequence of linear
maps A% - HP(V) — HPTY(U), such that the sequence below is exact:

- — HP(U) (Gi.d3) HP(Uy) @ HP (Us) (k1 —k3) HP(V) A5 B U) — -
5.12. DEFINITION. The sequence above is called the Mayer- Vietoris sequence for the de Rham cohomology

and the maps A7 are called the Mayer-Vietories coboundaries.

5.13. ExaMPLE. Let us apply the Mayer-Vietoris sequence to compute the cohomology of R™ \ {0}.
R™\ {0} is homotopy equivalent to ¥, := R" \ {z = (z1,...,2,) € R" : |z;] < €}. Hence the cohomology of
the two spaces are isomorphic, by Corollary 5.7. We will compute the cohomology of the latter.

Consider the open sets:
Uy ={(x1,...,2n) € 1 xn > —€/2}, U ={(21,...,2,) € By : , < €/2}.

The following facts are easy to prove:
[ ] En = U1 U U2.
e U; is contractible, ¢ = 1, 2.
e U; NU; is homotopy equivalent to ¥, _1).

We will proceed by induction on n. If n =1, ¥; is the disjoint union of two contractible sets, hence by

Corollary 5.7 and Example 5.3 we have:

R&R ifp=0
Hp(zl)z{ oR ifp

{0} ifp>0
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Consider n = 2. Since X2 and the U;’s are connected, H°(X2) = H(U;) = R. Consider the Mayer-

Vietoris sequence:

{0} — HO(S2) — H°(U1) @ HO(Uz) — HO(31) — H'(¥2) — H'(Uh) & H'(U2) —
N Hp—l(gl) — HP(33) — HP(Uy) ® HP(Uy) — -+ .

The first row reduces to:
{0} —R—RO®R — ROR — H'(Xy) — {0}.

Hence H'(¥3) = R. * From the second row we get HP(3;) = {0} if p > 1.

For the general case we work by induction. Suppose n > 3 and

R ifp=0,n—2

H(Ba-a) :{ (0} ifp#0,n—2

Consider again the Mayer-Vietoris sequence:
HP7Y®,) — HP7YU) @ HP 7Y (Uy) — HP7Y(Z, 1) — HP(X,) — HP(Uy) @ HP(U,) —
If p > 1 we have HP(X,)) & HP~1(3,_1), and, for p = 1 we get
{0} —R—ROR—R — HYX,) — {0}.

Hence
R ifp=0,n—1

{0} ifp#0,n—1

5.14. REMARK. For further reference, we observe that ¥, is homotopy equivalent to the unit sphere
Snfl C R™.

HP(%,) = {

6. An application: the Jordan-Alexander duality Theorem

It is convenient, as we will see, in order to avoid special arguments for the 0-dimensional case and to

have cleaner statements, to introduce the reduced cohomology. Define:
Q' U)=R dV:QYU)— QU), dTV(a):=aec Q).

Then the sequence:

dC

o) -

{0} — Q HU) Lol U) — -

is a cochain compex called the augmented de Rham complex.

6.1. DEFINITION. The reduced de Rham cohomology of U, ﬁfp(U), is the cohomology of the augmented

de Rham complex.

6.2. REMARK. It is clear that H—'(U) = {0}, HO(U) = H°(U) ® R and H?(U) = HP(U), if p > 0. In
particular H?(U) = {0}, ¥ p >0, if U is contractible.

T he first arrow is injective so the kernel of the second one, as well as the image, are 1-dimensional. Hence the kernel of

the third one is also 1-dimensional and the conclusion follows.
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The basic properties, as homotopy invariance and the Mayer-Vietoris exact sequence, continue to hold
for the reduced cohomology and we will leave the proof to the reader (see Exercise 9.20).

We will discuss now a nice application of the Mayer-Vietoris argument, the so called Jordan-Alezander
duality principle, that has, as a simple consequence, the celebrated Jordan closed curve Theorem. We will
follow closely [?] and [?].

Let F;, i = 1,2 be closed subsets of R™. Suppose that there exists a homeomorphism ¢ : F} — Fj.
It is natural to ask if there exists some relation between the complementary sets R™ \ F;. The illusion
that they are homeomorphic or, at least, homotopy equivalent is soon frustrated. For example consider
Fi={zeR?:|z|=1}U{zeR?:|z]| =2} and o, = {z € R? : ||z|| = 1} U{z € R? : ||z — (3,0)|| = 1}.
The complement of F; is homotopy equivalent to the disjoint union of a point and two circles, while the
complement of Fy is homotopy equivalent to the disjoint union of two points and the wedge '° of two circles.

It is easily seen that those space are not homotopy equivalent.

6.3. REMARK. The fact that the complements of two homeomorphic closed set are not homotopy equiv-
alent is important in several contexts. For examples in Knot Theory. Recall that a knot in R? is a function
~: 81 — R? which is an homeomorphism onto its image. Two knots are equivalent if there exists an iso-
topy, i.e. a homotopy through homeomorphisms, which takes one into the other. One of the most important
invariants for equivalence classes of knots is the fundamental group of the complement of the image. Now,
the images of two knots are homeomorphic and if the complements would be homotopy equivalent, they

would have isomorphic fundamental group and so the invariant would be trivial.
There is, however, an interesting relation between the complements of homeomorphic closed set:

6.4. THEOREM. [Jordan Alexander duality Theorem]. Let F;,i = 1,2, be closed sets in R™ and ¢ :

Fy — F5 an homeomorphism. Then:
H*(R™\ Fy) = HYR"\ F).

PrOOF. We will consider R™ as the subspace of vectors in R*** with the last k coordinates zero. The

proof of the Theorem will be an easy consequence of the following two Lemmas.
6.5. LEMMA. Let F C R™ be a closed subset. Then HT'(R"1\ F) =~ HY(R"\ F), i> —1.

ProOOF. Consider the subsets of R"*!:
o Z, =R\ Fx{teR:t<0}.
o Z_=R"\Fx{teR:t>0}.
o Z7:=7,UZ =R"1\F
e Z/.NZ_~R"\F.
The orthogonal projection of Z, onto the hyperplane x,,+1 = 1 is an homotopy equivalence. Hence the
reduced cohomology of Z, vanishes in all dimensions. The same is true for Z_ and the Lemma follows from

the Mayer-Vietoris sequence for the reduced cohomology:
HY(Z) e H(Z-) = {0} — H'(Z:NZ-) — H*(Z) — H"N(Zy) ® H(Z-) = {0}.

15Recall that the wedge of two topological spaces is the space obtained from the disjoint union identifying a fixed point in

the first space with one in the second one.
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6.6. COROLLARY. If F C R" is a closed set, then H'TF(R" T+ \ F) = H/(R"\ F), Vi> —k.

6.7. LEMMA. Let F; C R™, ¢ = 1,2 be closed subsets and ¢ : I, — Fy an homeomorphism. Then
R2" \ Fy x {0} is homeomorphic to R®" \ {0} x Fy.

PROOF. Let ¢p = ¢~'. The homeomorphisms ¢, extend, by Tietze’s Theorem, to continuous maps
®, U : R" — R"™. Define:
o L:R™ — R L(x,y) = (z,y — ®(x)).
o R:R?" — R?" R(x,y) = (z — Y (y),y).
The maps L, R are homeomorphisms. In fact L= (z,y) = (z,y + ®(x)), R~ (z,y) = (z + ¥(y), y). Consider
IF={(z,y) eR™:2€ [, y=0¢@)}={(z,y) ER™:y € Fy, v =1(y)}. We have L(Fy x {0}) =T =
R({0} x Fy) and therefore a homeomorphism:

R\ Fy x {0} -5 R?"\ T %5 R?\ {0} x F.

The proof of the Theorem is, at this point, immediate:
HY(R"\ Fy) = HH(R™\ Fy) = HP(R?" \ F,) = H/(R™ \ F).
d

As an immediate consequence of the Jordan-Alexander duality we have get the celebrated Jordan curve

Theorem:

6.8. THEOREM. [Jordan curve Theorem] Let 7 : S* — R? be a homeomorphism onto its image'. Then

R?\ v(S') has ezactly two connected components.

ProoF. Consider the unit circle S' C R?. It is clear that the complement of S! in R? has exactly two
connected components and therefore HO(R? \ S') 2 R. By the duality principle H°(R? \ 7(S')) 2 R and

therefore the complement of (S*) in R? has also exactly two connected components. O

6.9. REMARK. It is clear that the argument in the proof of Theorem 6.8 may be extended to the case
of a closed hypersurface M™ C R™*! any time we have a “model”, i.e. a close hypersurface homeomorphic
to M™ and information on the complement of the model. For example this happens in the case of closed

oriented surfaces in R3 or for the case of closed hypersurfaces of R"*!, homeomorfic to a sphere.

7. Appendix A: partitions of unity and smooth approximations of continuous functions

Partitions of unity is a basic tool that allows to glue together locally defined objects (such as functions,
forms etc.) to obtain a globally defined one. In this appendix we will prove the existence of partitions of
unity and apply the result to to prove that continuous functions may be approximate by smooth ones. We

start with the basic definition.

165uch a map is usually called a Jordan curve.
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7.1. DEFINITION. Let U C R™ be an open set and V, an open covering of U. A partition of unity
dominated by the covering V,, is a family of smooth functions A; : R™ — [0, 1] such that:
(1) For all 7 there exist « such that supp();) := {z € R : \;(x) #0} C V.
(2) For all € U there exist a neighborhood U, of z such that U, N supp(\;) = @ for all but finitely
many of the \;’s.
(3) Forx € U, >, Xi(x) =1 (observe that, by (2), the sum is finite).

Our aim is to prove the following result:

7.2. THEOREM. Let U C R™ be an open set and V,, an open covering of U. Then there exist a partition
of unity dominated by V.

PRrROOF. We will use the following notations:

B(p,r)={z eR": |zl <r}, D(z,r)={x eR":|[lz| <r}=B(p,r).
We will start with some preliminary results.

7.3. LEMMA. Given 61,02 € R, 0 < 01 < d2,and p € R™, there exist a smooth function ¢ : R™ — [0, 1]
such that ¢(z) =0 in B(p,d1) and ¢(x) =1 in R™\ B(p, d2).

PROOF. We can suppose, up to a translation, p = 0. Consider the function f: R — R,

1
et if t>0
ft)= .
0 if t<0

It is easily seen that, at ¢ = 0, the left and right derivatives of f, of any order, vanish. So f is a smooth

function. The the function

B £l - )
) = =6 + 70— o)

is well defined, since the denominator of the right hand side never vanishes, it is smooth since it is a
composition of smooth functions, has values in [0, 1], vanishes for ||z|| < 61 and it is identically 1 for
[z]| = d. O

7.4. COROLLARY. Let K C R™ be a compact set and V' C R"™ an open set with K C V. Then there exist
a smooth function ¢ : R® — [0, 1] such that Y(z) =1, ifx € K and ¥(z) =0 ifx € V.

PROOF. For any p € K consider d(p) such that D(p,2d(p)) C V. Then there is a finite number of
points, p1,...,pr € K, such that K C |JD(p;,d(p;)). By Corollary 7.4, for each ¢ we have a function
¢; : R" — [0, 1] such that ¢;(x) =0, z € D(p;,d(p;)) and ¢(y) =1, y & D(pi,25(p;)). Then the function

(@) =1—=u1(z) - dr(x)

has the required properties. O
7.5. LEMMA. There exist a continuous proper function’” ¢ : U — [0, 00).

17A function is proper if the inverse image of a compact set is compact.
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PROOF. Since R" is homeomorphic to the open ball B(0,1), we can suppose that U is bounded. For
x € U, define d(z) to be the distance of = to the boundary of U. Then d : U — R is a positive continuous
function. Consider ¢ : U — [0,00), ¢(z) = d(z)~!. Then ¢ is continuous and for all n € N, ¢~1[0,7n] is a

closed bounded set in U, hence compact. So ¢ is proper. O

We will prove now Theorem 7.2. Consider a proper function ¢ : U — [0, 00) and set
1 3
A, = ¢ Hn,n + 1], Vn:¢_1(n—§,n+§).
Then A, is compact and may be covered with a finite number of balls By, ,, such that each disk Dy, ,, := By p,
is contained in some V, N'V,,. For each such disk we have a smooth function ¢, : U — [0, 1] vanishing
outside V,, NV, and identically 1 in Dy, ;. It is clear from the construction that the A,’s cover U and so, for
all x € U, there is at least one of the ¢, ;’s not vanishing at x. Also V,, N V42 = () so the supports of the

®n,k are a locally finite covering and an ®rn(x) < 00, Vz € U. So the family of functions

an k
Ak = =—"—
" Zi, J bi;
is a well defined partition of unity dominated by the covering V. g

We will prove now that continuous functions may be approximate by smooth functions, a fact that we

already mentioned in Remark 5.9. The proof is a good example of how to use partition of unity.

7.6. THEOREM. Let U C R™, W C R™ be open sets, F' : U — W a continuous function ande : U — R
a continuous, positive function. Suppose that F is smooth on a closed set A C U. Then there exists
a smooth function G : U — W such that ||F(z) — G(z)|| < ¢, Yo € U and F(z) = G(x) if z € A.
Moreover we can choose such a G such that there exist a homotopy H : U x [0,1] between F and G, with
H(z,t) = F(x), Yz € A.

PRrROOF. Let us suppose, first, W = R™. We recall that F' smooth on A means that for all z € A there
exists a neighborhood V,, of « and a smooth extension h, of F|y,na. For x € U we consider a neighborhood
V. of x and a function h, : V;, — R with the following conditions:

(1) fz € A, h, is a smooth extension of F|y, 4.
2 Ifzg A V,NA=0and h,(y) = F(zx), Yy € V,.
() Yy € Vi IF(y) — F@)ll < “G, holy) - F@)]| < 52, eyl <

Consider a smooth partition of unity, \,, dominated by the covering V... Then V « there exists x = z(«)

with supp(Aa) € Vy(a). For every a fix such a z(«) and set

G(Z) = Z Aa(z)hx(a) (Z)

Then G is a smooth function since in a neighborhood of a point is a finite sum of smooth functions. If
z € A, let Aoy, .- Aoy, be the functions of the partition non vanishing at 2. Then the h,(q,)(2) = F(z), by
condition (1) and (2) on the covering V,.. Therefore G(z) = > Ao, (2)F(2) = F(z) and G is an extension of

F| 4. In general we have:

1G() = F@) < 11D Aa@ha@(®) = D Aa@F @)l + 11 Y da@)F(@(@) = > Aam)F@)] <
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<D Aa@lhage () = Flz(@)l + ) Aa@) | F(z(a)) = Fy)| < e
Hence G is an € approximation of F.
Finally H(x,t) = tF(x) + (1 — t)G(x) is the required homotopy.
If W C R™ the same argument works, choosing the V, with the additional condition that F (V) is

contained in an open disk contained in W. O

7.7. COROLLARY. If two smooth maps are homotopic via a continuous homotopy, then they are homotopic

via a smooth one.

8. Appendix B: tensor product of vector spaces

We can take a slightly different approach to tensors and we will discuss this approach now.

8.1. DEFINITION. Let E,F be two real vector spaces (not necessarily finite dimensional). Consider the
vector space freely generated by {(z,y) : * € E,y € F} and the subspace generated by the elements of the
type:

o (z1+22,y) — (w1,y) — (x2,9), (@91 +y2) — (z,y1) — (%,92), a; €K, y; €F.

o r(z,y) — (re,y), r(z,y)—(z,ry), =« €E,y €F, reR.
The quotient space is called the tensor product of E and F and will be denoted by E ® F. The class of (z,y)
in E®TF will be denoted by = ® y.

In other words we can think of E ® F as the space of finite (formal) linear combinations of elements of
the type = ® y with the “calculus rules”
o (11 +2)RYy=21Q0y+22Qy, TR [Y1+y2) =Ty +T @Yy,
e r(z®y)=rz@y=xry.

The following facts are easily verified

8.2. PROPOSITION.

1) EF=2F®E, EQR=E.

2) (EQF)P2E® (F®P).

3)E® (FOP)*EQFaE®P.

4) If{e;},{f;} are bases for E,F respectively, then {e;® f;} is a basis for EQF. In particular, if E, F
are finite dimensional, dim(E ® F) = dim(E) dim(F).

(5) IfE is finite dimensional, E* @ E* = E,.

(
(
(
(

— — ~— ~—

Let 7 : ExF — E ®TF the bi-linear extension of 7(z,y) =2 ® y.

8.3. PROPOSITION. The following universal property of the tensor product holds:

e (UP®) IfK is a vector space and b : E x F — K, is a bilinear map, there exists a unique linear map
[ E®QF — K such that lom = 0.

PROOF. Set l(z ® y) = b(x,y). By the “calculus rules”, [ extend to a linear map of E ® F into K such
that lom =b. If ' : E®F — K is a linear map with I’ om = b, then I'(z ® y) = b(z,y) = I(x ® y). Since
the elements of the type z ® y spans EQ F, [ = I'. O
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Objects defined by universal properties are unique

8.4. PROPOSITION. If H is a vector space and 7 : E X F — H is a bi-linear map such that UP® is
verified for (7,H), then H2E®F.

PROOF. From the universal property for 7 : E x F — E ® F it follows that there is a unique linear

map [ : E®F — H such that [ o m = 7. By the universal property of 7 : E x F — H it follows that there

is a unique map I’ : H — E ® F such that I’ o7 = w. Now, lol’ : H — H is such that 7o (lol') = 7.
But also 7 o 1 = 7. Hence, by uniqueness, (I ol’) = 1. Analogously I’ ol = 1, hence [ and I’ are inverse

isomorphisms. O

The important feature of the tensor product is that it allows to transform a bi-linear problem in a linear

one, which is, in general, easier to solve.
9. Exercises
9.1. Prove that the tensor product of tensors is associative and distributive.
9.2. Prove that the exterior product is distributive with respect to the sum.
9.3. Prove Proposition 1.22.
9.4. Prove that ¢1,...,¢, € E* are linearly independent if and only if ¢1 A --- A ¢, # 0.

9.5. Prove that two sets of linearly independent elements of E*, {¢1,...,¢,} and {¢1,...,%¢,} span the
same subspace of E*, if and only if ¢ A--- Ay =d 1 A--- Ay, d € R. In this case, d is the determinant

of the matrix that gives the change of basis.
9.6. Let w € A*(E), w =Y w;, w; € A'(E). Prove that w is invertible in A*(E)'® if and only if wy # 0.

9.7. Let E be a n-dimensional vector space. Let m : E* x --- x E* — AP(E) the p-linear extension of
(P15, 0p) — P1 A--- A ¢p. Prove that the following universal property of the exterior algebra holds:
e (UPA) If K is a vector space and b : E* x --- x E* — K is an alternated p-linear map, then there

exists a unique linear map ! : AP(E) — K such that o7 = 0.

9.8. Prove that the universal property (UPA) characterizes AP(E) i.e., given a vector space L and a
p-linear map 7 : E* x --- x E* — L such that (7, L) verifies UPA, then L & AP(E).

9.9. Prove that AP(E*) = [AP(E)]*.
9.10. Let v € A™(E) \ {0}. Define a map:
by : AP(E) x AP PI(E) — R,  by(w,7)v:=wAT.
Prove that b, is non degenerate and hence defines an isomorphism b, : AP(E) — [AP)(E)]*.

9.11. Let ¢1,...,¢, € E* be linearly independent. Let t1,...,%, € E* be such that ). ¢; A1; = 0.
Prove that ; = Zj a;j¢; with a;; = aj;.

18; e. there exists w—! € A*(E) such that w Aw=1 = 1.
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9.12. A form w € AP(E) is decomposable if w = ¢1 A--- A ¢, ¢; € E*. By Proposition 1.22, any p-form
is sum of decomposable forms.
(1) Show that, if dim(E) = n, any (n — 1)-form is decomposable.
(2) Show that, if dim(E) = 4 and {¢1, ..., ¢4} is a basis of E*, then ¢1 Ada+p3 Ay is not decomposable.

9.13. Let E be a n-dimensional vector space. A vector space G(E) with an associative product'?, denoted
by A, is called a Grassman algebra for E if:
(1) G(E) contains a subspace isomorphic to R @ E and is generated, as an algebra, by this subspace.
(2) 1Nz=z,2 Az =0, Vz € E,
(3) dim(G(E)) = 2™.
Prove that G(E) is isomorphic to A*(E*).

9.14. Let ¢ € E*\ {0} and w € AP(E). Show that, if $ A w = 0, then there exists 7 € AP~! such that
w = ¢ A 7. Conclude that the sequence:

o APTYE) 2 APE) 2N APHYE) — -
is exact. (Hint: choose a basis containing ¢.)

9.15. Let LL be a finite dimensional real Lie algebra, i.e. a finite dimensional real vector space with a
bi-linear map [ , |:LxL —L, (X,Y)— [X,Y] such that,V X,Y,Z €L we have:
(2) [X,Y]Z]+[[Y, Z], X]+ [[Z, X], Y] = 0 (Jacobi identity).
Define a map d? : AP(L) — APHL(L),

AP (W) (X1, Xpa) = D (D)™ w([X5, X1, X0, Xy X, Xpg).
i<j
Show, at least for p = 1, that d?*1 odP = 0.
In particular the sequence above is a cochain complex and its cohomology is called the cohomology of
the Lie algebra L.

9.16. Let L be a Lie algebra. w € AP(L) is said to be Ad-invariant if, V Y, X;,..., X, € L, we have:
S (=) T w(Y X)X XL X)) =0,
(1) Show that if w € AP(L) is Ad-invariant, dPw = 0.
(2) Show that span {[X,Y]: X,Y € L} = L if and only if the only Ad-invariant 1-form is the zero
form.
(3) Show that if the only Ad-invariant 1-form is the zero form, the only Ad-invariant 2-form is the zero
form.

REMARK: Under suitable hypothesis the cohomology of the Lie algebra is isomorphic to the space of Ad-

invariant forms.

19 e a bilinear map A : G(E) X G(E) — G(E), A(v,w) := v A w such that (v Aw) Az =v A (wA 2).
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9.17. Let £ = {0} — E,, — --- — Eg — {0} be a chain complex. Assume that the E;’s are finite
dimensional and let H; be the homology groups of the complex. Prove that:

D (=1) dim(E) = (—1)" dim(H;).
0 0

The number above is called the Euler characteristic of the complez.

9.18. Let £, F be chain complexes as in Exercise 9.17, and ¢ : £ — F be a morphism. Prove that:

Z(fl)itrace(qﬁi) = Z(fl)itrace(qb*,i).

The number above is called the Leftchetz number of ¢.

9.19. Show that the (algebraic) Mayer-Vietoris sequence (Theorem 4.15) is exact and the (co)boundaries

are natural (Proposition 4.19).
9.20. Show that the Mayer-Vietoris sequence for the reduced cohomology (see Definition 6.2) is exact.

9.21. Consider the algebra F, and Z, = {[(f,V)] € F, : f(p) = 0}.
(1) Prove that Z, is an ideal and, in fact, the unique maximal (non trivial) ideal of F, (a ring with a
unique maximal ideal is called a local ring).
(2) Let Z? be the ideal generated by products of elements of Z,. Prove that the quotient Z,/Z2 is

isomorphic, as a vector space, to (R™)*.

9.22. Prove that the composition of derivations is not, in general, a derivation but the commutator (Lie

product) of derivations is a derivation (see Proposition 2.9).
9.23. Prove Proposition 2.9.
9.24. Let U C R"™ be an open set, and
X = =Y b
Z ag(z 8xk Z K 6%

be smooth vector fields in U.

(1) Compute [X,Y] (:=X oY —Y o X) in the basis ai

L

(2) Let f : U — V C R™ be a smooth map, X,Y vector fields in V such that df(z)(X) =
X(f(z)), df(@)(Y) = Y(f(x)). Prove that [X,Y](z) = df(z)([X,Y]).

(3) Let Xy,...,X, be linear independent vectors in R™. Show that there exist smooth vector fields
Xi,...,X, in R” such that, for a fixed = € R", X;(z) = X; and [X;, X;] =0 in R".

9.25. (see Remark 3.2) Let U be an open set in R™ and w € QP(U). Prove that:
P
dw(Xo, ..., Xp) =Y (D Xi(w(Xo, ..., Xp, )+ (D)X, X)L X X X).
k=0 1<j
9.26. Let U C R™ be an open set and v = dz A - -+ A dz,, be the volume form. We will identify vectors
fields and 1-forms via the “musical isomorphisms” b : H(U) — QY(U) and its inverse f : Q1(U) — H(U).

Also * will denote the Hodge operator. We define the classical differential operator of calculus:
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The gradient V : F(U) — H(U), Vf:=fdf =Y gg 3(1 ‘

. : . 0
The divergence div : H(U) — F(U), div (Z Xiaxi) Z 3@ .
The (geometers) Laplacian A : F(U) — F(U), Af=—-divVf.
The rotational rot : QY (U) — Q"~2(U) 1ot w = *dw.

Prove that:
D (af)=—ds@h =-S5k
2) A(fg) =gAf+ fAg— <Vf, Vg).

(
(2)

(3) w is closed if and only if rot w = 0.

(4) rot Vf =0.

(5) If n = 3 compute rot ZX 0 and show that divrot w = 0.

9.27. Let U C R™ be an open set. Show that H™*(U) = {0} if and only if V f € F(U) there exists a
vector field X € H(U) such that divX = f.
REMARK: It can be shown that the Laplacian A : F(U) — F(U) is surjective (this a non trivial fact). In
particular the equation div X = f has solutions V f € F(U). In particular H"(U) = {0}.

9.28. Identify R? with the complex line C, (z,y) — x +iy,i = v/—1. If U C R? is an open set and
f:U — C, we will write f(z) := f(x,y) = u(z,y) +iv(z,y),u,v € F(U). f is said to be holomorphic if it
is C1 and

Ou = ov an 9v = _Ou (Cauchy-Riemann equations).

dx Oy or dy

It can be shown that an holomorphic function is smooth, and, more than that, complex analytic, i.e. it is

locally the sum of its (complex) Taylor series.

(1) Show that the Cauchy-Riemann equations just say that the differential df(z) : R? — R? is C-linear
(i.e. commutes with multiplication by ¢ = v/—1).

(2) Define complez 1-forms:
dz:=dax +idy, fdz:=(u+iv)dz := (udz — vdy) + i(udy 4+ vdx).

and the complex derivative f’(z) by the identity f’(z)dz = df. Prove that f is holomorphic if and

0 0
only if the real and imaginary parts of df are closed. In this case f/(z) = 8—u - 8—u
x Y
(3) Prove that if f = u + iv is holomorphic, then u,v : U — R are harmonic functions (i.e. Au =

Av =0).
(4) Show that, if U is star shaped, given an harmonic function u : U — R, there exist an harmonic
function v : U — R such that f(z,y) = u(z, y)+iv(x,y) is holomorphic. The function v is defined

up to an additive constant and is called the harmonic conjugate of u.

9.29. Use Example 5.13 to prove the Theorem of invariance of dimension:

THEOREM: If h : R™ — R™ is a homeomorphism, then n = m.



CHAPTER 2

Integration and the singular homology of open sets of R"

In Remark 1.7 of Chapter 1, we observed that p-forms are “p-dimensional (oriented) volume elements”
and hence, the natural integrands for the (oriented) multiple integrals. In this Chapter we will make this
statement precise, we will introduce the singular homology of open sets in R™ and see how integration gives
a duality between homology and the de Rham cohomology.

1. Integration on singular chains and Stokes Theorem

1.1. DEFINITION. Let U C R™ be an open set and w = f(z)dzy A--- Adx, € Q*(U). Let D C U be the

closure of an open bounded set. We define

/w:/ flz1,...,zy)dzy - - day,
D D

where the integral on the right hand side is the usual Riemann integral.

1.2. REMARK. The integral defined above is “oriented” in the sense that if wy = f(2)dz,1) A--- A

/w:|a|/w0.
D D

In particular the integral depends on an ordering the coordinates, i.e., depends the choice of an orientation

dz,(ny, 0 € ¥(n), then

in R™, while the usual Riemann integral of a function does not depend on such a choice (see also Exercise
5.2).

In order to define the integral of a p-form, we first define the “domain of integration”.

1.3. DEFINITION.

e A p-simplex in R™ is the convex hull' of (p + 1) points {v, ... ,vp} C R™ in general position®. The
points v; are called the vertezes of the simplex. Any subset of ¢ + 1 (distinct) vertexes determine
a g-simplex called a face of the original one.

e Let {e1,...,ep} be the canonical basis of RP and ey = 0. The standard p-simplex, AP C RP is the
simplex with vertexes {eg,e1,...,€ep}.

o A differentiable singular p-simplex in U, is a smooth map o : AP — U (i.e. o extends to a
smooth map of an open neighborhood of AP) . When clear from the context we will omit the term
differentiable.

1We recall that the convex hull of a subset of R™ is the smallest convex set that contain the given set.
2The points {vo, ..., vp} are in general position if they are not contained in any affine subspace of dimension less than p.

This is equivalent to the fact that the vectors {v; —vg : ¢ = 1,...p} are linearly independent.

37
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1.4. REMARK. Given a p-simplex with vertexes {v,,...,v,}, a point in the simplex can be written in
a unique way in the form v = Y7  A\v; with A; € [0,1] C R and >-%_;A\; = 1. The numbers \; are the

baricentric coordinate of v.

1.5. EXAMPLE. An important example of a singular simplex is the following: Let {vo,...,v,} be points
of R™, not necessarily in general position. Define L(vy,...,v,) as the singular simplex of R™ that maps the
point of AP with baricentric coordinates {Xo,..., A} to the point Y ¥ jX;v; € R™. This simplex will be

called the linear simplex with vertexes {vo, ..., vp}.

1.6. DEFINITION. Let w € QP(U) be a differential p-form and o : A? — U a singular p-simplex. Define:

/w::/ o*w,
o AP

where the integral on the right hand side is in the sense of Definition 1.1.

1.7. ExampLE. If f € F(U) is a smooth function, i.e. a 0-form, and p € U a fixed point, i.e. a 0-simplex,
then the integral of the form on the simplex is just f(p).

1.8. EXAMPLE. If w = Y w;dz; € Q1(U) is a 1-form and ¢ : A! — U a smooth 1-simplex, then

o'w =w(t)dt, with &(t) = o"w(t)(dt) = w(o(t))(do(t)(1)) = w(o(t))(e(t) = Zwi(a(t))di(t),

where o;(t) = (o(t),e;) is the i*" coordinate of o. Hence

/aw - /01 [in ”i(U(L‘))di(t)] dt.

The fundamental result in the elementary integration theory is Stokes Theorem. It relates the integral
of an n-form on a domain to the integral of a primitive on the boundary. We will define now the ingredients
necessary to state this Theorem.

We will start introducing more general domains of integration for a p-form.

1.9. DEFINITION. A singular p-chain is a (formal) finite linear combination of singular p-simplexes, with

real coefficients.

The set C,,(U) of all such p-chains is a real vector space, with the obvious operations.
IfweQP(U),ce Cy(U), ¢ =Y ajo;, we define the integral of w on ¢ by:

I(e,w) = /cw::Zai/mw.

Next we have to define the boundary of a p chain. Intuitively, the boundary of a singular simplex will
be the restriction of the simplex to the boundary of the standard p-simplex AP (which is a chain and not a

simplex). More precisely:

1.10. DEFINITION. The boundary operator 0, : Cp,(U) — Cp—1(U) is defined as the linear extension of

P

Op 0 := Z(fl)ia o Fy,

0

where o is a singular p-simplex and F; : AP~! — AP is the linear simplex F; = L(eg,...,¢€;,. .., €p)-
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1.11. REMARK. The signs in the definition above guarantee that the (p — 1) faces of AP are taken with

the induced orientations.

1.12. EXAMPLE. For a linear simplex, we have the formula:

P

OpL(vo, ..., vp) = Y (=1)'L(vo, ..., b1, ..., vp).

i=1

In our context we have the following version of the classical Stokes Theorem:

1.13. THEOREM. [Stokes Theorem] If ¢ € Cp41(U), w € QP(U), then

I(0c,w) = /w-/dw-[cdw)
Oc

PROOF. By linearity, it is sufficient to prove the Theorem when c is a singular simplex o : APt — U.

/dw:/ a*dw:/ do*w
Ap+1 Ap+1

(see Theorem 3.1 of Chapter 1 for the last equality). Also

do 8AP+1

where OAPF! is the linear chain Zfiol(—l)iL(eo, ey €iyenepyr) € Cp(APTL),
Now n:=0c*w=>", fi(z1,...,xpp1)dz1 A--- dz; - - Adzpi1. Again, by linearity, it is sufficient to prove

In this case

the Theorem for each monomials. Since we can permute coordinate, up to sign, it is not restrictive to assume
n=f(x1,...,zpr1)dz1 A--- Adxy.
Then:
of

8acp+1

dn = (-1)" dzy A+ Adzpya.

Hence, by Fubini Theorem

1-3Pa;
/ dr] = (—l)p/ 6f d{l)l . dl'p+1 = (—l)p/ / ai‘fdxp_"_l dl‘l . d.Tp =
Artl av+1 OTpiy Ar | Jo 0Tp i1

p
- (—1)P/A [f(zl,...,:cp,l - sz) - f(xl,...,xp,())] day - - - da,,
P i=1

where AP is the standard simplex {eo,...e,} C RP C RPHL,

Now IAPT! = L(ey,...epq1) + (—1)PT L(eq, ..., e,) + v where 7 is a chain of linear simplexes that are

faces of AP*1 containing both e and e, 1. Since on each of such faces at list one of the first p coordinates

vanishes, 7 = 0 on . Hence:

/ 77:/ 77+(—1)”“/ "=
OAP+1 L(el,...ep+1) L(Eo,.‘.ep)

P
- )p/ f(xl,...,acp,l—Zmi)dm1-~~dxp+(—l)p+l f(acl,..‘,xp,O)dx1~~dmp:/ dn.
AP i—1 AP Ap+1
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2. Singular homology
We will now look a little deeper at the boundary operator.
2.1. LEMMA. 9(,—1)0 0y = 0.

PROOF. Let o be a singular simplex. From (1.12), we have:

0p(0) =Y (~1)icoLleo, ... €ir....ep).

%

Therefore: )
Op—1)0p(0) =D (~1)'Y (=1)0 0 L(eo,- ., 6j, ..., 600y ep)+
i=0 j<i
P
+ Z(—l)l Z(—l)(j_l)O' o L(e(], ey éi, ey éj, e ,ep).
i=0 §>i
Observe that the term o o L(eq,...,€;,...,€;,...,€p), 4,j fixed, appears twice in the above sum with

opposite signs, and therefore d(,_1)0,(c) = 0.
O

In particular the sequence:

o Oy
s Clpany (U) " € (U) 225 Gy () 2

is a chain complex and we define:

o Z,(U) :=ker 0, the group of p-dimensional cycles.
o B,(U) := Im0(,41) the group of p-dimensional boundaries.
e H,(U) := Z,(U)/B,(U) the p'"dimensional (singular) homology group.

From Stokes Theorem 1.13 we get:

2.2. THEOREM. If a € Z,(U), I(a,dw) = 0. If 0 € ZP(U), I(db,0) = 0. Therefore the operator
I:Cy(U) xQP(U) — R induces an R-bilinear operator:

I:H,(U)x H/(U) — R, I([c],[w]) == I(c,w).
2.3. REMARK. The classical Theorem of de Rham, that we will prove later on, states that I is non

degenerate and induces an isomorphism:
dR : H*(U) — [Hp(U)]",
called de de Rham isomorphism.

Let F: U CR®™ — V C R™ be a smooth map. Then F induces a linear map F, : C,(U) — C,(V),
obtained extending by linearity the map which sends a singular simplex o : A? — U to the singular simplex
Foo : AP — V. It is easy to check that F, commutes with the boundary operator and hence it is a morphism
between chain complexes. Therefore it induces a morphism in homology, that we will denote with the same
symbol:

F.:H,(U) — Hy(V).
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The following functorial properties are easily established?:
e (Iy)« =1m, ),
e (GoF)=G,0F,,
We will look now at a few examples that are the analogue, for homology, of Examples 5.2, 5.3 and 5.1
of Chapter 1.

2.4. EXAMPLE. Let U = R?. Then there is a unique singular p-simplex, the constant one. His boundary
is the alternated sum of (p + 1) elements, all equal to the (unique) (p — 1)-simplex. Therefore the boundary
operator is null if p is odd and it is the identity if p is even. The complex of singular chains is given by:

1
— Claop1)(U) =R -5 Cyp(U) =R — Clgp_1)(U) =R 2 ... L Gy(U) = R — {0}.

Therefore:

R if p=0

0y ~
%m)_{m}ﬁp>o

2.5. REMARK. It could appear more natural and, in fact, some times would be more convenient, to define
chains and homology using singular cubes, i.e., smooth maps of the unit cube [0,1]? C R? into U. Since a
p-cube has always an even number of (p — 1)-faces, this construction gives, for U = R°, a chain complex
with p-dimensional chain group R and null boundary operators. So the homology would be isomorphic to R
in all dimensions, which is not what we would like to have. However if we take the quotient of the complex
of singular cubes by a suitable subcomplex, we obtain a new complex whose homology is the same as the

homology of the complex of singular simplexes.

2.6. EXAMPLE. Let U =[], U, be the disjoint union of the open sets U,. Since AP is connected, the
image of a singular simplex is contained in some U,. Therefore C,(U) = @, Cp(Us) (direct sum) and the

boundaries preserve the decomposition, i.e. if ¢ = {¢,}, dc = {Ocy}. Tt follows that:
H,(U) = P Hy(Ua).

2.7. REMARK. We observe explicitly that we are dealing with finite linear combinations of simplexes
so we have a direct sum instead of a direct product, as in the case of cohomology. Furthermore, this is in
agreement with the de Rham Theorem 2.3, since the dual of the direct sum of vector spaces is the direct

product of the duals.

2.8. EXAMPLE. Let us analyze the 0-dimensional homology. Let us suppose first that U is connected.
A 0-simplex is a constant map, i.e. a point in U. Such a simplex is a cycle, by definition. On the other
hand, given two points in U they may be joined by a smooth curve, i.e. a 1-simplex. The boundary of such
simplex is the difference of the two points, so the two points are in the same homology class. It follows
that Ho(U) = R. Also, as in the case of cohomology, if U C R™, V C R™ are connected open sets and
F:U — V is a smooth map, the induced map F; : Hy(U) — Hy(V) is an isomorphism.

3This means that the homology is a covariant functor from the category of open sets of R™ and smooth maps into the

category of (graded) vector spaces and linear maps.
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If U is not connected, lets say with connected components U,, it follows from Example 2.6 that:
Ho(U) = PR
«@
Next we will prove the homotopy invariance for homology:
2.9. THEOREM. Let F,G : U — V be homotopic smooth maps. Then F, = G,.

PROOF. Let H : U x [0,1] — V be a homotopy between F and G. The strategy, analogous to the case
of cohomology, is to construct an algebraic homotopy between the maps induced at level of chain complexes,
i.e. amap H,: Cp(U) — Cp4+1)(V) such that:

doH+Hod=G, —F..
The theorem will follows since if ¢ € Z,(U), G.(c) — Fi(c) € B,(V) i.e., [G(c)] = [Fx(c)] in H,y(V).

Consider the product AP x [0,1] € RP*2. If ¢ is a singular p-simplex of U, we consider the map
Ho(ox1): AP x[0,1] — V. The problem is that AP x [0,1] is not a simplex. The strategy will be to
subdivide AP x [0,1] into simplexes and to take a suitable alternated sum of the restrictions of H o (¢ x 1)
to such simplexes.

Consider v; = (e;,0),w; = (e;,1), and the linear (p+1)-simplexes L(vg, . . ., Vi, Wi, . .. wp). If o : AP — U
is a singular p-simplex, we define:

p
H(o) = Z(—l)iH o (o x1)oL(vg,...,v,wi,...,wp),
=0

and extend by linearity to a morphism H : Cp(U) — Cps1(V). We show now that the map is, in fact, an

algebraic homotopy. Using 1.12 and the functorial properties, we get:

0H(o) =Y (~1)'(=1)Ho (o x 1) 0 L(vg, ., ¥, .., 03, Wi, ... wp)+

j<i
+3 (1) (=1 Ho (0 x 1) 0 L(vo, . .., v3, wi, .t . wp),
HO(o) = (—=1)""(=1)’H o (o x L) 0 L(vo, . .., 1, ..., 05, ws, ... wp)+
j<i
+3 (1) (=1 Ho (0 x 1) 0 L(vo, - .., 03, Wi, .., by, ..., wp).
Jjzi
The terms on the right hand side of the first equation with ¢ = j cancel except for the terms
Ho (o x 1) o L(%,wp,...,wp) =Goo and —Ho(ox1)oL(vy,...,vpW,) =—Foo.
The rest of the sum is the opposite of the right hand side of the second equation, hence the conclusion. [

From Theorem 2.9 and the funtorial properties we have:

2.10. COROLLARY. If F : U — V is a homotopy equivalence, then F, : Hy(U) — H,(V) is an

isomorphism. In particular, a contractible space has the same homology as R® (see Evample 2.4).
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2.11. REMARK. As in the case of cohomology, the homotopy invariance allows to define the map induced

in homology by a continuous map (see Remark 5.9 in Chapter 1).

We also have a Mayer-Vietoris type sequence for homology. Let U; C R", ¢ = 1,2 be open sets and define
U=U,UU,,V =U; NUs. Consider the sequence of chain complexes (with the obvious boundary maps):

‘1*7 ‘2* kl*ka*
{0} — ¢, (v) VY o oy e 0y (0y) Y 0, (0) — o),

where j; : V — U;, k; : U; — U are the inclusions.

We wold like to proceed like in the case of cohomology. The problem we have here is that the sequence
above is not exact. More precisely, ((k1).— (k2)+) is not surjective, since a chain in U maight not be the sum
of chains in U;. To overcome this problem, we consider the chain complex C,(U; + Us) C C,(U) spanned by
the singular simplexes of Uy and Us. Substituting C,(U) with this complex, we have a short exact sequence

of chain complexes. The point that makes this work is the following Theorem (that we will not prove here).
2.12. THEOREM. The inclusion Cp(Uy 4+ Us) — C,(U) induces an isomorphism in homology.
Using Theorem 2.12 and Theorem 4.15, we have, as for cohomology:

2.13. THEOREM. There are morphisms A, : Hy(U) — H,_1)(V) and a long evact sequence:

1) 5,(J2) k1)«—(k2)« .
s 1, (v) VD) gy e iy (U) COE) i) A H (V) —

The (long) exact sequence above is called the Mayer-Vietoris sequence in homology and the maps A,

the Mayer-Vietoris boundaries operators.

3. The de Rham Theorem for open sets of R"

Let U C R™ be an open set. As we have seen, integration induces a linear map:

dR: H"(U) — (Hp(U))", dR([w])([CDZ/w

We have already announced that this map is an isomorphism and the aim of this section is to prove this

fact. We will start with a Lemma of general character, useful in many situations.

3.1. LEMMA. * Let U C R™ be an open set and P a statement about the open subsets V. C U. Suppose
that:

(1) P is true for convex sets,
(2) If P is true for disjoint sets, then it is true for their union,
)

(3) If P is true for two sets and for their intersection, then it is true for their union.

Then P is true for U.

PROOF. First we observe that P is true for the union of n convex sets. In fact, for n = 2 it follows from

(3) observing that the intersection of two convex sets is convex. Suppose that P is true for the union of

4The lemma is often called the “onion lemma” and the reason will be clear from the proof.
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(n—1) convex sets. Let Vi,...,V, be convex sets and V' =V U...UV(;,_qy. Then P is true for V,, and, by
the inductive hypothesis, for V. But it is also true for V NV, since

VﬂVn:(VlﬂVn)U...U(V(n_l)ﬂVn)

is union of (n — 1) convex sets. From (3), P is true for the union of all the V;’s.

Let ¢ : U — [0, 00) be a proper function (see Lemma 7.5 in Chapter 1). Define:
An = ¢71([’I”L, n+ 1])

Since ¢ is proper, A,, is compact and we can cover it with a finite number of open convex sets, U, contained
in g1 ((n — %, n-+ %)) Let U,, = UqUq,,. Now P is true for U, since it is a finite union of convex sets. Let
us consider Ueyen, = UpUsy, and Uygq = UpUsapa1. Then, by (2), P is true for Ueyen, and Uygq since each one is
disjoint union of sets for which P is true. Finally Ueyen, N Upga = UnUq 20 N Up 2n+1 and therefore is disjoint

union of sets that are finite union of convex sets. Therefore, by (3), P is true for U = Ueyen, U Upda. O
We can prove now the de Rham Theorem.

3.2. THEOREM. The map dR : HP(U) — [H,(U)|* is an isomorphism.

PROOF. Since we will work with several open sets, it is convenient to denote with dRy the de Rham

map relative to the open set V-C U C R™. We are going to use Lemma 3.1. Let us consider the statement:

P(V)=dRy : HP(V) — [Hp(V)]" is an isomorphism.
Clearly the statement is true for convex sets. In fact they are contractible and we have to check the
statement in dimension 0, which is trivial. Also, if it is true for a family of disjoint open sets, it is also true
for their union (recall that the dual of the direct sum is the direct product).

Let us suppose that P is true for the open sets V., W and for VN W. Consider the diagram:

-— H(VNW) — HPY (VUW) —— HPTY (V) HPHY (W) —— - --
l dRvAw \L dRvuw J/ dRv ®dRw
- (Hy(VOW))* — (Hp1(VUW))* — (Hpa(W))* & (Hpa (W))" — -+
where the upper row is the Mayer-Vietoris sequence for cohomology and the lower row is the dual of the
Mayer-Vietoris sequence in homology. Since integration commutes with induced maps, the diagram above
is induced by a cochain complex morphism. In this situation the Mayer-Vietoris (co)boundaries are natural
(see Proposition 4.19 of Chapter 1), hence the squares are commutative. Since dRynw,dRy @ dRy are

isomorphisms by hypothesis, it follows from the five Lemma (Lemma 4.6 of Chapter 1) that dRyyw is an

isomorphism. So P verifies the hypothesis of Lemma 3.1 and hence dR = dRy is an isomorphism. O

3.3. REMARK. Starting with the singular complex C(U) = {C,,(U), 9, }, we can consider the dual complex
C*(U) = {Cp(U)*, 05} (see Remark 4.11 of Chapter 1). The cohomology of C*(U) is called the singular
cohomology of U and is isomorphic, by Theorem 4.12 of Chapter 1, to the dual of the singular homology of U.
So the de Rham Theorem states that the singular cohomology and the de Rham cohomology are isomorphic.

The de Rham cohomology H*(U) = @,>0H”(U) has a natural product, distributive, associative and graded
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commutative, induced by the exterior product of forms. In the singular cohomology is possible to introduce,
by geometric arguments, a product, called the cup product, which is distributive, associative and graded

commutative. The de Rham Theorem really says that dR is an isomorphism of algebras.

3.4. REMARK. Singular homology is usually defined starting with continuous simplezes i.e., continuous
maps ¢ : AP — U ®. The singular chain complex C*(U) = {CJ(U),8,} is defined in the obvious way,
i.e. the spaces C’S(U ) are the vector spaces with basis the singular continuous simplexes and the boundary
operator is defined just as in the smooth case. The basic properties, such as homotopy invariance and the
Mayer-Vietoris exact sequence, are also proved just as in the smooth case. The inclusion C(U) — C°(U) is a
morphism of chain complexes, so it induces a map between the homology groups. Using the same arguments
as in the proof of the de Rham Theorem, it is easy to prove that actually, the maps induced in homology

are isomorphisms.

4. Integration of 1-forms and some applications

Let U C R™ be an open set. If v : [a,b] — U is a smooth map, we can consider the smooth 1-simplex
5 = 7o L(a,b) where L(a,b) is the linear 1-simplex L(a,b) : A' — [a,b], L(a,b)(t) = (1 —t)a + tb. If
w € Q(U) is a 1-form, we define

wi=[w= I[Zwm(m(w} dt = b[zwmu)m(t) dt,
¥ v 0 a

where the second integral is the integral of w on the 1-simplex 4 and the last equality came from the formula
of change of variable in 1-dimensional integrals (see also Example 1.8).

For the rest of this section, when clear from the context, we will make no difference between the curve
~v and the 1-simplex 7.

Let 7 : [a,b] C R — U be a piecewise smooth curve, i.e. a continuous curve such that there exists a
partition {9 = a < t; < -+ <t = b of [a,b] such that ~; := v|[t;, t;+1] is smooth. Then v can be viewed as
the (smooth) 1-chain v = 3" ~; or a continuous 1-simplex. Clearly, in both cases, 9y = v(b) — v(a).

Let v : [a,b] C R — U be a continuous closed curve, i.e. v(a) = v(b). Consider the map = : [a,b] —
St:={z e R?: ||z = 1}, n((1 — t)a + tb)) = (cos27t,sin27t). Since v is closed, ¥ = yo 7! is a well
defined continuous map of S* into U. Conversely, any such a map defines a continuous closed curve. From
this point of view, continuous closed curves and continuous maps of the circle in U look like to be the same
thing. However, there are some difference:

e If v is a smooth curve 4 will be just piecewise smooth. It will be smooth if and only if the derivatives
of all orders of v at a, coincide with the derivatives of the corresponding order of v at b.

e Any curve v : [a,b] — U is homotopic to a constant (see Exercise 5.3). This is not the case for maps

of S' into U. The following result,whose proof is quite obvious, relates the two situations:

4.1. LEMMA. Let 7;: S' — U, i = 0,1 be continuous maps and v; be the corresponding closed curves.
Then 49 ~ A1 if and only if there is a homotopy H : [a,b] x [0,1] — U between vy and v1 such that
H(a,s) = H(b,s) Vs€][0,1].

5Here U can be any topological space.
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4.2. REMARK. A homotopy like the one in Lemma 4.1 is called a free homotopy and the maps 7; are
said to be freely homotopic The word “free” is to distinguish this concept from the one of based homotopy,

frequently used in homotopy theory, for example in the definition of the fundamental group.

4.3. REMARK. There is one more way to look at closed curves particularly convenient when we talk
about differentiability. In fact a continuous closed curve 7 : [0,1] — U is the restriction to [0,1] of a
continuous function 7 : R — U, 7(¢) := v(t — [t]), where [¢] is the biggest integer less or equal to ¢. If 7 is
piecewise smooth, so is 7. Also, if v is smooth, 7 is piecewise smooth, and smooth if the derivatives of all
orders of v at 0 coincide with the derivatives of the corresponding order of «y at 1, i.e. if v is a smooth closed
curve.

When clear from the context we will make no difference between the three points of view.

Let v : [a,b] — U be a closed piecewise smooth curve. Then, if we think of v as a smooth 1-chain,

0y =0, and it determines an element [v] € Hy (U).
4.4. LEMMA. If~o and 1 are freely homotopic piecewise smooth closed curves, then [yo] = [y1] in H1(U).

PROOF. Let H : [a,b] x[0,1] — U be a free homotopy between the two curves. Subdividing [a, b] x [0, 1]
into triangles and using linear simplexes as in the proof of homotopy invariance for singular homology (see
Theorem 2.9), we get a chain H with 0H = v, — . d

An other important variant of the concept of homotopy of curves is the following;:

4.5. DEFINITION. Let v; : [a,b] — U, i = 0,1 be curves such that yo(a) = 71(a), Y0(b) = Y1(b).
An endpoints fixing homotopy between the two curves is an homotopy H : [a,b] x [0,1] — U such that
H(a,s) = ’)/0((1), H(b7 S) = 70(6)a Vse [07 1]

If such homotopy exists, we will say that the curves are homotopic relative to the endpoints.
The following Proposition follows easily from Stokes Theorem (Exercice 5.11).

4.6. PROPOSITION. Let w € QY (U) be a closed 1-form.

(1) If i, i =0,1 are freely homotopic piecewise smooth closed curves (resp. curves homotopic relative

to the endpoints) then:
/ w= / .
Yo Y1

(2) w is exact if and only if for all closed curves ~

/w:().
~

4.7. DEFINITION. A connected open set U C R"™ is simply connected if every closed curve is freely

homotopic to a constant curve 6.

From Proposition 4.6 we have:

6The concept of simply connectedness is usually defined in terms of vanishing of the fundamental group. In this group,
two freely homotopic closed curves are in the same conjugacy class (and conversely), but they may not be the same element of
the group. However, the vanishing of the fundamental group is equivalent to the fact that every two closed curves are freely

homotopic.
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4.8. COROLLARY. If U is simply connected, then H'(U) = {0}.

4.9. REMARK. A natural question is if H'(U) = {0} implies that U is simply connected. The answer
to this question is affirmative for n = 2 (see Exercise 5.23) and negative if n > 3. For example there are, in
R3, (complicated) closed sets, homeomorphic to the 3-dimensional closed disk, whose complement are not
simply connected (for example the so called “horned sphere”). The complement of such a disks has, by the
Jordan-Alexander duality (see Theorem 6.4 of Chapter 1), the same cohomology of the complement of the
standard 3-dimensional disk, hence vanishing first cohomology group (see Example 5.13 of Chapter 1). We

do not know of any simpler example in dimension 3. For n > 4 there are simpler examples.

We will focus now on closed curves in U = R? \ {0}. In U there is a very important 1-form, the angle

form:
—y T
W= p +y2dx+ 2 +y2dy.

It is easily seen that dw = 0, in fact, locally, w = darctan(g). w is not exact since, if v : [0,1] — U is the
x

closed curve 7y(t) = (cos 27t, sin 27t), we have:
1
/w = / 2r[sin?(27t) + cos?(27t)]dt = 27 # 0.
o 0
In particular, dR([w])([y]) = 27. Since H'(U) = R, by Examples 5.13 of Chapter 1, [w] spans H!(U).
Also, [vy] spans Hy(U) =2 R.

4.10. DEFINITION. Let 7 : [0,1] — U be a piecewise smooth curve. An angular function for v is a
piecewise smooth function 6 : [0,1] — R such that 6(¢) is one of the determinations, in radians, of the

(oriented) angle between e; and ~(t).

4.11. LEMMA. Any piecewise smooth curve vy : [0,1] — U admits angular functions and two angular

functions for v differ by an entire multiple of 2.

PRrROOF. Let 6y € [0,27) be the angle between e; and v(0), and w the angle form. Define

o(t) / w + 6.
71[0,¢]

Since, locally, w = d arctan(g), 6 is an angular function for . Finally we observe that two angular functions,
T

at a given time, are determinations of the same angle, so they differ, at that time, by an entire multiple of

27. This multiple does not depend on the time since the difference of the two angular functions is an integer

valued continuous function defined on a connected set, hence constant. O
4.12. REMARK. The advantage of having angular functions is that we can write « in polar coordinates :
1) = [Iv@)] €™ = [Iv(B)]| (cosO(t),sin6(t)).

Let 7 : [0,1] — U be a closed curve and 6 an angular function. Since v(0) = (1), 6(1) — 6(0) is an

entire multiple of 27.

4.13. DEFINITION. The winding number of ~y is the integer:

w(y) = %ﬂe(m

e Z.
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4.14. REMARK. Since two angular functions differ by a multiple of 27, the winding number does not

depend on the particular angular function. Moreover:

vr= 2 [

4.15. EXAMPLE. Consider the curve &,(t) = (cos2mnt,sin2wnt), ¢t € [0,1], n a given integer. Then

where w is the angular form.

0(t) = 2mnt is an angular function and w(§,) = n.
The main fact about winding numbers is the following:

4.16. THEOREM. Two piecewise smooth closed curves ~y; : [0,1] — U, i = 0,1, are freely homotopic if

and only if they have the same winding number.

PROOF. If the two curves are freely homotopic, by Proposition 4.6 and Remark 4.14, they have the
same winding number. Suppose now that « is a piecewise smooth closed curve with angular function 6 and

winding number w(vy) = n € Z. Let &, be as in Example 4.15. Define:
H:[0,1] x [0,1] — U, H(t,s) = [s|lv@®)| + (1 — s)](cos(s0(t) + (1 — s)2wnt),sin(s0(t) + (1 — s)27wnt)).

Then H(t,0) = &,(t), H(t,1) = v(¢) and the condition w(y) = n implies H(0,s) = H(1,s). Hence H is a
free homotopy between &, and «. This concludes the proof since the relation of being freely homotopic is an

equivalence relation. O

4.17. REMARK. By a different argument we could show that any continuous curve in U admits continuous
angular functions. Once we have angular functions, we can define the winding number for a continuous closed

curve. Theorem 4.16 holds true in this more general situation (see Exercise 5.14).

4.18. REMARK. Geometrically, the winding number of a closed curve in R? \ {0} is the (algebraic)
number of times that the curve goes around zero. We will make this statement more precise. Suppose,
for simplicity, that ~ is a regular smooth curve, i.e. #(t) # 0, V. Suppose also that there is a half line
a={sv:veR?|v||=1,s > 0}, that intersects the curve 7 transversally, i.e., if p = v(ty) € a, (to) and v
are linearly independent *. For an intersection point p = (ty), we define ¢(p) = +1 depending if {v,¥(to)}
is a positive or negative basis for R?. It is known that, in this situation, the number of intersection points is
finite. Then the winding number is given by

w(y) =Y ),
P

where p runs in the set of intersection points. We will leave the proof of this fact as an exercise (Exercise
5.15).

More generally, given a curve v : [0,1] — R?, a point p € R?\ ([0, 1]) and an half line a = {p + sv :
v € St s> 0} we can define angular functions for v with respect to the pair (p,a), and, if 7y is closed, the
winding number w(7, p,a). It is easily seen that this number does not depend on a but it depends on p. So
we will use the notation w(+y,p). The geometric interpretation, for the case of regular closed curves is like in

Remark 4.18. One of the main features of this number is the following:

Tt is a consequence of Sard Theorem that such v’s are dense in S1.
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4.19. PROPOSITION. If v : 81 — R? is a closed curve and p,p’ € R? belongs to the same connected
component of R?\ y(S1), then w(vy,p) = w(vy,p).

PROOF. Suppose first that the segment joining p and p’ does not intersect v(S!) Let a be a half line
starting at p, and a’ its translated by the vector p’ — p. Let 6,60’ be angular function for 7 in relation to
(p,a), (p',a’) respectively. Denote by w, w’ the winding number of « in relation to p and p’ respectively,

and set:

Now A(1) — A(0) = 2(w" — w). Hence, if w’ # w, |A(1) — A(0)| > 2 and there exist t* such that A(t*) is
an odd integer. Then ~(¢*) belongs to the segment joining p and p’, a contradiction.

For the general case, consider a polygonal in R?\ v(S!), joining p and p’, such that the segments between
two consecutive vertices do not intersect (S'). The the result follows applying the argument above to pairs

of consecutive vertices of the polygonal. O
Proposition 4.19 suggest the following

4.20. DEFINITION. The indez of a connected component C of R?\y(S!) is the winding number w(v, p), p €

4.21. REMARK. It is easily seen that R? \ v(S!) has exactly one unbounded component and the index

of such component is zero.

We will give now an alternative proof of the Jordan curve Theorem (see Theorem 6.8 of Chapter 1) in
the case of regular curves, to better illustrate the concepts and facts discussed sofar. We will start with some

preliminaries.

4.22. DEFINITION. A regular curve v : [0,1] € R — R" is a smooth curve such that t(¢) := §(t) #
0 Vtela,b].

Naturally, for a regular closed curve we will mean a smooth periodic curve with non vanishing tangent
vector (see Remark 4.3).
We will be interested in the case n = 2. In this case there is, V ¢ € [0, 1], a (unique) unit vector n(t),

the unit normal vector, orthogonal to t(¢) and such that {t(¢),n(¢)} is a positive bases for R2.

4.23. THEOREM. [Tubular neighborhood Theorem] Let v : S* — R? be a regular Jordan curve, i.e. v

is smooth, reqular and injective. Then there exists € > 0 and a map:
Tub: S* x (—¢,€) — R, Tub(t,0) = (1),
which is a diffeomorphism onto an open neighborhood U of v(S*').
PROOF. Define the map
Tub: S' x R — R?, Tub(t,s) = ~(t) + sn(t).

By definition, Tub(t,0) = «(t). Moreover at a point (ty,0) € S x R we have:

0T ub . 0T ub
7(15070) = (1), y
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Therefore dTub(tp, 0) is invertible and hence, by the inverse function Theorem, Tub maps a neighborhood
(to — myto + 1) X (—€(to),€(to)) of (to,0) diffeomorfically onto an open neighborhood of 7(tp). Since S!
is compact, we can cover it (or better S! x {0}) with a finite number of such neighborhoods, say U; =
(ti =i, ti+m3) x (—€(ts), €(t;)). We claim that there exists € > 0 such that Tubjg1 x (—c,¢) is injective. Suppose
not. Then for all n € N there are distinct points (tn, sp), (), s),) € S* x (=2, 1) such that Tub(ty,s,) =
Tub(t,,, s!). Since those points are in a compact neighborhood of St x {0}, the two sequences have converging
subsequences. Without loss of generality we can suppose that the sequence {(¢,, s, )} converges to (£,0). The

second sequence has a subsequence {(, ,s;,, )} converging to (T',0). So the two sequences {(t,,,sn,)} and

{(t,,.. 50, )} converge to (,0) and (t',0) respectively. By continuity, Tub(Z,0) := y(f) = v(f) := Tub(Z ,0).
Since v is injective, £ = £ (in S'). Therefore, for ny sufficiently large, (f,,, $n,) and (th,»sn,) are in the

same Uj, for some 4, and this gives a contradiction since T'uby, is injective.
Finally, again by the inverse function Theorem, U := Tub(S"* x (—¢, €)) is open and [Tubjy]~* is smooth.
(]

4.24. DEFINITION. The neighborhood U is called a tubular neighborhood of .

4.25. THEOREM. [Jordan curve Theorem| Let v : S1 — R2? be a reqular Jordan curve. Then R?\ {0}
has exactly two connected components. Moreover, one of the components is bounded of index +1 and the

other one is unbounded of index zero.

PRrOOF. We will start proving that R? \ v(S!) has, at most, two connected components. Let U be a
tubular neighborhood of 4. Then U \ v(S!) has two connected components, U, = Tub(S! x (0,¢€)) and
U_ = Tub(S' x (—¢,0)). Let us denote by G+ the connected components of R? \ v(S!) containing U.. Let
G be a connected component of R? \ v(S!). Take p € G. It will be sufficient to prove that p € G. If
p € U, there is nothing to prove. Suppose p € U and let o : [0,1] — R? be a curve joining p with a point
in v(S1). Let to = inf{t € [0,1] : v(t) € U}. Then, for n sufficiently small, ([0, %o + n]) € R?\ 7(S!) and
o(to+n) € U. Let say o(tg+n) € Ur. Then p may be connected, in R?\ y(S'), to a point of G, so p € G+
and G =G4

We will prove now that R? \ v(S!) is disconnected. We will give two different arguments.

First argument It is enough to show that there exists a continuous function § : R> — R such that:

e ¢ assumes positive and negative values,

e j(x) = 0 if and only if z € v(S!).
Let U be a tubular neighborhood of 7. We will denote by 7 : S* x (—¢,¢) — R the projection on the
second factor, 7(t,s) = s. Then mo [Tub]™! : U — R is a function with the two properties above. The
problem is that it is not defined in the all R?, just in UU. In order to obtain a function defined on the
all R? we first modify slightly the function near OU and then we will extend the modified function. Let
A (—€,€) — (—¢,€) be a non decreasing smooth function such that A(s) = s, if [s| < §, A(s) = § if s > 2¢
and A(s) = —§ if s < —Ze. Then the function f = Aomo [Tub]™! : U — R is again a function with the
two properties above and it is locally constant near OU. In U we consider the 1-form w = df. Since w =0
near OU, we can extend it to a smooth 1-form on the all of R?, by setting it identically zero outside U. w is

a closed form, hence exact since R? is contractible. Then w = dg where g : R? — R is a smooth function
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uniquely defined up to an additive constant. So, taking g = 0 on a point of y(S'), we have g = f in U. The
function g assumes positive and negative values and, in U, it vanishes exactly on v(S'). So, all we have to
show is that g(p) # 0if p € U. Let p € U and o : [0,1] — R? be a smooth curve joining p with a point of
v(Sh). Let to = sup{t : o(s) ¢ U, ¥V s < t}. Then o([0,t9)) C R*\ U, o(ty) € U and g(o(ty)) £ 2¢ # 0.
But

9o (to)) — 9(p) = / "y (t)dt = / w=0,
I|[0,tg]

and hence g(p) = g(o(tg)) # 0.
Second argument: Consider the function h(t) = ||v()||%. Let to be a maximum of h. Then h/(ty) =

2(y(to),¥(to)) = 0. Then 7(to) is parallel to n(typ) and the half line sy(ty) meet v transversally at (o).
Observe that if s > 1, sy(to) & 7(S!). Let p = (1 — €)v(to), ¢ = (1 + €)y(to). If € is sufficiently small it
follows from Theorem 4.23, that the half line starting at p, parallel to v(t), meets v(S*) only at v(tp). Also
the half line starting at g, parallel to y(ty), does not meet (S'). Therefore by Remark 4.18,

w(y,p) ==+1,  w(y,q) =0.
By Proposition 4.19 p and ¢ can not be in the same connected component of the complement of v(S*) hence

this complement has, at least, two distinct connected components.

The last claim follows from Remark 4.21 and the second argument above. g

4.26. REMARK. The Jordan curve Theorem has the following refinement, due to Schoenflies, that we

will not prove here.

4.27. THEOREM. [Schoenflies Theorem] A Jordan curve v : S* — R? extends to a homeomorphism T
of the 2-disk onto the closure of the bounded component of R? \ v(S1).

4.28. REMARK. It is a natural question to ask if the Jordan curve Theorem holds for Jordan curves in

general surfaces. The properties of R we have used in the proof above are:

e R? is orientable. This allows to define the unit normal vector to a closed curve an to prove the
tubular neighborhood Theorem.
e H'(R?) = {0}. This allows to integrate the closed form w.

Both conditions are essential for the proof and, in fact, for the validity of the Theorem. For example
the real projective space has vanishing first (de Rham) cohomology group, but it is not orientable and the
Theorem does not hold there. On the other side, the torus is orientable but the first cohomology group does

not vanishes and, again, the Theorem does not hold for the torus.

We will see now some applications of the homotopy invariance of the winding number.

Let D%(r) := {z € R? : ||| < 7} be the disk of radius r and S'(r) := {x € R? : ||z| = r} be its
boundary. Consider a smooth function ® f : D?(r) — R2. A basic question is to find solutions of the
equation f(z) = 0. In the case of a function f : [—r,r] — R, the celebrated Theorem of Bolzano states

that if f(r)f(—r) < 0 the equation has a solution. We will prove a similar result for our case, similar in the

8By Remark 4.17 we will only need continuity of the function.
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sense that we will give a condition on f, at the boundary of the disk, that will be sufficient for the existence

of solutions of our equation.

4.29. DEFINITION. Let f : D?(r) — R? be a smooth function. Suppose f(z) # 0 if ||z|| = r. The
degree of f, dg(f), is defined as the winding number of the closed curve:

v5:[0,1] — U :=R2\ {0},  ~4(t) = f(r(cos2nt,sin2nt))

4.30. ExaAMPLE. Consider the complex plane C = R? with complex variable z = x + iy, and the map
g(z) = 2". Then v4(t) = r(cos2mnt,sin 27wnt). Hence dg(g) = n.

The announced result is the following:

4.31. THEOREM. If dg(f) # O then the equation f(x) =0 has a solution.

PROOF. Suppose that dg(f) # 0 and that the equation has no solutions. Consider the map:
H:[0,1] x [0,1] — R?\ {0}, H(t,s) = f(sr(cos2nxt,sin 27t)).

Since f(z) # 0, for ||z|| < r, H is a free homotopy, in R?\ {0}, between 77 and the constant curve a(t) = f(0).
Therefore, by Theorem 4.16 dg(f) := w(ys) = 0, a contradiction. O

In order to compute degrees, the following fact is often useful:

4.32. LEMMA. Let~; : [0,1] — R2\{0}, i = 0,1 be two closed curves. If ||vo(t)—v1(t)|| < |[vo@®)|| Vt e

[0, 1], then the two curves are freely homotopic.
PrOOF. Consider the map:
H:[0,1] x[0,1] — R, H(t,s) = sy1(t) + (1 — s)y0(t).

The condition ||vo(t) — 1 (t)|| < ||[70(¢)|| implies that the segment joining ~o(¢) and 71 (t) does not contain
the origin. Then H([0,1] x [0,1]) € R?\ {0} and H is a free homotopy between the two curves. O

As an application of Theorem 4.31, we will prove the Fundamental Theorem of Algebra:

4.33. THEOREM. Let f(z) = 2" + a2V N+ 4 an_12+ an be a polynomial in the complex variable z.

If n > 1, f has a complex root.

PrOOF. Let 7 > 1+ Y 7|a;|. If f(z) = 0, for some z € S'(r), there is nothing to prove. Suppose

f(z) # 0 for ||z|| = r and consider the function g(z) = 2". For ||z|| = r we have:
1£(2) = gl < D lailll=l" =" <™ = llg(2)]l-
1

Hence, by Lemma 4.32, f and g have the same degree and dg(g) = n # 0, by Example 4.30. Hence, by
Theorem 4.31, the polynomial has a root in D?(r). O

The arguments we presented may be generalized to higher dimensions and this will be sketched in the

Exercises section (Exercises 5.21, 5.22).
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5. Exercises

5.1. Let w =dz1 A--- Adx, € QP(R™) and AP be the standard p-simplex. Show that

1
/ w=— (= volume of AP).
AP p!
5.2. Let U,V C R”™ be connected open set and F' : U — V be a diffeomorphism. Let D C U be the
closure of a bounded open set and f : V — R a smooth function. The change of variables Theorem for

multiple integrals states that:

/ f(yl,...,yn)dy1~~~dyn:/ f(F(z1,...,z,))|det(dF)|dzy - - - da,,.
F(D) D

/ w= :l:/ F*w,
F(D) D

with the sign + (resp. —) if F preserves (resp. inverts) the orientation.

Let w € Q™(V'). Prove that:

5.3. Let U CR™, V C R™ be open sets and F' : U — V a continuous map. Prove that if U (resp. V)

is contractible, then F' is homotopic to a constant map.

54. Let D"*l = {z € R"" : |z|| < 1}, 8" = {z € R : |z|| = 1} and V C R™. Show that a
continuous map F : S™ — V is continuously homotopic to a constant map if and only if it extends to a
continuous map F : D"t — v (observe that the concept of continuous homotopy may be defined even if

the domains and codomains of the maps are not open).
5.5. Prove that an open set U C R™ is connected if and only if Ho(U) = R (see Example 2.8).

5.6. Let U CR", V CR™ be open set and F' : U — V a smooth map. Prove that if U is connected,
F,: Hy(U) — Hy(V) is injective. Study the case when U is not connected (see Example 2.8).

5.7. Consider the following generalization of the concept of homotopy:
Let U C R™, V C R™ be open sets and F,G : U — V continuous maps. Let C' C U be a closed set such
that F|C = G|C. A homotopy between F and G, relative to C, is a homotopy H : U x [0,1] — V', between
F and G, such that H(z,t) = F(z) = G(z), YVt e [0,1], ¥V € C.If there exists such an homotopy, we will
write '~ G (rel C).
(1) Prove that this relation is an equivalence relation.
(2) Reformulate Definition 4.5 in this context.

5.8. For an open set U C R" define the reduced homology, I:IZ,(U)7 as the homology of the augmented

chain complex
- — Gp(U) — Cpa(U) — -+ — Go(U) — R — {0},
where the last map sends any singular 0-simplex to 1 € R and is extended by linearity (the other maps are

the usual boundaries). Find the relation between H,(U) and pr(U ) and prove the homotopy invariance and

the exactness of Mayer-Vietoris sequence for reduced homology.
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5.9. Prove the claim made in Remak 3.4 that the homology of the complex of continuous singular
simplexes is isomorphic to the homology of the complex of the smooth singular simplexes (hint: use Lemma

3.1 and the Mayer-Vietoris exact sequences).

5.10. Compute the homology of R\ {0} without using the de Rham Theorem (hint: look at the Example
5.13 of Chapter 1).

5.11. Prove Proposition 4.6.

5.12. Given a close smooth curve v : [0,1] — U C R”, we define the n-iterated, 7, : [0,n] —

U, vo(t+m)=~(t), m=0,1,...n—1, t €[0,1].
(1) Prove that, if w € Q'(U), [,
(2) Prove that, if U has the property that for a given closed curve « : [0,1] — U there exist n € N

such that =, is homotopic to a constant, then H(U) = {0}.

nw:nfvw.

5.13. Prove that an open set U C R™ is simply connected if and only if any two curves 7; : [0,1] —

U, i = 0,1 with with the same endpoints are homotopic relative to {0,1}.

5.14. Prove that any continuous curve v : [a,b] — R?\ {0} admits angular functions (hint: use polar
coordinates to prove the claim when the image of 7 is contained in a half plane. Then...). Extend Theorem

4.16, Definition 4.29 and Theorem 4.31 to the case of continuous functions.
5.15. Prove the formula in Remark 4.18.

5.16. Let v : S* — R?\ {0} be an odd closed curve, i.e. y(—t) = —y(t), t € S'. Prove that w(y) is
odd.

5.17. Prove the following Theorem of Borsuk: if f,g : 52> — R are odd continuous functions, there
exists p € S2 such that f(p) = 0 = g(p) (hint: use the projection of the closed upper hemisphere onto the
unit disk to define a function of the disk in R?).

5.18. Let f,g : S> — R be continuous functions. Prove that there exists p € S? such that f(p) =
f(=p), 9(p) = g(—p).

5.19. Prove that there are no injective continuous function F : §2 — R2.

5.20. Let w = a(z,y)dx + b(x,y)dy be a smooth closed 1-form in R?\ {0}. Suppose that, for 0 <
22 +y? < K, the function a, b are bounded. Prove that w is exact (hint: use homotopy invariance to show
that for all closed curves v : ST — R?\ {0}, f,y w=0).

5.21. Let F : S — S™ be a smooth function and F : R"*1\ {0} — R**1\ {0}, F(tz) = tF(z).
Then we have an induced linear map F, : H,(R""1\ {0}) ¥ R — H,(R"*!\ {0}) = R. This map is
multiplication by a real number dg(F), called the degree of F. It is known that dg(F) € Z ° . Let D!
be the unit disk and G : D"*! — R"*! a smooth function not vanishing on the unit sphere S = 9D"*1.
Then the degree of G, dg(G), is defined as the degree of the map G(z) = % Prove that, if dg(G) # 0,

then the equation G(z) = 0 has a solution.

91t follows, from homotopy invariance, that homotopic maps have the same degree. A basic fact in homotopy theory is

the Theorem of Hopf: if tho maps from S™ to S™ have the same degree, then they are homotopic.
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5.22. Prove that there are not smooth maps F : D"l — §" = 9D"*+! guch that F(z) =z Vz € S™.
Use this fact to prove the celebrated Brouwer fix point Theorem: any continuous map G : D"*1 — Dntl
has a fixed point, i.e. a point # € D"t such that G(x) = z (hint for the Brouwer fix point Theorem:
if G(x) #  V x € D"! take the halph line starting at G(z) containing x and define F(z) to be the
intersection of this halph line with S™. Then ...).

5.23. Let U C R? be an open set such that H'(U) = {0}. Prove that any smooth Jordan curve
v : 81 — U is homotopic, in U, to a constant curve (hint: by Theorem 4.27, v(S!) is the boundary of a
disk in R2. If the disk is in U, the curve is contractible by Exercise 5.4. If not use the angle form to get a
contradiction).

REMARK: This fact implies that U is simply connected (see Remark 4.9).

5.24. Let U C R? be an open set and X : U — R? a smooth vector field. Let D, C U be a disk of
radius €, with center p € U, such that X (q) # 0, Vq € D\ {p}. The point p is called an (isolated) singularity
of X. The index of X at p, i(X,p), is defined as the degree of X|p_, i.e. the winding number of the curve
X (p+ €ecos2nt,p + esin27t), t € [0, 1].

(1) Let v:[0,1] — U be a piecewise smooth, positively oriented closed Jordan curve bounding a disk

in U, containing p in its interior. Prove that i(X,p) is the winding number of X o +.
(2) If X(x,y) = (f(x,y),9(x,y)), prove that

, 1
i(z,p) = 727r/67
Y

where 7 is as in the preceding item and

—gdz fdy .

X w

T 21 g2 f2+g2:

)

where w is the angle form.

(3) Prove that if X (p) # 0, then i(X,p) = 0.

(4) Let X : R? — R? be a linear isomorphism. Prove that i(x,0) = 1 if det X > 0 and i(x,0) = —1 if
det X < 0.

(5) Assume that X (p) = 0 and dX (p) is invertible. In this case we will say that p is a simple singularity
of X, positive, if detdX(p) > 0, negative otherwise. Prove that a simple singularity is isolated
and i(X,p) = £1, depending if p is a positive or negative simple singularity (hint: by Taylor’s
formula X (¢) = dX(0)(q) + R(q)l|q||, with lim,_.o R(¢) = 0. Prove that H(q,s) = dX(0)(q) + (1 —
t)R(q)|lqll # 0, if ||¢|| is sufficiently small. Hence...).

(6) Prove the following formula, called the Kronecker formula.

Let D C R? be a closed disk, with center ¢ and radius 7, and X : D — R? be a vector field with

only simple singularities, none of which is in dD. Then

2i/9=P—N,
T Jy

where v(t) = p+r(cos 2rt, sin 27t), P is the number of the positive singularities and N the number

of the negative ones.
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REMARK: The condition (X, p) = 0 does not imply X (p) # 0 (find an example!). However, if i(X,p) = 0,
given € > 0, we can find a vector field X which coincide with X outside a disk of radius ¢ and center p,

without zeros in that disk.

5.25. Let f: U C C = R? — C be a holomorphic function (see Exercise 9.28 of Chapter 1), f = u+iv.
(1) Prove the following Cauchy’s Theorem:

THEOREM: If U is simply connected and 7 : S — U is a closed piecewise smooth curve then

Af(z)dz = [y(udx —vdy) —H’/ﬂ/(udy +vdx) = 0.

(2) Suppose that f/(z) # 0 for z in a disk D C U and f(z) # 0 for z € OU. Prove that the number of
zeros in D is given by
Y,

211 oD f
(hint: prove that the singularities of the vector field X (z,y) = (u(z,y), (v(x,y)) are all simple and

positive. Then....).

5.26. Use Exercise 5.21 to define the index of a vector field X : U C R®™ — R" at a point p € U and

try to extend, as much as you can, the facts claimed in Exercise 5.24 for this situation.

5.27. Make the following claim precise and prove it

CLAIM: the de Rham isomorphism is natural with respect to smooth maps.
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