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IIpeaunciaoBue
K IIepBOMY U3JIAHUIO

Kak ciemyer u3 Ha3BaHusA, 9Ta KHATA IOCBAIIEHA (PYHKIMOHAJIHHOMY aHa~
mu3y. TepmuH «hyHKIMOHATBHBIN aHATU3» OBLT M300PETEH B CAMOM HAYAJe
rekymiero Beka K. AjaMapoMm, M3BECTHBIM BCEM MaTeMaTHUKaM 10 (hopmy-
Jie JJIsi BBIYMCJIEHUSI PaJIAYCa CXOJUMOCTU CTEIEHHOIO psana. DPyHKIHOHAIB-
HBIM AHAJM30M CTaJIi Ha3bIBATh HOBYIO BETBb BAPHUAIMOHHOI'O HCYUHCJIEHUS,
KOTOPYIO MHTEHCUBHO pa3pabarbiBajiu B TO Bpems B. Bosbreppa, Y. Apue-
ga, I1. JleBu, C. Ilunkepsie u psij Apyrux upejcraBuresieii dpaHIy3CKol u
ATAJbSIHCKON MaTeMaTUIECKUX IIKOJL.

Bkaag 2K. Anamapa B co3zianue HOBO# JUCIHUIIMHBL HE CBOJIUTCS, Pa3y-
MEEeTCsl, K M300PETEHHIO CI0Ba, (PYyHKITMOHAI (TOYHEE, K TPEBPAIIICHHIIO COOTBET-
CTBYIOIIETO IIPUJIATATEJILHOrO B uMs cymectsuTesabroe). 2K. Amamap xoporo
IIOHMMAJI POJIb 33POXKTAIONIET0Cs HAIIPABJIEHHSI, HHTEHCUBHO paboTaJI, IIOCTO-
SIHHO MPOIAaraH upoBaJl BHOBb BO3HUKAIOIINE MTPOOIEMBI, UAEN U MEeTOAbl. B
YaCTHOCTH, OH IOCTaBmUII meper, csouM yuennkom M. @perre 3amady mocrpoe-
HUSI TOTO, YTO BCE TElEePb HA3LIBAIOT TEOPHUEN METPUYIECKUX IPOCTPAHCTB. B
9TOil 7K€ CBA3U YMECTHO OTMETUTDH, YTO OKPECTHOCTH, IIPUMeHsIeMble B (DYHK-
[IMOHAJILHOM aHajm3e B cMmblciie Axamapa — Bousbreppa, nocityzkuiaum npejrre-
qeit m3BecTHBIX pabor @. Xaycmopda, o3HaMEHOBABIMIMX OMOPMIIEHHE OOIIeit
Torosorun. Jyisi masbHERINero BaXKHO MOJYEPKHYTH, UTO OJHO M3 Hambojee
WHTEPECHBIX, TPYJAHBIX U Ba’KHBIX HAIIPABJIEHUI KJIACCHIECKOI'O AHAIU3A —
BapHUAIOHHOE MCYNCJIEHUE — CTAJIO II€PBBIM MCTOYHUKOM (DyHKIMOHAIBLHOIO
aHaJII3a.

BropbiM mcTouHUKOM (DYHKIIMOHAJIBHOTO aHAIN3a OBLIN HUCCIETOBAHUS,
HaIpaBJIEHHbIE Ha CO3/IaHue ajareOpamvecKoil Teopun OyHKIINMOHAIBHBIX yPaB-
HEHUIl, TOYHee IOBOPsI, HA YIPOIIEHNE U (HOPMAJN3ANNI0 MAHUITYINPOBAHUS
«ypaBHEHUSAMHU B (DYHKIUSIX> U, B YACTHOCTH, JIMHEHHBIMYU WHTETDAJTHLHBIMEA
ypaBHeHusimu. Teopus Takux ypaBHeHwuii, Bocxozggamas K H. A6eso u 2K. JIny-
BUJLITIO, TIOJTy"MJIa CYIIIeCTBEHHOE pa3BuTue B paborax V. @penronbma, K. Heii-
mana, ©. Hérepa, A. [lyankape u np. Tpyasl 9Tux MareMaTHKOB IIOIOTOBH-



IlpennciaoBue ix

JIM TI0YBY 3HAMEHHUTBHIM ucciaenoBanusaM . I'mipbepra 1o Teopun KBagpaTud-
HBIX (POpM OT GECKOHEUHOrO Yucja nepemenubix. Umen 1. I'miasbepra, passu-
Teie @. Puccom, . IlIMuarom u Ap., HEOCPEICTBEHHO IIPEIIECTBOBAIN aK-
CHOMATHUYIECKOMY TIOCTPOEHUIO TEOPHUH T'MIbOEPTOBBIX IIPOCTPAHCTB, JTAHHOMY
II>x. dpon Heitmanom u M. Croyrnom. BosHukimuit pasmaes MaTeMaTUKHA OKa3aJl
U TIPOJIOJIZKAET OKa3bIBATH CUJIbHENIIEe BO3/IECTBIE Ha TEOPETUIECKYIO (DU3U-
Ky ¥ IPeXKJe BCETO Ha KBAHTOBYIO MeXaHUKY. Hebe3bIHTepeCHO U MOy YNTETHHO
B 9TO# CBA3U OTMETUTH, UTO TEPMUH «KBAHT» BO3HUK B ToM ke 1900 r., uTo n
TepMUH «()YHKIIMOHAT>.

TperbrM BaKHEHIIMM UCTOYHUKOM (DYHKIIMOHATHLHOTO AHAJIN3a TOCJIY-
Kuyim reomerpudeckre ujgen . MunkoBckoro. Pa3BuThblit uM anmapar KOHEY-
HOMEPHOI IeOMEeTPUN BBIINYKJIBIX TeJI IMOJMOTOBUJI TOT KPYI IPOCTPAHCTBEH-
HBIX MIPEJICTABJIEHNIT, B KOTOPOM OCYIIIECTBJISIETCS] COBPEMEHHOE PA3BUTHE aHa-
mm3a. Unpest BeimykiocTu, paspaborannas . Xemm, . Xanom, K. Kapareo-
nopu, V. Pajonom u ap., jeria BIOCJIEACTBUU B OCHOBY TEOPHUHU JIOKAJIHHO BbI-
IIyKJIBIX IIPOCTPAHCTB. B CBOIO 0Yepe/ib, 9Ta Teopusi CIIOCOOCTBOBAJIA PACIPO-
CTPaHEHUIO MeTOa 060BIIEHHBIX TPOU3BOAHBIX, OTKpBITOro C. JI. CoboneBbiM
U KOPEHHBIM 00pa30M M3MEHMBIIIErO allaparT MaTeMaTH4decKoi ¢dpusukum. B
[IOCJIEBOEHHBIE T'OJIbl PT€OMETPUYECKAs KOHIIEIIUsl BBIILYKJIOCTH 3aBOEBAJIA JIJIsT
MaTeMaTUKM HOBYIO cdepy IPHJIOKEHUN — COIUaJIbHble HAyKU U OCOOEHHO
9KOHOMUKY. VICK/IFOUUTENBHYIO POJIb IIPU 9TOM CHIMPAJIO JIMHEHHOe Mporpam-
mupoBanwne, otkpbiToe JI. B. KanTopouaem.

IIpuBeneHHbBI TIepevYeHb JIMHUI CTAHOBJIEHUS (DYHKIIMOHAJIHLHOTO aHAJIU-
3a CXeMaTHYEH, HENOJOH U NpHOJu3nUTEeNeH (TaK, OCTATUCH HEOTMEYEHHBIMU
smHus npuHnuna cynepnosunuu 1. Beprysan, mmans dyHKnit MHOXKECTB 1
TEOpUN WHTErpaJia, JIUHUS ONEPAIMOHHOTO MCYUC/IEHUs, JIUHUAS MCUUCJICHUS
KOHEYHBIX Pa3HOCTEN U APOOHOTO nddepEeHIIMPOBAHNS, JUHUS «ODIIero aHa-
Jm3a» u MHoroe japyroe). HecMmoTpst Ha 9TO, IlepednCIIeHHbIE TPU UCTOYHHUKA
OTParkKalT OCHOBHYIO, HAnboJIee CYIMEeCTBEHHYIO 3aKOHOMEPHOCTh — B (DYHKITU-
OHAJILHOM &HAJIN3€ OCYIIECTBJIEHBI CAHTE3 M PA3BUTHE WJIEH, IPEICTABICHUNR 1
METOJIOB KJIACCHYECKHUX Pa3/eJI0B MATEMATUKHN: N€OMETPUM, aJIreOPhl ¥ aHAJIU-
3a. Takum o6pazom, XoTst B OYKBAJILHOM CMBICJIE CJIOB (DYHKITMOHAJIBHBIN aHa-
I3 — 9TO aHaau3 GyHKIN 1 OYHKIINOHAIOB, JaXKe MOBEPXHOCTHBIN B3I,
Ha €ro MCTOPHUIO JaeT OCHOBAHMSA CKa3aTh, YTO (PYHKIIMOHAJILHBIA aHAJIN3 —
9TO aJirebpa, reoMeTpus U aHaJn3 PYHKIUA 1 PYHKIMOHAJIOB.

Bonee rmybokoe n pasBepHyTOe pa3bsiCHEHHE MOHATUS «(PYHKIIMOHATIb-
HBI aHaau3» gaer Coeerckuii Dumukaonequdeckuit Cioapb: «PyHKINO-
HaJbHBIA aHAJIN3, OJWH U3 OCHOBHBIX Pa3ejiOB COBPEMEHHON MATEMATUKU.
Bosuuk B pesynbrare B3anMHOTO BiUsIHAS, O0bEINHEHNS U 0O0OIIEHNST UIei 1
METOIOB MHOTHX Pa3eJI0B KJIACCUIECKOTO MATEMATHIECKOTO aHAJIN3a. XapaK-
TEPU3YETCsl UCIIOJIb30BAHUEM IIOHSITHUH, CBA3AHHBIX C PA3JIMIHLIMU abCTPaKT-
HBIMY ITPOCTPAHCTBAMU, TAKUMH, KAK BEKTOPHOE ITPOCTPAHCTBO U jp. Haxomur



X IIpenucioBue

pa3HOoOOpa3Hble IPUMEHEHNS B COBPEMEHHON (U3MKe, OCOOEHHO B KBAHTOBOM
MexaHuke»> (c. 1449).

Odopmienne QyHKIIHOHAILHOIO aHAIN3a KaK CAMOCTOSITEILHOIO pas3ze-
Jsia MaremaTuku cBa3ano ¢ kauroi C. Banaxa «Teopus JuHEHHBIX onepanuiis,
BBINIEIIIIEN B CBET IIOJIBEKa Ha3aJ. BiHsHMe 9TOi KHUI'M Ha pa3BUTHE MaTeMa-
THUKU OTPOMHO — IIpEJICTaB/IeHHbIEe B Hell KoHrenimu C. Banaxa MpoHU3bIBAIOT
BCIO MATEMATHUKY.

Brrmaromuiics Bkian B pazsuTne pyHKIIMOHAJIHLHOTO aHAJIN3a BHECIU CO-
Berckue yuenble V. M. l'enndanm, JI. B. Kaaroposuu, M. B. Kenapim, A. H.
Koamoropos, M. I'. Kpeitn, JI. A. Jliocrepunk, C. JI. CoboseB. s ore-
YeCTBEHHOM IMIKOJIBI XaPAKTEPHO Pa3BUTHE UCCJEIOBaHM B 0bacTu DYHKIU-
OHAJILHOTO AHAJIN3a B CBA3U C KPYHIHBIMU MPUKJIAIHBIMU IpobjeMaMu. DTu
HCCJIETOBAHUS PACIINPUIINA POJIb DYHKIMOHAIBHOIO aHAJIN3a — OH CTAJI OCHOB-
HBIM sI3BIKOM MPUJIOKeHUT MaTeMaTuku. [lokasaresen ciaemyrommuit pakrt. Xo-
T B 1948 r. camo HaszBauume MUpPOKO m3BecTHOU craThu JI. B. Kanroposuua
«DyHKIIMOHATBHBIN aHAJIN3 U MPUKJIATHAS MATEMATHKA», 3AJIOXKUBIIEN OCHO-
BBl COBPEMEHHOI TEOPHUH IPUOIMKEHHBIX METO/IOB, BOCIPHHUMAJIOCH KaK I1a-
pagokcaibHoe, yxke B 1974 r., o cioam C. JI. CobosieBa, TEOPUIO BBIYUCIEHUI
CTaJI0 «TaK Ke HEeBO3MOXKHO cebe MpeCcTaBuTh 6e3 GHaHAXOBBIX IMPOCTPAHCTB,
KakK 1 6€3 9JIeKTPOHHBIX BBIYUCIUTETHHBIX MAITHH».

Hapsny ¢ mocTossHHBIM poCcTOM NOTPeOHOCTEl B METOIAaX M IIPEeJICTaBIIe-
HUSX (DYHKIMOHAJTBHOTO aHAIN3a B MOCIEIHEE BPeMsl HAOJIOIAETCs SKCITOHEH-
IMaJbHOE HAKOILIEHNE (DAKTUIECKOTO MATEPUATIa B PAMKAX CAMOI ITOM JIuC-
IUIIHHBL. TakuM 06pa3oM, Pa3pbiB MEK/Iy COBPEMEHHBIM YPOBHEM aHAINU3A 1
ypOBHEM, 3aUKCUPOBAHHBIM B JIOCTYIIHOM IINPOKOMY UYHTATENIO JIUTEPATYPE,
ITOCTOSTHHO yBeJIMYMBaeTcsl. HacTosiiast KHUra mpecyeayeT IeIb MTPEOI0IeHIs
9TOI HEraTUBHOI TEHOEHIUU.



IIpeauciaoBue
KO BTOPOMY M3IAHUIO

B Teuenue Gosiee jrecsiTKa JIeT 9Ta KHUTA UCIOJIL3YETCs B KAIECTBE
OCHOBBI 00s13aT€JILHOTO KypcCa JIeKIWil 1m0 (PyHKIIUOHAJIBHOMY AHAJMU3Y
B HoBocumbupckoM rocymapcTBeHHOM yHUBepcuTeTe. Bpems moarBepan-
JI0 ODOCHOBAHHOCTH IPUHIIUIIOB COCTaBIeHUsA MOHOTpadun. B mHacTos-
Iee U3JIaHNe BHECEHBI PAa3/Iesibl, TPAKTYIOIINE OCHOBBI TEOPUHU PAaCIIpe-
JieJieHuit, JT00aBJIEHBI YIIPaXKHEHNsI TeOPETHIECKOI0 XapaKTepa U CyIIe-
CTBEHHO OOHOBJIEH CIIMCOK JINTEPATYPHI. YCTPAHEHBI TaK>Ke HETOYHOCTH,
YKa3aHHbIE MHE KOJIJIETAMHU.

[Momw3ytock cirydaem mobIarofapuTh BCeX, KTO IIOMOI MHE B ITO/I-
TOTOBKE 3TO¥M KHUTH. Moit mpusaTHBIH 10T 0000 OTMETUTDH (PUHAHCO-
BYIO IIOJJIEPXKKY BO BpeMsl IIOJIOTOBKY U3JIaHUs CO CTOPOHBI VIHCTHTYTA
maremaTuku uM. C. JI. CoboseBa Cubupckoro orgenenust Poccuiickoit
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T'nmasa 1

DKCKYypPC B TEOPUIO MHOXKECTB

1.1. CoorBercrBUa

1.1.1. OnPEAENEHUE. Ilycts A uw B — muOXkecTBa U F' — m0J-
MHOXKecTBO npoussegenus A x B. Torma F Ha3bIBaIOT cOOMEEMCmMeueM
¢ obaacmuro omnpassenus, A u obaacmuoro npubvimus B wnim, Kopode,
coorBercTBueM u3 A B B.

1.1.2. ONPEAENEHUE. s coorBercTBust F' C A X B MHOXKECTBO
domF:= D(F):={a€ A: (3be B) (a, b) € F}
Ha3BIBAIOT 004acmbio onpedesenus F, a MHOXKECTBO
imF:=R(F):={beB: (3ac€ A) (a, b) € F}

— obaacmwro 3navenuti uana obpazom F.

1.1.3. IIPUMEPHI.

(1) Ecim F' — coorsercrBue u3 A B B, T0
F1={(b,a)eBxA: (a, b) € F}

— coorBercTBue u3 B B A, HaspiBaemoe obpamuvim K F. Scno, uro F
06paTHO K cooTBeTcTBHIO F 1.

(2) Ommowenue F' B A — sro coorsercrBre F' C A X A.

(3) IIycts F' C A x B. Torma F Ha3bIBAIOT 00HO3HAYHbIM
COOTBETCTBUEM, €CJIM I Kaxnoro a € A u3 ycuosuil (a, b)) € F u
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(a, bg) € F BolTekaer, uyro by = by. B wacrnocru, ecimu U C A u
Iy = {(a, a) € A2 : a € U}, to Iy — 0OHOZHAYHOE COOTBETCTBUE
u3 A B A, 0 KOTOPOM I'OBOPST M KaK O MOHCIECTNEEHHOM OMHOWEHUL
um mosicdecmee na U. Ortnomenne U? HA3BIBAIOT NpoMUCKYUMEMOM
na U. CoorBercrBue F' C A X B Ha3bIBAIOT 0Mobpasicenuem MHOKECTBA
A B mHOX)ecTBO B, eciiu F' omgrosHauno u dom FF = A. CoorBercrBue
Iy sBnsiercss orobpaxkenueMm ToibKo npu A = U. B stom cayuae Iy
HA3BIBAIOT Mmodtcdecmaennvim omobpasiceruem. Orobpaxkenune F C A X
B obosnagaror cumBosiom F' 1 A — B. CrouT moI4epKHYTb, UTO HPH
sroMm HernpeMeHHo dom F' = A u B TO ke BpeMsi obpa3 im F' moxker
ornudarbcsad or B. Pasencrso im ' = B BolgesdioT ciaoBamn: «F —
omobpasrcerue A na B».

Haxonern, ecmm cootserctsue F~! C B x A oKasbIBaeTCs OTHO3HAY-
HBIM, TO HCXOIHOe orobpaxkenue I : A — B Ha3bIBaIOT 63GUMHO 00HO-
BHAYHBLM.

(4) Bmecro orobparkeHuil MHOTZA TOBOPAT O CeMeHCcTBax.
Tounee, orobpazkenue F : A — B 1pu »KeJIaHUN HA3BIBAIOT CEMEUCEOM
ssteMeHTOB B u o6o3navaior npocro (by)eca, win a — b, (a € A), ninu
maxe (bg). Mwmeercs B Bumy, 9ro (a, b) € F B TOM H TOJIBKO B TOM
ciaydae, ecim b = b,. lomyckast BOTBHOCTD, HE PA3/JIMIAiOT CEMEHCTBO 1
ero o0JacTh 3HAUEHUil.

(5) Hycrs FF C A x B — coorsercrue u U C A. Coorser-
creue F'N (U x B) C U x B naspBaior cyosrcenuem F wa U mwmun caedom
F na U n oboznavaior F'|y. Muoxecrso F'(U):= im F|y HassBaoT 06-
pasom mHOXkKecTBa U mpu coorBercrBun F. IlpumeHsior ecrecTBeHHBIE
cokpamenus. Tak, ecau F' — orobpazkeHne, TO I SJIEMEHTa ¢ MHATITYT
F(a) = b, nompasymesas F'({a}) = {b}. Crobku B cumBosie F'(a) gacro
OIIYCKAIOT WJIM M300parkaroT B nHoM Hadepranuu. OTMeTbTe, HAKOHEII,
qTo 00pa3 mpu 0OpPATHOM OTOOParKEHWH HA3BIBAIOT Tpoobpasom. Todu-
ree rosops, obpaz F~1(U) mmoxectsa U B B npu coorsercTsum F~1
HA3BIBAIOT NPoobpasom MuOXKecTBa U 1mpu coorsercTBum F.

1.1.4. OnPEAENEHUE. g FF C A X B u G C C x D MHO)KeCTBO
GoF:={(a, d)e AxD: (3b) (a, b) € F & (b, d) € G}

HA3BIBAIOT KOMNO3uyued unu cynepnosuluet; coorsercreuii F u G. Ilpu
srom GG o F' paccmarpuBatoT Kak coorBercTBue u3 A B D.
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1.1.5. BAMEYAHUE. O6beM MOHATHS CYTEPIO3UIHH, 110 CYIIEeCTBY,
He yMmeHbInuTCs, ecu B 1.1.4 3apanee cunrtars, uro B = C.

1.1.6. IIycrs F — coorsercrue. Torna F o F~1 O Iijnp. Bouee
toro, F o F~' = Iij,,r B TOM U TOJIBKO B TOM CJIydae, ecau F l[dom F —
970 oTObparkenwue. <>

1.1.7. IIyctrb F C AXx B, G C BxC uU C A. Torga s
coorBercrBuss Go F C A x C 6yner Go F(U) = G(F(U)). <>

1.1.8. IIycte F C Ax B,GC BxC, HC C x D. Torza coorBer-
cruss Ho (GoF) CAXx D u(HoG)oF C Ax D cosuazgator. <I>

1.1.9. BAMEYAHME. B cuny 1.1.8 pasymuo onpejeser cumsos H o
G o F' u eMy 10/100HbBIE BBIPAYKEHUS.

1.1.10. Ilycrs F, G, H — tpu coorBercrBus. Torma

HoGoF = ) F'(b)x H(o).
(b,e)eG

<d(a, d)e HoGoF < (3(b, ¢)€@) (¢, d) e H& (a, b)) e F &
(3, c)eG)ac F1(b) &de H(c) >

1.1.11. 3AMEYAHUE. Ilpemmoxenune 1.1.10 u BbIKJIagKA, pUBE-
JIeHHasI B Ka4eCTBE €ro JI0Ka3aTeIbCTBA, ¢ (POPMAJILHON TOYKU 3PEHUS
BOIHAIONTE HEKOPPEKTHBHI, IMOCKOJBKY OCHOBBIBAIOTCS HA HEOTOBOPEHHOM
SIBHO WJIM Ha JBYCMBICJICHHON nHbOpMaluy (B 9aCTHOCTH, Ha OLpPEIeie-
aun 1.1.1). OublT 003BoJIsSIET CYUTATH YKA3AHHYIO KPUTHUKY [IOBEPXHOCT-
Hoit. [ToaroMy B JabHelieM aHAJIOTIIHOIO POjia YI00HbIE (& HA caMOM
Jlesie 1 Hem36eXKHble) HEKOPPEKTHOCTU OY/yT, KaK IIPABUJIO, UCIOJIb30-
BaThCs O€3 CIIEIUABHBIX OTOBOPOK M COYKAJIEHUIA.

1.1.12. JIns coorsercrBuii G u F' BermosineHo

GoF = [J F'(b) xG().

be imF

< B 1.1.10 monaraem: H:= G, G:=Ijpyp u F:=F. >
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1.2. YnopsigodeHHbIe MHOXKECTBAa

1.2.1. ONPEAEJIEHUE. IlycTh 0 — oTHOIIEHne B MHOXKecTBE X, T. €.
0 C X2. Pepaercuerocms o 03HAUAET BKIIOUEHIE 0 O Ix, mpansumus-
HOCMb — BKJIIOUEHUE 0 0 0 C 0, GHMUCUMMEMPUYHOCTIL — BKJIIOUCHUE
ocnNo ! C I'x m, HAKOHEI, CUMMEMPUYHOCTIL ¢ O3HAYAET PABEHCTBO
o=o0"L

1.2.2. OIIPEJEJIEHUE. PedJiekcuBHOE U TpaH3UTUBHOE OTHOIIIEHUE
Ha3BLIBAIOT omHoweHuem npednopadka. CHUMMETPUIHBIA MPEIIOPSIIOK
Ha3BIBAIOT 9K6UBANAEHMHOCTILI. AHTUCUMMETPUYHBIN IIPEAIIOPSII0K Ha-
3BIBAIOT NOPAIKOM.

Eciu X — muO)KeECTBO, a 0 — 10psiiok B X, 1o napy (X, o) Hasbl-
BAIOT YNOPAJOUEHHBIM MHOHCECTNEOM U IUIIYT T <, Yy BMeCTO Y € o(x).
HortyckatoT 0ObIYHBIE BOJIBHOCTH CJIOBOYIIOTPEOJIEHISI U HAIIMCAHUSI: Ca-
MO X HA3BIBAIOT YIOPSJOYEHHBIM MHOXKECTBOM, IHUIIYT T < U TOBOPST
«Z MEHBINE Y» W «Y OOJIbIIE T» W T. . AHAJOTHIHBIE COTJIAIIEHUST
JIEWCTBYIOT U JIJI NPedynopAadoueHHLT MHOHCECME, T. €. MHOXKECTB C
OTHOIIIEHUSIMU TIPeANopsiaKa. [lpu 9TOM B cjiydae OTHOIIEHUsI SKBUBA-
JIEHTHOCTU UCHOJIb3YIOT 3HAKW THUIIA ~, WU IPOCTO ~.

1.2.3. IIPUMEPHI.

(1) ToxaecTBeHHOE OTHOIIEHME; MOJIMHOXKeCTBO X B X ¢
otHoreHueM og:= o N Xg X Xp.

(2) Eciu o — (npen)nopsiiiok Ha X, 1o 0~ 1

Takxke (Ipej)no-
pamok Ha X . IIpu 3ToM oTHOIIeHNe ¢~ ! HA3BIBAIOT NPOMUSONOAOHCHVLM
K 0 (IIpe1)nopsiiKoM.

(3) Hycrs f : X — Y u 7 — ornomenne B Y. Pacemorpum
B X cremyiomee ornomenue: f~'o7o f. B cury 1.1.10

florof=|J ') x f ().
(y1,y2)€T

3HAYUT, BBIIOJHEHO

(z1, 13) € floTo f & (f(x1), flx2) €T

TakuM 06pa3oM, ecm T — 3TO IPeIHOPAIoK, To f~ L oTo f Toxke mpemmo-
PSIIOK, HA3BIBAEMBIA npoobpasom T pu orobpaxkenuu f. flcHO, 9TO HIpO-
00pa3 9KBUBAJIEHTHOCTU sIBJISIETCsl SKBUBAJIEHTHOCTbIO. B TO Ke BpeMsi
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mpoobpa3 mopsiaka He 00si3aH OBITh AHTHCHMMETPUIHBIM OTHOITEHUEM.
B wacTtHOCTH, Tak, KaK MpaBUJIO, OBIBAET JIs CJIEIYIONIEr0 OTHOIIEHUST
sKkBHUBaJIeHTHOCTH: f to f = f~loly o f.

(4) Iycre X — npousBoJbHOE MHOXKECTBO U W — DKBUBA-
nentaocts B X. Oupenemny orobpazkenne ¢ : X — 2% mpasmiom
o(z) = w(z) (31ecy 2% — 310 MHOsICECME0 NOIMMHOIHCECME X, 06O-
sHauaemoe Takxke n P (X)). Iyers X := X/w := ime — Paxmop-
mrooicecmao. OToOparKeHue ¢, KaK U3BECTHO, HA3LIBAIOT KAHOHUNECKUM
(KaHOHMYECKO npoekIueil, (aKTOPHBIM OTOOPAXKEHUEM U T. 1L.). 3ame-
THM, UTO ¢ CIUTAIOT JeficTyronmM Ha X . MHOxecTBo () Ha3BIBAIOT
KAACCOM IKBUSAAEHIMHOCTIU I KOMHOMCECMEoM dmeMeHTa T. OTMe-
THM elIe, 9TO

w=¢top=J e '@ xe (@)
ex

8|

IIycts temeps f : X — Y — orobpaxenue. Torma f momyckaer chu-
orcenue f Ha X, T. €. CymecTByeT oTobpazkerue f : X — Y Taxoe, 9TO
foy = f B TOM 1 TOIBKO B TOM ciyuae, ecim w C f~ Lo f. <>

(5) Hycrs (X, o) u (Y, 7) — aBa upepynopso9eHHbIX MHO-
xkecrBa. Orobpaxenne f : X — Y gospacmaem (1. e. = <, y =
f(x) <, f(y)) B TOM 1 TOMBKO B TOM cirydae, ecim o C f~loTo f. <>

1.2.4. OOPEJAENEHUE. Ilycrs (X, 0) — yHOpsiiO9eHHOE MHOXKe-
crBo 1 U — mommuOXKecTBO B X. DuemenT x € X Ha3LIBAIOT G8eprHel
epanuueti U, ecrm U C o~ (x). Koporko mumyT: x > U. B wactaocTH,
T > . dnement xr € X Ha3LIBaAIOT HudcHel epanuyeti U, ecnn x sBs-
eTcs BepxHeil rpanuieil U B IPOTUBOIOJIOKHOM Hops ke o~ 1. Koporko
mumyT: ¢ < U. B gactHocrn, x < &.

1.2.5. BAMEYAHUE. B jasipHeiieM Mol 6yjieM J0MyCKATh BOJIBHO-
CTU IIPYU BBEJICHNU MOHSTHI, ITOJIyYaIONIUXCS U3 JIAHHBIX IIyTEM IIepeXoia
K IPOTUBONOJIOKHOMY (11pen)nopsiiky. OTMeTUM TakzKe, 9TO OIpejIeie-
HHUE BepXHel W HUXKHEH I'DAHUI] OCMBICJIEHO M B IIPEIYHOPST0YEHHBIX
MHOYKECTBaX.

1.2.6. OIIPEJEJ/IEHUE. DJIeMEHT T Ha3bIBAIOT HAUOOALUUM B MHO-
xxectBe U, eciim x > U nx € U. AHAJIOTMYHO ONPEJIETISIIOT HAUMEHLULUL
asremenT U.
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1.2.7. Ilycre m,(U) — COBOKYHHOCTH BceX BEpXHHX I'DAHHIL HOJI-
muoxkecta U B ynopsipodennom muoxkecrse (X, o). Ilycrs, nadee,
x € X — manbospmuit s;1ement U. Torma, Bo-epBbIX, T — HAHMEHBIIHLH
sstement 7, (U), a Bo-Bropeix, o(x) NU = {z}. <>

1.2.8. BAMEYAHUE. [Ipemioxkenne 1.2.7 gBisiercs OCHOBON JBYX
00001IIeHNIl TTOHATUA HAMOOJBIIEr0 JIEMEHTA..

1.2.9. ONPEAEJIEHUE. DjemedT x w3 X HA3BIBAIOT MOYHOTU 6epT-
Hel epanuyets muoxkecrBa U B X, ec/in & — HAMMEHBITUH 3JIEMEHT MHO-
»KecTBa Bcex BepxHuX rpanur; U. Ilpm srom numyr x = supy U wimn,
Kopoue, * = supU. Amnasoruyso (opu nepexojie K IPOTHBOIOJOXKHO-
MY HOPSAIKY) OUDPEAEIAIOT MOYHYI0 HUNCHIOW 2panuyy MHOXKecTBa U —
snement inf U win, Gostee nostao, infx U.

1.2.10. ONPEJEJ/IEHUE. DJIEMEHT T YIIOPSAI0YEHHOTO MHOXKECTBA
(X, 0) Ha3BIBAIOT MAKCUMAALHOIM B TTOAMHOXKecTBe U MHOXKecTBa X,
ecin o(z)NU = {z}. AHAIOIIYHO OIPEAEIAIOT MUHUMAALHDLT JTEMEHT
MHOXKecTBa, U.

1.2.11. BAMEYAHUE. Heo6xXoauMo OTYETINBO MPEACTABIATDL cebe
pazauYns u obIIre IepThl MOHATHI HAXOOIBIIEro M MAKCUMAJILHOTO JJIe-
MEHTOB M TOYHOI BEpXHEH I'DAHUILI MHOXKECTBa. B 9aCcTHOCTH, CTOUT
«IKCIIEPUMEHTAIBHO» YIOCTOBEPUTHCS, UTO y «TUINIHOTO» MHOXKECTBA
HET HaubOJIBIIErO JJIEMEHTA, OJHAKO MAKCUMAJIbHbIE 3JIeMEHThI BCTpeJa-
IOTCS.

1.2.12. OOPEAEJEHUE. YTOPSI09€HHOE MHOXKECTBO X HA3BIBAIOT
pewemxoti, eCJiu s JTIOOBIX IBYX JJIEMEHTOB X1, To U3 X CYIIECTBYIOT
UX TOYHAs BEPXHsisd I'PAHUNA T1 V Tg:= sup{zi, To} U TOYHAA HUXKHSIS
rpanuna xi A To:= inf{zy, xo}.

1.2.13. OOPEAEJEHUE. YTOPSI0Y€HHOE MHOXKECTBO X HA3BIBAIOT
noanotl peutemxodi, ecan Jrdoe MOAMHOXKECTBO X MMEeT TOUHYIO Bepx-
HIOIO U TOYHYIO HUXKHIOIO T'DAHUIIBI.

1.2.14. YnoopsimodeHHOe MHOXKECTBO SIBJISICTCSI ITIOJTHOH DEIIeTKOH B
TOM U TOJIBKO B TOM CJIy9ae, €CJId JIIob0e ero moJMHOXKECTBO HMEET TOY-
HYIO BEpXHIOIO IpaHuIry. <>

1.2.15. OTIPEJIEJIEHUE. YHopsizioueHHOe MHOXKecTBO (X, o) Takoe,
yro X? = 07! 0 0, HA3BIBAIOT PUALMPOBANHBIM NO B03PaAcCarUI0. AHa-
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JIOTUYIHO OIIPEJIEJISIIOT (husbmposartoe no youeanuto Muoxkectso. Herry-
cTroe (bUIBTPOBAHHOE IO BO3PACTAHUIO MHOXKECTBO HA3BIBAIOT HANPAG-
AEHHBIM A, KOPOYE, HANPABAEHUEM.

1.2.16. ONIPEAEJIEHUE. OToOpakeHre HAIPABIEHHOTO MHOXKECTBA
B JIAHHOE MHOXKeCTBO X HAa3bIBAIOT (0006wenhol) nocaedosamesvho-
cmoto min cemwvio B X. Orobpazkenust (€CTeCTBEHHBIM 00pa3oM) Ha-
[PABJICHHOIO MHOYKECTBa HaTypasbHbIX dncel N B X HasbpiBaioT (cuer-
HBIMHU) nocaedosamesvrocmamu. (Ciemyst onHol n3 Tpajuumii, mosara-

or N:={1,2,3...}.)

1.2.17. PerieTka siBJIsI€TCS MOJHOH B TOM U TOJIBKO B TOM CJIydae,
ecsi J1oboe (pHIFTPOBAHHOE MO BO3PACTAHHIO MHOXKECTBO B HeEll mMeeT
TOYHYIO BEPXHIOIO I'paHHuIry. <>

1.2.18. BAMEYAHUME. Cwmbicia 1.2.17 cocTouT B TOM, 9TO JJIsl HAXO-
KJIEHUs] TOYHON BepxHeil IpaHuIibl JII0O0ro MOoJAMHOXKecTBa B X cirejry-
€T HAy4YUThCsl HAXOIUThb TaKue IPAHUIIBI JJIsl JBYXJIEMEHTHBIX IOIMHO-
KecTB B X U JJIsT BO3PACTAIONINX CeTell 31eMeHTOB X .

1.2.19. ONPEAENEHUE. Ilycts (X, 0) — yHnopsiioueHHOE MHOKe-
creo u X2 = o0 Uo ', Torma X HA3BIBAIOT AUHETHO YNOPADOUECHHDLM
mHO)KecTBOoM. Ecmm Xy — HemycToe JIMHEITHO yHOPSIOYEHHOE MTOIMHO-
KectBo X, To X Ha3bBaIOT uensvto B X. Hemycroe ymopsmgouennoe
MHOKECTBO Ha3BIBAIOT UHIYKMUBHDLM, €CITU JIIODAsT TIellh B HEM OTPaHM-

9eHa cBepxy (T. €. UMeeT BEPXHIOI TDAHMILY ).

1.2.20. Jlemma KyparoBckoro — Ilopra. NugykTHBHOE MHO-
KECTBO HMEET MaKCUMAJIbHBIH 2JIEMEHT.

1.2.21. BAMEYAHUE. Jlemma Kyparosckoro — Iopra ciy)ut k-
BUBAJIEHTOM aKCHOMbI BBIOODA, IPUHUMAEMON B TEOPUH MHOXKECTB.

1.3. ®uabTphI

1.3.1. ONPEAEJEHUE. Ilycte X — MHOXKECTBO u B — HelycTroe
IIOJIMHO?KECTBO HEIIyCTBIX 3JeMeHToB 27 . MHOXKecTBo % Ha3bIBAIOT 6a-
sucom gusvmpa (B X), eciiu % GbusabrpoBato 10 yOLIBAHUIO IIPU BBEJIE-
HIM B MHOYKECTBO 2% moaMHOXKeCTB X OTHOIMICHHS HOPS/IKA [0 BKJIIOUE-
HUIO.
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1.3.2. IlogmuoxkecTBo B B 2% sisiercst 6a3mcoM (bHIBTPa B TOM
H TOJIBKO B TOM CJIyd9ae, eCJId

1) 242, o¢%
(2) Bl, BgG%i(EIBG%’)BCBlﬁBQ

1.3.3. ONPEAEJEHUE. [TogMuoXKecTBO # B 2% Ha3BIBAIOT (Hub-
mpom (B X), ecitn F npencrasisier coboil COBOKYITHOCTb HAJIMHOYXKECTB
HekoToporo 6asuca duisrpa Z (B X), T. €.

F =fl%:={Cec2X: 3BcPB) BcCC}

IIpu srom rosopsT, 40 B — 6a3uc F wiu 49ro F umeer B CBOUM
6a3mMcoM u T. II.

1.3.4. Ilommuosxectso .F B2X apisgercs (puabTPOM B TOM H TOJIBKO
B TOM CJIydae, eCJn

(1) 7+ 92, o¢F;

(2) Ace #, ACBC X = Be.%Z,

(3) A, Ave F=>A1NA e Z. <>
1.3.5. IIPUMEPHI.

(1) Oycrs FF C X x Y — coorBercrBue u & — buiabrpo-
BaHHOE 110 yObiBanmo momMuoKecTBo 2% . [Monoskum F(%) := {F(B) :
B € #}. Bunno, uro F (%) dunsrposano no ybeisanmio. [Jomyckaor
HEKOTOPYIO BOJILHOCTB B 0003Ha4YeHUsX, cunrag F(A):= fil F(#). Ecan
F — dbwisrp B X u BNdom F # & g Beskoro B € #, 10 F(F) —
GuiabTp B Y. DT0T GUIBTP HA3LIBAIOT 00pa3om Pusvmpa ¥ IPUA COOT-
BercrBuu F'. B wacrHoctu, eciu F' : X — Y — orobpaxkenue u B —
6azuc busnsrpa B X, 1o F(F) — duasrp B Y.

(2) Hycrs (X, o) — nanpasienue. Hecomuenno, yro % :=
{o(z) : = € X} — 10 6azuc duasrpa. Ecim F : X — Y — Hekoro-
pag 0600IIeHHAsT TTOCIeI0BATEIbHOCTL, TO (unbTp fil F(#) nasbiBator
Ppusvmpom xeocmos F.

Iycrs (X, @) uw F : X — Y — [pyrue HampaBjeHue W ceTh dJie-
menTos Y. Eciu duastp xBocroB F comepskuT GUILTP XBOCTOB F, TO
F naswBaior nodcemwio (6 wupokom cmuicae) cetn F. Ecrm ke cy-
mecTByeT TojceTh (B mmpokoM cMbicie) G @ X — X TOXKJIecTBeHHOI
cetn (Z)zex d7MeMenTos Hampasienus (X, o) Takas, uto F = F oG, To
F maspisaror nodcemwvto F (wworma rosopar: F — nodcemv Mypa wmm
cmpoeas nodcemsv F). Kaxgasg 10aceTh CJIyKUT HOACETHIO B MIXPOKOM
CMBICJIE. <|[>
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1.3.6. ONIPEAEJNEHUE. Ilycrs % (X) — coBoKynHOCTH BeeX puiib-
TpoB B MHOXKecTBe X. Ecin 1, Fy € F(X) u ¥ D Fa, TO TOBODAT,
aT0 F1 monvwe Fo win Fi mascopupyem Fo (COOTBETCTBEHHO o
epybee F wu Fo munopupyem Fi).

1.3.7. Muoxecrso % (X) ¢ OTHOLIEHHEM «TOHBILE» SBJISAETCS YIIO-
PpsigoYeHHBIM. <|[>

1.3.8. Ilycrs A — nanpasaenne B % (X ). Torgay A ects TouHast
BepxHss rpanuna Fo:= sup A . Ipu srom

Fo

UWTF: Fen)

< HykHo ybeauThcst TONBKO, 9TO %y — 310 GuibTp. ScHO, 9TO
@ ¢ Py u, B cuiy menycrorol A, Fo £ . Eem A € Fou B D A,
T0, ofboupast F u3 A, mis kKoroporo A € F, 3akmodaem: B € F C
Zo. Ecmm e A1, As € %y, TO MOXKHO HaliTh 3jieMeHT F B 4 Takoii,
aro Ay, Ay € F, ubo A — 3ro nanpasienne. Ha ocunoBanmu 1.3.4,
AiNAye F C %y >

1.3.9. ONPEJEJIEHUE. MakcuMmasbHbIE 3JIEMEHTHI B YIIOPSIOUeH-
HoM MHOXKecTBe F (X) Bcex dbuibrpoB B X HaA3BIBAIOT YAbMPaPuib-
MPamu.

1.3.10. Kaxkaprit puabTp rpybee HeKOTOPOro yabTPahuabTpa.

<! Buzgy 1.3.8 MHOXKecTBO (DUIBTPOB, COJAEPKAIINX TAHHBIHN, SABJIA-
ercst uHyKTUBHbIM. OcTaercst cocyiaTrbesi Ha JemMmy KyparoBckoro —
Ilopna 1.2.20. >

1.3.11. @uabtp F sBIsIETCS YABTPApUIBTPOM B TOM H TOJBKO
B TOM CJIyvae, ecau Jist Kaxgoro A C X smbo A € F, mbo X \ A € F.

9 =:Iyctb A¢ % uB:=X\Ag.#. Ormernm, uro A # @ u
B # @. Tonoxum F:= {C € 2X . AUC € F}. Torma A ¢ F =
o¢ FLuBeF = F # I Croab xe npocro nposeputh 1.3.4 (2)
u 1.3.4 (3). Urak, #; — duiprp. o nocrpoenuio F; O F. Paz F
— yabrpaduibrp, To F; = F. Ioayumnocs nporuBopeune: B & F u
Be#.

<: Iycrs F € F(X)u F D F. EemAe F1uAd.ZF, 10
X\A € .F no ycnosuio. Orciona X\ A € F1, 1.e. & = AN(X\A) € F,

4ero ObITH HE MOXKET. [>
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1.3.12. Ecau f — orobparkenne uz X BY u ¥ — yaprpadpuibrp
B X, 10 f(F) — ynprpaduaerp BY . <>

1.3.13. Ilycrs X = Zz,:={% € F(X): ¥ C %y} ansa Heko-
toporo %y € F(X). Torga 2 — nosHast penierka.

< IMongaruo, uro %y — naubosbmuit, a {X} — HanMenbimit su1e-
MeHTsl B 2. Crano ObITb, IyCTOE MHOXKECTBO B £ HMeeT TOYHYIO
BEPXHIOI0 ¥ TOYHYIO HIXKHIOKO rpasunpl: sup@ = inf 2 = {X} u
infg = supZ = Z%. B cmay 1.2.17 u 1.3.8 mocrarouHo ycraHo-
BUTH CyIlecTBOBaHue %1 V Fo 1jis JOObIX F1, Fo € X . Paccmorpum
Fi={A1NAy: A € F, Ay € F}. Her comnuenuit, uro F C %y u
F D F, F D Fy. IlosroMmy juis IPOBEPKU paBeHCTBA . — %1 V Fo
HY>KHO JIOKa3aTh, 9TO .% — (PUILTP.

Coorromenus % # & u & ¢ F ovyeBuaubl. fcuo takxke, uro (B,
By € # = By N By € ). Tomumo storo, eciim C D Ay N A, Tre
A€ L u Ay € jg, 0o C = {AlﬂAQ}UO = (A1UC)Q(A2UO>.
ITockombky A1 UC € F1, a AoUC € %y, esogum: C' € % . Anennanus
k 1.3.4 naer Tpebyemoe. >

YnpaKHeHust

1.1. HpHBECTH IPpUMEPBbI MHO2KECTB U HE€ MHOXKECTB, TE€OPETHUKO-MHOXKECTBEH-
HBIX CBOICTB U HE TE€OPETUKO-MHOXKECTBEHHDBIX CBOWCTB.

1.2. Moxer sm orpe3ok [0, 1] 6bITh asemenTom orpeska [0, 1]7 A orpesok
[0, 2]?

1.3. HaiiTn KOMIIO3UIINK IPOCTEHIITNX COOTBETCTBUI M OTHOIIEHUI: KBaJIPAaTOB,
KDYTOB M OKDPY?KHOCTE# C OBIIMME 1 C HECOBITAJAIOMUMU IeHTpaMu, mapos B RM x
RY npu pasnumuneix gomycrumbix zabopax M, N.

1.4. Ina coorsercrBuit R, S, T ycTaHOBUTH COOTHOIIECHUSI:

(RUS)"'=R1us™!;, (RNnS)'=R1ns 1
(RUS)oT =(RoT)U(SoT); Ro(SUT)=(RoS)U(RoT);
(RNS)oT C(RoT)N(SoT); Ro(SNT)C(RoS)N(RoT).

1.5. Ilycrs X C X x X. Iokazsars, uro X = .

1.6. BoisicHUTB yc/I0BUs pa3pemuMocTy ypapuennit A = B u AZ = B ortHo-
CUTEJIbHO % B COOTBETCTBUSIX, B (DYHKIIUAX.

1.7. HaiiTu 4muciio OTHOIIEHUH SKBUBAJIEHTHOCTU HA KOHEYHOM MHOXKECTBE.

1.8. Byzger ju 3KBUBaJIEHTHOCTBIO IiIepecedeHne dKBuBasieHTHOCTEH? Ob6bean-
HEHMe KBUBAJIEHTHOCTEH?
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1.9. Haiitu ycsioBue KOMMY TATUBHOCTH SKBUBAJIEHTHOCTEH (OTHOCHTEIBHO KOM-
[IO3WLIUN).

1.10. CkOJIBKO MOPSIJIKOB U MIPEATIOPSIIKOB HA, JBYX- U TPEXJIEMEHTHOM MHOXKE-
crBax? IlpeabsBuTh ux. UTO MOXKHO CKa3aTh O YUC/IE MPEAIOPSAIKOB Ha KOHEYHOM
MHOXKeCTBe?

1.11. Ilycres F' — BO3pacraroiee, UJIEMIOTEHTHOE OTOOpaXKEHUE YIOPSIIOYEH-
HOro MHoxkectBa X B cebs. JlomycTtum, uyro F MarXOpUpyeT TOXKIECTBEHHOE OTOO-
paxenune: F > Ix. Takwe F naspBaior omneparopamu (aGCTPAKTHOIO) 3aMbIKAHUSA
wim, Kopode, obosioukamu. VcciienoBaTh CBOMCTBA HEMOBUKHBIX TOYEK OIEPATOPA
3aMbIKAHUS.

1.12. Ilycrs X, Y — ynopspodenusie muoxkectsa u M (X, Y) — mHOXNKECTBO
BO3pacTarmux orobpazkenunit X B Y ¢ ecrecTBeHHBIM ynopsinodenueM (kaxum?). o-
Ka3aTh, YTO

(1) (M(X, Y) — pewerka) < (Y — pemierka);
(2) (M(X, Y) — nonnas pemerka) < (Y — mosHas pemerka).

1.13. YcraHOBUTB, 4TO [t yHOPSIAOYEHHBIX MHOXKeECTB X, Y, Z cupaBeJiuBbl
CIIEYIOIIYIE yTBEPKICHUSI:
(1) M(X, Y x Z) msomopduo M (X, Y) x M(Y, Z);
(2) M(X xY, Z) uzomopduo M(X, M(Y, Z)).

1.14. Cxkonabko pUILTPOB HA KOHETHOM MHOXKECTBE?
1.15. Kak yCTpOeHBI TOUHBIE IPAHUIIBI MHOXKECTBA (PUILTPOB?

1.16. Ilycts f orobparkaer X na Y. [lokazars, 9T0 KarXKIbIlil yIbTpadUIbTp B
Y ectb 06pa3 OTHOCHUTENHLHO f HEKOTOPOTO yiabTpaduiabrpa B X.

1.17. JJokazaTb, 49TO KaXKAbIH yJbTPadUILTP, MAKOPUPYIOUIUN IE€pecedeHne
ABYX (PUIBTPOB, TOHBIIE XOTs ObI OJHOIO U3 HUX.

1.18. /lokasarp, 4TO KaxKJblil DUIBTP IPEJCTABISAET COOOIO IepeceyeHne Co-
JepKAIUX ero yIbTPpaduIbTPOB.

1.19. Ilycts &/ — ynprpacdunsrp B N, comepsKamuil TOIOJHEHUST KOHEYHBIX
nogmuoxkects. s z, y € s:= RY monoxkum ¢ ~y y:= (3A € &) z|a = yla.
O6oznaunm *R:= RN/~ Jnsa t € R 3Hak *t CHMBOJHU3UPYET KJIACC, COflePKAIuit
HOCTOSIHHYIO TIOCJIEZ0BATeNbHOCTD t(n) := t (n € N). [lokasars, ato *R \ {t : t €
R} # . Bsectn B *R anreGpanveckue u HOPsJKOBYIO CTPYKTYpbl. Kak cBs3aHbl
cBoiictBa R u *R?
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BekTopHbIe TpocTpaHCTBA

2.1. IIpocTpaHCcTBa U MOAIPOCTPAHCTBA

2.1.1. BAMEYAHUE. B ajirebpe, B 9aCTHOCTH, U3y YaIOT MOJLYJIN HAJL
kosbnamu. Modyav X nad xoavyom A onpenessiior ykaszamueM abejie-
Boit rpymubt (X, +) u npeacrasiennss A B Kosble sHI0MOPGU3MOB X,
3aJIAHHOTO OTOOparKeHueM JieBoro ymuoxkenus - : Ax X — X. Ilpu arom
3apaHee 0D6eCIIednBaIOT €CTECTBEHHOE COTJIACOBAHUE OIIEPAIIUIN CIIOXKEHUS
u ymuo)keHus. C y9eToM CKa3aHHOIO TPAKTYIOT dpasdy: «Momyiab X Hal
KOJIbIOM A omuceiBaerca derBepkoit (X, A, +, <)».

2.1.2. OnPEJAEJIEHUE. Ilose BemecrBerHbix ynces R u mojie KoM-
wiekcHbIX qnces C Ha3BIBAIOT 0cHOBHbIMU Noasmu. s 0bo3HAYeHMST
OCHOBHOTO TIOJIsI UCHOJIb3YIOT Takxke cuMBoji F. Cunmrator, aro moje R
cTaHJapTHBIM (1 00Ien3BecTHBIM) criocoboM Bioxkeno B C.

2.1.3. OnNPEAEJEHUE. Ilycts F — ocHoBHOE mosie. Momyns X Hal
nosieM F maswBaior eexmoprbvim npocmpancmeom (wam F). Diemen-
Tl [F Ha3bIBAIOT ckaafApamu, a djeMeHTBl X — gexkmopamu. Bekrop-
HOE MPOCTPAHCTBO HAJL R HA3BIBAIOT GEULECTMEEHHHIM GEKMOPHbLM NPO-
CMPaHCMBoMm, & BEKTOPHOE ITpocTpancTBo Hal ojeM C — xomnaexcrvim
BEKMOPHBLM NPOCTPAHCMEOM. YTIOTPEOJISTIOT COOTBETCTBYIOIIHIE PA3BEP-
myTele 3ammen: (X, F, +, ), (X, R, +, -) u (X, C, +, -). Bce xe, kak
[IPABUJIO, JIOIYCKAIOT OOJIBIIYI0 BOJBHOCTD, OTOXKIECTBJIsIS MHOYKECTBO
BeKTOpPOB X C OTBEYAIOIIUM €My BEKTOPHBIM IIPOCTPAHCTBOM.

2.1.4. IIPUMEPHI.
(1) Ocuosuoe nosie F — Bekropnoe npocrpancrso uaj F.
(2) IIycrs (X, F, +, :) — BekTOpHOE mpocTpaHcTBO. Pac-
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cemorpuMm Habop (X, F, +, ), tme -« : (A, 2) m Nz g As e Fux €
X, a \* — KOMILIEKCHO compsizkeHHOe K A uucyo. [loaydennoe BekTop-
HOE TIPOCTPAHCTBO HA3BIBAIOT dyaavHuim K X um oboznauaror X,. Ilpm
F := R npocrpanctBo X, coBmajgaer ¢ X.

(3) Bekropnoe npocrpancrso (Xg, F, +, -) HaspBaior nod-
npocmparcmeom BekToproro npocrpancrsa (X, F, + ), ecom Xy —
9TO Toxarpynna B X U yMHOXKEHHe Ha CKaJsip B X(o — 9TO Cy’KeHHe Ha
F x Xy ymHoxKeHus Ha cKayAp B X. MuoxkecTtBo X Ha3BIBAOT AuMEl-
Hom Mroorcecmeom B X . OdeHb ya00HO, XOTS U HE BIOJIHE KOPPEKTHO,
paccMaTpUBATh JIMHEHHOE MHOXKECTBO X KaK BEKTOPHOE IOIIPOCTPAH-
crBo B X. DBosee Toro, meiirpasbHbIil 971eMeHT — HyJb rpynmobl X —
cunTaroT nommpocTpancTBoM X u obosnadaror cumBosioMm 0. Ilockosib-
Ky CBsI3b HyJsl ¢ X $IBHO He OTpaXKeHa, BCe BEKTOPHBIE IIPOCTPAHCTBA,
BKJIIO49asd M OCHOBHBIE II0JIfA, MOXKHO BOCIIpDUHATH KaK 3allellJIEHHbIE 3a
OJTWH OOIWiT HYJIb.

(4) Iycrs (X¢)eez — CEMEHCTBO BEKTOPHBIX IPOCTPAHCTB
waj nojeM F. Ilycrs, nasee, 2 = ngg X¢ — npouseederue coor-
BETCTBYIONMX MHOXKECTB, T. €. COBOKYIIHOCTH OTOOPayKeHwWii x : = —
UgezXe, st KOTOPBIX ¢ := x(§) € X¢ mpu kaxznoM § € Z (B momoOHBIX
CUTyaIusiX BCErJIa MOJITAJUEO TOAPa3yMeBaloT, uTto = # &). Hamemnm
2 TOKOOPIMHATHBIME OTIEPAIASIMU CJIOXKEHUST M YMHOYKEHUS Ha CKAJIsP:

(z1 +22) ()= 21(§) +22(8) (71, 2 € X, £ € E);

A-z)&):=X-z(&) (xeZ, NeF, £€E)

(HrKe, Kak PaBUIO, BMECTO BHIPAsKEHU THIIA - & OyJIeM IUcaTh COKpa-
MIEHHO: A% U u3peika z\). IloydeHHOe BEKTOPHOE IIPOCTPAHCTBO 2
HaJ F Ha3BIBAIOT npoussederuem cemelicmen 6eKMOPHLLT NPOCTPAHCING
(Xe)eez. Ipr E:={1,2,..., N} mumyt X1 x Xo X ... x Xy:=Z. B
ciydae, Korga X¢ = X aya moboro £ € E, UCHONB3YIOT 0003HAUeHNe
X=:= 2. Ecrm x tomy xe Z:= {1,2,..., N}, momaraior X" := 2.

(5) IIycrs (X¢)eez — CeMeHCTBO BEKTOPHBIX IIPOCTPAHCTB
Haz nojeMm F. PaccMoTpuM HpsIMyro CyMMY MHOXKECTB Z( := dea Xe,
T. €. HojMHONKecTBo B npoussesennn 2 = [[. = X¢, cocrosumee nz ra-
KHUX 3JIEMEHTOB Tg, 9TO Haiijercsa (BOOOIIE TOBOpS, CBOE JJIsi KaXKIOro
Zo) KOHEUHOEe MOIMHOXKECTBO =g B = Takoe, uTo Zo(= \ Zp) C 0. Bumso,
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qro £y — JuHeiiHoe MHOXKeCTBO B npousBejieann 2 . CoOTBETCTBYIO-
ee BEKTOPHOE MPOCTPAHCTBO — IMOJIIPOCTPAHCTBO MPOU3BEIEHNS BEK-
TOPHBIX IPOCTPAHCTB (Xg)geg — Ha3BIBAIOT NPAMOLU CYMmol cemeticmea
sexmopnoir npocmparcmé (Xe¢)ees

(6) Iycrs (X, F, +, ) — BeKTOpHOE IPOCTPAHCTBO U 3318~
Ho nozpocrpanctso (Xo, F, +, ) B X. Iomoxum

~xoi= {(m1, 1) € X2 1wy — 29 € Xo}.

Torna ~x, — sxBuBasenTHOCTE B X. Ilycts 2 := X/vx, np: X — 2
— KaHoHWYecKoe orobpazkenue. Oupeennm B £ omnepanun

T+ xp:= p(o N (w1) + o H(x2) (1, T2 € X);

M=o\ () (x€ X, NeF).

31ech, Kak OOLIYHO, i1 MHOXKeCTB S1, So B X, mHoxkecrsa A B F u
snmemenTta A € F cauraercs, 9o

S1 + So = +{Sl X SQ};

ASl = (A X Sl), )\Sl = {)\}Sl

Takum obpasoMm B Z  BBejleHa CTPYKTYPa BEKTOPHOT'O IIPOCTPAHCTBA, HAJL
F. 9To mpocTpaHCTBO HAa3BIBAIOT PAKIMOP-NPOCMPAHCMEOM NPOCTPAH-
emea X no nodnpocmpancmey Xy n obosnadator X/ X.

2.1.5. IIycre X — Bektopuoe npocrpancrso u Lat(X) — coBokyn-
HOCTB BCEX MOJIPOCTPAHCTB B X € OTHOIIIEHUEM IOPSIIKA TT0 BKJIIOYCHHIO.
Torza ynopsigodennoe muoxecrso Lat(X) sBisiercst noiHoH penieTkoii.

< dcno, uro infLat(X) = 0 u supLat(X) = X. Ilomumo sro-
ro, IepecevueHne HeyCTOI0 MHOXKECTBA IIOAIIPOCTPAHCTB TaKKe MOIPO-
crpancTBo. [IpuBnekas 1.2.17, moxydaem Tpebyemoe. >

2.1.6. 3AMEYAHUE. [laa X, X5 € Lat(X) cupasenimso cooTHo-
menne X1V Xo = X1 + X5. CroJib 7K€ HECOMHEHHO, YTO JIJIsI HEILYCTOI'O
muOXKecTBa & B Lat(X) semonneno inf & = N{Xy : Xy € &}. Ecom
K TOMY e & buiabTpoBaHO 1o BospacTanuio, To supé = U{Xy: Xo €
&} <>
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2.1.7. ONPEAEJEHUE. Ilomupocrpancrea X1 u Xo JaHHOTO BEK-
TopHOro mpocrpaHcTBa X pasaazatom X 6 (aszebpauveckyro) npamyro
cymmy (cumBosmueckas 3ammch: X = X; @ Xo), ecym X3 A Xy =
0u X7V Xy =X. Ilpu stom Xy HazbIBaIoOT (aszebpauneckum) donoare-
nuem X1, a X; — (anreGpamdeckum) norosnHeHneM Xo.

2.1.8. JIoboe moAmpocTpaHCTBO BEKTOPHOI'O IIPOCTPAHCTBA HMEET
aarebpamdeckoe JJOMOTHEHHE.

< Ilycrs X7 — mogmpoctpanctBo X . Ilosoxkum
&= {XO S Lat(X) : XoAN Xy = 0}

OueBuino, 0 € & u it Kaxk10ii nenu &y B &, B cuuty 2.1.6, X1 Asup &y =
0, . e. supé&p € &. Takum o6pazom, & — WHIYKTUBHO, U HA OCHOBAHUU
1.2.20 B & ectb MakcumasbHbL d7eMeHT Xo. Ecm z € X\ (X1 + X»),
TO

(Xy+{Az: AeF}) A Xy —0.

B camom nene, ecin st HekoTophix A € F u 21 € X1, o € X9 BBINIOJ-
HEeHO To + Ax = 1, To Ax € X1 + Xg u, ctaso 6eiTh, A = 0. OTcioma
x1 = 29 = 0, ubo X1 A Xy = 0. Caenosarensno, Xo+{\x: A€ F} = X,
B cuity MakcuMasibHocTu Xs. Ilocnmennee o3nadaer, uto © = 0. B To ke
Bpems siBHO x #£ 0. Oxonuarenpuo X; V Xo = X7 + Xo = X. >

2.2. JIluHeiiHbIe OllepaTOPbI

2.2.1. ONPEAEJEHUE. Ilycts X, Y — BeKTOpHBIE IPOCTPAHCTBA
mag F. Coorsercreue T C X X Y Ha3bBawOT AuHelHvM, ecim T —
JIMHEITHOE MHOYKECTBO B MPOU3BEJICHUN BEKTOPHBIX TpocTpancTs X X Y.
Orobpaxkenne T : X — Y, gaBjsiomeecss JTUHEHHBIM COOTBETCTBUEM,
HA3BIBAIOT AUHEUHbIM ONepamoposm (AN MPOCTO OIEPATOPOM, €CJIU JId-
HellHOCTh sicHa M3 KoHTekcra). ZKesasg ormmanth Takoil T oT JuHeli-
HBIX OHO3HA4YHBIX coorBeTcTBUil S C X X Y ¢ 06j1acThiO OIIpeie/IeHust
dom S # X, ropopsit: T — s6ciody onpedenernviti TUHEHHBINH OIIEPATOD
(u3 X 8Y) u S — jmueituniii oneparop uz X B Y, win maxe S — ne
6ctody onpedenernvill IMHEHHBINA OIIEPATOP.

2.2.2. Orobpaxernne T : X — Y siBjstercst IHHEHHBIM OIEPATOPOM
B TOM H TOJIbKO B TOM CJIy9Iae, €CJTH BBIIIOJTHEHO

T()\l.’lfl + )\2:132) = MTx1 + ATxo ()\1, Ao €F; 21, 2o € X) <>
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2.2.3. Muoxecrso £ (X, Y) Bcex ymneiinpix oneparopoB u3 X B
Y mpencrapiser co6oit BEKTOPHOE HPOCTPAHCTBO — IIOJIIPOCTPAHCTBO
YX. <>

2.2.4. OnPEAENEHUE. Oneparopsl u3 £ (X, F) naspizaor auned-
HoLMU PyHKyuonasamy Ha X

a mpocrpancteo X7 = Z(X, F) — (anzebpaurecku) conpsoicen-
HoM npocmparcmeom. JluueitHbie GyHKIIMOHAIBI Ha X, Ha3BIBAIOT *-
aunetinomy Gynryuonaiamu na X.

Ec/im XOTAT MOM4EepKHYTH MPHPOLY OCHOBHOTO ToJd [, TO roBopar
0 BEINECTBEHHO JUHEHHBIX (DYHKIUOHAIAX, O KOMILIEKCHO CONPAZKEHHOM
npocrpancTBe u T. . llonarno, uro npu F = R TepMuH «*-JIMHEHHBIN
dyHKIMOHATY, KAK IPABUIO, HE YIOTPEOIAIOT.

2.2.5. ONPEJAEJIEHUE. Jluneitnbiii oneparop T € £ (X, Y) nasbr-
BatoT (aneebpaureckum) usomopdusmom, ecim coorsercteue T~ apms-
eTcst mHeHbIM oneparopoM u3 £ (Y, X).

2.2.6. ONIPEJIEJIEHUE. Bekropubie mpocrpanctBa X u Y Ha3bBa-
107 (anzebpausecku) usomopProimu u unryT X ~ Y eciu cyiiecrByer
n3oMopdusM mMexkay X u Y.

2.2.7. IlpocrpascrBa X u Y SIBASTFOTCST H30MOP(PHBIMH B TOM H
TOJIKO B TOM cJy4ae, ecau Haiinyrcs oneparopel T € L(X,Y) u S €
Z(Y, X) rakne, uro SoT = Ix uT oS = Iy. Ilpu 5T70M BBIIOJHEHO
S=T1uT=8""1 <>

2.2.8. BAMEYAHUE. Ilycte X, Y, Z — BeKTOpHBIE IPOCTPAHCTBA,
npuveM 3aganbl T € L(X, Y)u S € Z(Y, Z). Beccuopno, 4ro coor-
sercrBue S o T — aro anement £ (X, Z). Oueparop S oT B najbHeii-
meM Jjisl IpocToThl Oymer obo3HadeH cumBojiom ST. Ormerum 3jech
ke, uro komnosummio (S, T) — ST, Kak IpaBWio, CIUTAIOT OTOOpa-
xernem o 1 LY, Z) x Z(X, Y) - Z(X, Z). B uacrHocTH, ecan
ECLY, Z),aT € Z(X,Y), 1o nonarator & o T:= o(& x {T}).

2.2.9. IIPUMEPHI.

(1) Ecrm T — mmmeitnoe cootsercrsme, To T~ ! Takxke mu-
HeTHOe COOTBETCTBHE.
(2) Ecsu X7 — noaipocTpaHcTBo BEKTOPHOTO IPOCTPAHCTBA

X n Xy — ero anrebpandeckoe jonosnaenne, 1o Xo uzomopduo X/X;.
HeficteurensHo, ecin ¢ : X — X/X; — KaHOHMYeCKoe 0TOOparkeHUe,
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TO €ro cyxkeuwe Ha Xo, T. €. omeparop s — @(x3), Tae o € Xo,
OCYIIECTBIIAECT TPpeOyeMbIit m3oMopdu3M. <I>

(3) Hycrs 27 := [[¢cz X¢ — npoussesienue cemeiicTsa Bek-
TOPHBIX IpocTpaHcTB (X¢)eez. Orobpazkenue Pre : 27 — X, onpene-
JIIeMOe COOTHOIIEHneM Pre x := x¢, HA3BIBAIOT KOOPOUHATMHbIM NPOEK-
mopom (= npoexyuet). fAcuo, uro Pre — nmueiinsrit oneparop: Pre €
L(Z, X¢). OrmernM, 910 9acTO STOT OLEPATODP PACCMATPUBAIOT KaK
ssieMeHT npocrpadcTBa L (2) = L (2, Z), umest B BUJLy eCTeCTBEH-

bt m3omopbusm Zg u X¢, e Zg:= [[,c= X, a Y,) =0 mnpun #£¢&
u Y& = X&.

(4) Hycrs X := X; & X,. Iockonbky orobpazkenue +*
ocymectisier nzomopdpuam X m X1 X Xo, TO ompeeseHbl JTUHEHHBIE
. . -1 ., . -1

omeparopsl Px, := Px,|x, = Prio(+7"), Px,:= Px,||x, := Prao(+7"),
neficreyromue u3 X B X. Oneparop Px, Ha3blBaIOT npoexmopom X
na X1 napasesvrno Xo, a Px, — donoanumensvhoim npoexmopom X
Px,. B cBowo ouepenp, Px, jonosnnnrtenen K Px,, a Px, ocyecTs-
Jistet ipoekTupoBanne X Ha Xo mapajuiesbHo Xp. OTMeTnM Takike, 9To
Px, + Px, = Ix. Kpowme Toro, P)Q(1 := Px, Px, = Px,, T. e. IDOEKTOp —
udemnomernmmuwiti onepamop. Haobopot, a1000ii MIeMIOTEHTHBIA onepa-
top P € £ (X) aBasercs nmpoektopom Ha P(X) napasiensuo P~1(0).

Ecmn T € £(X), to Px,TPx, = TPx, B TOM U TOJbKO B TOM
ciyuae, ecain T'(X1) C X, . e. X1 unsapuarmmo ommocumenvro T'. <1b>

Pasencrso TPy, = Px,T cupaBeJjiuBO B TOM U TOJIBKO B TOM CJIy-
Jae, ecJiu Kak X1, Tak U JIonoJiHeHne Xo MHBAPUAHTHBI OTHOCUTEJILHO 1.
B nociemuem ciiygaae rosopst, aro pasdaooicerue X = X1 @ Xo npusodum
onepamop T'.

Co ciegiom T Ha X7 paboTaioT Kak ¢ 3jJeMeHTOM 1] IpOoCTpaHCTBA
Z(X1). Hpu srom T masbisator wacmovio T B X1. Eemu Ty € £L(Xs) —
qacTh 1" B Xg, TOo onepaTop 7' MBICIAT KaK MaTPHILY

7 0
T~ ("} )
0 Ts
Nmenno, snemenT x u3 X1 @ X9 paccMaTpUBaiOT KaK «BEKTOP-CTOJIOEI»
¢ KOMIOHeHTaMHU z; € X, 9 € Xg, rme 1 = Prx, , zo = Prx, 2.
VMHOXKEHNE MATPHUIL TPOBOIAAT OOBITHBIM CIIOCOOOM IO 3aKOHY «CTPOKa

Ha CTOJIOEI», & pe3yJibTaT yMHOKEHUs YKA3aHHON MaTPUIbl Ha BEKTOP-
crosber x, T. e. BeKTOp-crosber ¢ KomnonenTamu Tz, Toxe (wiu, uro

nex



18 I'in. 2. BekTopmbie mpocTpaHCTBa

B JIAHHOM cJiy4dae TO ke camoe, Tx1, T'Ts), eCTeCTBEHHO TPAKTYIOT KaK
astemenT 1'x.

Wabivu cioBavu, T OTOXKIECTBISIOT ¢ oToOpaxkennmeM X1 X Xo B
X1 X Xo, JeHCTBYIONNM TI0 TTPABUITY

X . T1 0 X

) 0 T2 ) )
AHa.HOI‘I/ILIHbH\/I o6pa30M BBOOAT MaTpHUYIHbIC ITPEACTaBJICHUA O6HII/IX o11e-
paropo T € L (X1 @ X2, Y1 @ Y2). <>

(5) Koneunoe MHOKecTBO & B X HA3BIBAIOT AUHETHO He3a-

BUCUMDBLM, €CITH U3 YCIOBUS ) o A = 0, 776 Ao € F (e € &), BBITe-
KaeT, 910 A\, = 0 juig Bcex e € &. MHOKeCTBO & HA3BIBAIOT AUNEUHO
HE3ABUCUMDLM, €CITH JTF000e KOHETHOE TOJIMHOXKECTBO & JIMHEHHO He3a-
BUCHMO.

MaxkcuMasbHOE 110 BKJIIOUYEHHUIO JIMHEHHO HE3aBUCUMOE MHOXKECTBO B
X nasbBator 6asucom Lamens (nmm anzebpavueckum 6azucom) B X. Jlro-
00e JINHENHO HEe3aBUCAMOE MHOXKECTBO COJIEPXKUTCS B HEKOTOPOM Oasuce
Tamers.

¥ Bcex 6asucos 'amens B X oauHaKoBash MOIIHOCTDH, Ha3bIBaEMAas
pazmeprocmoio X . Pazmeprocts X obosnauaror dim X.

Kaxmoe BekTopHOE mpocTpaHcTBO X M30MOPGHO HPSAMOM CyMMme
cemeiictBa (IF)¢cz, rme E umeer mommocts dim X

Ecsu X7 — noxupocrpancrso X, To pazmepaoctb X /X1 Ha3bIBAIOT
Kopazmeprocmuio X1 u obozuadaior codim X;. Ecmm X = X @ X5, To
codim X7 = dim X5 u dim X = dim X; + codim X;.

2.3. ¥YpaBHeHHus B oneparopax

2.3.1. ONIPEAEJEHUE. s oneparopa T € Z (X, Y) onpenesns-
or: kerT := T71(0) — adpo, coker T := Y/imT — xosadpo, coim T :=
X/kerT — xoo6pas T.

Omneparop T HasbBarOT MoHOMOPPU3MOMm, ecin ker T = 0. Omepa-
top 1" Ha3BIBAIOT Anumoppusmom, ecan imT =Y.

2.3.2. Omeparop siBjisteTcst H©30MOPGPU3MOM B TOM H TOJBKO B TOM
cJIyvae, eCJii OH MOHOMOP(HU3M H SMHMOPGU3M OJHOBPEMEHHO. <[>
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2.3.3. BAMEYAHUE. B jaJibHelimeM MHOTIA YIOOHO II0JIB30BaTh-
Cs ABBIKOM KOMMYMAMUSHHT Juaepamm. HayduTbes UM 10JIb30BaThCs
MOXKHO, Pa300paB MOAXOMSIINNA IPUMED.

Taxk, ¢dppaza «ciemyomas TuarpaMma

aq
X —Y
Q2 | Oy
%]

V——oWw

KOMMyTaTHBHa» O3Hadaer, 410 a1 € L (X, V), ap € L(Y, W), a3 €
L(X, W), a4 € LV, Y)uas € LV, W), upudem asc; = Qs

n 5 — a04.

2.3.4. OUPEAEJEHUE. [duarpammy X Ly 5 7 nasemaior mou-
not (B wieHe Y') nocaedosamenvrocmoio, eciu ker S = imT. Ilocie-
JIOBaTEJIBHOCTD ... — Xp_1 — X — Xj41 — ... Ha3BIBAIOT MOouHoU
B 4jeHe X, €ClM TOYHA IOCIEAOBATEJbHOCTh Xi_1 — Xp — Xk
(HAMMEHOBAHUST OIIEPATOPOB OMYIIEHBI). PaccMaTprBaeMyto MOCJIEI0Ba~
TeJIbHOCTH HA3BIBAIOT MO%HOU, €CJU OHA TOUHA B KAXKJOM WieHe (KpoMme
[EePBOr0O U HOCJIEIHEr0, eCJU TAKOBbIE, DA3YMeeTCsl, eCTh).

2.3.5. IIPUMEPHI.

T «, S
(1) Tounas nocnepoBareasrocts X — Y = Z noaymouna,
1. e. ST = 0. ObparHoe yTBep:K/IeHIE HEBEPHO.

(2) Hocnenosarensuocts 0 — X LY rouna B Tom 1 TomB-
KO B TOM ciayd4ae, ecan T — monoMopdusm. (371ech 1 B JajbHeieM
sammuch 0 — X — 39TO, KOHEYHO 2Ke, €Ille OJHO OOO3HadYeHue HYJIsS —
eJIMHCTBEHHOrO djteMenTa npocrpancrsa 2 (0, X) (em. 2.1.4 (3)).)

T

(3) Iocnenosarenprocts X — Y — 0 TOYHA B TOM H TOJIb-
KO B TOM ciydae, ecim 1 — srmmopdusm. (IlorarHo, 9To 1oz cuMBOIOM
Y — 0 TyT CHOB& CKPBIBAETCS HYJIb — €[HHCTBEHHBIIT 9JIEMEHT IPOCTPAH-

crea Z(Y, 0).)
(4) Omeparop T € Z(X, Y) saBusiercss n30MOpdU3MOM B

T
TOM U TOJBKO B TOoM ciyd4ae, ecit 0 — X — Y — 0 — 3710 TOUHASA
II0CJI€/IOBATE/ILHOCTb.
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(5) Iycrs Xo — nomupocrpancrso B X. Cumsosom ¢ : Xg —
X obozaauuM onepamop (Mootcdecmeennozo) 6A0HCEHUA: LT = T JJId
Bcex xg € Xo. Ilycrs Tenepp X/Xy — bakTOp-mpoCcTpaHCTBO U ¢ :
X — X/X, — coorBercrByIOliee KaHOHUYEeCKoe orTobpazkenue. Torma
[TOCJIETOBATETHHOCTD

O—)XO—L>X£>X/X0—>O

siBJIsieTCst TOUHON. (3HAKM ¢ U ¢ HUKE B IOJOOHBIX CIyUasiX, KAK [IPABU-
JIO, OIIYIIEHBL.) YKa3aHHAs IOC/IEI0BATEIbHOCTh B U3BECTHOM CMbICIIE
VHUKaJbHa. VIMEHHO, pacCMOTPHUM TPOM3BOJBHYIO, KAK T'OBOPAT, <«KO-
POMKYI0» IOCJIEI0BATEIBHOCTD

0-xLZySz0

U JIOIycTuM, 9T0 oHa TouHa. [lomaras Yy:= im 7', erko mocTpouTs u30-
MOPGU3MBL v, (3, 7y TaK, UTO MOJIYyIaeTCs CJIEIYIOIasi KOMMY TATHBHAS
JauarpamMma:

T S

O —mX——Y — 27 —0

of 8] ]
0 —Yy——Y —Y/Yo— 0

MubivMu cyioBaMu, KOPOTKas TOYHAS TIOCJIEIOBATEILHOCTD IO CYTH JIeJIa
TO K€, ITO MOIPOCTPAHCTBO U (HPaKTOP-IIPOCTPAHCTBO IO HEMY. <>

(6) Ilycrs T € £ (X, Y) — oneparop. C HuM cBsI3aHa TOY-
Hasl TIOCJIEIOBATEILHOCTD

T
0—kerT —- X -Y — cokerT — 0,
HA3BIBAEMAST KaHOHUMECKOT MouHotl nocaedosamenvhocmoio fjis T.
2.3.6. OnPEAENEHUE. Omneparop T HazwbBaoT npodossicenuem Ty
(mumryr T D Tp), eciiu KOMMYTATUBHA, JUarpamMmma

X()4>X

T, T

Y

T.e. Tg =T, vie v : Xg — X — BoXKeHue.
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2.3.7. Ilyctp X, Y — BekTOpHBIE NPOCTpAHCTBA H X — IOJIIPO-

crparcrso B X . s moboro Ty € £ (X, Y) cymecrByer npogo/kenne
TeZX,Y).

< Ilpegbasum T':= Ty Px,, rae Px, — oneparop IPOeKTHPOBAHULA
Ha X(). >

2.3.8. Teopema o paspemmmvoctu ypaBHeHus ZA = B.
Hycres X, Y, Z — Bekropubie npocrpanctBa; A € X(X, Y), B €
Z(X, Z). /Inarpamma

A
X —Y

PN

Z

KOMMyTaTHBHa 111 Hekotoporo X € L(Y, Z) B TOM H TOJBKO B TOM
cay4dae, eciu ker A C ker B.

<1 =: To, yro npu B = 2 A Beinonueno ker A C ker B, 09eBuJIHO.

«: Tonoxum Z := Bo A™'. dcno, uro mia x € X 6ymer Z o
A(r) = Bo (A7l o A)x = B(z + ker A) = Bz. Ilposepum, uto 2 :=
2 |im 4 — mmmeitHbIil omepaTop. CreLyeT MpOBepHTH TOTHLKO OJHO3HAM-
nocts 2. Ilyctb y € imA u 2y, 2o € Z (y). Torma 2 = Bwy, 2z =
Bz, a Az = Az = y. Ilo yenosuio B(x; — z2) = 0. Suauut, 21 = 2s.
[pumenss 2.3.7, BozbMeM Kakoe-11b0 TpojioKenune 2 omeparopa Zg
Ha TPOCTPAHCTBO Y . [>

2.3.9. 3AMEYAHUE. Eciu B ycioBusix 2.3.8 oneparop A — smm-
Mopdu3M, TO oneparop 42 eIuHCTBeH. <>

2.3.10. Jluretinprii ormepaTop JOIYCKAET €IHHCTBEHHOE CHUKEHHE
Ha CBOIf Koobpas.

< 9to crenacreue 2.3.8 u 2.3.9. >

2.3.11. Jlunerinsiii oneparop T joryckaer (KAHOHHIECKOE) Pa3JIo-

2KeHne B KOMIIO3HUIIHIO SHI/HVIOpd)I/IS]\la D, I/ISOIVIOpd)I/ISMa T u MOHOMOD-
(i)I/ISMa L, T. €. KOMMYyTaTUBHa CJEAYyrollasd AuarpaMma:
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coimT imT
el
X Y

JUIST € THHCTBEHHOTro omeparopa T'. <>

2.3.12. Ilyctp X — HEKOTOPOE BEKTOPHOE MPOCTPAHCTBO U 38 AHBI
fos fi,..., fn € X7. Oynxnuonan fy sp/sgercs uHeiiHOi KoMOGHHAIITEH
N
fi,..., [N B TOM 1 TONBKO B TOM Cay4ae, ecan ker fo D ML ker fj.

< yers (f1,..., fn) : X — FN — numeitnsnit omepaTop, 3aJaHHbIH
COOTHOIIEHUEM

(fi,-- - In)z= (fi(@), ..., fn(2)).

Bunno, uro ker(fi,...,fn) = ﬂj»v:l ker f;. Mcmonbsyst Teopemy 2.3.8
IUTs 32180

¥ (f1yfn) FN

Jo

.
I yanThiBas crpoenue mpocrpanctsa FN7 | momrydaem Tpebyemoe. >

2.3.13. Teopema o paspermmvoctu ypaBHeHuss AZ = B.
Hycre X, Y, Z — Bekropubie npocrpancrsa; A € Z(Y, X), B €
Z(Z, X). Inarpamma

A
X+—Y

PN

Z

KOMMyTaTHBHA /151 Hekotoporo 2 € £ (Z, Y) B TOM U TOJBKO B TOM
caydae, ecim im A D im B.
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<=: imB=B(Z)=AZ(Z)) c AY) =im A.

<: Ilycrs Yy — anrebpanyeckoe gorosaenne ker ABY u Ag:= Aly,.
Torma Ag B3amMHO OmHO3HAYHO OTOOpazkaeT Yy Ha im A. Omnepatop
X =Ay !B, oueBnno, mckoMbIit. >

2.3.14. BAMEYAHUE. Ecau B ycnoBusx 2.3.13 onepatop A — mo-
HOMODPM)U3M, TO oreparop £ eIuHCTBeH. <I[>

2.3.15. BAMEYAHUE. Teopemsbr 2.3.8 u 2.3.13 cBst3aHbI «(popMaIb-
HOI1 JIBOICTBEHHOCTBIOY. Kaktast 3 HUX moJIydaeTcs u3 JIpyroil «obpa-
IEHUEM CTPEJIOK», «IIEePEeCTAHOBKON sIIep W 00pa30oB» U «IIEPEXOIOM K
IIPOTUBOIIOJIOXKHOMY BKJIIOYEHUIOY .

2.3.16. Jlemma o cHexkmuke. Ilycrp zaganst S € L(Y, Z) u
T € X(X, Y). CymecrByfor, u IPHTOM €JHHCTBEHHbBIE, OIEPATODBI
Q1,...,06, QI KOTOPBIX KOMMYTATUBHA JHATDAMMA;:

IIpu sToM (BbLIEIEHHAS) TOCIEI0BATEIHHOCTD

0 — ker T2 ker ST 2% ker S22

23, coker T2, coker ST coker S — 0

SABJISIETCS TOYHOH. <>
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YapakHeHust

2.1. IlpuBecTu npuMepbl BEKTOPHBIX IIPOCTPAHCTB, & TAKXKe U HE BEKTOPHBIX
npocTpancTB. Kakne KOHCTPYKIIMU IPUBOJIAT K BEKTOPHBIM IIPOCTPAHCTBAM?

2.2. V3yynTh BEKTOPHBIE IPOCTPAHCTBA HAJ JBYX3JIEMEHTHBIM HOJIEM Zg.
2.3. Omnucarh BEKTOPHOE MPOCTPAHCTBO CO CYETHBIM Gasucom [amess.

2.4. JlokaszaTh CyIecTBOBaHUE pa3pbIBHBIX pernenuii f : R — R dyHKmonams-
HOI'O ypaBHEHUsI

fle+y) = f@) + fly) (z, yeR).
Kaxk npezncrasurs Takue f rpadudecku?

2.5. JlokazaTb, YTO IIPOCTPAHCTBO, AJreOpPaMYecKy CONPSI)KEHHOE K IIPSIMOM
CyMMe, peajin3yeTcsl KaK IIPsSMOe IIPOU3BECHHUE.

2.6. ITycts X D Xo D Xoo. Hokasars, uto X/Xoo un (X/Xo)/(Xoo/Xo0) —
n30MOp@HbIE TPOCTPAHCTBA.

2.7. IlycTb orobpakeHune «JIBOWHOU JIM€3» ONPEJIEJIEHO IIPABUIIOM:
o7 ¥ s (z|a?) (z e X, a7 e XT).
VcTaHOBUTB, YTO 9TO OTOOparKeHMe OCYIIECTBIISET BJIOKEHNE BEKTOPHOI'O IIPOCTPAaH-
crBa X BO BTOPOE CONPSI?KEHHOE ITPOCTPAHCTBO X 7 7,
2.8. Jokazarp, uTO ajmrebpamdecKu PeQIIeKCHBHBIMU SIBJISIOTCS KOHETHOMED-
Hbl€ IIPOCTPAHCTBA U TOJILKO OHH, T. €.

#H(X) = X7 & dim X < 4o0.

2.9. Ecrp mu anasoru 6a3ucos ['amenst B obmux Momysax?
2.10. IIpu KaK#UX yCIOBUSIX CyMMa IIPOEKTOPOB OyIeT IPOEKTOPOM?

2.11. Ilycte T — sumoMopdusM HEKOTOPOIO BEKTOPHOI'O IPOCTPAHCTBA, IIPH-
qem T"™1 #£ 0 u T™ = 0 ;151 KAKOrO-TO HATYPAJIBHOTO M. JlOKa3aTh, ITO OTEPATOPHI
70, T,...,T" ! juneliHO HE3ABUCHUMBI.

2.12. Onucarb CTPOEHHE JIMHEHHBIX OIEPATOPOB, OIPEJIEJIEHHBIX Ha IIPSIMOM
CyMMe IIPOCTPAHCTB U JEHCTBYIOIIUX B IIPOU3BEJIEHUE IIPOCTPAHCTB.

2.18. HaiiTu yci0Bust € IMHCTBEHHOCTH PEIIEHUi CJIeIyIONUX yPABHEHUIT B OIe-
paropax ZA =B u AZ = B (31ecb HEU3BECTHBIM $SIBJIsIETCSI onepaTrop Z).

2.14. Kak yCTpOEHO IPOCTPaHCTBO OUIIMHENRHBIX OIEPaATOPOB?

2.15. OxapakTepu3oBaThb BEKTOPHbIE MPOCTPAHCTBA, BO3ZHUKAIOIIUE B PE3YJIb-
TaTe OBEIIEeCTBJIECHUS] KOMILJIEKCHBIX BEKTOPHBIX IIPOCTPAHCTB.



Yupa>kHeHust 25

2.16. [lyia cemeiicTBa JIMHEHHO HE3ABUCUMBIX BEKTOPOB (Ze)ec s NOABICKATD Ta~
KOe ceMeicTBO (DyHKIIMOHAJIOB (xj)eeg, 9TOOB! BBIIOJIHSAINCH COOTHOIIEHNSI:

(ze|zH) =1 (e€&);

! !
(ze|2l) =0 (e, € €6 e#e)
2.17. [ns cemeiicTBa JIMHEHHO HE3AaBUCUMBIX (DYHKIIMOHAJIOB (xf)egg TIOaAbIC-
KaTh TaKO€ CEMEMCTBO BEKTOPOB (xe)eeg, ‘{TO6I>I BBIIIOJIHAJINCH COOTHOILIEHMA:

(ze|zH) =1 (e€&);

(ze|z)Y =0 (e, € €68 e#¢).

2.18. HaiiTu ycjaoBusi COBMECTHOCTH CHUCTEMbI JIUHEWHBIX YPAaBHEHUN U JIMHEN-
HBIX HEPABEHCTB B BEIIECTBEHHBIX BEKTOPHBIX IIPOCTPAHCTBAX.

2.19. IlycTp mana KOMMyTaTHBHas JAarpamMMa

w— x-S vy— z
ol Bl vl 6l

WXLy —-7Z

C TOYHBIMHU CTOPOHAMH, IpHYeM & — 3muMopdusM, a § — Monomopdusm. Jlokasars,

uro kery = T'(ker 8) u T~ !(im~) = im §.
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Boinykibplii aHajau3

3.1. MHo>kecTBa B BEKTOPHBIX IIPOCTPAHCTBAX

3.1.1. OOPEAEJEHUE. Ilycrs I' — mommuoxkectso F2, a U — nog-
MHOZKECTBO BEKTODHOTO HPOCTpaHCTBa. Mmuoxkectso U maspiBator I'-
mmoorcecmeom (i iyt U € (T')), eciin BBIIOJITHEHO

()\1, )\2) el'= MU+ XU CU.

3.1.2. I[TPUMEPHI.

(1) JIro6oe muOKecTBO BxoauT B (). (Takum obpasom, (&)
HE SIBJISIETCH MHOXKECTBOM. )

(2) Ipu T := F? nenycrole I'-MHOXKECTBA 9TO B TOYHOCTH
JIMHEIHBIE MTOIMHOYKECTBA BEKTOPHBIX TIPOCTPAHCTB.

(3) Eciu T' := R2, to memyctble [-MHOXKeCTBa B BEKTOD-
HOM IIPOCTPaHCTBe X Ha3BIBAIOT GEULECTNEEHHBLMU NOONPOCMPAHCTIEAMY

B X.

(4) Ecom I':= R? |, to nemycTole -MHOXKeCTBa HASBIBAIOT KO-
nycamu. VIHBIMU cIOBaMu, HEIIyCTOe MHOXKeCTBO K sBJISeTCH KOHYCOM
B TOM H TOJIBKO B TOM ciy4ae, ecim K + K C K u oK C K npn Bcex
a € R;. Henycrsie R? \ O-MHOKecTBa (MHOIIA) HA3BIBAIOT HE3AOCIL-
PENHBLMU KOHYCaMU, & HemycTble Ry X (-MHOXKECTBa — HESLINYKALLMU
xonycamu. (31ech U B HaJbHENIIeM HCII0JIb30BAHO OObIYHOE 0603HAYe-
e Ro:={t e R: t > 0}.)

(5) Iyers T':= {(A, A2) € F2 1 Xy + A2 = 1}. Hemy-
crele ['-MHOXKECTBa HA3BIBAIOT addurHbMU MHO2000pa3usmu. FEemm X
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— moampoctpancteo B X u z € X, to z + Xo:= {a} + Xy — abdunnoe
muOoroobpasne B X. Haobopor, ecn L — addunmnoe maoroodbpasme B X
uzx €L, 0L —x:=L+{—z} — nuueitnoe muoxecrso B X. <>

(6) Ilyers I':= {(A1, A2) € F2: |A\{| + |X2| < 1}. Torna

HEIyCTbIe I'-MHOXK€eCcTBa HA3BIBAIOT GOCOANOMHO 6OUNYKABIMU.

(7) Ilyers I':i= {(A, 0) € F2: |A| < 1}. Torga [-muoxkecTBa
Ha3BIBAIOT Yypashosewernvimy (pu F:= R rosopar takxke o 36e30nbir
MHOZKECTBAX; UCHOJIB3YIOT U TEPMUH «CHMMETPHIHOE MHOMKECTBO», UTO
He BIIOJIHE OIIPAB/IAHO).

(8) HyCTb I':= {()\1, )\2) cR?: A1 > 0, Ay > 0, A+ A =

1}. Torma I-MHOXKeCTBa HA3BIBAIOT GbINYKABLMU.

(9) Ecom T':i= {(A1, X2) € RZ : A; + Ay < 1}, T Hemycrbie
[-MHOXKECTBA HA3BIBAIOT KOHUYECKUMU Ompeskamu. NHOKECTBO sBJIs-
eTcsl KOHMIECKAM OTPE3KOM B TOM M TOJBKO B TOM CJIydae, €CJIU OHO
BBIILYKJIO M COJIEPKUT HyJIb. <Il>

(10) Idna mob6oro I' C F? u mpousBOIbHOTO BEKTOPHOTO
upocrparcrsa X nag F soiosnseno X € (I'). Ormerum emre, uro B 3.1.2
(1)-3.1.2 (9) muoxkecTBO I' siBsierca ['-MHOXKeCTBOM.

3.1.3. IIycrs X — BEKTOpPHOE IPOCTPAHCTBO H & — HEKOTOPOE Ce-
wmericrBo I-muoxkecrB B srom npocrpamcree X. Torma N{U : U €
im&} € (). Ecum, kpome Toro, im & GUIbTPOBAHO 1O BO3PACTAHHIO
(orHOCHTEIBHO BRJIIOYeHHsT MHOXKecTB), To U{U : U € im&} € (I'). <>

3.1.4. BAMEYAHUE. Ilpemmoxenune 3.1.3, B 4aCTHOCTH, O3HAYAET,
YTO COBOKYITHOCTBH |'-MHOXKECTB JJAHHOI'O BEKTOPHOI'O IPOCTPAHCTBA, Oy-
JYYH YIIOPSJ0YEeHa MO BKJIIOYEHUIO, CTAHOBUTCS TOJTHOU PEMIeTKOM.

3.1.5. Ilyctp X mY — BekTopHble npocTpanctBa, aU C X u'V C
Y — mekoropsre I'-muoxkectBa. Torma U x V € (T).

< Ecmm ommo m3 muoxectB U mmm V mycto, To U XV = @ n
JIOKa3bIBaTh Hedero. Ilycrs Tenepb uy, us € Un vy, vy € V,ya (A, Ag) €
. Torma Aju; + Aus € U, a Ajvg + Aoy € V. Buaunt, (Aug +
Aotig, A1v1 + )\21}2) cUxV.p>

3.1.6. ONPEAEJEHUE. Ilycts X, Y — BeKTOpHBIE IIPOCTPAHCTBA
uT C X xY — coorsercreue. Ilycts I' C F2. Ecom T € (T'), o T
Ha3bIBAIOT ['-coomeemcmeuem.
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3.1.7. BAMEYAHUE. Eciu -muoxkecrsa (npu dbukcupoantom I')
HOCSIT CHeIMaIbHOe HA3BAHUE, TO ITO HA3BAHME COXPAHSIOT W Jyist -
CoOTBeTCTBUI. B 3TOM CMBIC/IE TOBOPAT O AUHETHHIL U BONYKABIT COOM-
B8EMCMBUAL, GPPUHHBLT 0MOOPANHCEHUAT T T. . Y MECTHO TOTIEPKHYTH
0COBEHHOCTh TEPMUHOJIOTMA: BBIYKJIas (BDYHKIUs OJHON INEpEeMEeHHOMN
HE SABJISIETCS BBITYKJIBIM COOTBETCTBUEM, 38 UCKITIOUEHNEM TPUBAAIBHBIX
ciayqaes (cm. 3.4.2).

3.1.8. Ilycto T C X x Y — mekoropoe I'1-coorBercrBue, a U C X
— mekoropoe Iy-muoxkecrBo. Eciun Ty C Ty, o T(U) € (Iy).

< Ecma y1, yo € T(U), T0 mast HEKOTOPBIX X1, xo € U Gymer
(1‘1, yl) €Tl n (1‘2, yz) eT. Hna ()\1, )\2) € Iy umeem ()\1, /\2) eIy n,
3uauuT, \1(z1, y1)+A2(22, y2) € T. Orciona cieyer, 9T0 A\1y1 + A2y €
TU). >

3.1.9. Cymepmnosurus I'-coorBerctBuit — I'-coorBercrBre.

IIlyers FC X xVuGCWxYuF, Ge (). Umeem
(z1, y1) € GoF & (Fuy) (21, v1) € F & (v1, y1) € G
($2, yg) €ceGoF & (3’02) (xg, '02) e F& (UQ, yg) € .

«YMHOKasl TIEPBYIO CTPOUKY Ha A1, BTOPYI0 — Ha Az, rie (A1, Ag) € T,
U CKJIJIbIBAs PE3YJIbTAThI», IIOCJIE/I0BATEIBHO IOy daeM Tpebyemoe. >

3.1.10. Ecrm U, V. — noammoxectsa X n U,V € (I') gma I C F2,
10 A1 J0bbIx o, 3 € F Boimonneno aU + BV € (T).
<1 Cnenyer cocnarbes Ha 3.1.5, 3.1.8 m 3.1.9. >

3.1.11. OnPEAEJEHUE. Ilycte X — BekTOpHOE TIpOCTpaHCTBO, [’
— mogmHO)KecTBO F2 1 U — mommuoxKecTBO X. MHOXKECTBO

Hr(U)={VcX: Ve, VoU}
Ha3bIBAIOT ['-06040uK0l U.

3.1.12. CupaBe/iuBbI yTBEDKICHUSI:
(1) He(U) € (T);
(2) Hr(U) — manmensmee I'-mHOKecTBO, comepxKairee U;
(3) Uy c Uy = Hr(Uy) C Hr(Us);
(4) Ue )« U= Hr(U);
(5) HP(HF(U)) = HF(U) <>
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3.1.13. Hmeer mecto popmyna MonkmHa:
Hr(U) = U{Hr(Uy) : Uy C U, Uy— KOHEUHOE IIOJMHOXKECTBO}.

<1 O6oznaunm gepe3 V' MHOXKECTBO, CTOsIIee B MpaBoit gactu dhop-
mysiel Monkuna. Tak xkak Uy C U, o, no 3.1.12 (3), Hr(Uy) C Hr(U),
a noromy Hp(U) D V. B cuny 3.1.12 (2) neobxomumo (u, pasymeercs,
JoctatovHo) nposeputh, uro V € (T'). Ho mocaennee caemyer us 3.1.3
u toro dakra, yro Hr(Uy) U Hr(Uy) C Hr(Ug U Uy). >

3.1.14. 3AMEYAHUE. @opmyna MomKuHa TOKA3BIBAET, YTO JIJIs
ONMCAaHUS IPOU3BOJILHBIX ['-000s101€eK cieryeT Hafitu jmmb ['-000/109Kn
KOHEYHBIX MHOXKECTB. llomguepKHeM, 9TO IpH KOHKPETHBIX ' UCIIOIb3y-
0T CllenuajbHble (HO eCTeCTBeHHbIe) Ha3BaHus g 1-obosouek. Tax,
upu I':= {(A1, X2) € RZ : Ay + Ay = 1} roBopar o 6wnykass 060404
xax u BMecto Hp(U) iyt co(U). Bmecro Hy:2(U) nmumyr £ (U) win
lin(U), ecin U # &, xpome Toro, moJaraior Jist yaobcrsa £ (&) = 0.
Muoxkecrso £ (U) nasbiBaior aunetinoti 06oao0ukot U (1 110 BO3MOKHO-
CTH HE ILyTaIOT C NPOCMPaHcmeom sndomoppusmos £ (X) BeKTOPHOro
npocrpascTBa X ). AHAJOTUYHO BBOJAT NOHATUS afipunholl 06os0uKy,
Konuveckot oborowku u T. . OTMETHM 37eCh K€, UTO BBIMYKJas 000-
JIOUKa, KOHEYHOTO MHOYKECTBA TOUEK COCTABJIEHA U3 UX XKE SUNYKALLL
KoMOUHAUUT, T. €.

N
co({z1,...,zn}) = Z)\kxk: M >0, M+ Ay =13, <>
k=1

3.2. YnopsifoueHHbIe BEKTOPHBIE IIPOCTPAHCTBA

3.2.1. ONPEAEJEHUE. Ilycrs (X, R, +, ) — BekTOpHOE IIpO-
crpanctBo. Ilycth, mamee, o — mpenmopsimok B X. IToBopsar, drto o
coznacosan ¢ 6exmoproti cmpykmypot, eciu o — Konyc B X 2. B atom
cIydae TMPOCTPAHCTBO X HA3BIBAIOT YNopAdoueHHbiM BEKMOPHBIM NPO-
cmparemeom. (Touree TOBOPUTE O NPedYNOPAIOUEHHOM BEKMOPHOM NPO-
cmpancmee (X, R, +, -, o), coxpaHss TEPMUH «YIOPAIOIEHHOE BEK-
TOPHOE HPOCTPAHCTBO» JJIsI T€X CUTYaIWii, KOrJa 0 — 3TO OTHOIIEHUE
HOPSIIKA. )

3.2.2. Ilyctp X — ymopsioieHHOEe BEKTOPHOE MPOCTPAHCTBO U O
— coorsercrByromuii npeinopsaok. Torma o(0) — komye. Ilpu sToM
o(x) =z + o(0) ast Besirkoro x € X.
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<1 Muozxecrso ¢(0) — konyc B cuiy 3.1.3. ITomumo Toro, u3z Toxe-
crBa (z, y) = (x, )+ (0, y —x) BeiBOgUM (T, §y) E0 & y—x € 0(0). >

3.2.3. Ilyctp K — roHyc B BekTOpHOM 1pocTpaucTse X . Ilomoxknm
o={(z, y) e X*: y—z € K}.

Torma 0 — HPEANIOPSIIOK, COIVIACOBAHHBIH C BEKTOPHOH CTPYKTYDOIH,
npudeM K coBHasaer ¢ KOHycoM nojioxkuTenbHsix saementos o(0). Bo-
Jiee TOro, 0 SIBJISIETCST TIOPSITKOM B TOM U TOJIbKO B TOM CJIydae, €CJH
Kn(-K)=0.

< decuo,aro0 e K = Ix Cou K+ K C K = o000 C 0. UMmeem
TakyKe mpejcrasienne o+ = {(z, y) € X? : x —y € K}. 3naunr,
ocNo !t Clx e KN(—K)=0. Ocrasoch TpOBEpHTH, UTO 0 — KOHYC.
C sroit mesbio BosbMeM (21, Y1), (T2, y2) € 0 u aj, as € Ry. Torma
01y1 + ooy — (1@ +axe) = a1 (y1 —x1) +ae(y2 —x2) € ey K+ oK C
K. >

3.2.4. ONIPEJEJIEHUE. 3ajanublii Konyc K Ha3bIBaOT ynopadovu-
sarowum i ocmpovim, ecoiu K N (—K) = 0.

3.2.5. BAMEYAHUE. Ha ocHoanuu 3.2.2 u 3.2.3 3aaHne B BEKTOP-
HOM IIPOCTPAHCTBE CTPYKTYPHI MPEIYHOPSI0IEHHOIO BEKTOPHOIO IIPO-
CTPaHCTBa PABHOCHUJILHO BBIJICJIEHAIO B HEM KOHYCa, IIOJIOYKUTEIHHBIX JJIe-
MeHTOB. CTPYKTYpPY yHOPSIIIOYEHHOIO0 BEKTOPHOI'O MPOCTPAHCTBA CO3/Ia~
10T BBIJEJIEHUEM OCTPOrO KOHyca. B 970il cBa3u 0 (Ipe)ynopsa09eHHOM
BEKTOPHOM TIPOCTPAHCTBE X 9aCTO roBopsaT Kak o mape (X, X ), rae
X — KOHYC IIOJIOKUTEJIHHBIX 3JIEMEHTOB.

3.2.6. [IPUMEPHI.

(1) Ipocrpancrso dbymkmmit R= ¢ xomycom RT := (R )=
hyHKIMA, TPUHUMAIOIINX TOJIOXKUTEIbHbIE 3HAYCHUS .

(2) Hycrs X — ynopgmo9eHHOe BEKTOPHOE IIPOCTPAHCTBO
C KOHYCOM IOJIOZKHUTEIbHBIX dj1eMenToB X . Ecau Xy — mommpocrtpan-
ctBO X, TO MOPSIOK, MHIAYTUpyeMbIit B Xg u3 X, 3a7a0 KoHycoM X N
X .. B arom cmbicie X paccMaTpUBAIOT KaK YIIOPsI0YEHHOE BEKTOPHOE
IIPOCTPAHCTBO.

(3) Hycrs X uY — (upen)ynopsiioueHHble BEKTOPHBIE IIPO-
crparcrBa. Oueparop T € Z (X, Y) HasbBAIOT nososcumenvrowm (Ia-
myt T > 0), ecsm Boiosiaeno T'(X ) C Y. MHO)KeCTBO BCex HOJIOXKH-
TEeJILHBIX onepaTopos obpasyer konyc £y (X, Y). Jluneitnyto 060a0UKy
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Z. (X, Y) obozuagaror cumBosioM .Z, (X, Y). Oneparopst n3 %, (X, Y)

Ha3bIBAIOT PE2YAAPHBIMU.

3.2.7. ONPEAEJIEHUE. YIOPSI0YeHHOE BEKTOPHOE IPOCTPAHCTBO
Ha3bIBAIOT 8eKMOPHOT peulemKoti, €CJIn PENIeTKON SIBJASIETCS YIOPSJIO-
TEeHHOE MHOXKECTBO BEKTOPOB PACCMATPUBAEMOTrO MPOCTPAHCTBA.

3.2.8. ONIPEJAEJIEHUE. BeKTOpHYIO PEIeTKy HA3bIBAIOT NPOCmpaH-
cmeom Kanwmoposuwa uimm, Kopode, K-npocmparcmeom, eciau jiodboe
HEI[yCTOe OrPAHMYEHHOE CBEPXY MHOXKECTBO B HEll MMeeT TOUYHYIO BEpX-
HIOI0 T'DAHUILY.

3.2.9. B K-npocTpaHCTBE Ka>KJ0€ HEIyCTOe OTPAHHYEHHOE CHHU3Y
MHOKECTBO HMEET TOYHYIO HHKHIOIO TDAHHILY.

< Hycrs @ < U. Torma —x > —U. 3maunTt, no 3.2.8 cymiecTByeT
sup(—=U). Ilpu stom —zx > sup(—U). OTcroga OueBHIHO CJIeyeT, u9To
—sup(-U) =infU. >

3.2.10. B K-npocTtpaHCTBe JJIsI HEIIYCTBIX OIPAHUIEHHBIX CBEDXY
muoxkectB U u V' BpImosHeHO

sup(U + V) =supU +sup V.

< B cayuae, korma muoxkectBo U mim MHOKecTBO V' cocrouT mu3
OJTHOTO 3JIeMeHTa, Tpebyemoe paBeHCTBO sicrHo. Obmuit cirydait mosydaem
Terepb B CUJIY «ACCOIMATUBHOCTH TOYHBIX BEPXHUX I'paHUlly. VIMmeHHo,

sup(U + V) =sup{sup(u+V): velU} =

=sup{u+supV: veU} =supV +sup{u: ueU} =
=supV +supU. >

3.2.11. BAMEYAHUE. Busox npemroxkenus 3.2.10 MOKHO CIUTATH
CIIPABEJIMBBIM B IIPOU3BOJILHOM YIIOPSIIOYEHHOM BEKTOPHOM IIPOCTPAH-
CTBE IIPH YCJIOBUH, UTO Y UCXOAHBIX MHOXKECTB UMEIOTCS TOUHbIE BEPXHIE
rpaHuIbl. AHAJOTUIHO TPAKTYIOT cooTHOIIeHne: sup AU = Asup U st

AER,.

3.2.12. OUPEJEJEHUE. /[ljis ssteMeHTa 2 BEKTOPHON peIeTKy BeK-
TOp T+ := x V 0 HA3BIBAIOT NOAOAHCUMEALHOT HACTNBIO T, FTEMEHT X_ i=
(—x) — ompuyameavrol wacmovio, a |z|:= x V (—x) — modysem x.
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3.2.13. B BeKTOpHOII perrreTKe JJIsT JJIOObIX 9JIEMEHTOB T H Y HMeeT
MECTO TOXKIECTBO
rTty=xVyt+zAy.

dQr+y—zAy=x+y+(—x)V(-y)=yVa>

3214. x =z, —z_; |z|=x, +a_.

< Ilepsoe paBencTBo mosnydaerca u3 3.2.13 npu y := 0. Ilomumo
sroro, || =V (—2) = -2+ (22) V0= —z+22; = (v —2_) + 2z, =
Ty t+xT_. D>

3.2.15. JlemMma o cyMMe NPOME>KYTKOB. /JljIsT OJIOXKHUTETbHBIX
9JIEMEHTOB T, iy B BeKTOpHOIT penierke X Oyzer

[07 x+y] - [07 1‘] + [Ov y]

(Kak obbramo, |u, v]:= o(u) No~1(v) — (mopsaxoBerit) npomesicy-
MoK HIH UHMEPSAN.)

< Bruouenue [0, z] + [0, y] C [0, x + y| mecomuenno. Ecuu xe
0 <z < z+y, To nomoxuM 21 := z A x. Buumo, uro z; € [0, z|.
IIycts Tenepn 29:= z — 21. Torma z9 > 0. Ilpm stom 29 = 2 — 2 Ax =
24+ (=2)V(-2) =0V (z—2)<0V(z+y—z)=0Vy=y. >

3.2.16. Teopema Pucca — KanropoBu4a. Ilycto X — BekTOp-
Has pemeTka, a Y — Hekoropoe K-npocrpancrso. IIpocTpancTBo pery-
ssipabix oneparopoB £ (X, Y) ¢ konycom £y (X, Y) momoxuresbHbIx
omepaTopoB sBJistercst K-mpocTtpaacTBoM. <ID>

3.3. Ilpomosi>keHre MOJIOXKUTEJIbHBIX (DYHKIIMOHAJIOB U
orepaTopos
3.3.1. KOHTPIIPUMEPHI.

(1) IIycre X — upocrparcrso B([0, 1], R) orpanndeHHbIx
BemecTBeHHbIX OyHKmit Ha [0, 1], a Xo:= C([0, 1], R) — noxnpocrpan-
cTBO X, COCTaBJEHHOE U3 HempepbiBHLIX ¢yukimit. [Tomoxkum Y := X
u nageum Xo, X u'Y ecrecTBeHHBIMU OTHOLIEHUAME HOpsiiKa (cp. 3.2.6
(1) u 3.2.6 (2)). Paccmorpum 3a1a1y O IPOJOIIZKEHAN TOXKJIECTBEHHOTO
oneparopa Ty : Xo — Y 10 nosnoxuresnsuoro oneparopal € £, (X, Y).
Eciu 661 9Ta 331a49a umesa pernenne T', TO y KayK0ro HEIYCTOTO Orpa-
HUYEHHOTO MHOXKecTBa & B X HAILJIACh Obl TOYHAsI BEPXHssl IPAHUIA
supy, ¢, serauciennas B Xo. Nmenno, supy, & = T'supy &, rae supx &
— TouHas BepxHsis rpanuiia & B X. B To e BpeMsi HET COMHEHUH, 9TO
Y ne aBnserca K-mpocTpaHCTBOM.
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(2) Iycrs s:= RY — mpocTpaHCcTBO TOCTeI0BATEIBHOCTEH,
HAJIEJIEHHOE €CTECTBEHHBIM TOPsiIKOM. [lycTh, j1ajee, ¢ — MOAIPOCTPaH-
CTBO B S, COCTABJIEHHOE U3 CXOMAMNIMXCS IMOCJIE0BATENBHOCTEH. YcTa-
HOBHUM, YTO IMOJIOKUTEIbHBIN DyHKIMOHAT fi : ¢ — R, ompemesenubIit
coornomenueM fo(z) := limz(n), He HOIycKaeT MOJIOXKUTEIHHOTO [IPO-
NOJIKeHHs Ha §. B camoM sene, myets f € 7, f>0wu f DO fy. Homo-
xuM xo(n):=nu xx(n):=kAn gua k, n € N. dcuo, uro fo(xg) = k.
IMomumo aroro, f(zg) > f(zr) > 0, Tak Kak o > x > 0. Iomyunnu
IPOTUBOPEYNE.

3.3.2. ONIPEAEJEHUE. [lommnpocrparcTBo X yIopsiJIOUeHHOTO BEK-
TOPHOT'O TPOCTPAHCTBa X C KOHYCOM IOJIO2KUTEJILHBIX JIEMEHTOB X |
Ha3bIBAIOT Mmaccushum (B X), ecn Xog + X = X.

3.3.3. IloanpocrpancrBo Xy MaccuBHO B X B TOM U TOJIBKO B TOM
caIydae, ecaH s BCAKOro ¥ € X HaiqyTces s/eMeHTHI Tg, =¥ € Xg
TaKme, ITO BBIIOIHEHO To < x < z¥. <>

3.3.4. Teopema KautopoBu4a. Ilycts X — ymnopsiiodeHHOE BEK-
TOPHOE MPOCTPAHCTBO, X( — MAaCCHBHOE MOJIPOCTPaHCTBO B X Y —
Hekoropoe K-npocrpancrbo. JIoboii mosoxkuTeabHbIH omeparop Ty €
Z. (X0, Y) pomyckaer nosoxurenpHoe npogokenne T € £ (X, Y).

<1 97AI L. Ilycrs cragama X := Xg @ X1, riie X1 — ojHOMEpHOE
noanpocrpancTso, X1 := {aZ : « € R}. Tak Kak MOAIPOCTPAHCTBO
X mMaccuBHO u orneparop Ty nojoxuTesier, To Muoxkectso U= {Tpx? :
20 € Xy, 2° > T} orpanmyeno cHm3y M, 3HAUUT, ONMPEETCH 3IEMEHT

y:= inf U. Ilosoxum
Tz:={Toxo + oy : & =z +aT, x9 € Xo, a € R}.

OueBugno, T — OAHO3HAYHOE JIMHEHHOE cooTBeTcTBUE, IpudeM 1 D Ty
n dom7 = X. Ocrasocs y6euThcsl B TOJIOKUTEITHHOCTH 1.

Ecmu x = xg+ax u x > 0, To npu o = 0 goKa3bIBaTh Hedero. Ecim
ke a > 0, 70 T > —x9/a. Orcioma caenyer, uro —Tozo/av < T, T. e.
Tz € Y.. Ananoruuno npu o < 0 umeem T < —zg/a. Crajno GbITb,
7 < —Toxo/a u BHOBb Tx = Ty + oy € Y.

dral II. Ilycrs Temepb & — COBOKYITHOCTH TAKUX OJHO3HAYHBIX
mmHefinbx coorserctBuit S C X x Y, wro S O Tp m S(X,) C Y.
B cuny 3.1.3 npu ymnopsijijoueHnn 10 BKJIIOYEHHUIO & WHIYKTHUBHO, W IO
semMe Kyparosckoro — Iopaa B & ecThb MakCUMAJIbHBIN 3jieMeHT 1.
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Ecim T € X \ dom T, T0 MOXHO IPUMEHHUTH JIOKa3aHHOe Ha drare I K
cayuaro X := domT® X, Xg:=domT, Tp:=T u X;:= {aZT : o € R}.
Bosnaukaer mporuBopeune ¢ MmakcuMaabHocThio 1. Utak, T — nckomoe
poJioJzKeHue. >

3.3.5. BAMEYAHUE. [Ipu Y := R 0 3.3.4 unorja roBopsT Kak o meo-
peme Kpetina — Pymmana.

3.3.6. OIIPEJIEJIEHUE. DJIEMEHT & U3 KOHYCA MOJIOKUTEJBHBIX JJIe-
MEHTOB Ha3bIBAIOT duckpemmbim, ecau [0, z] = [0, 1]z.

3.3.7. Ecum Ha npocrparcte (X, X | ) umeercss TUCKpETHBIH Dy HK-
muonas, To X = X, — X

< Ilycre T — makoit dyuknmonan u 2 = X — X ;. Boszbmem
f € X7. Idocrarouno nokasars, uro ker f O 2" = f — 0. Ilo yciaosuio
T+ f €0, T], . e. nisa vexkoroporo « € [0, 1] 6yner T+ f = oT. Eciu
T|a =0, 10 2T € [0, T]. Orcrona T'=0 u f = 0. Ecam xe T'(z0) # 0
JUIsT Kakoro-inbo g € 2, to « = 1 u BHOBB f = 0. >

3.3.8. Teopema Kpetina — PyTmana qJ1s1 JUCKpPETHOTO (hyHK-
nuoHasa. Ilycts X — ymopsimodeHHOe BEKTOPHOE MPOCTPAHCTBO, X —
maccuBHOe rognpocTparcTBo B X u 1y — AUCKpeTHBIH (DYyHKIIHOHAT HA
Xo. Torma cymectByer aucKperHbIi ¢yakimonaa 1T ma X, mpogoska-
rormuit Ty.

< «IlogmpaBum» moKazaTeabCTBO 3.3.4.

ITAI L. [Ipexbsasnennsiit pyuknuonan T’ quckpered. B camom je-
ae, upu T’ € [0, T| nost nogxongsmero « € [0, 1] mpu Beex zo € X Gyaer
T (zg) = T (x9) u (T —T")(xo) = (1 — )T (xp). Ouenunaem:

T'(@) < inf{T"(2°) : 2° > 7, 2° € Xo} = T (7);

(T —T")(Z) <inf{(T —T")(2°): 2°>7, 2° € Xo} = (1 — )T (%).

Taxum obpasom, T = oT u [0, T| C [0, 1]T. IIpoTHBOIOIOKHOE BKIIFO-
YeHue CIpaBeyInBo Beerja. Mrak, dyukimonan T’ IUCKpeTeH.

ITAT II. Ilycte & — MHOXKECTBO, BBEJEHHOE DU JOKA3ATEIbCTBE
3.3.4. PaccMoTpuM MHOXKECTBO &, COCTOMAIIEE U3 TAKUX IJIEMEHTOB S €
&, aro cael S|daom s IpeIcTaBisier cobo JIUCKPETHBIA (DYHKIMOHAJ HA
npocrpatncree dom . S. Clemyer ycraHOBUTH MHIYKTUBHOCTb &y. B co-
orsercteun ¢ 1.2.19 Bo3bMeM 1enb & B &;. Iomoxkum S := U{S) :
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So € &} Ouemmmo, uto S € &. Ybemumcst B AUCKPETHOCTH S, ITO
U 3aBEPIIAT JOKA3ATEIHCTBO.

[ycts S’ € (dom S)# Takos, uto 0 < S'(z9) < S(xo) aas Beex
xg € (dom S) . Ecmu S(zg) = 0 gzt oboro takoro xg, To S’ = 08,
qT0 u Hy>kHO. Ecym xe S(xg) # 0 myst mHekoroporo g € (dom S) ., To
BoIbepeM Sy € &y u3 yeaosus So(zg) = S(xp). Torma B cuity auckper-
HocTH Sy MoxkHO 3amucars: S’ (x') = aS(z') anst Beex ©' € dom Sy. Ipu
sroM « = S'(x0)/S (o), T. e. « He 3aBucuT or BHIGOPA S). ITocKoNbKY
&y — nenb, 3akmodaeMm: S’ = aS. >

3.4. BoinmykJibie GYHKIUN U CyOJIMHETHbIE
b yHKITMOHAIIBI

3.4.1. OOPEAEJEHUE. [loaypacwuperrot wucaosot npamot R’
HA3BIBAIOT MHOXKeCTBO R’ ¢ TpUCOeTMHEHHBIM HAUGOJIBIIIM 3JIEMEHTOM
+o0o. Ilpu srom momaraior a+00) := +o0o (a € RL), 400 + z:= z +
(+00):= 400 (z € R").

3.4.2. ONPEAENEHUE. Ilycts f : X — R° — mekoropoe orobpa-
KeHne. MHOXKeCTBO

epifi={(z, t) e X xR: t> f(z)}
Ha3BIBAIOT Hadzpagurom [, a MHOXKECTBO
dom f:={x e X: f(z) < +oo}

— afhpexmuenoli obracmouro onpedeserus GyHKIUN f.

3.4.3. BAMEYAHUE. HemnociemgoBarebHOCTh B IIPUMEHEHUH CHM-
Bosia dom f kakymasicst. Vimenno, sapdekTuBHas 001aCTh OIPEIe/IeHUsT
dbyuknun f: X — R’ coBnagaer ¢ 00J1aCThIO OIpee/IeHrs] OJHOZHATHO-
ro coorBercrBust f N X X R uz X B R. B 3roit ¢cBsu3u npu dom f = X
OymeM, Kak u mpexe, mucarh f : X — R, omyckas Touky B R'.

3.4.4. ONIPEAEJEHUE. Ilycte X — BemmecTBeHHOE BEKTOPHOE TIPO-
crpancTBo. Orobpaxkenue f : X — R’ mHazpBawoT 6uinyk.aot gyrryued,
ecsu Haarpaduk epi f — 9T0 BBIILYKJIOE MHOXKECTBO.
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3.4.5. Orobpazkenne f : X — R’ sBisiercst BITyKJIOH DyHKITHEOH
B TOM I TOJIBKO B TOM CJIydae, €CJIH HMeeT MecTo HepaBeHcTBo Hencena,
T. €.

flarzy + agxp) < o f(x1) + ao f(x2),

Kak TOJIBKO a1, g > 0, ag +ag =1 wmxy, 29 € X.

< =: Ecan Beibpans unciaa oy, as > 0, oy +as = 1 1 01Ul U3 BeK-
TOPOB Z1, T2 He BXoauT B dom f, TO JTOKa3bIBATH HEYErO — HEPABEHCTBO
Mencena ouesnano. Ilyers 21, x5 € dom f. Torma (z1, f(x1)) € epi f
u (z2, f(z2)) € epif. Cramo GbiTh, ¢ yaerom 3.1.2 (8), aq(z1, f(x1)) +
az(z2, f(r2)) € epif.

<: Iycrs f: X — R — dyukuus u (z1, ¢1) € epif, (a2, t2) €
epi f, . e. t1 > f(x1) ute > f(x2) (B cayuae dom f = @& 6yuer f(z) =
+oo (x € X) nepif = @). Ipusiekas nepasencrso Memncena, Bumm,
qTo mid o, ag > 0, ap + as = 1 crpaseyimBo (alxl + o, aqty +
aotls) € epi f. >

3.4.6. OOPEAEJEHUE. Orobpaxkenue p : X — R’ nazweBaooT cyb-
AUHETHDM PYHKUUOHAAO0M, eCTn HAATPADUK epip — 9TO KOHYC.

3.4.7. IIpu domp # 0 5KBHBAJIEHTHBI Y TBEPKJICHUSI:

(1) p siBastercst cy6auHERHBIM (DYHKITHOHAJIOM;

(2) p — BbmykIas YHKIUS, YAOBJETBOPSIOMAS YCIOBUIO
TOJIOKUTENIBHO offHOpoJHOCTH; T. €. plax) = ap(zx)
mpu Bcex a > 0 m x € dom p;

(3) st r06BIX 1, o € Ry m x1, x2 € X BbIIOJIHEHO
plarzy + agxa) < arp(wy) + azp(r2);

(4) p — nosoKkHTENBHO ONHOPOJHBIH (DYHKIHOHAJ, YIOBJIE-
TBOpsIOIUI ycaoBuio cybammurusnocT: p(r1 + ) <
p(x1) + p(wa) st Beex x1, T2 € X. <>

3.4.8. IIPUMEPHI.

(1) JIuneitnsiit byHKIMOHAT CyOInHEEH, B TO BpeMsl Kak ad-
dbunHBI DYHKINOHAT — BBITYKJIad QYHKIAS.

(2) IIycrs U — seinykioe MHOXKecTBO B X . ITosoxnm

0, ecm x € U,

()~ {

+oo, ecm x & U.

Orobpaxkenne §(U) : X — R’ maspiBator unduxamophot gynryuets MHO-
skectBa U. dcuo, aro 6(U) — Bbinykias dyuknust. Eciau U — KoHyc, TO
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0(U) — cybumneiinbiit dyukimonan. Eciu U — addunnoe MHOXKECTBO,
to 6(U) — addunnblii dyHKIIOHA.

(3) Cymma KOHEYHOrO YHCJIAa BBILYKJILIX (DYHKIUHA U TOY-
Hasl BEpXHsisl MPaHUIA (MM BEPXHsis OrUOAroNIas) ceMeliCTBa BbIILYKJIIbIX
byukmit (Bbranciasemas morodeuno, T. e. B (R)X) cyTh BBITyKIBIE
dyHKIME. AHAJOIMYHBIE CBOHCTBA HAOIIOMAIOT y CyOIMHENHBIX (DYHK-
HOHAJIOB.

(4) Cymnepnosuiust BeInyKIIOH byHKINM ¢ afifurnom one-
pamopom (T. €. CO BCIOLY OUPEIEIEHHBIM OJHOZHAYHBIM ahPUHHBIM CO-
OTBETCTBHEM) sIBJIsIETCH BBIMYKJ0H (yukuueit. Cyneprnosuims cy6m-
HeHOro (PYyHKIIMOHAJIA C JUHEHHBIM OIEPATOPOM — CYOTUHENRHDBIN DY HK-
IUOHAJT.

3.4.9. ONIPEAEJEHUE. Ilycth X — BeKTOpHOE POCTPAHCTBO, a U
n V — nBa mommuoxkectBa B X. Tosopsar, uro U nozaowaem V, ecin
Haiimercsa n € N, gasa koroporo V. C nU. MuoxkectBo U Ha3bIBaIOT
nozaowarowum (B X), ecoim U norsomaer Kaxaylo Touky B X, T. e.
X = UneN nU.

3.4.10. IIyctp T C X x Y — jmHeliHOEe COOTBETCTBHE, IPHYEM
imT =Y. Ecan U normomaromee (B X ), o T(U) nornomaromee (BY ).
4 Y =T(X)=T(UpennU) = UpenT(nU) = UpennT(U) >

3.4.11. ONPEAEJEHUE. Ilycte U — HOAMHOXKECTBO BEKTOPHOTO
npocrpanctBa X. Touka x w3 U npunamiexur sdpy core U MHOKe-

crBa U (wu aszebpauvecku enympennas ¢ U), ecnn muOXKecTBO U — 2
— morJoIaomiee B X.

3.4.12. Ilycrp f : X — R — npowusBoJibHAasI BBIILYKJIAsT (DYHKIIHS
u x € coredom f. st Besixkoro h € X cymiectByer

@) () tim TE R = @) f@+ah) = @)

al0 [0 a>0 [0}

IIpu srom orobpaxenune f'(x) : h — f'(x)h apasercs cybiuneiinbiv
¢ynxmuonaaom f'(z) : X — R.

< IMyerb p(a):= f(z+ah). B cury 3.4.8 (4) orobpaxenue ¢ : R —
R’ — a0 BBIMyKTasa dyskmus. [Ipu stom 0 € coredom . Orobparkenne

a — (p(a) —¢(0))/a (o > 0) Bo3pacraeT U OrpaHUYEHO CHU3Y, T. €.
umeercst ¢’ (0)(1). ITo onpenenennto f'(z)(h) = ¢’(0)(1).
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Hna 8> 0u h € H nocjie/joBaTeIbHO TTOJLY 9aeM

f(z+aph) — f(z)
of

Kpowme Toro, aist hy, ho € X B cuiy yKe yCTAHOBJIEHHOTO

= Pinf = Bf'(x)(h).

fuNM+hgzg%f@+zaw2fm»—f@>

f(3(z+ ahi) + 3z + ahg)) — f()

=2 li% o <
i @b = @) @ ahy) < f(@)
al0 (6] «l0 o

= f'(@)(h) + f'(2)(ha).

Ccpuika Ha 3.4.7 3aBepiiaer I0Ka3aTebCTBO. [>

3.5. Teopema Xana — Banaxa

3.5.1. ONPEAENEHUE. [lycts X — BemmecTBEHHOE BEKTOPHOE TIPO-
crpancTBo, f : X — R" — Beimykias dyukius u & € dom f. MuoxkectBo
O (f):={l e X" : (Vy € X) Il(y) —Il(z) < f(y) — f(x)} nasesator
cybdugppeperyuarom byukiun f 6 mouke x.

3.5.2. IIPUMEPHI.

(1) Hycre p: X — R — cybuuueiinsiii pynkuuonasn. Omnpe-
JesM cybouddeperyuan p coorrormerneM 0(p):= do(p). Torma

ap) —{le X*: (Ve X) I(x) < pla)};
0a(p) = {l € 0(p) : 1(x) = p(a)}.

(2) Ilyers I € X7. Torma 9(1) = 9,(1) = {I}.
(3) IIycrs Xy — moampocrpancrso X. Torma

D(6(Xo)) = {l e X7 : kerl D Xo}.
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(4) Hycre f: X — R — Boluykiias GYyHKIES U IPH 9TOM
BhINOJIHEHO * € core dom f. Torma

0x(f) = 0(f'(x)). <>

3.5.3. Teopema Xana — Banaxa. IIycre T € £ (X, Y) — -
HeitHbIi onepatop, f : Y — R’ — Beinykiias GyHKIHUs, a To9ka T € X
rakoBa, 4ro Tz € coredom f. Torza

0u(foT) = dra(f) o T.

<1 Ha ocroBanuu 3.4.10 3akiogaem, uto & € core dom f. [Ipumensis
3.5.2 (4), mmeem O, (f o T) = O((f o T) (z)). Homumo storo, just h € X
BBITIOJTHEHO
(foT)(x + ah) = (foT)(z)

(f o T)'(x)(h) = lim - -

lim f(Tx+aTh) — f(Tx)

i - ~ f/(Ta)(Th).

Monoxum p:= f'(Tx). Buoss aneuupys k 3.5.2 (4) u y9uTbiBas, 4To,
B cuty 3.4.12, p — 310 cyOimHERHBIN DYHKITHOHA, BIBOIAM:

9(p) = (f'(Tx)) = Ora(f);
OpeoT)=0((foT)(x) =du(foT).

Taxum 06pa3oM, OCTAIOCH JOKA3aTh PABEHCTBO
d(poT)=0(p)oT.

Ecimml € O(p)oT, rne. I =1l oT, rnely € O(p), 1o l1(y) < p(y)
Jyist jioboro y € Y. B wactrocrn, I(x) € 11 (Tz) < p(Tz) = po T (x) upu
Beex £ € X, .e. [ €I(poT). Urak, O(p)oT C I(poT).

ITycrs Teneps | € O(poT). Ecim Tx = 0, 1o l(x) < p(Tz) =
p(0) =0, 7. e. I(z) < 0. To ke BepHO A5t dseMenTa —. OKOHYATEIHHO
I(x) = 0. Opyrumu ciosamu, ker! D ker T'. 3mauur, no reopeme 2.3.8,
I =1y o T nnst mexoroporo l; € Y. Tlonaras Yy := T(X) u obosnauas
CHMBOJIOM ( BJIOXKeHUe Yy B Y, BUJUM, UTO (PYHKITHOHAT [1 O L BXOJUT B
d(pot). Ecau mbl mokazkem, aro d(pot) C d(p) oL, TO IJIst TIOAXOISAIIETO
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ly € O(p) 6yuer lyor = lsor. Orciopal = 130T = lyotoT = lgoroT = [50T,
T.e. l€d(p)oT.

Takum 06pa3oM, it 3aBEPIIEHUs JO0KA3ATEILCTBA TEOPEMbl XaHa
— Banaxa ciezyer ycTaHOBUTB TOJIBKO, aTo O(p o) C J(p) o ¢.

Bosbmewm sstement Iy u3 d(p o t) u B mogupocrpanctee Po:= Yy X R
upocrparcTBa ) := Y X R pacemorpum dyuxiumonan Ty : (yo, t) —
t —lo(yo). Yuopsizouum ) ¢ momoImpio Kouyca ). := epip. 3amerum,
BO-TIEPBBIX, UTO TIOIIPOCTPAHCTBO 2o SABJISIETCS MACCUBHBIM B CHLTY TOXK-
JIeCTBA

(y, 1) = (0, t —p(y)) + (y, py)) (y€Y, teR).

Bo-Bropsix, mpu (yo, t) € Yo NY., na ocuosanuu 3.4.2, t > p(yo)
u, crajno obith, To(yo, t) = t — lo(yo) > 0, . e. Ty — moOIOKUTE B
Hblit dynKImonan Ha 2)g. [lo Teopeme 3.3.4 HafigeTcsa MONIOKUTETBHBIN
dyukumonan T Ha ), npomoskaomuii Ty. Ilomoxuwm I(y) := T(—y, 0)
s y €Y. deno, aro [ o = ly. ITomumo sroro, T(0, t) = Tp(0, t) = t.
Caenosaresnbro, 0 < T(y, p(y)) = p(y) — l(y), ™ e. I € d(p). >

3.5.4. SAMEYAHUE. YTBepxKeHre TeopeMbl 3.5.3 UMEHYIOT TaK»Ke
Popmyaotli sunelinotll 3amerv, nepemernoti nod snaxom cybduddeperyu-
asa, OJIpasyMeBasi OPOCAIOINLYIOCs B IJIa3a CBA3b CO CTAHIAPTHBLIM IEI-
HBIM TIpaBuiIoM auddepeHmaabHoro ucanciaenusi. OTMETHM 3/1eCh ¥Ke,
4ro BK/odenue J(p o) C J(p) o L 9acTO HA3LIBAIOT «TeopeMoil Xama —
Banaxa B amauTudeckoit popMe» M BHIPAXKAIOT CJIOBAMM: <«JIHHEHHBIH
GYHKITMOHA, 33 TAHHBII HA TOAIIPOCTPAHCTBE BEKTOPHOTO TPOCTPAHCTBA
U MayKOPHUPYEMBINl TaM CyOJIMHEHHBIM (DYHKITMOHAJIOM, JIOMYCKAET TPO-
JIOJIZKEHVE Ha BCe TIPOCTPAHCTBO JI0 JIMHEHHOTO (DYHKIIMOHAJIA, MAYKOPHU-
PYEMOTO UCXOJIHBIM CyOJIUHEHHBIM (DYHKIITHOHAJIOM ».

3.5.5. CuexncrBue. Ilycre X — BeKTOpHOE mpOCTPaHCTBO, Xo —
nogmpocrparctBo B X uwp : X — R — cybimuHeHHbIH (PyHKIIHOHAIL.
Hueer mecro (mecummerpuunasi) popmyna Xana — Banaxa:

A(p +6(Xo)) = 9(p) + 9(6(Xo)).

<1 Brunouenne npapoil 4acTu UCKOMO# (POPMYJIBL B €€ JIEBYIO 9aCTh
odeBuHO. JJisi MOKa3aTe/IbCTBa IIPOTUBOIOJIOKHOTO BKIIFOUEHNS BO3b-
meM | € d(p + 6(Xp)). Torma lot € O(por), tne ¢ — Boxenue X
B X. Ilo 3.53,l0t € d(p) o, 1. e. aysa nopxongiero i3 € O(p) BbIIOJ-
meHo [ ot = Il o¢. Ilomoxxuwm Iy := [ — [y. U3 ompenmenenns moaydaem
lpotr=(1—1l1)or=1lor—1l101=0,1 e kerlp D Xy. Kak ormeueno
B 3.5.2 (3), a0 o3Hauaer, uto Iy € J(§(Xp)). >
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3.5.6. CueacrBue. Ilycrs f : X — R° — Hekoropast BBIIIyKJIas
¢ynkmust u x € coredom f. Torma 0, (f) # @.

< Iycrs p:= f'(x),at: 0 — X — Baoxkenue. Scno, aro 0 € d(por),
T. e. d(pot) # . Io 3.5.3, d(p) # @ (unaue 6bu10 661 & = J(p) 0L =
d(pot)). Ocramoch npusieus 3.5.2 (4). >

3.5.7. CaexcrBue. Ilycrto fi, fo : X — R’ — Boiiykibre pyHKIUN
u x € coredom f1 Ncoredom f5. Torma

a:v(fl + f2) - az(fl) =+ ({95,;(]02).

< Iyers py = fi(x) u po:= fo(x). Hna xz1, xo € X monoxum
p(x1, x2):= p1(x1) + pa(x2) u (1) := (z1, 7). Ucnomssys 3.5.2 (4)
u 3.5.3, mocje0BaTeIbHO BHIBOTUM:

Oz (f1 + f2) = O(p1 +p2) = 0(por) =

=0(p)or=0(p1) + 0(p2) = 0u(f1) + 0u(fo)- >

3.5.8. BAMEUYAHUE. CnejcrBue 3.5.6 HHOTIa HA3BIBAIOT MeOPemo
0 wenycmome cybdudgeperyuana. C OXHON CTOPOHBI, €6 MOXKHO YCTAHO-
BUTH HEIOCPEJICTBEHHBIM NpuMeHenueM JiemMbl Kyparosckoro — Iop-
ma. C apyroit croponsl, uMes cieacteue 3.5.6, MOXKHO TOKA3aTh, UTO
O(poT)=0(p)oT, ciegyiomum obpazom. ITomoxum

pr(y):= inf{p(y + Tx) —I(z) : = € X},

rie | € O(p) u upunsaTsl obo3Hauenust u3 3.5.3. fcuo, uro dyHkunOHAI
pr cyGsHeeH u J11060it asemenT 11 u3 O(pr) yAOBIETBOPSIET COOTHOIIE-
uuto | = [y o T. Urak, menycrora cybauddepennuana u reopeMa XaHa
— Banaxa B cy6uuddepennuanbaoii dopme 06pa3yior yaobHblil (1 He
HOPOYHBI) KPYT.

3.6. Teopema Kpeiina — Muabmana gJis
cyonuddepenrmaion

3.6.1. ONIPEAEJEHUE. [lycts X — BemmecTBeHHOE BEKTOPHOE TIPO-
crpancTBO 1 seg C X2 X X — COOTBETCTBHUE, JIEHCTBYIOIIEE IO 3aAKOHY

seg(z1, z2):= {a1x1 + asme : a1, as >0, ay + ag = 1}.
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Ilycre, nasee, V' — BbIIyKjI0e MHOXKECTBO B X U segy — CyKEHHUE seg
na V2. Boimykmaoe MuOxkecTBo U, exkammee BV, Ha3bIBAIOT KpatiHuM
B V, ecian seg‘_/l(U ) C U2 Kpaiinne MHOXKECTBa MHOTJA Ha3bIBAIOT
epansmu. Touxky x u3 V wmaseBaior xpatined moukotd V, ecim {x} —
Kpaitaee moaMuoKecTBO V. MHOXKECTBO KpaitHuX TO4YeK V 0003HAYAIOT
cumBosioM ext (V).

3.6.2. MmuozxectBo U siBisieTcst KpaiiHum B V' B TOM U TOJIBKO B TOM
caydae, ecad u3 ycaoBui vy, va € V, a1, as > 0, a; tax = 1m
a1v1 + aove € V BeITEKaeT, yto v1 € U mvy € U. <>

3.6.3. IIPUMEPHIL.

(1) IIycrb p: X — R — cyGinnerliHbIl HyHKIHOHAT U TOY-
ka ¢ w3 X Bxomur B domp. Torga 0,(p) — KpaiiHee HOJIMHOXKECTBO
A(p).

< JleiicTBUTENBHO, €CJIU JJIsT (i1, (o > 0 U iy +ag = 1 U3BECTHO, YTO
arly + asly € 0x(p) u ly, le € d(p), To 0 = p(x) — (1l1(x) + asla(x)) =
a1 (p(x) —li(x)) + aa(p(x) — l2(z)) > 0. ITommmo sToro, p(x) —l1(x) > 0
u p(z) — l2(z) > 0. Crenosarennsho, l1 € 0y(p) u le € 0x(p). >

(2) IHycrp U — kpaiinee muoxectBo B V' H, B CBOIO 04epeb,
V' — kpaitnee maoxkecrso B W. Torya U — kpaiinee muoxkectso B W. <>

(3) Iycrp X — ymopsimodennoe BeKTOPHOE HPOCTPAHCTBO.
Osement © € X | SIBJISETCS AUCKPETHBIM B TOM H TOJBKO B TOM CJIy4ae,
ecan gya {ax : «a € R, } mpeicrapisier coboii KpaitHee MHOXKECTBO
B KoHyce X . .
< <: Hyers 0 < y < 2. Torma z = 1/2(2y) + 1/2 (2(z — y)).
B cuny 3.6.2, 2y = ax u 2(x — y) = Bz mjua HeKoTOphIX @, S € R .
Urak, 2¢ = (a + B)z. Ecim z = 0, 10 g0Ka3bBarh Hedero. Kcim xke
x # 0, To a/2 € [0, 1] u, crano 6eite, [0, x| C [0, 1]z. O6parHOe
BKJIIOUEHUE OYEBUTHO.
= IIycrs [0, z] = [0, 1]z u muas uncen o > 0; aq, a2 > 0, ag +
g = 1 u 3JIeMeHTOB ¥, Y2 € X | BBIIOJHEHO AT = QY] + Qoy2. Eciam
a=0,710 a1y1 € [0, x] u asys € [0, | u, crano GbITh, Y1 U Yo JEKAT
Ha paccMarpuBaeMoM Jiyde. Eciam xke a > 0, to (o1/a)y; = tx upu
noaxoxameM t € [0,1]. Hakonen, (ag/a)ys = (1 —t)z. >
(4) Iycrs U — BBIIYKJIOE MHOMKECTBO. BBINYKJIO€ IIOJMHO-
»kectBo V muOKecTBa U HazbiBator wankol U, ecin U\ V' — BblyKioe
MHOKECTEO.
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Touka x B U siBirsiercss KpaiiHeii B TOM H TOJBKO B TOM CJLy4ae, €CJIH
{z} — manka muoxecrsa U. <>

3.6.4. Jlemma o kpatineii Touke cyoauddeperrmnuaaa. Ilycro
p: X — R — cybumneiinbii ¢pyuxnuonan u l € 9(p). Ilycrs, nagee,
X =XxR, Zy:=epipuT:(x, t)—t—Iz) (x € X, teR).
Torpma | — kpaiinsss rouka O(p) B TOM M TOJBKO B TOM CJIydae, ecu 1)
— JIUCKPETHDBIH (PYHKIHOHAT.

< =: Bosbmem dbynkmmonanx T € 27 Takoit, uto T' € [0, Tjl.
ITosroxkum
t1:=T'(0, 1), Ili(x):=T (—=x, 0);

toi= (Ti = T)(0, 1), ly(x)= (T~ T')(~a, 0).

fcno, uroty >0, ty > 0, ty+ty = 151y € O(t1p), l2 € O(tap) w1y +1o = L.
Ecmt;y =0, 10l =0, mne. T"=0uT €0, 1|T;. Ecun xe to = 0,
Toty =1, e. T =T, uBaoss T € [0, 1]T;. IlycTs Teneps t1, to > 0.
Torna 1/t1 1y € O(p) u1/taly € O(p), mpuaem | =ty (1/t111)+t2 (1/t21a).
IMockonbky 10 ycaosumo | € ext(A(p)), uz 3.6.2 BeiBoguMm l; = ¢1l, T e.
T — t,7;.

<:Iycre l = aglytasls, tnely, lo € d(p) mag, s > 0, a1 + as = 1.
@ynkunonansl T := o1y, u T = 9T}, NOIOKUTENBHBI, PUIEM
T € [0, Tj], w6o T' + T" = T,. 3Bnaunt, Haiimerca S € [0, 1], mis
koroporo T = fBT;. Paccmarpusasi Touky (0,1), momyuaem a; = S.
Canenosarenbio, [1 = [. Anajgornyano I, = [. >

3.6.5. Teopema Kperina — Mwuiabmana ajs cyoamucpgepen-
nuajioB. Ilycts p : X — R — cybaunetinoiii pyaximonast. s Bes-
koro x € X Habinercs kpatiauit ¢pynakmuonas | € ext(d(p)) rakoii, aro
I(z) = p(x).

< YcranosuMm cHadasia teopemy Kpeitna — Muabmana «B y3KOM
CMBICTIEY, T. €. JOKaxKeM, 9To B cyOauddepennuae g0d0ro cydmHeii-
HOro (PYHKIUOHAJIA P ecTh Kpaiinue Touku: ext(d(p)) # <.

Beesiem B mpoctpancTso 2 := X X R koryc £, := epip u BbIIeIMM
nozmnpocTpancTBo Zp:= 0xR. 3amernm, uro 2. N2y = 0xR, = epiO.
ITpumensist 3.6.4 s caydass X := 0, [:= 0 u p:= 0, Bugum, uro Tj
— 9T0 JucKpeTHbI dyHKmonan Ha Zo. I[lommpocrpancreo £y B 2
MaccuBHOe (cp. JioKazaTenabeTso 3.5.3). Anesumupyst K 3.3.8, moplieMm
nuckpernoe npogoskenne T € 277 dynkiuonana Ty. IlomsarHo, uTo



44 I'in. 3. Bemykiisrii anaus3

T =Ty, vie l(z) := T(—z, 0) npu z € X. Buosb npusiekas 3.6.4,
LPUXOAUM K cootHomenuio | € ext(9(p)).

YcraHOBUM Teneph TeopeMy B mmostHoM obbeme. Ha ocnoBanum 3.4.12
U yZKe JIOKa3aHHOro BbIOepeM aseMentT | u3 ext(0; (p'(x))). U3 3.5.2 (2)
u 3.5.2 (4) Boitekaer: | € ext(0,(p)). Ilo 3.6.3 (1), 0x(p) — kpaiinee
muOXKecTBO B J(p). Takum obpasom, B cuiy 3.6.3 (2) dynxrmonas |
stBJIsIeTCsl KpaiiHeil Toukoit cy6muddepennmana I(p). o>

3.6.6. CiaeacrBue. Ilyctb p1, p2 : X — R — cybummeitabie QyHK-
nuonansl. HepagsercTso py > pe (B RX) cnpaseaimBo B ToM o TOTBKO
B TOM cay4ae, ecin O(p1) D ext(9(p2)).

< Beccuopno, uto p; > pa < 9(p1) D 9(p2). Kpome Toro, 1o 3.6.5,
p2(z) = sup{l(z) : | € ext(I(p2))}. >

3.7. Teopema Xana — BaHaxa A/ TOJIyHOPMBI

3.7.1. OuPEAEJEHME. ITycrs (X, F, +, ) — BekTOpHOE LpO-
crpancrso Han F. Bekroproe npocrpancrso (X, R, +, - |r xx ) Ha3bIBa-
10T sewecmeennol ochosoli pocrpancrsa (X, F, 4, -) u oboznavaror
KOPOTKO CUMBOJIOM XR.

3.7.2. ONPEAEJEHUE. Ilycrs X — BekTOpHOE TPOCTPAHCTBO U f €
X# — mmmeitnbiit dbyakmmonan. Ilomoxum Re f @z +— Re f(x) (v €
X). Bosmuxaiomee orobpaxkenne Re : (X7)r — (Xg)” maspsaior
0BEULECTNBACHUEM.

3.7.3. Osemecrpienne Re — 910 n30MOpgu3M BeleCTBEHHBIX BEK-
roprbix npocrpancts (X7 )g u (Xg)7.

< Cuemyer pazobpars Tosbko ciaydait F := C, ubo mpu F := R
onepaTop Re — TOXIeCTBEHHOE OTOOPaYKEHUE.

JIuneitnocTp omeparopa Re He BBI3bIBAET COMHEHMIT. YOegumMcs
B TOM, 4T0 Re — mMonOMOpduU3M U 31UMOPMU3M OJHOBPEMEHHO (CPp.

2.3.2).
Ecim Re f = 0, To

0 = Re f(iz) = Re(if(z)) =

= Re(i(Re f(z) +iIm f(x))) = —Im f(x).

Orcrona f = 0 u Re — morHOMOpPhU3M.
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Ecimu Ttenieps g € (Xg)”, To nonoxum f(z):= g(x) —ig(ix). Oue-
Bugno, uro f € £ (Xgr, Cr) u Re f(z) = g(z) upu z € X. Ocranocs
nposepuTh, uto f(ix) = if(z), m6o Torma f € X*#. IIpamoe BurauceHne
flix) = gliz) +ig(x) = i(g(x) —ig(iz)) = i f(r) mMO3BOISET 3aKIIOUNTD,
uro Re — snumopdusm. >

3.7.4. ONPEAEIEHUE. Oneparop Re™! : (Xg)" — (X7)p Hasb-
BAIOT KOMNAEKCUPUKAMOPOM.

3.7.5. BAMEYAHUE. B cuy 3.7.3 Jijisi KOMILJIEKCHOI'O IIOJIsI CKaJIsl-
pOB
Re~'g:x— g(x) —igliz) (g€ (Xr)", € X).

B cayuae F:= R xommnexcuduxarop Re™! — ToxKmecTBeHHEIH omepa-
TOP.

3.7.6. OPEAENEHME. Ilycts (X, F, +, ) — BekTOpHOE mpo-
crpancTBo Had F. @yukmnuio p : X — R’ Ha3BIBAIOT NoAyHOPMOU, €CIII
domp # @ u g 1, x2 € X u A1, Ay € F BeImosiHEeHO

p(A1z1 + Aex2) < |M|p(x1) + |A2lp(2).

3.7.7. BAMEYAHUE. Kak/ast ogyHOpMa sIBJISIETCS CyOJIMHEHHBIM
dbyHuKIIMOHATIOM (Ha BEIECTBEHHON OCHOBE PACCMATPUBAEMOTO IPOCTPAH-
cTBA).

3.7.8. ONPEAEJEHUE. Ilycts p: X — R° — noaynopma. Muoxke-
CTBO
10|(p):= {l € X" : |l(2)| < p(z) upm Beex = € X}

HA3BIBAIOT cYOJuPPheperyuarom noisyHOPMvL P.

3.7.9. Jlemma o cybaudchepeHiuaie moayHOpMbI. s Jio-
60it mosrynopmbl p : X — R cybaudgepennuainst |0|(p) u O(p) cesizanbl
COOTHOIIECHUSIMHA

0l(p) =Re™'(8(p));  Re(|0](p)) = A(p)-

< ITpu F:= R oueBunHo pasencrso |J|(p) = 9(p). Ocrasock BCoM-
HUTH, 9TO B 3TOM CJiydae oTobpakenne Re — TOXKJECTBEHHOE.

ITycrs F:= C. Ecnu l € |0|(p), o (Rel)(z) = Rel(z) < |l(x)] <
p(z) anst Beex x € X, 1. e. Re (|0|(p)) C A(p). Ilycrsb Teneps g € A(p)
u f:=Re lg. Ecom f(z) = 0, to |f(z)| < p(x). Ecsm xe f(x) #£ 0, To
nosoxkuM 0:= |f(z)|/f(z). Torna |f(z)| = 0f(xz) = f(6z) = Re f(0z) =
9(0z) < p(0z) = |0|p(z) = p(x), ubo |0] = 1. Urax, f € |0|(p). >
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3.7.10. IIyctp X — BekTOpHOE MPOCTPAHCTBO, p : X — R — mosty-
HopMa u X — nomupocrpadcTso B X . Hmeer mecto (HecHMMeTPUIHAST)
dopmyna Xana — Banaxa qist moJfyHOPMBI

10|(p + 6(Xo)) = 18](p) +10](6(X0))-

<1 C nmomompio 3.7.9 u 3.5.5, BLIBOIUM:

01(p + 8(Xo)) = Re™ (A(p + 6(X0))) = Re™(A(p) + 3(6(Xo))) =
=Re '(9(p)) + Re™'(3(6(X0))) = |0](p) +10](8(X0)). >

3.7.11. IIycres X, Y — Bekropubie npocrpancrsa, T € L (X, Y)
— JmHenHbIH oneparop u p : Y — R — moaymopma. Torma po T —
MIOJIyHOpMa, MIPUIEM

0|(poT) = 10](p) o T.
< IlpuBnekada 2.3.8 u 3.7.10, mocie10BaTEILHO UMEEM
0|(poT) = 0](p + 6(imT)) o T = (|8](p) + [01(6(im T))) o T =
=10l(p) o T+ [0|(6(mT)) o T = |0](p) o T" >

3.7.12. BAMEYAHUE. B ciydae oneparopa BIIO2KEHUSI U KOMILIEKC-
HOTrO ToJIst cKassApoB 3.7.11 mazeBator meopemots Cyromaunosa — Bo-
nenbmocma — Cobuuxa.

3.7.13. Teopema Xana — Banaxa aJ1s1 mostyHOpMbI. Ilycte X
— BEKTOPHOE TIPOCTPAHCTBO, p : X — R — moaymopma m Xy — mosi-
npocrpauctBo B X . Ilycts, namuee, lg — suHettapii pyHKIIOHAT Ha X)),
autst koroporo |lg(xo)| < p(xo) mpu z¢ € Xo. Torma cymiecrByer Takoi
smaeitnbi Gynknuonas | wa X, qro |[(z)| < p(x) a1s Besaroro x € X m,
kpome Toro, l(xg) = lo(xg), Kak ToBKO To € Xg. <I>

3.8. ®yuknmonasa MHIHKOBCKOTO M OTAeJIMMOCTH

3.8.1. ONIPEJAEJIEHUE. Ilycrs R — pacumpeHHAas 9HCIOBAS IPsi-
Mmag (1. e. R’ ¢ npucoeHeHHBIM HAUMEHBIIUM JIeMEHTOM —00). Eciu
X — npousBosbHOE MEOZKeCTBO I f : X — R — HEKOTOpOEe 0TOGpasKeHme,
to g t € R mosaraior

{f<th={reX: flx) <t}
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{f =t}:= ')
{f <th={f <]\ {f = t}.

Muoxecrsa {f < t}, {f = t}, {f < t} HasweBaior sebezosvimu MHO-
orcecmeamu f. Tlomumo sroro, muoXKecTBa {f = t} HA3BIBAIOT MHOICE-
CMEAMU YPOGHA.

3.8.2. Jlemma o 3amanuu yHKIUU J1€6eroBbIMU MHO>Ke-
crBamu. [Jaupet T C R ut— Uy (t € T') — cemetictBo moamuOx«kecTB X .

CymecrByer ¢yukmus f: X — R rakas, aro
{f<t}cU cCc{f<t} (teT)

B TOM U TOJIBKO B TOM CJIy4ae, ecju oTobpazkenne t — U, Bo3pacraer.

< =: Ilycre T comepKUT HE MeHee JIBYyX 3J€MeHTOB $ u t (B mpo-
TUBHOM CJIydae He4Yero JOKa3biBaTh). Kcau s < t, TO

Usc{f<stc{f<t}cU.

<: Tonoxum f(z):= inf{t € T : z € U;}. Tem cambiM 3a1aHO
orobpazkenne f : X — R. Ecmm mis mekoroporo t € T MHOXKECTBO
{f <t} mycro, To {f <t} C U;. Ecom e x € {f < t}, 10 f(2) < +00,
a TOTOMY Haiijiercs 3JeMeHT § € T, YIOBJIEeTBOPAIONHAI COOTHOIICHUSIM
x €Usms <t Urak, {f <t} C Us C U;. Ilomumo sroro, ecim z € Uy,
To 1o onpenenenuto f Oyner f(x) < t, T. e. Beimosneno Uy C {f < t}. >

3.8.3. Jlemma o cpaBHeHUU (PYHKIHI, 3aJaHHBIX JI€OEroBbI-
My MHO>XKecTtBamu. llycres ¢pyukmum f, g : X — R ompenenensr ce-
mericrBamu (Up)ier u (Vi)ier coorBeTCTBEHHO:

{f<tycU c{f <t}

{g<ttcVic{g<t} (teT).

Iycrs, panee, T mrorro 8 R (1. e. (Vr, t€R, r<t) 3seT) (r<

=X
s < t)). Hepapercreo f < g (BR ", . e. f(z) < g(z) mist x € X) umeer
MECTO B TOM H TOJBKO B TOM CJIYa€, eCJIH

t1, to €T, t <t2:>V;51 CUtz.
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< =: Cureyer u3 BKIIOYEHUH
Vi, CH{g <ti} C{f <t} C{f <to} CU.

<: Ilyers g(x) # 400 (mmaue zasenomo f(z) < g(x)). Omat € R
rakoro, 4ro g(x) < t < 400, BoibepeM t1, to € T u3 ycaosuii g(z) <
t1 <ty < t. Umeem

ze{g<ti}CVy, CU, C{f <t} C{f <t}

Nrak, f(x) < t. U3-3a upomnssonbuocru ¢ nomydaem: f(x) < g(z). >

3.8.4. Caencrsue. Ilycrs T miorno B R u cemeiictBo t — U,
(t € T) Bospacraer. CymecTByer, 0 OPUTOM €IMHCTBEHHAsI, (DYHKIIHS
f: X — R, gis koropoii

{f<tycU cc{f<t} (tel).
Jlist j1eberoBbx MHOXKECTB f BBIIIOJIHEHBI COOTHOIIEHHST
{f<t}=U{U;: s<t, seT}

{f<ty=n{U,: t<r,r€T} (tER).

< CymecrBoBanue u equHCTBEHHOCTE f obecredensr 3.8.2 m 3.8.3.
Ecmm s <t,s € T, 1o Us C {f < s} C {f <t}. Ecim xe f(z) < t, TO
B cuity miaornoctu T maiiferca s € T rtak, 4ro f(r) < s < t. 3unadur,
x € {f < s} C U, uro nokaspiBaer dopmyiy mius {f < t}. Ilycrs
teneps 7 > t, 7 € T. Torma {f <t} C {f <r} C U,. B cBow ouepeny,
ecm ¢ € U, ms v € T, r > t, 10 Gyner Bbimosnero f(x) < r s Beex
r > t, orkyna f(x) <t. >

3.8.5. Ilycrs X — BeKTOpHOE IPOCTPAHCTBO U S — HEKOTOPBIH KO-
audeckuit orpe3ok B HeM. [t € R nomoxum Uy := &, ecrm t < 0, u
U;:=tS npu t > 0. Orobpakenne t — Uy (t € R) Bospacraroriee.

QEem 0 <ty < tpuax € 615, o © € (t1/t2)t2S. 3Buauwur,
T E 1S, >
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3.8.6. ONPEAEJEHUE. @yukimoHat pg : X — R takoii, aTo
{ps <t} ctSc{ps <t} (teRy)

u {p < 0} = @, HazbIBAIOT PyHKUUOHALOM MUHKO8CKO20 KOHUIECKOTO
orpeska S. (CymecrBoBanue U eJIUHCTBEHHOCTH 3TOrO (DYHKIMOHAIIA
obecrieansaror 3.8.2, 3.8.4 u 3.8.5.) UupiMu ciioBamu,

ps(x) =inf{t >0: z €tS} (zeX).

3.8.7. Teopema o pyukmonaise MuHkoBckoro. @yHKIIHOHAJT
MuHKOBCKOr0 KOHUYECKOrO OTPE3Ka CYOJMHEEH W IPHHUMAET MOJIOXKH-
TejibHBIE 3HAaYeHHus. FEcim, B cBOIO odepenb, p — HEKOTODHIH CybJIH-
HEHHBII (DYHKIHOHAJ C MOJIOXKATEIbHBIMA 3HATCHUSIMH, TO MHOXKECTBA
{p < 1} u {p < 1} cyrp KoHHueckue orpe3ku. IIpu 3TOM p SBJISIETCS
¢dyuarnronasoM MuHKOBCKOro Jiiob0ro KOHHIECKOI'O OTPE3Ka S TaKoro,
aro {p <1} C S C{p <1}

< IIycTb S — HEKOTOPBIIT KOHUYECKUIT OTPE30K U Ps — €ro (pyHKIIU-
onas Munkosckoro. Ilycrs x € X. Hepasencrso pg(z) > 0 oueBuHO.
Bosbmem o > 0. Torma

ps(ax) =inf{t > 0: amEtS};inf{t>0: xet5}4
a

=inf{af >0: z €S, >0} =
=ainf{f>0: z € S} = aps(z).
st mpoBepKu cyOaIMTUBHOCTU Pg BO3bMEM 1, To € X U, 3aMETHUB,

970 JIst t1, to > 0 BBIIOAHEHO t1S + t2.5 C (t1 + t2)S (u6o umeer Mecto
TOXKIECTBO

t1 to
tixy + tawe = (1 + t2) ( 1+ 2)) ;

T xT
t1 + 12 t1 + 12

IIocjIe 10BaTEJIbHO II0JIyYdaeM

ps(x1 +x2) =inf{t >0: x1 + 29 €S} <
Sinf{t: t =1ty +tg; ty, ta >0, T1 €15, Z‘QEtQS}:
= inf{t1 >0: x1 € t15} + inf{tQ >0: zg € tQS} = ps(.’L’l) ers(ﬂ?g).



50 I'in. 3. Bemykiisrii anaus3

IIycts Temepns p : X — R* — mpou3Bo/IbHBIN CYyOIMHEHHBIN (DYHKITMOHAT
¢ nosiokuTeabHbIMU 3HadeHusiMu. Ilyers {p < 1} € S C {p < 1}.
Monoxum Vi:={p < t},Up:=tS mat e Ry u V;:=Uy;:= @ upu t < 0.
Acno, urto

{ps<tcU C{ps<th {p<tycVic{p<t}

mgt € R Eem 0 <t <tg, 0V, ={p<ti} =t1{p <1} C ;5 =
U, C Uy,. Kpome toro, Uy, C t1{p <1} C {p<t1} C{p <t} C V.
Suauut, B cuity 3.8.3 u 3.8.4, p = pg. >

3.8.8. BAMEYAHUE. Konndeckuit orpe3ok S B X sIBJISI€TCSI TOTJIO-
IIAIONTAM MHOXKECTBOM B TOM M TOJIBKO B TOM ciiydae, ecau dompg = X.
Ecnn xe m3BecTHO, 9TO S aOCOTIOTHO BBIIYKJIO, TO Pg — IOJIYHOPMA.
ITpu sTom auist r06oit mosmyropMbl p MHOXKectBa {p < 1} u {p < 1}
SABJIAIOTCS 0COTIOTHO BBITYKJIBIMH. <I[>

3.8.9. OOPEAENEHUE. Iloampocrpancreo H [1aHHONO BEKTOPHOIO
npocTpancTBa X HA3BIBAIOT 2unepnodnpocmparcmeom, ecan X /H wuzo-
MOP(hHO OCHOBHOMY HOJI0. DjieMeHTbl X /H Ha3bIBAIOT 2UNepniocko-
cmamu B X (napaasesvnomu H). Tlox eunepnaockocmoio B X moHu-
MaroT adduHHOE MHOTOOOpa3ue, mapasjielbHOe KAKOMY-JIU00 THIIePIIO-
npoctpanctBy X. Ilpm HE0OXOMMMOCTH THUIEPIIOCKOCTH B BEIECTBEH-
HOI ocHOBe X IPOCTpancTBa X MMEHYIOT 8EUECMBEHHbBIMYU 2UNEPTAOC-
xocmamu B X.

3.8.10. I'mmepmiockocta B X CyTh B TOYHOCTH MHOXKECTBA YPOBHST
HEHyJIeBBIX 3/1eMeHTOB u3 X7 . <I>

3.8.11. Teopema oragesumoctu. Ilycte X — BeKTOpHOE HPOCT-
pancrso, U — merycroe Bpinykjoe mHOXkecTBO B X n L — agdunmnoe
muoroobpasue B X. Ecomm LNU = &, To Haiijercs: runepiiockocts H
B X rtakas, wto H D L w H NcoreU = @.

< He mapymas o61IHOCTH, MOYKHO CUUTATh, 9To core U # & (uHaue
HeJero JIoKasbiBaTh) u, Gosee Toro, uro 0 € coreU. Bosbmem TOuKy
xr € L un nomoxkum X := L — x. PaccMoTpuM BeKTOP-TIPOCTPAHCTBO
X/ X u coorBercTByIONiee KanoHnueckoe orobpazkenue ¢ : X — X/Xj.
ITpusnekast 3.1.8 u 3.4.10, Bugum, uro @(U) sABIASETCS MOTIIOMAIONTAM
KOHUYECKUM OTPE3KOM. 3HAYHT, B cuity 3.8.7 u 3.8.8 dyukmmonas Mun-
KOBCKOT'O P:= Py(7) Takos, uro domp = X/Xo u, Kpome Toro,

@(coreU) C corep(U) C {p < 1} C (U).
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Orcroma, B qacTHOCTH, cteyet, ato p(p(r)) > 1 mbo ¢(x) € o(U).
Ha ocuoBanuu 3.5.6 umeercst pyHknnonas f u3 cybauddepermnmaia
Oz (p o ). YuurbiBag Teopemy Xana — Banaxa 3.5.3, BeIBOIUM

? € aL(p © 90) - 84,0(:70) (p) o p.

Honoxxum H := {f = po p(x)}. Scno, uto H — 3TO BemecTBeHHAs
runepriockocts B X. To, uro H O L, necomuenno. OCTaioch COCIATHC
ma 3.5.2 (1), arobsr 3akmounts: H NcoreU = @. Ilycrs Temepn f:=
Re 'f u H:= {f = f(z)}. Her comnennit, uto L C H C H. Taxum

obpa3oM, TuIepIIockocth H — uckomasi. >

3.8.12. 3AMEYAHUE. B ycioBusx meopembl ormeaumocta 3.8.11
MOXKHO cUHATaTh, 910 core U N L = &. OTMernM 31eCh Ke, 9TO TeopeMy
3.8.11 gacto Ha3wbIBaOT meopemoti Xana — Banaxa e 2eomempuueckoti
Ppopme nnu xe meopemoti Munkosckozo — Ackoau — Masypa.

3.8.13. OnPEAENEHUE. Ilycts U, V — muoxkectBa B X u H — Be-
[eCTBEHHAsI THIEPILIOCKoCTh B X . T'oBopsrt, uro H pasdeasem U u 'V,
€CJIM 3TH MHOXKECTBA JIEKAT B PA3HBIX MOJIYITPOCTPAHCTBAX, OMPEIEIs-
embix H, T. e. ecim cymecrByer npencrasienne H = {f = t}, rne f €
(Xg)” ut € R, msaxoroporo V. C {f <t} ulU C {f > t}:={—f < —t}.

3.8.14. Teopema otaeaumoctu diigesapratita. Ilycte U 'V —
HEITyCThI€ BBILYKJIbI€ MHOXKECTBA, IPHIeM s[po V' He IyCTO W He mepe-
cekaercst ¢ U. Torma Haiimercsl Bel[eCTBEHHAS IMIIEPILIOCKOCTD, pa3Jie-
Jsiroriast U 'V u He coneprkairiast Todek siapa V. <>

YnpakHeHus

3.1. yCTaHOBHTI:, YTO T'UIIEPIIOCKOCTAMU CJIYy2?KaT B TOYHOCTU MaKCUMAaJIbHBIE
110 BKJIFOYEHHIO a(b(bI/IHHLIe MHOX>KeCTBa, HEe COBITaJarolirue CoO BCeM IIPOCTPaHCTBOM.

3.2. Jlokazars, 94T0 Kaxxknoe addUHHOEe MHOXKECTBO IIPEICTABIIsIET cOOOi mepe-
CcedeHne IUIEePIIOCKOCTE.

3.3. /lokasaTp, 4TO B BEIIECTBEHHOM BEKTOPHOM IIPOCTPAHCTBE JIOTIOJIHEHHE T'H-
MEePIJIOCKOCTH COCTOMUT U3 JBYX BBIIYKJIBIX MHOXKECTB, KarK/J0€ U3 KOTOPBIX COBIIaJla-
€T CO CBOUM sSAPOM. TaKue MHOXKECTBa UMEHYIOT OTKPBLITHIMU IIOJIyIPOCTPAHCTBAMU.
O6beauHeHnEe OTKPHITOTO HOJIYIIPOCTPAHCTBA C UCXOHON IUIIEPINIOCKOCTBIO Ha3bIBa-
IOT 3aMKHYTBIM IIOJIyIIPOCTPaHCTBOM. HalTu criocobbl 3aJaHus MOJLyIIPOCTPAHCTB.

3.4. Haiitu BO3MOXKHBIE NPEJCTABIEHHUS SJIEMEHTOB BBIILYKJION ODOJIOYKHU KO-
HEYHOIO YHCJIa ToYeK. Kak y4ecThb KOHEYHOMEPHOCTH IPOCTPAHCTBA, B KOTOPOM Be-
JeTcsl paccMOTpeHue?
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3.5. nsa muoxkects S1 u Sa nojaraior S = U0<A<1 AS1N(1—A)S2. dokasars,

410 S BBIIYKJIO IPU YCIOBHH BhIIyKJgocTu S1 u So.

3.6. Boruuciurb pyHKIHOHAIB MUHKOBCKOIO MTOJIyIPOCTPAHCTBA, KOHYCa, BbI-
IIYKJIO# 060JI0YKY OObEIUHEHNS U IIePECeYeHUs] KOHMYECKUX OTPE3KOB.

3.7. Ilycrs S:= {p+q < 1}, rme p, ¢ — dysKumoHAIB MUHKOBCKOrO KOHHYE-
CKHX OTPe3KOB Sp u Sq. Bripasure S uepes Sp u Sy.

3.8. Omnucars cy6imHeiinbie dbyHKIMOHAIE, olpeaeaennbe Ha RY .

3.9. Berunciuts cybanddepennpal MaKCUMyMa KOHEYHOI'O YHCJIA JIMHEHHBIX
dYHKIMOHAJIOB.

3.10. Ilycrb p, ¢ — cyGumHeitnble DYHKIIMOHAJIbI, HAXOSAIINECT B ODIIEM IO~
JIOXKEHUU, T. €. TAKWue, ITO

dom p — dom ¢ = dom g — dom p.
Jokazars cummerpuunyio dopmyiny Xana — Banaxa (cp. 3.5.7)
(p+q) = 0p+ 0q.

3.11. Ilycre p, ¢ : X — R — Bcrogy onpeznesnennsle Ha X cybsmmHelHbe (DyHK-
nroHaJibl. Torja BBITOTHEHO PABEHCTBO

O(p Vv q) = co(0p U 9q).
3.12. Haiitu ¢pyskuponas MUHKOBCKOTO 1mapa ¢ Heobs13aTeJIbHO HYJIEBBIM II€H-
TPOM CHMMETPHUHU B THJILOEPTOBOM IIPOCTPAHCTBE.

3.13. CuMMeTPUYHYIO KBaJIPATHYIO 2 X 2-MaTPUILy HA30BEM IIOJIOKUTEJILHOI,
ecJii y Hee MOJIOXKHUTEIbHbIE cCOOCTBeHHBbIe uncia. CorjacoBaH Jid BO3ZHUKAIONIMIA 1O~
PsiJIOK B IPOCTPAHCTBE TAKUX MATPUIL C BEKTOPHOM cTpyKTypoit? Onpenessier au OH
CTPYKTYypy npocrparcTrsa Kanroposuua?

3.14. Ha kasK[I0M JIU yIOPSALOUECHHOM BEKTOPHOM IPOCTPAHCTBE MOXKHO 331aTh
HETPHUBUAJILHBII [IOJIOKUTEIBHEIH (DYHKIIMOHA !

3.15. Kakumu criocobamu RN mMoxkHO mpeBparnts B K-TPOCTPAHCTBO?

3.16. Ilpu kakux yc/IOBUSIX 3aKJIIOYEHUE TeopeMbl XaHa — Banaxa B aHAIUTH-
“ecKOi popMe BBIIIOIHEHO [JIsl HE BCIOAY OIPEIEJICHHOIO CyOJIMHEHHOrO OyHKIIMOHA-
sna?

3.17. [l craHmapTHOR HOPMBL B lo HANTH KpaiiHUe TOUYKH ee cybnuddepen-
IHaJIa.

3.18. Haiitu Bo3moxKkHBIE 00001IEHUsT TeOpeMbl XaHa — Banaxa jyist orobparke-
HUIil, AeficTByOmMUX B npocrpancrtsa Kanroposuya.

3.19. Jlns muOoxkecTBa C' B mpocTpancTBe X OnpeiesiuTh peobpasoBanue XEp-
mannepa H(C) coorHOmeHneM

H(C) ={(z, t) € X xR: z € tC}.

N3zyuurs cBoiicrBa npeobpa3oBanus XEpMaHiepa.



T'nasa 4

DKCKypC B MeTpUUYecKue
IIPOCTPaHCTBa

4.1. PaBHOMEPHOCTH U TOIOJOTUS METPUIECKOTO
MIPOCTPAHCTBA
4.1.1. OUPEAEIEHUE. Orobpaxkenue d : X2 — R, maspBaior
mempurol Ha X, ecan
(1) d(z, y) =0z =y
(2) d(z, y) =d(y, z) (z, y € X);
(3) d(z, y) <d(z, 2)+d(z, y) (z, y, z € X).
Mapy (X, d) masbBaioT Mmempuseckum npocmparcmeom. DBeime-
crBerHOe Yncyo d(z, y) OBBITHO MMEHYIOT PACCMOAHUEM MEXKIY T U Y.

Jomyckasa BOJIBHOCTb PeUN, CAMO MHOKECTBO X B 9TOH CUTYaIlUN TaKKe
Ha3bIBAIOT METPUYECKUM ITPOCTPAHCTBOM.

4.1.2. Orobpaxenne d : X? — R, spasercas MeTPHKOH B TOM H
TOJIBKO B TOM CJIydae, eCIn
(1) {d <0} = Ix;
(2) {d<t}={d<t}7! (teR.);
(3) {d<ti}o{d<ty} C{d<ty+ta} (t1, t2 €RL).
< Ceoiicrsa 4.1.2 (1)-4.1.2 (3) cyrsb nepedopmynuposku 4.1.1 (1)—
4.1.1 (3) coorBeTCTBEHHO. [>

4.1.3. ONPEAEJEHUE. Ilycrs (X, d) — Merpuyeckoe OpoCTpaH-
creo u ¢ € Ry \ 0. MuoxkectBo B, := By, := {d < ¢} naseBaor 3a-

o o
MEHYTOM Yuaunopom (IIOPsIKa €), a MHOKECTBO B, := By .= {d < &}
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— omxpoimoim yuaundpom (nopsika €). O6pas Be(x) Touku x npu coor-
BETCTBUU B, HA3BIBAIOT 3AMKHYMbIM WAPOM PAIUYCA € C TEHTPOM B .

o
Ananornaso MHOXKeCTBO B, () HA3BIBAIOT OMKEDOIMbIM WAPOM DATAYCA
€ C IEHTPOM Z.

4.1.4. OTKpbITHIE [IUIHHAPHI, PABHO KaK U 3aMKHYTbHIE ITUJIHHIDbI
HEILyCTOI'0 METPHIECKOI'O MPOCTPAHCTBA, COCTABJISIIOT OA3HCHI OJHOTO H
TOro e ¢puiabrpa. <>

4.1.5. ONIPEJEJIEHUE. PuibTp, MOPOXKIEHHBIN IMJINHIPAMUI HEITYy-
croro Merpudeckoro npocrpanctsa (X, d) B MHOxkKecTBe X 2, HA3BIBAIOT
MEMPUHECKOT, PAGHOMEPHOCTIBIO 1 OD03HAYAIOT Wy , WU Uy, WU, HAKO-
HEIl, IPOCTO %/, €CJIU HET COMHEHUIA, O KAKOM MPOCTPAHCTBE UJIET PEUb.
IIpn X := @ nonarator Zx := {&}. DyeMeHTH paBHOMEpHOCTH Zx
HA3BIBAIOT OKPYNHCEHUAMU (OUA2OHAA).

4.1.6. Ilycrs % — merpudeckast paBHOMepHOCTB. Torma
(1) % C 6l {Ix}:
R Uew=U"'ew;
B) VUe)(3Ve¥u)VoVCU;
4 {U:Ue%}=1Ix. >
4.1.7. BAMEYAHUE. Cgoiicreo 4.1.6 (4), cesizannoe ¢ 4.1.1 (1), ya-

CTO Ha3bIBAIOT xaycdopposocmvro U .

4.1.8. list npocrpancTBa X ¢ paBHOMEPHOCTBIO Yy HOJIOXKHM
T(z):={U(x): Ue}.

Torga 7(x) — ¢uabrp s kaxgoro ¢ € X. Ipu s1oM
(1) () C il {x};
(2) VU € 7(x)) @V € 7(x) &V Cc U) (Vy € V)
Ver(y). <>

4.1.9. ONPEAENEHUE. Ortobpaxkenne T : & — 7T(T) Ha3bIBAIOT
MEMPUMECKOT, MONoA02UEY, a STEMEHTHI T(X) — 0KPeCmHOCMAMU TOIKA
x. Jns obo3HadeHNs TOMOJOIUH HCIOJIL3YIOT TakxkKe U Gojee MOJHLIE
obosuavenns: Tx, 7(%) u T. 1.
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4.1.10. BAMEYAHUE. 3aMKHYyTBIE IAPBI C IEHTPOM B HEKOTOPOil
TOYKE COCTABJILAIOT 0a3uc (puiibTpa OKPECTHOCTEH 3TOoi Touku. 1o xKe
BEPHO W JIJIsT OTKPBLITHIX MapoB. OTMeTHM ele, 94TO y Pa3IMIHbIX TO-
qeK B X CYIIECTBYIOT HEMEPECEKAIONNECsi OKPECTHOCTH. DTO CBOWCTBO,
cazannoe ¢ 4.1.6 (4), HazbIBAIOT TaycdopPosocmvio Tx .

4.1.11. OUPEJEJIEHUE. MuoxkectBo G B X Ha3BIBAIOT OMKPOITLbIM,
eCJIM OHO SIBJISIETCSI OKPECTHOCTBIO KayKJION CBOEH TOUKH (CHMBOJIAYE-
ckm: G € Op(r) & (Vx € G) G € 7(z))). Muoxecrso F' B X ma-
3BIBAIOT 3AMKHYMBIM, €CJU €r0 JONOJHEHUE OTKPHITO (CUMBOJUYECKU:

F e Cl(r) & (X \ F € Op(1))).

4.1.12. O6beauaenne J1r060ro ceMeicTBa 1 epecedeHne KOHETHOIO
ceMeicTBa OTKPBITBIX MHOXKECTB CyTh MHOXKeCTBa OTKpbIThIe. Ilepecete-
HHe J1I0b0ro ceMercTBa u 00'beJUHHEHNEe KOHEIHOI'O CeMeHCTBa 3aMKHY ThIX
MHO>KECTB CYyTh MHO>KeCTBa 3aMKHYTbIE. <>

4.1.13. OOPEAENEHUE. [list muoxecrBa U B X monaraior

It U= Ui U{G €Op(rx): GCU};
AdU:=U:=n{F eCl(rx): FDOU}.

MmuozxectBo int U HazpiBaoT snympernHnocmvio U, a ero sjgeMeHTbl —
enymperrumu movwkamu U. MuoxkectBo clU Ha3BIBAIOT 3aMbikaHUEM
U, a ero snemMeHTBl — moukamy npukocroserus U. BHyTpeHHOCTH 10-
nosnennst X \ U Ha3bIBaoT eHewHnocmovto U, a 3J1eMeHThbI BHEIITHOCTH —
snewrumu mouwkamy U. Toukm mpocrpancTtBa X, He SBJISIONUECS HA
BHEINIHUMH, HU BHYTPEeHHUMH Jjist U, HA3BIBAIOT 2PAHUMHBLMYU TMOYKAMU
U. CoBOKyIHOCTH BCeX IPDAHUYHBIX TOYeK U Ha3bIBaIOT epanuuet U u
obozuadgaior fr U wnmm QU.

4.1.14. MuoxectBo U saBIseTCSI OKPECTHOCTHIO TOYKH T B TOM U
TOJIBKO B TOM CJIydae, eCJIU X — BHYTpeHHssT Touka U. <>

4.1.15. SAMEYAHUE. B cBsi3u ¢ nperoxkenuem 4.1.14 MHOXKeCTBO
Op(7x) TakzKe 4acTO HA3BIBAIOT TOHOJIOrMel X, uMMesi B BHUIY, 9TO Tx
onHO3HAYHO BoccTanasuBaerca 110 Op(7x). Iocuenmee, pasymeercs,
orHOcuTCs U K coBokynHOCTH Cl(Tx) BCEX 3aMKHYTBIX MHOXKECTB B X .

4.1.16. ONPEAENEHUE. Ilycrs £ — 6asuc puibrpa B X. ['oBopsiT,
ar0 B cxodumces k mouke x u3 X wim 4o  — 910 npedes FB (U uuuryT:
P — ), ecnu fil B Toubie dunbrpa oKpecTHOCTE TOUKY T, T. €. fil B D

7(x).
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4.1.17. ONPEAEJIEHUE. Ilycrs (2¢)¢cz — om0 (06G0OIIEHHAsT) TTO-
ciaenoBaresbHocTh B X. ToBopsaT, 4To paccMaTrpuBaeMas nocAedosa-
MENBHOCTND CTOOUMCA K

x (mmnryT: Te — x), ecoum K T cxomurcs (BUILTP XBOCTOB 3ITOH
1IoCcJIe 10BaT€JIbHOCTH. I/ICHO.Hb3yIOT u apyrue pacCiipoCTpaHEHHbBbIE 0060-
sHavenns u oboporsl. Hampumep, © = lime x¢ u x — npegen (xg), KOTJa
¢ mpoberaer =.

4.1.18. BAMEYAHUE. IIpenen bunbrpa, Kak u nmpeaesa 0000meHHoi
[OCJIEIOBATEILHOCTH, €JIMHCTBEH. DTOT (PaKT €CTh JPYroe BhIPasKeHUe
XaycaopdOBOCTU TOMOJIOTUN. <I>

4.1.19. Nua germycroro mHOXKecTBa U U TOYKH T pPABHOCHJIBHEI CJTe-
JIYIOIIUE YTBED2K TeHHUSI:
(1) rouka x sB/sIeTCsE TOUKON 1pHKOCHOBeHU: U
(2) cymecrByer puaprp & rakoi, yro F — x uU € F;
(3) cymecTByer moc1eg0BATEILHOCTS (Le )ecs aeMeHTOB U,
CXOJIAINASICS K TOYKE X.

< (1) = (2): Tak kak = He sABIsieTcd BHeNIHEH Toukoil U, To buib-
tpol 7(z) u fil {U} umeror Tounyto Bepxuioo rpanuny % = 7(z) VAl {U}.

(2) = (3): Hycrs F — z u U € #. Ilpesparum F B HalpaBiie-
HIE C [OMOIIIBIO TIOPSIJIKA, IPOTUBOIIOJIOXKHOTO TOPSIIKY [0 BKJIIOUEHHIO.
Bosemem vy € VNU g V € %, dcno, uro zy — .

(3) = (1): ITycrp V' — 3aMKHyTOE MHOXKECTBO, (L¢)¢cz — MOCTENO-
BaTeJILHOCTD 3JIeMeHTOB V 1 ¢ — x. JI0CTaTouHO IOKa3aTh, 9TO B 9TOM
ciyaae z € V. Tocneanee oyeBugno, n6o npu x € X \ V xors 6bl jis
onmmoro § € Z 6110 661 e € X \ V. >

4.1.20. SAMEYAHUE. B yciioBusix MeTpUYeCKOro MpPOCTPAHCTBA, B
4.1.19 (2) MoXKHO cunuTaTh, 9T0 GUILTP ¥ MMeeT cueTHbIH 0a3uc, a B
4.1.19 (3) — uro Z:= N. YkazaHHoe 06CTOATEILCTBO HHOLIA BLIPAXKAIOT
CJIOBaMU: «MeTPHUYecKre IIPOCTPAHCTBA yJI0BJIETBOPSIOT II€PBOil aKCHOMe
CUETHOCTHU».

4.2. HenpepbIBHOCTh 1 paBHOMEpHasi

HEeNpepbIBHOCTH

4.2.1. Iycrs f: X — Y u7tx, 7y — Tonosoruu B X u'Y coorBer-
CTBEHHO. DKBHUBAJEHTHBI yTBEPKICHUSI:
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(1) G € Op(ry) = f~HG) € Op(7x);

(2) FeCliry) = fﬁl(F) € Cl(rx);

(3) f(rx(x)) > 1v(f(x)) npu Beex x € X;

(4) (£ € X, F —2) = (J(F) — [(@)) ars pupa F;

(5) f(ze) — f(x), xaKoBbI 6bI HE OBLIH TOYKA T H CXOLAIA-
sdcs K Helf ITOC/eA0BATEBHOCTD (e ).

< DxBuBasenTHOCTD (1) < (2) BBITeKaeT n3 4.1.11. Ocraercst npo-
BepuTh, uto (1) = (3) = (4) = (5) = (2).

(1)=3):Ecim V € 7y (f(z)), ToW:=int V € Op(ry) u f(z) € W.
Orcrona f~YH(W) € Op(rx) u x € f~1(W). Unaue rosops, f~1(W) €
7x(z) (em. 4.1.14). Homuwmo storo, f~1(V) D f~Y(W) u, cienosarens-
no, f~1(V) € 7x(x). Haxonem, V O f(f~1(V)).

(3) = (4): Ecnmu & — z, 1o fil.F D 7x(x) no onpexnesenno 4.1.16.
ITpusnekast ycaosue, BoiBoguM f(F) D f(rx(x)) D 7y (f(x)). Iosrop-
Has ane/anns K 4.1.16 naer f(.F) — f(z).

(4) = (5): O6pa3 GuIBTPa XBOCTOB HOCJIEI0BATENBHOCTH (T¢)ecx
npu orobpazkenuu f rpybee dunabrpa xBocToB (f(x¢))ces.

(5) = (2): IIycrs F' — 3amkuyTOE OIMHOKeCTBO B Y. Ecim F' = @,
to f~1(F) Takxke mycTo, a MOTOMY  3aMKHyTO. llycth F Hemycro u
x — Touka npuxocHosenusi f(F). PaccMOTpUM HOC/IeI0BATEILHOCTD
(z¢)eez Towek m3 f1(F), cxomamyrocss K x (ee CymecTBOBaHHE 06ec-
nedeno 4.1.18). Torma f(x¢) € F u f(ze) — f(x). BuoBb mpumensis
4.1.18, Buytum, uto f(x) € F u, crano 6uith, x € f1(F). >

4.2.2. OUPEAEJEHUE. Orobpaxkenue f : X — Y, ymoBiierBopsi-
fomee ofHOMY (& 3HAYMT, U JIOOOMY) U3 SKBUBAJIEHTHBIX yTBEDKICHUI
4.2.1 (1)-4.2.1 (5), (Kax XOPOIIO M3BECTHO) HA3LIBAIOT HENPEDLLEHVLM.
Ecyu tpu stom 4.2.1 (5) BbinosaHeno B GuKCUpoBaHHON TOUke & € X,
TO TOBOPAT, 9T0 f Henpepvieno 6 mouke x. Crano ObITh, f HETpepbIB-
HO HA X B TOM U TOJIbKO B TOM CJIy4ae, ecyiu f HeImpepbIBHO B KaXKJOM
Touke X.

4.2.3. Cynepiio3uriusi HeIPEPHIBHBIX 0TOOPAXKEHHUI HEITPEPhIBHA.
< Caenyer tpuxasl npumennuts 4.2.1 (5). >
4.2.4. Ilycts f : X — Y u Ux, %y — paBrHomepHoctd B X u Y
COOTBETCTBEHHO. DKBUBAJCHTHBI Yy TBEPIK ICHHS:
(1) VVe%)3Ueux) Vz, y)(z, y) eU =
= (f(x), f(y)) €V;
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(2) (VV S %y) fil o VOf S gZ/X,‘

(3) fX(%x) D U, tae f* : X? — Y jeitcTByer 1o npaBu-
ay [ (@, y) = (f(2), f(y));

(4) VYV e) [*NV)eUx, e f* N U)CUx.

< Hocrarouno 3amernTb, uro mo 1.1.10 s U € X2 u V C Y?
BBITIOJTHEHO

floviof=|J F ) xfHw) =

(v1,v2)€V
“H{zy) € X*: (f(2), f(y) €V} = (V)
foUof™= (J flur)x flug)=

(u1,u2)€U

={(f(w1), f(u2)): (u1, u2) €U} = f*(U). >

4.2.5. OOPEAEJEHUE. Ortobpaxkenue f : X — Y, yaoBieTBopsi-
folee OJHOMY (a 3HAYUT, U JIFOOOMY) U3 SKBHBAJIEHTHBIX yTBEPXKIE-
muit 4.2.4 (1)-4.2.4 (4), (kaK XOPOIIO U3BECTHO) HA3BIBAIOT PAGHOMEPHO
HENPEPLIGHBIM.

4.2.6. Cynepmosuiiusi paBHOMEPHO HEIIPEPBIBHBIX OTOOPAXKEHUIH
PaBHOMEDHO HENpEePHIBHA.

<Ilyers f: X - Y, 9:Y - Zuh:=go f: X — Z. fcno, aro

>

X

—
8
<

) = (h(=), h(y)) = (g(f(z)), 9(f(y))) =
= 9" (f(2), f(y) =9g" o f*(z, y)

Jutst Beex @, y u3 X. Suadwmt, W (Ux) = g% (f*(¥x)) D g™ (%) D Uz B
cuiry 4.2.4 (3). Buosb anesumupys x 4.2.4 (3), Bugum, 9ro h paABHOMEPHO
HEIpepbIBHO. [>

4.2.7. PaBHOMEPHO HEIPEPBIBHOE OTOOPAXKEHHE HENIPEPBIBHO. <I[>

4.2.8. ONPEAEJEHUE. Ilycth & — MHOXKECTBO 0TOOpaXKkeHwit n3 X
BY u %x, %y — COOTBETCTBYIOIME PABHOMEPHOCTU. MHOXKeCcTBO &
HA3BIBAIOT PABHOCTNENEHHO (PABHOMEPHO) HENPEPLIGHBIM, ECITT

(VV € %) mfiloVOfE%X.

fe&
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4.2.9. PaBHOCTEIIEHHO HEIIPEPHIBHOE MHOXKECTBO OTOOParKeHHI CO-
CTOUT U3 PABHOMEDHO HEIIPEPBIBHBIX OTOOpaykeHuii. KOoHeYHOe MHOXKe-
CTBO DaBHOMEPHO HENPEPBIBHBIX OTOOpa’KeHUi pPaBHOCTEIIEHHO HEIpe-
PpbBIBHO. <[>

4.3. IlosyHEenpepbIBHOCTH

4.3.1. Ilycrs (X1, di) u (X2, d2) — MeTpuieckne IpoCTPAHCTBA.
Hycre, ganee, X = X1 x Xo. Jna T := (x1, x2) 1§ := (y1, y2)
TTOJIOXKHM

d(@, y):=di(z1, y1) + da(z2, Yo).

Torna d — merpuka Ha 2 . Ilpu atom gist mo6oro T = (x1, x2) € X
CIpaBeI/IuBO IIPEICTABICHHE

T (T) =il{U; x Uy : Uy € 7x,(21), Us € 7x,(x2)}. <>

4.3.2. ONPEJAEJEHUE. Tomosornio Tz Ha3bIBAIOT NpPou3sedeni-
em monoao2uti Tx, U Tx, WIA monoaozuell npousdeedenus X1 u Xo u
0003HAYAIOT Tx, X TX,.

4.3.3. ONPEAENEHUE. Dynkmuio f : X — R HaznBaor noayhe-
npepuerol crudy, ecau ee Haarpaduk epi f — 3aMKHYTOEe MHOXKECTBO
B TomoJioruu npoussesienusa X u R.

4.3.4. [IPUMEPHI.
(1) Henpepsisuasi dyuknus f : X — R nosyHenpepbiBHA
cHU3Y.
(2) Ecam fe : X — R° — mosynenpepsiBHasT CHE3Y (QYHKIIS
Juist Kazkzoro & € E, 1o BepxHss orubaromias f(z) := sup{fe(z) : £ €
Z} (x € X) rakke nosyHenpepbiBHasg cau3y (yHKIMs, TaK Kak epi f =
Nee= epi fg.
4.3.5. Qynkmus f : X — R’ mosynenpepsiBHA CHU3Y B TOM U TOJIb-
KO B TOM CJIy4ae, €CJId BbIIOJHEHO

x € X = f(x) = lim inf f(y).

Yy—x

31ech, Kak ODBITHO,

lim inf f(y):= lim f(y):= sup inf f(U)

y—T y—x Uer(x)
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— nuorenul npedea dynrkyuu [ 6 mouke x (no puavmpy 7(x)).

< =: Ecm ¢ € dom f, To (x, t) &€ epif mia kaxgoro t € R.
Buauut, umeercs okpecrHoctb Uy touku z, tae inf f(Uy) > t. Orcio-
na BbITekaeT: lim, ., inf f(y) = +oo = f(z). Ecmu xe z € dom f,
to inf f(V) > —oco mia nmogxomsineii okpectaoctu V' Touku x. Boibe-
peM € > 0 u miug goboit U € 7(x), nexameit B V', mouplieM TOUKy
xy € U u3 yenosus inf f(U) > f(xy) — e. o nocrpoennto zy € dom f
U, KpoMe TOro, yy — & (IpU BBEJIEHUU €CTECTBEHHOIO HOPSIJIKA B MHO-
JKeCTBO OKpectHOCTel ToukH z). Ilosoxxum ty := inf f(U) + €. fcuo,
uro ty — t:= lim,_,,inf f(y) +e. Ilockomsky (zy, ty) € epif, To
(z, t) € epi f B cuny 3amruyroctu Hagrpaduka f. OKoOHUATEIHHO

lim inf f(y) + ¢ > f(z) > lim inf f(y).

yﬂz ’y*)m
<: Ecin (z, t) € epif, o

t < lim inf f(y) =sup inf f(U).
Yy—x Uer(zx)
Takum obpasom, inf f(U) > t miuga mekoropoit okpecraoctu U TOUKY .
Orcrona Beitexaer, uro gonosHerue (X x R) \ epi f orkperro. >

4.3.6. 3AMEYAHUE. CsoiicTBO, yKa3zaHHOe B mpejjoxennn 4.3.5,
MOKHO IIPUHATH 33 OCHOBY OIIP€JIeJIEHUS IIOJIyHEIIPEPBIBHOCTU CHU3Y B
TOUKe.

4.3.7. Oyukuust f : X — R HenpepblBHA B TOM H TOJBKO B TOM
ciaydae, eci f u —f mosiyHenpepoIBHBI CHU3Y. <I>

4.3.8. @yukmus f : X — R’ mosyHenpepbIlBHA CHU3Y B TOM U TOJIb-
KO B TOM CJIydae, ecJiu s BCIKoro t € R 3aMKHyTO J1e6eroBO MHOXKECTBO
{f <t}

< =: Ecm z & {f < t}, ot < f(z). Ha ocnoanuu 4.3.5 B
nozaxongnieit okpecruoctu U Touku x Oyzer t < inf f(U). Nnage roBops,
monosaerne X \ {f <t} orkpseiTo.

«: Ilyctp mys kakux-HHOYabp ¢ € X n t € R BBIIOIHEHBI COOTHO-
menns lim, . inf f(y) <t < f(x).

Bosbmem € > 0 u3 yeoBus t+¢e < f(ar) U, UCIIOJIb3Ys PACCY2KJIEHUA
nokaszaresnbersa 4.3.5, auis U € 7(x) nainem Touky zpy uz U N {f <
inf f(U) + ¢}. Beccnopuo, zy € {f <t +¢e} u 2y — x. Ipuxogum
IPpOTUBOPEYHIO. [>
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4.4. KoMnakTHOCTDH

4.4.1. OnPEAENEHUE. [lycrs C' — mHOX)ecTBO B X. MuOX)ecTBO C'
HA3BIBAIOT KOMNAKMHbLM, €CJIU s Kaxkaoro Maoxkecrsa & C Op(Tx)
rakoro, uro C C U{G : G € &}, cymecTByeT KOHEIHOE MIOJMHOKECTBO
&o B &, ynosnerpopsitomiee coorronenno C C U{G : G € &}.

4.4.2. BAMEYAHUE. Ounpenenenne 4.4.1 4acTo BBIPaxKaioT CJIOBa-
MHU: «MHOXKE€CTBO KOMITaKTHO, €CJIN U3 JIIO6OFO €ero OTKprTOFO IIOKpI)ITI/IH
MOXKHO BBIJIEJIUTH KOHEYHOE IOIIIOKPBITUE.

4.4.3. 3aMKHyTOE MOJMHOXKECTBO KOMIAKTHOTO MHOXKECTBA SIBJIS-
ercst kKoMnakTHeIM. KoMImakTHOEe MHOXKeCTBO 3aMKHYTO. <ID>

4.4.4. BAMEYAHUE. B cBs3u ¢ 4.4.3 uCroib3yoT MOHSATHE OTMHO-
CUMEALHO KOMNAKMHO20 MHOIHCECMEA, T. €. MHOXKECTBA, 3aMBbIKaHIE KO-
TOPOT'O KOMIIAKTHO.

4.4.5. Teopema Betiepmirpacca. Obpa3 KOMIAKTHOI'O MHOXKE-
CTBa IIpH HEIIPEPBHIBHOM OTOODa’keHHH KOMIIAKTEH.

<1 I[Ipoobpaszbl MHOXKECTB M3 OTKPBITOI'O MTOKPBITHSI 00pa3a coCcTas-
JISTFOT OTKPBITOE IMOKPBITUE MCXOJHOI'O0 MHOXKECTBA. [>

4.4.6. IlosyHnenpepbIBHAS CHU3Y (PYHKITHS IPHHAMAET Ha HEIYCTOM
KOMITAKTHOM MHOXKECTBE HauMeHblIee 3Ha4denne (1. e. 06pa3 TaKoro MHO-
JKECTBa UMeeT HAUMEHBIIIUT 2JIEMEHT).

< Bynem cuurars, uto f : X — R u X xommakrtHo. Ilycts tg:=
inf f(X). Ecim tg = +00, T0 M0KasbBaTh Hedero. Ecam ke tg < 400,
to nmomoxknM T := {t € R: ¢t > to}. Muoxkecrso Uy := {f < t} nna
t € T nenycro u 3amayTo. JokaxkeMm, uro N{U; : t € T} nemycro
(Torjta 06O JIEMEHT & YKA3aHHOTO II€PeceveHns] — UCKOMBIi: f(x) =
inf f(X)).

Ipemnosnoxum nporusaoe. Torga muO)KecTBO {Gr:= X \ U : t €
T} obpasyer oTKpbITOe NOKpbITHe X . Bbliesisist u3 HETO KOHEUHOE TI0/I-
nokpeitue {Gy : t € Tp}, BeBomum: N{U; : ¢t € To} = &. Tlocaenuee
COOTHOIIIEHUE JIOYKHO, TOCKOJIbKY Uy, N U, = U, pt, ipu 1, Lo €T. >

4.4.7. Kpurepuii Bypbaku. IIpocTpaHCTBO SIBISETCSI KOMIIAKT-
HBIM B TOM U TOJIBKO B TOM CJIy4ae, €CJH KaXKJbIH yIbTPAhHUIBTD B HEM
cxomurest (cp. 9.4.4).
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4.4.8. IlpousBenerne KOMIIAKTHBIX TPOCTPAHCTB KOMIIAKTHO.

< HocTtaTo4yHO ABaXK/bI IPUMEHUTH KpuTepuii Bypbaku. >

4.4.9. Teopema Kaaropa. HernpepsiBHOE 0TODpaskeHHe KOMIIAK-
Ta paBHOMEPHO HENPEpPBIBHO. <>

4.5. IToanora

4.5.1. Ilycrs B — 6azuc puibrpa B X. Torna {B*: B € B} —
6azuc ¢pumsrpa B B X2,

< (Bl X Bl)ﬂ(Bz X Bg) D (B1 mB2> X (Bl ﬂBQ) >

4.5.2. ONPEJAEJEHUE. Ilycts % — dunstp B X 1 %x — pasBHO-
mepraocTh B X. Puibrp % HazwbiBaoT @usvmpom Kowwu, ecim F* D
Uy . Cerb B X HasbiBalOT cemvto Kowu unu pyndamenmanronots cemoio,
eciin PUWIBTP €e XBOCTOB ecThb (GpuibTp Kormm. AHAJOrMYHBIA CMBICT
BKJIAJIBIBAIOT B TEPMUH «HYHIAMEHTNAADHAA NOCAEAOBATNEALHOCTS .

4.5.3. BAMEYAHUE. Ecim V — okpyxenne B X2, a U — muOXKe-
crBo B X, To rosopart, uto U wma.no nopsadka V, ecma U? C V. B uactho-
ctu, U maso nopsiika B B TOM U TOJIBKO B TOM CJIydae, €Ciid Juamemp
diam U := sup(U?) ne 6osbie €. B cBaA3H ¢ yKa3zaHHON TepMUHOJIOTHETT
onpenenenue Gpuiabrpa Kommm BbIPpaXKaloT CIOBaAMU: <«(QUILTP ABJISET-
cst pusibrpom Kommmm B TOM M TOJIBKO B TOM CJIyYae, €CJIU OH COIEPIKUT
CKOJTb YTOJ[HO MAJIbie MHOXKECTBAY.

4.5.4. /st MeTpu9ecKoro mpocTPAHCTBA IKBHBAJICHTHDBI CJICIYIO-
e yTBEPKICHHUS:
(1) kaxksapiii puibrp Kommn cxouurcesi;
(2) kaxkpgas cerp Komm nmeer npejei;
(3) Jrrobast pyHmaMEHTATIBHAS IOCTET0BATETIBHOCTD CXOAUT-
csl.

< Mmmumnkamuu (1) = (2) = (3) oueBHHBI, MTOTOMY YCTAHOBAM
TOJIBKO UMILHKamo (3) = (1).

Iycre U, € % — mHONKecTBO, Majoe nopanaxa By/,. Ilomoxum
Ve:=UiN...NU, uBospMeM z, € V,,. Umeem, ato V; D Vo D ... un
diamV,, < 1/n. CnenoBarensho, (z,) — dyHmaMeHTaIbHAS IOCTIEI0BA~
TEJbHOCTh. 3HAYHUT, €CTh Ipenena: & :— limx,. ITokaxkem, ato % — x.
st aroro Beibepem ng € N uz ycnosust: d(Zy,, ) < 1/2n upu m > ng.
Torpa st npoussosisaoro n € N 6yner d(zp, y) < diamV, < 1/2n u
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d(zp, x) < 1/2n, ecin Tospko p:=ng V 2n u y € V,. Orciona BbITeKa-
er, uro y € V, = d(z, y) < 1/n, r. e. V, C Byp(z). Oxomuaressno
zakimogaeM: & D 7(x). >

4.5.5. ONIPEAEJIEHUE. MeTpudecKkoe IpOCTPAHCTBO, Y/I0BJIETBOPSI-
Iolee OJJHOMY (& MOTOMY ¥ JII0OOMY) M3 SKBHUBAJIEHTHBIX yTBEPIKICHMUIA
4.5.4 (1)-4.5.4 (3), (kaKk XOPOIIIO M3BECTHO) HA3BIBAIOT NOAHVIM.

4.5.6. Kpurepuii Kauropa. Merpudeckoe mpocTPaHCTBO ITOJIHO
B TOM W TOJIBKO B TOM CJIydae, €CJH BCIKOe (PUIbTPOBAHHOE 110 yObIBa-
HHIO HEIyCTOe CeMEeHCTBO ero HEIyCThIX 3aMKHYTHIX MTOJMHOYKECTB, JTHA-
MeTPbI KOTOPBIX CTPEMSITCS K HYJIF0, HMEET OOIIYI0 TOUYKY.

< =: Eciiu &8 — momobHOe ceMeiicTBO MHOXKECTB, TO, IO OIIPEjie-
seanto 1.3.1, 8 — 6asuc dunwsrpa. Ilo yciaosuro B — Gazuc dpuibTpa
Ko, 1. e. cymecrByer npenen: £ — x. Touka x — ucKoOMasi.

<: Ilycry % — dunbrp Kommu. IMonoxum Z:= {clV : V € F}.
Huamerpbl MHOXKeCTB u3 B crpeMsites K Hysmo. Crajo ObITh, HalieTCs
TOYKa T Takas, 9To & € clV npu xkaxjgom V € F. dcuo, yro F — x. B
caMoM JieJie, yCTh V' — MHOXKeCTBO U3 .% MaJioe mopsijika /2 u y € V.
I mexoroporo y' € V 6yner d(z, y') < /2 u, snaunt, d(z, y) <
d(z, y') +dy’, y) < e, 1 e, caegoBarenbuo, V C B.(r) u, 3uaunr,
B.(z) e . >

4.5.7. Merpuveckoe MpocTpaHCTBO MOJHO B TOM H TOJBKO B TOM
cirydae, ecain Jirobasi IIoCJIeJ0BATeIbHOCTD BIOKEHHBIX apoB Be, (x1) D
... D Be, (vy) D Be,  (Tni1) D ..., paauycsl (€,) KOTOPBIX CTPEMSTCS
K HYJIIO, HMEET OOIIYIO TOUKY. <I>>

4.5.8. Obpa3s purbrpa Koiitn npu paBHOMEPHO HEIIPEPBIBHOM OTO0-
paxxkeann — puiaprp Korrm.

< Ilycts orobparkenme f feficTByeT u3 MPOCTPAHCTBA X C PABHO-
MEPHOCTBIO %x B IIPOCTPAHCTBO Y € PABHOMEPHOCTBIO %y . Ilycrh, na-
nee, F — dmwbrp Ko B X. Ecm V € %4, 1o f~' oV o f € Ux 1o
onpenenennto 4.2.5 (em. 4.2.4 (2)). Hockonbky # — dbunbrp Kommn, To
npu noxxonamem U € .% Gymer U2 C f~! oV o f. OxasbiBaercs, 4To
f(U) maino nopsjka V. B camom gere,

FOP = | ) x flug) =
(u1,u2)€U?

— foU2of N C fo(f T oVof)of = (fof YoVo(fof)CV,

u60, Ha ocHosarnu 1.1.6, fo f~!' = L s C Iy. >
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4.5.9. IIpousBeneHue MOJTHBIX MPOCTPAHCTB — IIOJIHO.

< Cnenyer npumenuts 4.5.8 u 4.5.4. >

4.5.10. IIycrs Xog miorno B X (. e. clXo=X) u fo: Xg =Y —
PaABHOMEDHO HENPEPBIBHOE 0TObpakeHne u3 X B IOJHOE MTPOCTPAHCTBO
Y. Torma cymecTByeT, H NPUTOM E€IHHCTBEHHOE, DABHOMEDHO HEIIPE-
poiBHOE oTObOpazkernne f : X — Y| nponosmkaromee fo, T. e. Takoe, 9TO
f |X0 = fo

< gz € X dwerp %, = {UN Xy : U € 7x(x)} sBasercs
durprpom Komm B Xy. Crano 6biTh, 3 4.5.8 MOXKHO BBIBECTH, UTO
fo(Fx) — dunbrp Ko B Y. B cuity mossorst Y cyiecTByer mpeies
y €Y, e [fol#) — y DBomnee Toro, sror npeuesn eguHcTBeH (Cp.
4.1.18). Tomaraem f(z):= y. Ocraerca MPOBECTH HECJOKHYIO IIPOBEPKY
PaBHOMEPHOII HelpepbIBHOCTU OTOOpaXKeHusi f. >

4.5.11. ONPEAENEHUE. Otobpasenne f : (X, d) — (X, c?) Ha-
3biBatoT usomempueti X 6 X (nmm usomempuueckum 6/L09+ceHueM) ecyn
d=do f*. Orobpaxkenune f Ha3BIBAIOT usomempueu X na X (Kopor{e
uzomempuets), ecau f — uzomerpus X B X U, KpoMe Toro, im f = X.

4.5.12. Teopema Xaycaopga o monosuenun. Ilycrs (X, d) —
mMerprIeckoe npoctpanctso. ‘Torja CymecTByIOT I0JHOE METPHIECKOoe
IIPOCTPAHCTBO (X d) H H30METpHS L : (X, d) (X d) Ha IIJIOTHOE
HOJIIPOCTPAHCTBO B (X d) IIpocrpancrso (X d ) €AMHCTBEHHO C TOY-
HOCTBIO JI0 H30METPHHU B TOM CMBICJIE, ITO JII0DasT JHATDAMMA

(X,d) —~ (,d)

(X 1, dl)

e 1 : (X, d) — (X1, di) — m3omerpust X Ha JIOTHOE HOJIPOCTPAH-
cTBO mostHOro npocrpaacrea (X, di), JIOCTPAHBACTCA /10 KOMMY TaTHB-
Hoii smarpammer ¢ nomompio msomerpun U : (X, d) (X1, dl) 1Ipo-
crpaHcTBa X W MPOCTPAHCTBA X1 .

< EHCTBEHHOCTD ¢ TOYHOCTBIO JI0 U30METpHUH BhiTeKaeT u3 4.5.10.
B camom geite, myctb Wy := ¢; o~ . Torma ¥y — n30MeTpusi IJIOTHOIO
noupocrpancTsa ¢(X) B X Ha miaoTHOe nomupocrpascTso t1(X) B X7.
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BosbmeMm B kadecrBe W euHCTBEHHOE [POJIOJIZKEHNE Uy Ha X. Cﬂeg\y—
€T IPOBEPUTH TOJBLKO, uTo W neiicreyer ma Xi. Boibepem Z; u3 X;.
DTOT 3TEMEHT €CTh IIpeIes TocaeoBaTeabHoCTr (11 (2, )), Tae Ty € X.
IMougrno, uro (x,) dyaramenranbiasg. Crano 6bITh, dyHIAMEHTAIBHA
nocieoBarebHocts (4(z,)) B X. Ilyers 7 := limu(z,), 7 € X. Hpn
srom W(Z) = im Yy (u(z,)) = lim ey 0 e~ (u(wy,)) = lim ey () = 7.

Hamernm Temepsb cxemy JOKa3aTesbCTBA CYIIECTBOBAHUS X. Pac-
CMOTPUM MHOXKECTBO Z BceX (DYHIAMEHTAJIBHBIX TOCJIEI0BATETLHOCTEN
B npocrpancTse X. Onpesesum B 2 OTHOIIEHHE SKBUBAJIEHTHOCTH TaK:
T1 ~ Tg < d(T1(n), T2(n)) — 0. ITycrs X := X~ nd(p(Tr), p(T2)) =
limd(Z1(n),T2(n)), rue ¢ : Z — X — KaHOHHYECKOE OTOOpAKEHUE.
Uzomerpust ¢ : (X, d) — (X, d) crpoures Tax: 1(z) = @(n — x (n €
N)). >

4.5.13. ONUPEAEJEHUE. IIpocrpancrso ()?, c’i\), durypupyiomee
B 4.5.12, pdBHO KakK 1 J1000€ M30METPUIHOE €My MPOCTPAHCTBO, HA3bI-
BAIOT nonoaxeruem npocrpancrsa (X, d).

4.5.14. OIPEJENEHUE. Muoxecrso X B (X, d) HaswmBAIOT N04-
HbLM, €CJIU TIOJTHBIM SIBJISIETCS TPOCTPaHCTBO (Xo, d Xg) — IOJITPOCTPAH-

crBo (X, d).

4.5.15. 3aMKHYyTOE HOJMHOXKECTBO IIOJTHOI'O IIPOCTPAHCTBA SIBJISIET-
cst mostabiM. TlostHOE MHOMKECTBO 3aMKHYTO. <ID>

4.5.16. Ilyctp Xy — HOAIPOCTPAHCTBO HEKOTOPOI'O MOJHOIO MET-
pudeckoro npoctparncrBa X. Torga momosHenne Xg H30METPUIHO 3a-
MbIKaHnio Xo B X.

< Ilyere X := cl Xp u ¢ : Xg — X — TOXIECTBEHHOE BJIOXKEHUE.
fcnHo, 9TO ¢ — M30MeTpHUs Ha MJIOTHOE MoAnpocTpancTBo. [Ipm stom X
moJtao B cuity 4.5.15. Ocranocs cociarbes Ha 4.5.12. >

4.6. KoMnakTHOCTb U IOJTHOTA

4.6.1. KommakTHOE NPpOCTPAHCTBO IIOJIHO. <I>

4.6.2. ONPEAENEHUE. Ilycrs U — muOoxkectBO B X u V € Ux.
Muoxecrso E B X nasvisaior V-cemuio ma U, ecmn U C V(E).

4.6.3. ONPEAEJEHUE. MHOXKeCTBO Ha3bIBAIOT 6NOAHE 02DAHUYEH-
HbLM, €CIIN JJIs KaXK/Ioro V' u3 %x y Hero mMeercst KOHedHas V -CeTb.
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4.6.4. Ecuu st ro6oro V uz Uy y maoxkecrBa U B X ecTb BIIOJIHE
orpaHudeHHasi V -cerb, T0 U — BIIOJIHE OrPAaHUIEHHOE MHOYKECTBO.

< Iycrs V € Ux u W € %x rtakoBo, uro W o W C V. Bosbmem
BrosiHe orpanuyeHHyo W-cers F s U, 1. e. U C W(F'). Tockonbky
F' BrioJiHE orpaHWYeHO, TO Haiijercs KoHeuHass W-cetb E g F, T. e.
F c W(E). OronuareabHO

UCW(F)CWW(E)) =WoW(E)CV(E),

T. e. F — koneunas V-cers st U. >

4.6.5. MuoxecrBo U B X sBJIsIeTCsS BIOJIHE OTPAHHICHHBIM B TOM
H TOJIBKO B TOM CJIy4ae, €CJIH /I BCIKoro Vo u3 Ux Haiigercsi KOHEYHOe
cemeiicro Uy, ..., U, nmommuoxkectB U takoe, uro U = U; U...UU, u
Kazxjgoe u3 maoxkectB U, ..., U, maJjo nopsiaka V. <>

4.6.6. SAMEYAHUE. QakT, orMedeHHbId 4.6.5, BbIpaxkaroT CjIoBa-
MH: «MHOYXKECTBO BIIOJIHE OIPAHUYEHO TOIJA W TOJIBKO TOLJA, KOTIA Y
HEro eCTh KOHEYHBIE MOKPBITUS CKOJIb YTOJHO MAJIBIMU MHOXKECTBAMIUS.

4.6.7. Kpurepuii Xaycaopga. MHOKeCTBO SIBISIETCS KOMITAKT-
HBIM TOLJIA H TOJIBKO TOIJIa, KOIJ[a OHO HOJIHO U BITOJIHE OTPAHUYIECHO. <ID>

4.6.8. Ilycrp C(X, F) — npocrpancrBo HenpepbIBHBIX (DyHKIHIT
Ha KommnakTe X co 3HaYeHHsIMH B OCHOBHOM 11ojie F u ¢ mempuxot Ye-
bviuésa

d(f, g):= sup de(f(z), g(x)) = sup |f(z) —g(z)] (f, g € C(X, F)).

zeX reX

st 0 € U mostoxxum
Ug:= {(f7 g) €EC(X, F)?: gof'c 6’}.

Torna Uy = fil{Uy : 6 € p}. <>

4.6.9. IIpocrpancreo C(X, F) mouano. <>

4.6.10. Teopema Ackoau — Apuesa. Muoxkecrso & B C(X, F)
OTHOCHTEIHHO KOMITAKTHO B TOM H TOJBKO B TOM CJIy9ae, €CJIH & PaBHO-

creneHHO HEnpepbiBHO H MHOXkecTBO U{g(X) : g € &} Brosme orpann-
vyeHo B npocrpancrse .
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< =: To, uro U{g(X) : ¢ € &} — 310 BHOJIHE OIPAHUIECHHOE
MHOXKECTBO, HE BBI3bIBACT COMHeHWMH. JIjisi NPOBEPKM PABHOCTEHNEHHOM
HEIPEPBIBHOCTH & BO3bMeM 0 € % 1 noAdepeM CUMMETPUIHOE OKPY2Ke-
uune 0’ u3 ycnosus 6’ o ' 0§’ C 0. Tlo xpurepmo Xaycaopda Haiimercs
koneunas Ug-cetb &' B &. Paccmorpum okpyzxenne U € %x, 3a1aHHOE
COOTHOIIEHUEM
U= () flobof

fes&’

(cp. 4.2.9). Jlns npousBosibEbIX g € & u f € &' Takux, uro go f~L C ¢,
BBITIOJTHEHO

0 =0"">(gof )t =(f)Tog = fog .

ITomumo 3TOTO, M3 CBOWCTB KOMIO3UIINN COOTBETCTBUN U U3 4.6.8 BBITE-
KaeT
g*"(U)=goUog™ Cgo(f o ofjog™ C

C(goffl)oﬁlo(fogfl)CQ’OH'OH’C@.

Bwmecre ¢ Ipou3BOJILHOCTBIO ¢ TIOCJIEIHEE O3HAYAET, YTO & PABHOCTEIICH-
HO HEIIPEPLIBHO.

<: Ha ocmoBanun 4.5.15, 4.6.7, 4.6.8 u 4.6.9 10CTATOTHO JI/IsT KaXK-
noro 0 € 2 nocrpoutsb Koneunyio Ug-cersb B &. Iogpimem 0’ € %y, nns
koToporo 6’ 0’ 0§’ C #, n HaiiieM OTKPBITOE CHMMETPHIHOE OKPYKEHHE
U € %x, 9ro0bl ObLIO

UcC mgfloﬁ’og
geSE

(cymecrBoBanue U obecrieueHO pAaBHOCTENIEHHON HENPEPBIBHOCTHIO & ).

fcHo, uro cemeiictso {U(x) : & € X} obpasyer OTKpBITOE TIOKPbI-
tre X. Vcnonp3yss KOMIAKTHOCTD X, YKaXKE€M KOHEYHOE IOJIIOKPBITHE
{U(zo) : x0 € Xo}. B uacruocrn, ¢ yaerom 1.1.10

Ix | Ulo) x Uwo) =

zo€Xo

= |J U M=mo) xUlwy) =UolIx, oU.

(zo,m0)€Ix,
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Mmuoxectso {g|x, : g € &} Brnosne orpanndeno s FX0. Crano 6biTb,
B 9TOM MHOXKECTBE €CTh KoHeuHas §'-cerb. Towunee roBops, nmeercs: Ko-
HEYHOE MHOXKeCTBO &’ B &, 0byaiatolee TeM CBOMCTBOM, UTO JIJIsl KasK-
noro g € & nupu nogxoasameM f € &' crnpaBeajmBo

golx, oftce.
HpI/IIVIeHSIH MOJIYY€HHbIC OII€HKH, II0CJ/IeI0OBATE/IbHO BBIBOJIUM
goft=golxof 't Cgo(Uolx,oU)of ' C

Cgo(giloﬁlog)oIXOo(ffloﬁ’of)offl:
—(gog ol o(golx,0f ol o(fof™")=
=Imgo® o(golx,of ol ol C
cO ol ol Co.
Takum obpazom, B cuiy 4.6.8, & — sro koneunasa Ug-cetsb qusa &. >

4.6.11. 3AMEYAHUE. I[lojie3HBIM yTBEPKJIEHUEM SIBJISETCS TIepe-
BOJ, JOKa3aTeIbCTBa TeopeMbl Ackoiam — Apleia Ha a3bIK «&-0». Botr
HeOOXOMUMBIH cioBapb: «f, Uy — 310 €», «8' — 310 £/3%, a «§ — 3o
U». Crosb ke TONME3HO (M MOYUIUTENBHO) HANUTH OBGOGIIEHNST TEOPEMBI
Ackosin — Aprnena jyisi orobparkeHuii, JeACTBYIONIUX B IIPOU3BOJIbHBIE
[IPOCTPAHCTBA.

4.7. BapoBckue mpocTpaHCcTBa

4.7.1. ONIPEJEJIEHUE. MuoxkectBo U TPUHSITO HA3BIBATH pPa3pe-
OHCEHHBIM TWITH Hu2de He NAOMMHBLM, €CJIU B ero 3aMbIKAHHM HET BHYT-
peHHuX To4ueK, T. €. intclU = @. MuoxkectBo U HA3BIBAIOT MOowum
(nm mmoorcecmeom nepeoti kamezopuw), ecan U copepKurcst B 00ben-
Henun (He GoJiee UEM) CUETHOTO UUC/IA PASPEKEHHBIX MHOXKECTB, T. €.
U C UpenU,, intclU, = @. Hemouwue MHOXKeCcTBa, T. €. MHOXKECTBA,
HE SIBJISIIOIIUECS TOIUMU, HA3BIBAIOT TAKIKE MHOHCECTNEAMU 8TOPOT Ka-
mez20puu.

4.7.2. OIIPEJEJIEHUE. IIpocTpaHCTBO HAa3BIBAIOT 03POSCKUM, ECITHA
J11060€e €ro HEIyCTOe OTKPBITOE MHOXKECTBO HETOIIIEE.
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4.7.3. Cruexnyrorire yTBEpKJICHHUsT SKBUBAJICHTHBI:
(1) X — 6opoBckoe IpoCTPaHCTBO;
(2) obbesunenme CIETHOrO YUCIA 3AMKHY TBIX DA3PEXKEHHBIX
MHO>KECTB He UMeeT BHYTDEHHUX TOYEK;
(3) mepeceuenne cuerHoro 4yuc/a JIOObIX BCIOAY IJIOTHBIX
(1. e. mmorabix B X ) OTKPBITBIX MHOXKECTB SIBJISIETCS
BCIOJY ILIOTHBIM;
(4) ngomosHEHHE JIFOGOTO TOIETO MHOXKECTBA BCIOJLY IJIOTHO.
< (1) = (2): Oycrb U:= Upen Uy, U, = clU,, upuuem int U,, = @.
Torna U — Tomee mHOokecTBO. Tak xaxk int U C U u int U — orkpbITOE
MHOZKECTBO, TO int U, ABJISASICh TOIMUM MHOXKECTBOM, 0OS3aTEILHO IIyCTO
B cmty 6apoBoctu X.

(2) = (3): Oycrs U := Npen Gy, tae Gy, otkpoito 1 clG, = X.
Torna X\U = X\Npen G, = Upen (X\Gy,). IIpu stom X \G,, 3aMKHyTO
n int(X \ Gp,) = @ (ubo clG,, = X). Crayo 6eire, int(X \ U) = 2.
[Mocennee oznagaet, uyro y U mycrast BHEITHOCTD, T. €. U BCIOJLY IJIOTHO.

(3) = (4): Iycrs U Tomee 8 X, T. e. U C UpenU, nintclU, = @.
Mozkuo cunrars, uro U, = clU,. Torna G,,:= X \ U,, OTKPBITO U BCIOLY
wiotHO. 1o yenosuto Npeny G, = X \ Upen Uy, Betoay mwiotao. IIpu sTom
yKazaHHoe MHOKecTBO comepxkurcs B X \ U u, suauutr, muoxecrso X \ U
BCIOJLy TIJIOTHO.

(4) = (1): Ecam U — memycroe oTKpbITOE MHOXKeCTBO B X, T0 X \ U
He siBJisieTcst Beromy miotabiM. CiietoBarensho, U Heroree. >

4.7.4. 3AMEYAHME. B cBsizu ¢ 4.7.3 (4) orMeTnM, 9TO JONOJIHE-
HUS TOIIMX MHOXKECTB (MHOIZA) HA3BIBAIOT GLINEMAMU WIH OCTMAMOY-
HOLMU MHOIICECMEAMY. BBIIETH B 63POBCKOM IIPOCTPAHCTBE — HETOLIHE
MHOZKECTBA.

4.7.5. Teopema Ocryga. Ilyctb X — 63poBckoe mpOCTPaHCTBO
i (fe : X — R)egez — cemelicTBo HOIyHENPEPHIBHBIX CHU3Y (DYHKIHIL,
npudem supq{ fe(x) : € € E} < 400 qus kaxknoro x € X. Torja Beskoe
Herycroe OTKpbIToe MHOXKecTBO G B X COIEpIKHUT HEIyCTOe OTKPBITOE
noamuokecTBo G, Ha KOTOPOM ceMeiicTBO (f¢)e¢cz PABHOMEDHO OrpaHH-
YEeHO CBEPXY, T. €. BBITOIHEHO SUD,¢q, SUp {fe(x) : £ € E} < 4o0. <>

4.7.6. Teopema Bapa. IlojHOEe MeTpHUIECKOE TPOCTPAHCTBO — 03-
POBCKOE.

< Ilycrs G — HemycToe OTKPLITOe MHOXKECTBO U g € G. domycrum,
uro G Tomee, T. €. G C UpenU,, tie int U, = @ u U, = clU,. Haiinem
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g0 > 0 u3 ycoosust B, (xg) C G. fcuo, uro U; He CONEPKUT LEIUKOM
map Be,/2(z0), T. €. mvmeercs w1 € B, /2(w0) \ Uy B ey samxmyTocTn
U1 MOXKHO TIOJIBICKATD €1 Tak, 410 0 < €1 < £9/2 u B, (1) NU; = @.
ITposepum, uro Be, (1) C Be, (o). Heltcrurensuo, eciau d(z1, y1) <
€1, 1o d(y1, xo) < d(yr, x1) + d(z1, x0) < €1 + €0/2, ubo d(x1, xo) <
g0/2. Iap B, j2(x1) ne nexut nemkom B Uy, TlosTomy cymecTsyior
Ty € Bejp(x1) \ Uz m 0 < g2 < £1/2 Taxume, uro Be,(x2) NU2 = @.
Bumo, aro BHOBB By, (22) C B, (z1). IIpogoskas HadaTsil Hporecc no
MHJYKIUH, TOJIYYINM HOCIE0BATEIbHOCTD MapoB Be, (z9) D Be, (z1) D
B, (z2) D ..., upnueM e, 1 < &,/2 u B, (¢,)NU,, = &. Ha ocHOBanNn
4.5.6 y IOCTPOEHHBIX IIAPOB ecTh 00Ias To4yka x:= lim x,. Ilpu srom,
KOHEYHO XKe, T % Upen U, u, crano 6bith, z € G. C apyroii cTopoHsI,
x € B, (z9) C G. Ionyunnu nuporuopeune. >

4.7.7. SAMEYAHUE. Teopemy Bspa 1gacro uCroJb3yioT Kak <«4u-
CTYIO TEOPEMY CYIIECTBOBAHUSI.

B kadecTBe KiraccHuecKoll MILIIOCTPAIN PACCMOTPHM BOIIPOC O CY-
IIIECTBOBAHUU HEIPEPBIBHBIX HUrAe He AuddepeHrupyeMbx OyHKIHA.
Hns f:]0,1] = Ruz € [0,1) nosoxkum

xr L+ h)— f(z
D»f(m)::%mfw;

D™ f(z):= limsup M

n10 h
Auementsl D, f(x) uw D f(x) w3 pacumpenHoit unciopoit mpamoit R
Ha3BbIBAIOT HUMHCHEU Npasoli I COOTBETCTBEHHO 6epxHeli npasgoti npous-
600n0t Jlunu dyaknun f B TOUKe X.

ITycts D — sro muokecTBO Takux dbyuknuit f € C([0, 1], R), aro
JUtst HekoTopoit Toukn x € [0, 1) smementsr D, f(x) u D7 f(x) Bxogar
B R, 1. e. xoneunnt. Torga D — Tomee MHOXKeCTBO. 3HAUUT, PYHKIINU,
He MMeIOIe IPOU3BOHON HY B oiHOM Touke u3 (0, 1), BCIOY MIUIOTHBI
B C([0, 1], R). B To ke BpeMst KOHKPETHBIE TIPUMEDHI TAKUX (DYHKITHI
Jauch He mpocto. Bor manbosiee U3BECTHBIE U3 HUX:

o0 4"1
Ppynxyus Ban dep Bapdena — Z <<47nx>>

n=0



4.8. Teopema 2?Koprana u mpocTble KapTHHBI 71

(3mecw ((z)):= (z — [z]) A (1 + [z] — ) — paccTostHue M0 GrMKaiimero K
& LEJIOro YHCIIa),

400
1
Pynxyus Pumana — Z ) sin (n*7x)
n=0

1, HAKOHEIl, HCTOPUIECKHU TIepBast
o0

Pynxyua Betiepwmpacca — E b" cos (a"mzx)
n=0

(3mech a — HeveTHOE mMOsIOXKUTENBHOE 1esoe, 0 < b < 1wuab> 1+ 3777)

4.8. Teopema 2KopsaHa u mmpocTble KapTUHBI

4.8.1. 3AMEYAHUE. B tonosiornn, B 9aCTHOCTH, yCTAHABIUBAIOT
riay6okme u ToHKHE (DaKTBI O MeTpHuecKoM mpocrpancrse R2. Himke
[IPUBEIEHBI UCIIOJIb3yeMbIe B JAJbHEHIIEM Te 13 9TUX (DAKTOB, POJIb KO-
TOPBIX W3BECTHA, HAIIPUMED, M3 KOMILIEKCHOTO aHAJII3A.

4.8.2. ONPEJAEJEHUE. [omeomopdubiil (= B3aUMHO OJHO3HAYHBIN
U B3aMMHO HENPEPBIBHBIA) 06pa3 0Tpe3ka Ha3bIBaIOT (2/copdanosoli) dy-
20ti. Tomeomopdubiit 06pa3 OKPYKHOCTH HA3LIBAIOT Npocmot (sicopda-
10601) nemaeti. FECTeCTBEHHBIH CMBICT BKJIJbIBAIOT B IIOHSTHs THNA
«IJIajKas Jyra» u T. II.

4.8.3. Teopema 2Kopnaana. Ilyctb v — npocTast HET/IsI B IJIOCKO-
cru R?. CymecrByror Herepecekaronuecss OTKpbITble MHOKecTBa G1 1
G5 rakme, 4T0

GlUGQZRQ\’}/; v =0G] = 0G,. <>

4.8.4. BAMEYAHUE. Oxro u3 muOkectB (G u (2, durypupyio-
mux B 4.8.3, orpanudeno. [lomumo aToro, Kaxkjioe U3 HUX C6A3MO, T. €.
HEIPEJICTABUMO B BUJI€ OObEIMHEHNS JBYX HEIIYCTHIX HEIePeCeKAKINX-
Csl OTKPBITBIX MOAMHOXKeCTB. B 3T0#l cBa3u Teopemy 2Koppana wacTo
BBIPaXKAIT TaK: <«IIPOCTasl IMeTJis pa3pe3aer IJIOCKOCThb Ha JBe 00JacTu
U SIBJISIETCS UX OOIeil TpaHuIeiis.
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4.8.5. ONPEAENEHUE. Ilycts D, Ds,..., D, — 3aMKHYyTbIe KPyT'{
(= 3aMKHyTBIE mIAPbI) Ha IIOCKOCTH, ipudeM D,, N Dy = & upu m # k
u Dy,...,D, Cint D. MuoxecTBO

n
D\ U int Dy,
k=1
Ha3BIBAIOT Pe3HbiM Juckom. Besikoe MHOXKECTBO B ILJIOCKOCTH, U deo-
MopdHOe (= «IJ1aJIKO roMeoMOPdOHOE» ) HEKOTOPOMY PE3HOMY JIUCKY, Ha~
3BIBAIOT CBA3HBIM IAEMEHMAPHBIM Komnarmom. ObbenrHeHne HelryCcTo-
IO KOHEYHOTO CeMefCTBa MOMAPHO He TePECEKAIOIIIXC s CBSI3HBIX 3JIEMEH-

TapPHbIX KOMIIAKTOB Ha3bIBAIOT IAEMEHMAPHBIM KOMNAKITOM.

4.8.6. SAMEYAHUE. ['panuna OF sjiemeHTapHOro KoMmiaxkra F' co-
CTOUT M3 KOHEYHOIO YHCJIa HEIEePECEKAIONMNXCs TIAIKUX MPOCTHIX TIe-
tesb. Ilpu ToM Biioxkenue F' B (OpHeHTHPOBAHHYIO) MIOCKOCTh R? mH-
Jqymupyer B F' crpyKTypy (OpHEHTHPOBAHHOrO) MHOTr0OGpasust ¢ (opueH-
TupoBaHHBIM) Kpaem OF. Ormerum 3zech ke, 9410 B cuiy 4.8.3 umeer
CMBICJI TOBOPUTD O MOJIOZKUTEILHON OPUEHTAIIMN IJIAKOM TN, MoIpa-
3yMeBasl OPUEHTAIMIO Kpash KOMIAKTHON YacTU IJIOCKOCTH, OTPAHUYIECH-
HOU 3TOH meTei.

4.8.7. IIycts K — KOMIAKTHOE IOJMHOXKECTBO IJIocKocTd 1 G —
HEILyCTOe OTKPBITOe MHOXKECTBO, codepxkairee K. Tora cymecrByer dJre-
MeHTapHBIH KoMHakT F' Takoit, 9To

KcintFCcFcCG. <>

4.8.8. ONIPEJIEJIEHUE. MuoxecTBo F', Haamdne KOTOPOTO OTMeYe-
HO B 4.8.7, HazbIBAIOT NpPocmoli kapmurot nyst napel (K, G).

YnpaxXHeHust

4.1. IIpuBecTn npuMepbl METPUYECKUX [IPOCTPAHCTB. BBISCHUTH, KAKMMU CIIO-
cobaMy MOKHO IIOJIy4aThb HOBbIE METPUYECKUE IIPOCTPAHCTBA.

4.2. Kakum pomxen 6uts buantp B X2, COBMAMAONMil ¢ HEKOTOPOH MeTpH-
9eCKOH PABHOMEPHOCTBHIO B X 7
4.3. ITycrs S — npocrpaHcTBO u3MepuMbix dyHKuui Ha [0, 1] ¢ MeTpukoit
1
|f(t) = g(®)]
d(f, 9):= | ——~———dt (f, g€9)
' L+ |f(t) —g(®)]

0

(mompasymeBaeTCst HEKOTOpasi eCTeCTBeHHas pakTopu3anus — Kakas nMeHHO?). Bel-
SICHUTBb CMBICJI CXOOUMOCTH B 3TOM IPOCTPAHCTBE.
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4.4. Ins a, 8 € NY nonaraior
d(a, 8) =1/min {k € N: o # Br}.

Iposeputb, uto d — Merpuka m uro mpoctpancTso NV romeomopdnO MHONKECTBY
MPPAIHOHAIBHDBIX THUCEJI.

4.5. MoKHO JI1 MeTPHU30BaTh IOTOYEYHYIO CXOAUMOCTD II0CJIEI0BATEILHOCTEN?
A dbyukunmii?

4.6. Kak cjieayeT BBECTU pa3yMHYIO METPUKY B CU€THOE IIPOU3BENECHUE MEeTpU-
YEeCKUxX HpOCTpaHCTB? B IIPOU3BOJIbHOE IIPOU3BEAECHNE METPUYIECKUX HpOCTpaHCTB?

4.7. BpisscHUTB, KaKne KJIacChl (DYHKIMI OIMCHIBAIOTCS ONIMOOYHBIMHE OIIPeJe-
JIEHUSIMHM HEIIPEPBIBHOCTH U PABHOMEDHOU HEIPEPBHIBHOCTH.

4.8. Iyt HeImyCTHIX KOMIAKTHBLIX ToaMHOXecTB A u B mpocrpancrsa RY mo-
JIOXKUM

d(A, B):= | sup inf |z—y| |V | sup inf |z—y|
rcA YEB yEB z€EA
YcranosuTs, 9To d — Merpuka. Ee HasbiBator MeTpukoit Xaycmopda. Kakos cMbica
CXOJJIMOCTH B 3TOi MeTpuKe?

4.9. JlokazaTh, YTO HEIYCThIE BBIIYKJIble KOMIIAKTHBIE ITOJMHOXKECTBA BBIILYK-
soro kommakTa B RV cocraBisiior koMmmakT oTHOCHTENbHO MeTpuKy Xaycaopda. Ka-
KOBa CBsI3b 9TOr0 yTBEPXKJeHusi ¢ TeopeMoit Aprena — Ackomu?

4.10. JIokazaTb, 4TO Karkas MOIyHeIpepbiBHas cHu3y dbynknus za RN ecrs
BEpXHsisi Orubaroias HEKOTOPOro ceMeficTBa HEIIPEPBIBHBIX (DyHKIUA.

4.11. BbISCHUTD CBA3U MEXK/Ly HEIPEPBbIBHBIMY M 3aMKHYTBHIMU (KaK MHOKECTBa
B IIPOU3BEJEHNN) OTOOPAYKEHUAMYI METPUYECKUX IIPOCTPAHCTB.

4.12. BplsicHUTDB, KOI'/la HEIPEPBIBHOE OTOOparKEHNE METPHUYECKOrO IIPOCTPAH-
CTBa B IIOJTHOE METPUYECKOE IIPOCTPAHCTBO JOIYCKAET PACIPOCTPAHEHHE Ha IIOIOJIHE-
HHE HUCXOJIHOI'O IIPOCTPAHCTBA.

4.13. Onucarh KOMITAKTHbIE MHOXKECTBA B IIPOU3BEAECHNU METPHUYECKUX IIPpO-
CTPaHCTB.

4.14. ITycrs (Y, d) — mosnoe Merpudeckoe npocrpancTso. Orobpaskenue F' :
Y — Y maseiBator pacmupsomnmcs, ecau d(F(z), F(y)) > Bd(z, y) aas HekoToporo
B>1unz, yeY. Ilycts pacmmupsironteecst orobpaxkenne F' :' Y — Y neiicrByer Ha
Y. Jokazarp, 9T0 F' B3aMMHO OJHO3HAYHO U O0JIaJaeT €IMHCTBEHHON HEIIOIBUKHON
TOYKOI.

4.15. JloxasaTb, YTO KOMIAKT HE OTOOParKaeTCsl M30METPUTIHO Ha CBOIO COO-
CTBEHHYIO YaCTbh.

4.16. YCTaHOBUTH HOPMAJIBHOCTH IIPOU3BOJILHOIO METPUYECKOTO IPOCTPAHCTBA.

4.17. HpI/I KaKUX YCJIOBHUAX CYETHOE€ IIOJMHO?KECTBO IIOJIHOI'O MEeTPHUYEeCKOI'o
IIPOCTPpaHCTBa ABJIAETCA HGTOI_LII/II\/I?

4.18. MOXHO JIi OXapaKTepU30BaTh PABHOMEPHYIO HEIIPEPBIBHOCTD B TEPMHUHAX
CXOIANIUXCS TTOCTIe0BATEIbHOCTEN ?

4.19. Ha Kakux METPUYECKUX IPOCTPAHCTBAX JII00asl HEIPEPbIBHAS BEIIECTBEH-
Hasi PYHKIUs JJOCTUTAET TOYHbIE IPAHUIIBI MHOXKECTBA CBOMX 3HadeHuit? OrpaHude-
Ha?



I'maBa 5

MyabTUHOPMUPOBAHHBIE U
0aHaxoBbI IPOCTPAHCTBA

5.1. TloryHOPMBI 1 MYJBTUHOPMBI

5.1.1. Ilyctp X — BeKTOpHOE MPOCTPAHCTBO HAJ] OCHOBHBIM TI0JIEM
Fup: X —-R — noayuaopma. Torzga
(1) domp — momupocrpancrso B X;
(2) p(z) >0 s Beex x € X;
(3) sapo momyropMEr ker p:= {p = 0} — moampocTpanCcTBO
X;

(o]

(4) mmoxkecrBa By := {p < 1} u By:= {p < 1} abcomorHo
BBIIIYKJIbIE, IIPDHYEM P sIBJsSEeTCsT (DyHKIHOHAJ oM MuH-
KOBCKOI'0 JII0OOI0 abCOJIIOTHO BBILYKJIOIO MHOXKeCTBa B

o
Takoro, 4uro B, C B C B,;

]

(5) X = domp B ToM H TOIBKO B TOM ciydae, ecan B, —
ITOrJIOMmAIoNIee MHOYKECTBO.

<l Ecmn z1, 29 € domp u a1, az € F, To BBuay 3.7.6 numeem
plaizy + azz2) < [ai|p(z1) + |az|p(z2) < +o0o0 + (+00) = +o0.

Buauut, (1) Bepro. Jomycrum, uto (2) He BEepHO, T. €. Jjig HEKOTOPOTO
x € X cupasemmuso p(z) < 0. Torma 0 < p(x) + p(—x) < p(—x) =
p(z) < 0. Tomyuaercst mpoTuBopeune. YTBep:KjeHue (3) HeMeIEHHO
crenyer u3 (2) u cybamurusaocru p. Crpasegusocts (4) n (5) va-
CTHYHO y2Ke oTMedasach (cp. 3.8.8). OcraBirascs HEOTMEYEHHON YaCTh
06OCHOBBIBaETCS TeopeMoit 0 dyHKIuoHa e MuHKOBCKOrO. >
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5.1.2. Ilyctb p, q : X — R’ — aBe nosynopmbr. HepaBerctBo p < ¢
(B MuOKecTBe (R')X) HMeeT MecTO B TOM M TOJBKO B TOM CJIyHdae, eC.TH
B, D B,.

< = dcno, uro {¢ <1} C {p < 1}.

<: Nmeewm, o 5.1.1 (4), p = pp, u ¢ = pp,. Bosbmewm 11, to € R
takme, 9ro t1 < to. Ecim t; < 0, To {¢ < t1} = & u, crano GbITh,
{g <t1} C{p <t2}. Ecim xe t; > 0, 10 t1 B, C t1 B, C t2B,,. 3nauur,
B cury 3.8.3, p < q. >

5.1.3. Ilyctp X, Y — Bekropuble npoctparnctBa, T C X XY —
JuHeiHoe coorBerctBue u p @ Y — R — momyropma. Ilycts, jgagee,
pr(z):= infpoT(x) gz x € X. Torma pr : X — R° — nosyHopMma,
muoxkectBo Br:= T~ (B,) abcomoTHO BBIIYK/IO, IDHIEM PT = DBy -

< dnsg xq, x2 € X m ay, as € F nmeem

pr(aizy + agxy) = inf p(T(aqz1 + aow)) <
<infp(anT(z1) + axT(22)) <
< inf(jon[p(T'(21)) + |e2|p(T'(z2))) =
= |ailpr(z1) + |az|pr(z2),

T. €. pr — IOJyHOpMA.
To, uT0 MHOXKECTBO B abCOIOTHO BBIMYKJIO, caenyer u3 5.1.1 (4)
u 3.1.8. Ecnu © € By, To 15 HEKOTOPOro y € B, BomonueHo (z, y) € T
Orcroma pr(z) < p(y) < 1, . e. By C Bp,. Ecnu, B cBOO 0Uepens,
o
x € By, To pr(z) = inf{p(y) : (z, y) € T} < 1. 3uauur, Haiigercs y €

o

T () Takoit, uro p(y) < 1. Craso 6bits, © € T-1(B,) C T~*(B,) = Br.
Urak, By, C By C Bp,. IIpusnexas 5.1.1 (4), Bugum: pp, = pr. >

5.1.4. OOPEAEJEHUE. Ilomynopmy pr, moctpoennyio B 5.1.3, Ha-
3BIBAIOT NPOOOPA3OM NOAYHOPMbL P TIPH cooTBeTCTBUU 1.

5.1.5. ONPEAENEHUE. Ilycts p : X — R — moayHopma (B cuity
3.4.3 sra 3anuck osHauaer, uyro domp = X). Ilapy (X, p) HasbiBa-
0T NOAYHOPMUPOSAHHBIM NPOCTPAHCMEOM. TacTo, MOIMycKas OOBIMHYIO
BOJIBHOCTD, caMO X HA3BIBAIOT IIOJIYHOPMHPOBAHHBIM IIPOCTPAHCTBOM.

5.1.6. ONIPEAEJIEHUE. Hemycroe MHOYKECTBO BCIOJLY OIIPEJIEICHHBIX
nosiyHopM (B RX ) Ha3BIBAIOT MYALMUHOPMOT 1 0003Hava0T My nin
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npocro I, ecam scHO, 0 KakoMm mnpoctpancrBe X wuaer pedb. llapy
(X, Mx), pdBHO Kak u ucxomuoe X, HAZBIBAIOT MYALIMUHOPMUPOCAH-
HOLM NPOCTPAHCINEOM.

5.1.7. MmuoxectBo mosyHopM N B (R')X SIBJISIETCST MYJIBTHHOPMOI
B TOM M TOJIBKO B TOM CJIy4ae, ecin (X, p) sIBJIsIeTcsl MOJyHOPMHUPOBAH-
HBIM IMPOCTPAHCTBOM JJIsI BCSIKOTo p € M. <>

5.1.8. ONPEAEJEHUE. Mynsrunopmy My HA3BIBAIOT Taycdopgo-
6oti (mmu omdeaumoti), ecim s moboro x € X, x # 0, cymecrByer
nosiyHopMa p € Mx rakast, aro p(z) # 0. B arom ciayuae X HasbBaoT
2aycoopdosvim (AN 0MOEAUMDBIM) MYALTNUHOPMUPOSAHHBLM NPOCTNPAH-
CMBOM.

5.1.9. ONPEAEJEHUE. XaycaopdOBy MyJIbTHHOPMY, COCTOSIILYIO
U3 OJIHOTO JIEMEHTa, HA3BIBAIOT HOPMOU. EMHCTBEHHBIH 9JEMEHT HOD-
Mbl B X (K&K XOPOIIO M3BECTHO) TAKXKe HA3BIBAIOT HOpmolU B X u 060-
3Havaor || || win (pexe) ||| x, u naxe ||-| X||, ecan ecrb HEOGX0OMIMOCTD
B yKazaHuu Ha npocrparctso X. Ilapy (X, || -||) HasbBator Hopmupo-
saHHbBIM Npocmpancmeom. Kak IpaBuiio, Tak e Ha3bBaoOT U X .

5.1.10. IIPUMEPHI.

(1) TTomynopmuposarHoe poctpancTBo (X, p) pacemarpu-
BAeTCs KaK MyJIbTHHOpMEpoBaHHOe mpoctpancTso (X, {p}). To xe ot-
HOCHUTCSI K HODMUPOBAHHOMY HPOCTPAHCTBY.

(2) Iycrs M — MHOKECTBO Beex (BCIOLY ONPEEIEHHbBIX ) [0
siyropM Ha nipoctpancrse X . Torma 9 — xaycaopdoBa MyJIbTHHOPMA,
KOTOPYIO HA3BIBAIOT CUAbMHETULET MYALMUHOPMOT B X .

(3) Hycrs (Y, M) — MyAbTUHOPMUPOBAHHOE IIPOCTPAHCTBO
uTl C X xY — smneitnoe coorBercrBue, npuiem dom7 = X. B cu-
ay 3.4.10 u 5.1.1(5) gyt p € N nosyHOPMA P BCIOLY OIpEjesieHa U,
crasio 6bith, M := {pr : p € N} — mysaprunopma B X. Mysbrunop-
My O HAZBIBAIOT NP00OPA3oM MysvmMuHopmos, N nipu coorsercTBun 1’
u (uvorma) obozuagaior Ny. Ormerum, uro eciu T € L (X, Y), 1o
M= {poT: pe€ N} B cBA3M C ITUM HUCIOJIB3YIOT €CTECTBEHHOE 000-
suadenue Yo7 := 9. Ocobo BeIIeUM Cirydail, Korga X — 3TO MOAIPOo-
crpaHcTBO Yy B Y u T — ToxKjecTBeHHOe BioxKeHue T:=¢:Yy — Y. B
TAKOW CUTyaluu Yy, KaK IPABUIJIO, PACCMATPUBAIOT KAK MYyJILTUHOPMUAPO-
BaHHOE IIPOCTPAHCTBO ¢ MyJIbTUHOPMOH J1o . Bojiee Toro, HeKOppeKTHO
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ucoap3yoT dpasy «J — MyJabTHHOPMA B Y)». DTy HEKOPPEKTHOCTH
HCIIOJIb30BATH OYEHb YI00HO.

(4) Ocuosroe nose F Hasenreno, Kak W3BECTHO, HOPMOIL | - |
F — R. Ilyers X — Bekropmoe mpocrpamctso u f € X7, Tak kak
f: X — F, 10 onpeznenen mpoofpa3 HOPMbLI B OCHOBHOM IoJe: pr(x):=
|f(z)| (x € X). Econr Temeps 2 — HEKOTOpPOe TIOITPOCTPAHCTBO B X 7,
to MyssruaopMmy o(X, 27):= {ps : f € 2"} naspBaor c1a60lU MYLL-
muropmoti B X, HaBeaeHHoi 2 .

(5) Iycrs (X, p) — n0AyHOPMUPOBAHHOE IPOCTPAHCTBO, X[
— noxupocrpanctso B X u ¢ : X — X/X( — KaHoHudeckoe orobpazke-
nue. JluHeitHoe cooTsercTBHE (! oIpeseseHo Ha BCeM IIPOCTPAHCTBE
X/Xo. 3naunt, IMeeTCA HOTyHOPMA P,—1, KOTOPYIO HA3BIBAIOT axmop-
noaynopmoti p 1o noapocTpancTsy Xo u obozHavaloT px,x,. IIpo-
crpanctso (X/Xo, px/x,) Ha3BIBAIOT HaKMOP-NPOCMPANCMEOM TIPOCT-
pancrBa (X, p) mo momupocrpancrBy Xg. Onpegenenue dhaxTop-npo-
CTPAHCTBA OBIIET0 MyJILTUHOPMUPOBAHHOTO TIPOCTPAHCTBA CBSA3AHO C He-
KOTOPOII TOHKOCTBIO U BBeJIEHO B 5.3.11.

(6) Ilycts X — BekTopmoe mpoctpanctso 1 M C (R)X —

MHO2KECTBO IIOJIYHOPM Ha 3TOM IIPOCTPAHCTBE. B 9T0i cUTyaruum MO2KHO
ropoputh 06 I Kak o MyabTHHOpPME Ha npocrpancTBe X := N{domp :
p € M}. DBoree TouHO, mOApasyMeBasi MyJIBTHHOPDMHPOBAHHOE IIPO-
crpanctBo (Xo, {p. : p € M}), rue ¢ — TOXKIAECTBEHHOE BJIOXKEHUE X
B X, ymoTpeOoasdioT BbipaxkeHus: «IN — MyJIbTUHOPMAa» WM «PACCMOT-
puM (MyJBTHHOPMUPOBAHHOE) IIPOCTPAHCTBO, Topoxaentnoe MNi». Bor
TUIIMIHBI 00PA3eI: «CEeMEHCTBO MOJIYHOPM

{paﬁ(f): sup [z°0°f(z)|: a, B — MyanI/IHH;LeKCH}
zERN

3amaeT (MyJIBTHHOPMUPOBAHHOE) MPOCTPAHCTBO GeckoHewHO nuddepen-
IIPYeMBIX U OBICTPO yOBIBaIOIMX Ha Geckomeunoctn dynxmumii na RY »
(rakue DyHKIMU 4ACTO HABBIBAIOT ymepertvimu, cp. 10.11.6).

(7) Iycrs (X, ||-|]) u (Y, ||-||) — HOpMupOBaHHbIE TPOCTPAH-
crBa (mag omaumM ocuoHbIM 1osieM F). Tna T € £ (X, Y) pacemorpum
«ONEPAMOPHYIO HOPMY>, T. €. BEJIUIUHY

[T|

|7 :=sup {||Tz||: z € X, ||z| <1} = sup
zex ||z
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(31€ech u B JaspHelieM B AHAJIOTHIHBIX CJIyIadX IPUHSITO CIUTATD, ITO
0/0:=0.)

BugHo, aro || - || : (X, Y) — R" — nosnynopma. B camom jede,
nonmoxkuB Bx == {|| " ||x <1}, ma Ty, Th € L(X, Y)u oy, ap € F
uMeeM

Ty + a2 Tall = sup || - [lay 7y 0,1 (Bx) =

=sup || - [|((a1T1 + a2Ts)(Bx)) < sup [|a;T1(Bx) + axTa(Bx)| <
<lai|sup|| - ||z, (Bx) + |az|sup || - |1, (Bx) =
= laa| |71 + |oz| | T2l

IMoxnpocrpasrcrso B(X, Y), spistomeecst 53¢ bEKTUBHON 061aCTHIO
OlPEJIe/ICHUS BBEIEHHOM ITOJIyHOPMBI, HA3BIBAIOT NPOCINPAHCINGOM 02Pa-
HUMEHHDIT ONEPAMOPO6, & €ro SJIEMEHTBI — 02PAHUMEHHBLMU ONePamopa-
mu. fcno, uro BekTopHOE 1pocTpancTBo B(X, Y) nopmuposano (ome-
paropuoil Hopmoii). Ormerum, uro oneparop T' € £ (X, Y) orpanuuen
B TOM U TOJIbKO B TOM CJIy4ae, €CJIU JJisi HErO CIPABEJIUBO HOPMAMUG-
HOE HEPaBEeHCMEo, T. €. eCJIM HANJIETCs CTPOro HOJIOKUTEIbHOE YucyIo K
TaKoe, ITo

[Tzly < Kllz]x  (z € X).

ITpu stom ||T|| ecTs TouHAs HUKHsIs Tparua Yncen K, durypupyromux
B HOPMATHUBHOM HepaBeHCTBe. <I[>

(8) IIycte X — BekTOpHOE mpocTpaHcTBo Hag F u || - || —
vopma B X. Ilycrs, namee, X':= B(X, F) — conpastcennoe npocmpan-
€mM60, T. €. BEKTOPHOE IIPOCTPAHCTBO OTPAHMYEHHBIX (PYHKIHOHAJIOB f C
«CONPAHCEHHOUT, HOPMOT» :

11 = sup{lf@) s Jlall < 1} — sup L&)

vex |||

Pacemorpum nmpocrparcreo X" := (X') := B(X', F) — emopoe
conpasicennoe K X mpoctpancrso. s snementos x € X u f € X’
HOJIOXKHIM

2 i=u(z): f e f(2).

Hecomuenno, ato i(x) € (X')# = £ (X', F). Homumo sTorO,

2”1l = lle(@)]| = sup {[e(x)(N] = Ifllx <1} =
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=sup{|f(z) : |f(2)] < |zllx (z € X)} =
= sup{|f(x)[: felo|(]-[Ix)} = ll=llx-

Ilociieiee paBeHCTBO CyeyeT, HAIpUMep, U3 TeopeMbl 3.6.5 u jiem-
mbt 3.7.9. Takum obpasom, (z) € X nna xaxmoro € X. Ilonaro,
gro oneparop ¢ : X — X' meficrByiomuii o upasuiy ¢ : x — i(x),
SABJIIETCS JTUHEHHbIM ¥ OIPAHUYEHHBIM, IPHA 3TOM L — MOHOMODP(U3M U
lez|| = [|z|| mas Beex x € X. Omueparop ¢ HA3BIBAIOT KAHOHUYECKUM
saootceruem X BO BTOpPOE CONPSI?KEHHOE MPOCTPAHCTBO MM, Oojee 00-
pasHo, J60THbLM WMPUTOGaHUEM. BOJee TOro, KaK MPaBHIIO, 3JIEMEHTHI
x n 2= 1z He pazIMYaoT, T. . X paccMaTpPUBAIOT KaK MOAIPOCTPAH-
ctBo X". HopMupoBaHHOE MPOCTPAHCTBO X HA3LIBAIOT PePACKCUGHBLM,
ecim X coenagaer ¢ X" (npu ykasaHHOM BiioxKeHun). PediiekcusHbie
IPOCTPAHCTBA 00IAIaI0T MHOTMMHU JtocTonHcTBaMu. OUeBWIHO, OfHA-
KO, YTO He BCe IPOCTPAHCTBa pediiekcuBHBI. Tak, K COXKAaJEHWIO, He
peduekcusro npocrpancrso C([0, 1], F). <>

5.1.11. BAMEYAHUE. I[locrpoenus, nposenennsie B 5.1.10 (8), mo-
Ka3bIBAIOT U3BECTHYIO CHMMETPHIO (MM <«JIBOHCTBEHHOCTB» ) MeXKIy X
u X’'. B aT0il cBa3u ;g obo3HadeHnd jeiicTBusd 3jeMeHTa ¥ € X Ha
ssement f € X' (wm neifcrBus f Ha ) mcnons3yoor 3amuck (z, f):=
(x| f):= f(x). Jas nocruKeHus: HAROOJIBIIETO €JHHOOOPA3HS HIIEMEHTHI
X' obosnagator cumBosiamu tuna &', T. e. {(x|2') = (z, a’) = 2'(x).

5.2. PaBHOMEPHOCTb U TONOJIOTHUS
MYJBTUHOPMHPOBAHHOI'O IIPOCTPAHCTBA

5.2.1. IIycrs (X, p) — moJayHOpMHPOBaHHOE MPOCTPAHCTBO. Bo3b-
MeM 1, To € X u momoxuM dp(x1, x2):= p(x1 — x2). Torga
(1) dy(X) C R., {d<0} > Lx;
(2) {dp < t} - {dp < t}_lv {dp < t} - t{dp < 1}
(t e R\ 0);
(3) {dp <t1}o{d, <t} C{d, <t1+ta} (t1, t2 € RL);
(4) {dp < tl} N {dp < tg} D {dp <t /\tz} (tl, to € R+),‘
(5) p — HOpMa <& d, — MeTpuKa. <I>

5.2.2. ONPEAEJNEHUE. QPuistp %, := fil{{d, <t}: t e Ry \ 0}
HA3BIBAIOT PABHOMEPHOCTIBIO npocmpancmsa (X, p).
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5.2.3. Ilycrte %, — paBHOMEPHOCTDH IIOJyHOPMHPOBAHHOI'O IPOCT-
pamctBa. Torga
(1) %, c fil{ix};
(2) Ue=U""e€,;
B) YVUe%) BVeu) VoV CU. <>

5.2.4. ONPEJAENEHUE. Ilycrs (X, 9) — MyJIbTHHOPMUDPOBAHHOE
npocrpancrso. Puibrp % = sup{%, : p € MM} Ha3BIBAIOT pasHoMED-
HOCMbIo pocTpaHcTBa X (HCIOJIB3YIOT TakKe 0003HavYeHust %oy, Ux
u T 1.). (D10 onpenesnenne KoppekTHo B cuiry 5.2.3 (1) u 1.3.13.)

5.2.5. IIycrp (X, 9M) — MyJbTHHOPMHPOBAHHOE HPOCTPAHCTBO H
U — cooTBercTByOmas paBHOMEPHOCTD. Torma

(1) % Cfil{Ix};
RUew=U"'ew;
(3) WU e%) AV eU) VoV CU.

< Hposepum (3). Ecom U € %, 1o no 1.2.18 u 1.3.8 maiimyrca
TOJTYHOPMBI P1, . . ., P € M Takme, at0 U = Uy, . poy = Up N - - N Uy, .
ITpusnexas 1.3.13, nmomeimem muoxecrsa Uy € %,, u3 ycioBua U D
UiN...NU,. Ucnoas3ysa 5.2.3 (3), BotbepeM Vi, € %, , IJIT KOTOPBIX
Vi o Vi, C Uy. fcuo, uto

WMn..nVpy)oWin...nV,)CcVioVin...NV, 0V, C

cUin...nU,.
IMomumo sroro, ViN...NV, € %, V... N U, CU. >

5.2.6. Myabrunopma 9 B X xaycaopgoBa B TOM H TOJBKO B TOM
ciIydae, ecJu DaAaBHOMEPHOCTH Yy Toxe xaycaopgosa, 1. e. N{V : V €
U} = Ix.

< = Hycrs (z, y) &€ Ix, v e. = # y. Torma mia HekoTOpPOii
mostyHOpMEL p € I Gyzmet p(z—y) > 0. Suaunr, (z, y) & {dp < 1/2p(z—
y)}. Ho mocientiee MHOXKeCTBO BXOOUT B %), & MOTOMY U B %y. UTaxk,
X2\ Ix C X2\N{V : V € %n}. Hommmo storo, Ix C N{V : V € %n}.

<: Ilycrs p(z) = 0 npu Beex p € M. Torma (z, 0) € V mua sroboro
V € %p u, crano 6bith, (x, 0) € Ix no ycaosuwo. CiemoBaTesbHO,
z=0.D>
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5.2.7. /liust npocrparcrBa X ¢ paBHOMEPHOCTBIO %y HOJIOXKHM
T(x):={U(x): Ue%} (zeX).

Torga 7(x) — ¢uabrp s kaxgoro © € X. Ipu s10M
(1) 7(2) C fil{z};
(2) VUeT(x) AVer(x) &V CU)VyeV)V er(y).
< OueBnapo (cp. 4.1.8). >

5.2.8. ONPEJEJEHUE. OTobpaxkenne T : x +— 7(Z) HA3BIBAIOT
monoaoeueti pacCMATPUBAEMOrO My IBTUHOPMUPOBAHHOIO IIPOCTPAHCTBA
(X, M), a suementsl busbrpa 7(x) — okpecmuocmamy Touku x. s
0003HaYEHUS TOIOJIOTUH UCIOIB3YIOT TaKKe 00JIee JIeTATbHBIE CAMBOJIDL:
Tx, T, T(%m) u T. 0.

5.2.9. /[lnst sr060ro x € X BBIIIOJHEHO
Tx (z) = sup{7p(x) : pe Mx}. <>

5.2.10. IIyctp X — MyJIbTHHOPMHPOBAHHOE IIPOCTPAHCTBO. Torma
st © € X HMeeT MeCTO COOTHOIIIEHUE

Uer(z) U —ze7x(0).

<1 B cuty 5.2.9 u 1.3.13 MO2KHO OTPaHUYIUTHCS CJIy9IAEM IIOJIyHOD-
MupoBaHHOTO TpoctpancTBa (X, p). Ilpu sTom sist Besikoro € > 0 cripa-
BeIuBO npexcrasienue {d, < e}(z) = eB, +, tne B,:= {p < 1}. B
camom sieste, ecom p(y—x) < e, 10y = (e (y—x))+rne (y—z) € B,.
B cBomo ouepenp, ecmn y € B, +x, o p(y —x) = inf{t >0: y—z €
tBp} <e. >

5.2.11. BAMEYAHUE. 3 mokazarenbcTBa 5.2.10 BUIHO, CKOJIb BAXK-
HYIO POJIb UI'PAET IIAD eJUHUIHOIO PAJINYCa C IIEHTPOM B HyJIe (II0JIy )HOD-
MUpOBaHHOrO IpocTpancTBa (X, p). B 310ii cBs3u 32 HUM 3aKpEILICHbI
Ha3BaHUe <«eduruynsitl wap npocmparcmea X » u odboznadennsa B, Bx
U T. I

5.2.12. Mymapruoopma Mx xaycaopgoBa B TOM H TOJIHKO B TOM
caydae, ecau XaycaopoBa TOMOJIOrHS Tx, T. €. €CJH JJIs JIIOObIX pas3-
JIMYHBIX T1, To u3 X Haigyrcs okpecraocru Uy € Tx (x1) u Us € Tx (x2)
rakue, aro Uy N Uy = .
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< = Ilyers 21 # x9 v it p € Mx BBIIOJIHEHO € := p(x1 —T2) > 0.
Monoxum Uy := x1 +¢/3 By, Us:= 29 +¢/3 B,,. 1o 5.2.10, Uy, € 7x (x).
Yo6emumcs, uro Uy NUs; = @. B camom gene, ectu y € Uy N Us, TO
p(r1 —y) < e/3uplxe —y) < eg/3. Orcriona p(r1 — z2) < 2¢/3 < e =
p(x1 — x2), 9ero GBITH HE MOXKET.

<:Ecmu (21, z2) e {V : V€ Ux}, oz e {V(x1): V € Ux}.
[TosTtomy x1 = x5 u, crajo ObITh, HAa OCHOBaHUH 5.2.6 MyabTHHOPMA I X
xaycnopdona. >

5.2.13. 3AMEYAHUE. Hayimune B MyJIbTHHOPMUPOBAHHOM IIPOCT-
pPaHCTBE pABHOMEPHOCTH U COOTBETCTBYIOIIEH TOIIOIOTUH ITO3BOJISIET, OUe-
BHU/IHO, CIIOJIb30BATh TAKUE MIOHATHUSI, KAK PABHOMEPHAS HEIIPEPHIBHOCTD,
IIOJTHOTA, HEMPEPBIBHOCTH, OTKPBITOCTh M 3aMKHYTOCTb U T. II.

5.2.14. ITycre (X, p) — mojyHOpMHPOBaHHOE MPOCTPAHCTBO U X
— nomnpocrpancrso B X . @axrop-npocrpancrso (X/Xo, px/x,) Xay-
¢10pchOBO B TOM H TOJILKO B TOM CJIy4dae, ecau Xo — 3aMKHYTOE MHOXKE-
CTBO.

< =: Iycrs & ¢ Xo. Torma ¢(x) # 0, rue, kKak 006braHO, @ @ X —
X/Xo — xanonudeckoe orobpaxkenue. Ilo yciosuio Gyner 0 # & :=
Px/x,(@(x) = pp-1(p(x)) = inf{p(x + x0) : w0 € Xo}. 3maumt, map
x + ¢/2 B, ue uepecekaercs ¢ Xo, T. €. & — BHeIIHsAA Touka Xo. Uraxk,
Xy 3aMKHYTO.

<: Ilycrb T — HeHyJsieBasi Touka daxTop-npocrpancTsa X/Xo u
T = () sl HOIXOousIero sjieMeHTa & u3 npocrpanctsa X. Ecian
Px/x,(T) = 0, 10 0 = inf{p(x — x0) : w0 € Xo}, T. e. mmMeerca noce-
JI0BaTeIbHOCTD (Z,) B Xo, AU KOTOpoit x,, — x. CiemoBaTesbHO, IO
4.1.19, z € Xo u 7 = 0. Iloxyunau nmpoTruBopeune. >

5.2.15. 3ampikanme I'-mHOKecTBa — I'-MHOXKeECTBO.

< Hyers U € (T) u U # & (unaue Bee sicho). B cury 4.1.9 s
Touek x, y € clU maiigyrcs cetn (x), (y) iaementoB U Takme, 9TO
Ty — T, Yy — y. Eca (o, B) € T, 10 ax+ Py, € U. Buoss npusnexas
4.1.19, BeiBoIUM oz + [y = lim(axy + fy,) € clU. >

5.3. CpaBHeHUE MYJIbTUHOPM

5.3.1. OPEAENEHUE. Ilycts 9 u M — ;1Be MyIbTUHOPMBI B BEK-
TOpHOM TpocTpancTBe. Loopar, uro M cuavnee N, u nurmyt M = N,
ect Yy O Uy. Ecmm ommospemenno M = N u N = I, To rosop4r,
aro M u N skeusasernmmv, u mumryT N ~ N.
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5.3.2. Teopema o cpaBHeHUU MYJIbTHUHOPM. /Is1 MyJIbTHHOPM
M u N B BEKTOPHOM HpocTpaHcTBe X 9KBUBAJICHTHBI Yy TBEDIKICHHUS:
(1) M =9
(2) s Besroro x € X BoimosHeHO Ton(x) D T (T);
(3) mn(0) > 7(0);
(4) (VgeMN) (Ip1,....pn €M)
(Fer,...,en € RLNO) By De1By, N...Nep By, ;
(5) (VgeM) 3p1,...,pn €M) (It >0) g <t(p1V...Vpy)
(mopsiziok B3aT m3 K-npoctpancrsa RY).
< (1) = (2) = (3) = (4): OueBunno.
(4) = (5): Ucnonbayst Teopemy o dbyuknuonase MurKoBCKOro (cp.
5.1.2), nmeem
q<PB, ., V---VDB,

pn/en

1 1 1 1
—p1 | V.. V| —=Dp | S| —=V...V—|p1V...VDy.
€1 En &1 En

(5) = (1): Hocrarouno uposeputsb, uro M = {q} 11 MOIyHOPMBL
qgeN. EcmV € %, o V D {d; < e} nna wekoroporo ¢ > 0. Ilo
YCJIOBHIO

{dqgs}j{dpl g%}m...m{dpngi}

JJIsT TIOAXONSAIIUX P1,...,Pn € M u t > 0. MuoKecTBO, CTOsIIEe B
IPaBOil YACTH IIOCJIEIHErO BKJIIOYEHHHd, — JIEMEHT %p, V ... N Up, =
Up,,...pny C om. 3naaur, V takxke sxonutr B %py. >

5.3.3. OPEAEJEHUE. Ilycts p, ¢ : X — R — nBe mosryHOpMBI
B X. Tosopsar, uto p cuavnee ¢, u mumyt p = q, ecmu {p} > {q}.
AHAJIOrMYHO TPAKTYIOT 9KEUBAAEHIMHOCTb TIOJIYHOPM P ~ (.

5.34. p-q& (3t >0)g<tpe (3t>0) B, DtBy;
qu<:>(E|t1, to >0) tgpgqgtlpﬁ(ﬂtl, to >0) tprCBq CtQBp.

< Cnenyer u3 5.3.2 u 5.1.2. >

5.3.5. Teopema Pucca. Ilycts p, q : FY — R — mosyHopMbI Ha
roreuroMmepHoM npocrparcTse FYV. Torma p > q < kerp C kerq. <>

5.3.6. CiueacrBue. JIiobbpie aBe HOPMBI Ha KOHEUHOMEDHOM ITPO-
CTpaHCTBE 3KBUBAJIEHTHbI. <[>
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5.3.7. IIycrs (X, M) u (Y, N) — MyApTHHOPMHPOBAHHBIE IIPO-
crparctBanT € £ (X, Y) — smneitnsii oneparop. Cienyromue yTBep-
JKJTCHHST 9KBUBAJICHTHBI:

(1) NoT < M;

(2) T*(%x) D U, Txfl(@/y) C Ux;

3) x € X =T(rx(x)) D 7v(Tx);

(4) T(rx(0)) D 7v(0), 7x(0) D> T~} (v (0));

(5) VgeM) 3p1,--spn €M) goT <p1 V...Vp,. <>

5.3.8. Ilycrs (X, ||-||x) u (Y, ||:|ly) — HOpMupOBamHbIE IPOCTPAH-
creanT € £ (X, Y) — smneiinsiii oneparop. Cieiyiomiue yTBep:K jie-
HUST 9KBUBAJCHTHDL:

(1) T orpanmden (1. e. T € B(X, Y));
@) Il lIx > I Iy o T

(3) T paBHOMEpHO HempepHIBEH;

(4) T wenpepsiBen;

(5) T wenpepsbiBen B my.Jie.

<1 Bce ckazannoe — wacTHblit ciayvait 5.3.7. >

5.3.9. BAMEUYAHUE. [Ipemioxenne 5.3.7 nmokasbiBaer, 910 ObIBAET
VI06HO paccMaTpUBaTh BMECTO UCXOIHOM MYyJIBTHHOPMBI )T KaKyto-1100
9KBUBAJEHTHYIO eii (PUIHTPOBAHHYIO [10 BO3PACTAHUIO (OTHOCUTEIHHO OT-
HOILIEHUSI > WJIM ) MyJILTHHOPMY. B KadecTBe Takoii MOXKHO B3SATb
MyJIETHHOPMY 90T := {sup My : My — HEIyCTOE KOHEUHOE TTOIMHOKECTBO
M}. B 10 ke BpeMs Ipy pACCMOTPEHNY HeDUIBTPOBAHHBIX MYIBTHHOPM
HEeO0OX0IMMa U3BECTHAS OCTOPOXKHOCTD.

5.3.10. KoHTPriPUMEP. Iycrs X := F= u X, cocrour u3 mocro-
stHHBIX oToOpaxkenuit Xg := F1, rme 1 : £ — 1 (£ € Z). Toaoxkum
M= {pe : £ €}, tme pe(w) := |z(&)| (x € FE). Hceno, aro M —
mysnbruaopma B X. Ilycrs teneps ¢ @ X — X/Xy — kaHonumdeckoe
orobpazenue. Hecomuenno, uro M -1 cocTout ToiabKo U3 Hyad. B To
K€ BpeMsi MYJIbTHHOPMA ﬁ@—l xaycnopdosa.

5.3.11. ONIPEAEJEHHUE. Ilycts (X, 9) — MyJIbTHHOPMUPOBAHHOE
mpocTpancTBo U Xy — mommpocTpaHcTBO B X. Mynbrunopmy ﬁwq,
rae ¢ : X — X/ Xy — xaHOHHYecKoe 0TOOpaKeHre, Ha3bIBAIOT Pakmop-
myavmunopmot u obozuagaior My x, . IIpocrpamncrso (X/Xo, Mx/x,)
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HA3BIBAIOT PaKMOP-npocmpaHcmeom IPOCTPaHcTBa X 110 HOAIPOCTPAH-
ctBY Xp.

5.3.12. Dakrop-npocrpancrso X/Xo xaycaopdoBo B TOM H TOJIBKO
B TOM cJjiy4ae, ecan Xy 3aMKHYTO. <I[>

5.4. MeTrpusyemble 1 HOpMUPYEMbIE
IIPOCTPaHCTBAa

5.4.1. OnPEAEJEHME. [lycrs (X, M) — My’bruHOpMUpOBaHHOE
npocrpanctso. Hazosem (X, IM) mempusyemoim, eciu CymecTByer Ta-
kast merpuka d na X, aro %y = %y. Ecim wa X cymecrByer HOpMA,
9KBUBAJEHTHAsI UCXOAHON MysbTuHOPME I, TO X HA3BIBAIOT HOPMUPYE-
moim. Ecmm ke Ha X cymecTByer cyeTHasl MYJIbTHHOPMA, SKBUBAJICHT-
Hast UCXOMHOMN, TO X HA3BIBAIOT CUEMHOHODMUPYEMBIM.

5.4.2. Kpwurepuii merpuszyemoctu. MyabTuHOPMUPOBaAHHOE
IIPOCTPAHCTBO METPU3YEMO TOIJIa H TOJBKO TOIJIA, KOTJIa OHO CIETHOHOD-
MHPYEMO H XaycI0pgOoBo.

< = lycrs % = %4 llepexons, eciim Hy»KHO, K MyJBTHHOPME
M, GyeM caUTaTh, YTO /I BCAKOro 1 € N MOYKHO yKa3aTh TaKhe HOTy-
HOPMY P, € MM u wmcio t, > 0, s koropeix {d < 1/n} D {d,, <t,}.
IMosmoxxum N := {p, : n € N}. Hecomuenno, uro M > N. Ecuu
V € Um, 10 V D {d < 1/n} nua vekoroporo n € N 1o onpejeneHnto
METPHIECKON PABHOMEPHOCTH. 3HAUWT, 110 nocTpoenunio V' € %, C Y,
1. e. M < N. Crnenosarenvuo, M ~ N. XaycaopdoBocTs %,; orMeUYeHA
B 4.1.7. Tlpusnekast 5.2.6, Bugum, aro oy U % XaycaopdOBbI.

<: [lepexojist, eciin Hy>KHO, K 9KBUBAJIEHTHOU MYyJIBTHHOPME, Oy1eM
CYUTATH, YTO IIPOCTPAHCTBO CYETHOHOPMUPOBAHO U Xaycuopdoso: M :=
{pn : n € N} u M — xaycmopdosa MyabTHHOPMA.

st 1, 2o € X momoxuM

— 1 pr(z —x2)
d = SR .
(1'17 372) ]; 2k 1 +pk(1‘1 — 1'2)

(psii B IpaBoil YacTH 9T0ii GOPMYIIBI MAXKOPUPYETCST CXOISIIIMCS PSIOM
> e, 1/2%, rax uTo onpesenenne d KOPPEKTHO).

IIposepum, uto d — sT0 Merpuka. JlocTaTodHO yOEIUTHCS JIHIIL
B CIPaBEIIMBOCTU HEPABEHCTBa TPEYrOJbHHKA. IIpexkie Bcero, mosio-
xum at) == t(1+¢)~t (t € Ry). Sleno, uro o/(t) = (1 +¢)72 > 0.
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Crano 6biTh, DyHKIM  Bo3pacTaeT. [lpu srom o cybajuruBHa;
alty +t2) = (t1 +ta)(1+t1 +12) "t =
=t (Lttr+t) rta(l+t Hta) P <t (L)t (1 t2) ™t =
= a(ty) + a(ts2).
Suavnr, 1719 ©, Y, 2z € X BHIIOJIHEHO
€

1
sa(pe(z —y) 227 a(pr(® — 2) + pr(z —y)) <
1 k=1

NE

d(z, y) =

NE
2= 7T

< (a(pr(x — 2) + alpr(z — v))) = d(z, 2) +d(z, y).

k=1

Ocrajioch ycTaHOBUTH coBHajieHue %y u Uoy.-

ITposepum cuauvasa, uro %y C %m. Bosbmem mumunap {d < e},
u nycrs (x, y) € {dy, <t}N...N{d,, <t}. Torma ¢ yderoMm MOHOTOH-
HOCTH (¢ TIOJTyIaeM

oo

d(z, y)zzn:i pr(z —y) n Z 1 pe(z—y) <
k=1

21t pp(e—y) A= 214 pr(z—y)

t 1 1
< —_ —
14t 2k Z Qk_1+t+2
k=1 k=n-+1

Tak kax t(1 + ¢)~! + 27" crpemurcst K Hy/mo, Koraa n — oo u t — 0,
Juist mopxonsnux ¢ u n Gyzxer (x, y) € {d < e}. 3naunr, {d < e} € %n,
9TO U HYy>KHO.
Veranosum tenepb, uTo %oy C Xg. s 3TOrO Ciieyer npu JanHbIX
€ M u ¢t > 0 mompickaTrh € > 0 Tak, arobul {dy,, < t} O {d < €}.
O4eBUIHO, MOXKHO B3SITh
1t
Co2n 14t
IIOCKOJIbKY W3 COOTHOIICHUH

i pn(x_y) < 1 t
2" 1+ pule—y) —

JUTsi JIFOOBIX X, Y BBITEKAeT, 9To pp(z —y) < t. >
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5.4.3. ONPEIEJEHUE. MuoxectBo V' B MyJBTHHOPMHPOBAHHOM
npocrpatctse (X, M) HazbIBAWOT O2paruerHbim, ecan sup p(V) < 400
npu Bcex p € M, 1. e. ecam unciaoBoe MHOKecTBO P(V) orpaHmueHO
cBepxy B R mist Kaxkoit mosryHopMel p u3 9.

5.4.4. s muoxkecrBa V B (X, 9) 5KBUBAJICHTHBI yTBEPXKICHUS:

(1) V — orpannyeno;

(2) st Jr06oii nocenoBarenbHOCTH (T )neny B V 1 nocre-
goBaresbHocTH (Ap)neny B F rakoi, aro A, — 0, BbI-
noseno A\px, — 0 (r. e. p(Ayz,) — 0 must Beskoi
1osyHOpMBIL p € M);

(3) V morsomaercst ka0 OKPECTHOCTHIO HYJISL.

< (1) = (2): p(Anzn) < [Anlp(@n) < [An|supp(V) — 0.

(2) = (3): IIycrs U € 7x(0) u me BepHO, uro U norsomaer V. Ilo
oupesesennto 3.4.9 sro suaunt, uro (Vn € N) 3z, € V) z, € nU. Ta-
KuM obpaszoMm, 1/nx, € U nua scex n € N, . e. (1/nx,) He crpemurcs
K HyJIIO.

(3) = (1): Ilycts p € M. Haiinerca n € N, qna koroporo V C nB,.
SAcuo, uro supp(V) < supp(nB,) =n < +oo. >

5.4.5. Kpurepuii KosmoropoBa. My/ibTHHOPMHPOBAHHOE IIPO-
CTPaHCTBO HOPMHPYEMO B TOM W TOJBKO B TOM CJIy9ae, €CJH OHO Xay-
¢I0phOBO M HMEEeT OrPAHHICHHYI0 OKPECTHOCTH HYJISI.

< =: OueBugHO.

«: Ilyctp V — orpanuvennast okpecTHOCTb HyJs. He mapymas
OOIIIHOCTH, MOXKHO CUIHTaTh, YTO V = B, JjIs1 HEKOTOPOIl MOJYHOPMBI P
u3 ucxomHoi mysabruHOpMbL 9. Hecomuenno, uro p < 9. Eciu Tenepn
U € mn(0), To nU D V gua umekoroporo n € N. 3mauur, U € 7,(0).
ITpusnekas reopemy 5.3.2, Bugum, uro p = M. Takum obpazom, p ~
M u, cramo ObITh, B cuiry 5.2.12, p Takxke xaycaopdoBa IOJyHOPMA.
[TocsieHee o3uagaer, 9To0 p — HOpMA. >

5.4.6. SAMEYAHUE. IlonyTtHo B 5.4.5 yCTaHOBJIEHO, YTO HAJIUIHIE
OTPaHMYEHHON! OKPECTHOCTH HYJs B MYJbTHHOPMHUPOBAHHOM IIPOCTPAH-
CTBe PABHOCUJILHO €I'0 I10JIyHOPMUPYEMOCTH.

5.5. BaHaxoBbI MIPOCTPAHCTBA

5.5.1. ONIPEAEJIEHUE. [losiHOE HOpMUPOBAHHOE IIPOCTPAHCTBO Ha-
3BIBAIOT OGHATOBHIM.
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5.5.2. BAMEUYAHUE. HernocpeicTBeHHBIM pacuinpenneM Kjacca ba-
HAXOBBIX IMPOCTPAHCTB CJIYKAT ITOJIHBbIE METPU3YeMbIe MYJIBTHHOPMUPO-
BaHHBIE IIPOCTPAHCTBA — npocmparcmea Ppewe. MoKHO cKa3aTh, 9TO
npocrpancTBa Dperre COCTABIIIOT HANMEHDINHI KJIACC, COAepKaInii 6a-
HAXOBBI IIPOCTPAHCTBA U 3aMKHYTBIIl OTHOCUTE/IBHO OOPA30BAHMS CUET-
HBIX IIpOU3BeIeHn. <>

5.5.3. HopmupoBaHHOE MPOCTPAHCTBO SIBJISIETCS OAHAXOBBIM B TOM
H TOJIBKO B TOM CJIy9ae, ecu Jioboit a6ComoTHO (= HOPMAJIBHO) CXOJS-
IHECS PST B HEM CXOJUTCS.

< =: Hyers Y0 |lzn]l < 400 o HeKOTOpO# CHeTHOI MOCTERO-
BaTEJIBHOCTH (Z,,). Torga mociesoBaTe/IbHOCTh YACTUIHBIX CYMM Sy i=
x1 + ...+ x, dysmamenTasbHa, n00 pu m > k CclpaBeJIuBBI COOTHO-
IIEHUS

m m
lsm sl = || 3zl € 3 fmall 0.
n=k-+1 n=k+1

<: Ilycrs (z,) — cuerHasg QyHIAMEHTAILHAS TOCIEI0BATEIBHOCTD.
BeiGepeM BO3pACTAOIILYO MOCIEI0BATEIBHOCTD (N )keN TAKYIO, ITOOBI
&
ObuI0 ||Zy — Ty ||< 27° wpu n, m > ng. Torma pax z,, + (Tn, —
Tny) + (Tng — Tny) + ... aBCONIOTHO CXOAUTCS K HEKOTOPOH cymme &,
T. €. Ty, — T. BUaHO, 9TO ONHOBPEMEHHO C ITUM Ly, — . [>

5.5.4. Ilycre X — 6aHAXOBO IPOCTPAHCTBO U X — 3aMKHYTOE MO/
npocrpancrso B X. Torna ¢akrop-npocrpancrso X /X, 6anaxoso.
< Hyers ¢ + X — 2 := X/X( — coorBercrByloniee KaHOHUIE-
ckoe orobpakenne. HecoOMHEHHO, 9TO JjIs KaXKJIOro 3jieMeHTa T € 2
cylecTByer sjieMenT ¥ € ¢~ () Taxoit, uro 2||Z| > |z| > ||Z||. 3ua-
ST, JUTSL PSSR Y Ty, AGCOMIOTHO CXOASAIIErocs B 2, MOXKHO BBIODATE
T, € ¢ }(T,), obecreuns cxoqumocTs psiga HOpM o ||z, ||. Ha ocho-
o0 —
BaHHUN 5.5.3 MMeeTcst cymMMa £:= » | &p. Ilycrs T:= p(x). Torma
n n
E—Efk < ,’E—ELL']C — 0.
k=1 k=1
Buosb amesummpyst K 5.5.3, BeIBOJUM, 9T0 £ OaHAXOBO. >

5.5.5. SAMEYAHUE. [lorsitHO, uTO 5.5.3 MOXKHO IIEPEHECTH HA I10-
JIYHOPMHPOBaHHbIE [IpocTpancrsa. B wacruocru, ecin (X, p) — mosmoe
[I0JLy HODMHPOBAHHOE IIPOCTPAHCTBO, TO hakTop-nipocrpanctso X/ ker p
baHaxoBo. <[>
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5.5.6. Teopema. Ilycts X, Y — HOpMHpOBaHHBIE IPOCTPAHCTBA 1
X # 0. IIpocrpancrso orpanudentbix oneparopos B(X, Y) sapiasercs
6aHaXOBBIM B TOM H TOJIbKO B TOM CJIydae, ecau Y 6aHaXOBO.

< <«=: Iycrs (T),) — mocnenoBarensuocts Komm 38 B(X, Y). Ilo
HOPMATHBHOMY HEPaBEHCTBY JijIst BeeX & € X BBIIOJIHEHO || T x — Tz || <
T — Tkl |z]] — 0, T e. (Thz) — dyHIaAMEHTATBHAS TOCIIEI0BATENb-
moctb B Y. Takum obpazom, ects npenes 1T'x:= lim T,,x. Becciopuo, aro
BO3HUKaroIee oTobpaxkenue 1 — jimHeHbIN omepaTop. B cuity onenkun
Twll = |Tkll] < [|[Tm — Tk|| wocaemosarensuocts (||Th,]) dysmamen-
TasjbHa B R, HOTOMY M orpaHudeHa, T. e. sup, [|[T,| < +oo. Orcrona,
nepexosst K npezeny B Hepasencrse ||T,z|| < sup, || T, ||z||, moxywa-
eMm: |T|| < +oo. Ocranocs nposeputs, uro |1, — T|| — 0. Boszbmem
JUIst 3aj1aHHOr0 € > 0 HOMep ng Tak, 4Tobbl 6bLI0 | Ty — Tyl < £/2
upu m, n > ng. llomumo sroro, misa z € Bx mogbepem m > ng, st
koroporo [Tz — Tz| < e/2. Torma |Thx — Tx|| < || Thx — Tzl +
Tz — Tzl < ||Th — Tl + [Tz — Tz|| < € upu n > ng. 3Hadunr,
T — T|| = sup{||Thx — Tz|| : = € Bx} < € npu JocTaTo9HO GOJIB-
X 7.

=: Ilycre (y,) — nocaenosarensuocts Komu B Y. Ilo ycmosuio
cymecTByer ayeMenT € X ¢ HopMmoii ||z|| = 1. IIpusnekast 3.5.6 u 3.5.2
(1), nogpumem snement x’' € |9|(] - ||), maa xoroporo (z, x') = ||z| = 1.
OueBuHO, YTO OJHOMEPHBIN oneparop T, := &' Q@ y, : & — (x, ')y,
sxomut B B(X, Y), ubo | Tn|| = ||2'|| |yn|l. Buauwnr, |Tn — Tk|| = ||z’ ®

Wm =y lI= 12" 1y = yil| = [[ym =i, T e. (Tn) — bynnamenranbmasn
nocienosarenbHocth B B(X, V). O6oznaunm T:= lim 7,,. Torpa | Tz —
Tzl = [Tz — yn|| < ||T — Tl ||z|| — 0. Muaue rosopsi, Tx — upenesn
(yn) BY. >

5.5.7. CaeacrBue. ConpskeHnoe npocTpaHcTBO (€ CONPSKEHHOH
HOpMOH) 6aHax0BO. <ID>

5.5.8. CuezncrBue. Ilycte X — HOpMHPOBAHHOE IPOCTPAHCTBO,
t: X — X" — jgBoiiHoe mITpuxoBaHHE, OCYIIECTBJISIONICE KAHOHHIE-
ckoe Bioxkenue X Bo BTopoe conpsikeHHoe npocrpancrso X''. Torna
sambikanue cl (X)) — nomonnenne X .

< B cuy 5.5.7, X" — 6anaxoso upocrpancrso. ITo 5.1.10 (8) oro6-
paxkenue + — 3710 nsoMerpus X B X”. Ocrasnock cocnarbes Ha 4.5.16. >

5.5.9. IIPUMEPHI.

(1) «A6crpakTHBIE» OPUMEDPBL: OCHOBHOE MOJIE, 3aMKHYTOE
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[IOJIIPOCTPAHCTBO  OaHAXOBA MPOCTPAHCTBA, MPOU3BEICHNE OAHAXOBBIX
IIPOCTPAHCTB, 5.5.4-5.5.8.

(2) Hycrs & — memycroe muozxkectso. s o € F nomoxmm
|z|loo := sup |z(&)]. HpocrpanctBo lo (&) := loo(&, F) := dom || - ||co
HA3BIBAIOT NPOCMPANCINGEOM 02PanuMernuis Gyrkyul na & . Ycmonszyor
u rakue obosHauenus: B(&) wm B(&, F). Ilpu & := N nosarator
M= loo = loo (&).

(3) IIycre ¥ — dbunbrp B &. Ilo ONpeseseHnIo CIUTAIOT
rxe€c(&, F)e (v €lx(f) nax(F)— bunsrp Ko B F).

B ciyaae, korna & := N u .% — GuibTp JOMOJHEHUH KOHEIHBIX MHO-
skecTB B N, muiyT ¢:= ¢(&, .F) 1 rOBOPSIT O NPOCTPAHCMEE CLOOAULULCA
nocaedosamenvrocmetds. B ¢(&, F) paccMarpuBaioT NHOIIPOCTPAHCTBO
co(&, F)={zxec(&, F): z(F)—0}.

Ecimu % — GuiabTrp J0N0JHEHNH KOHEYHBIX MHOXKECTB B GECKOHEY-
HOM &, TO NPHMEHSIOT COKpPAIIEHHYIO 3amuch ¢o(&) == ¢o(&, F) u
TOBOPSIT O MPocmparcmee Gynkyull, UCHe3a0UUT Ha OECKOHEUHOCTIU.
IIpu & := N numyr npocro ¢g := ¢o(&). IIpocrpancrso ¢y HasbIBaIOT
NPOCMPAHCMBOM CTOOAUUTCA K HYA0 nocaedosamenvrocmedi. Ciemyer
HOMHUTD, 9TO BCE ITU MPOCTPAHCTBA 0€3 OCOOBIX OrOBOPOK HAJIEJISIIOT
HODPMOIi, B3SITOI U3 COOTBETCTBYIOIIErO IIPOCTPAHCTBA o (&, F).

(4) Ilycrs S:= (&, X, [) — cucmema ¢ unmezpuposaruem.
Taxum o6pazom, X — BekropHas pemrerka B R® | mpudem permerounbie
omeparn B X u R¢ cosmazaior, a J: X = R — (nped)unmezpan, . .
J € Xf u [z, | 0, Kak ToabKO T, € X 1 x,(e) | 0 gzt e € &. Ilycs,
nanee, f € F¥ — usmepumoe (ormocuTensuo S) oroGpazkenue (MOKHO,
KaK 3TO OOBIYHO U NPHUHATO, FOBOPUTH O MOYTH BE3J¢ KOHEYHBIX MOYTH
BE3/IE OIPEJIEEHHBIX U3MEPUMBIX (DYHKIMAX ).

Honosxum A, (f) := ([ |f|P)Y/? nnst p > 1, e [ — coorsercrsy-
fomee  4e6e2060 pacuuperue NCXoaHOro nHrerpana [ (mcnosmb3oBaxne
€JIMHOTO CUMBOJIA — TPAIUIUOHHAS BOJLHOCTD).

Auementol dom 4] HA3BIBAIOT UHIMEZPUPYEMBLMYU WA CYMMUDPYE-
MBIMU DYHKITASTMA.

WNurerpupyemocts f € Fé PaBHOCWJIbHA HMHTEIPUPYEMOCTH €€ Bellle-
cTBeHHOI 1 MEEMOI dacTeit Re f, Im f € R®. JIjs HOJIHOTHI HAIIOMHEM,

aro A1 (f) = N(f), tne
N(g)=
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:= inf {sup/xn (zn) C X, zp <xpy1, (Vee &) |gle)| =lim xn(e)}

N &
Jytst ipousBoJibHOIL g € F¢. Ilpu F = R siceo, uro dom 4] mpejicrasiisier
3ambikanue X B 10oJiyHOpMEUpOBaHHOM IpocrpancTse (dom N, N).
Hwmeer mecto HepaercTBo I'ébaepa

1 1
Hi(Fg) < Mol F) o (9) Q+ﬂLp>Q.
<1 DTO HEPABEHCTBO €CTh CJIEJCTBUE Hepasercmea FOnza:
Py
xy_igil ($7y€R+)7
p p

upuMeHeHHOro K | f|/ A, (f) u |g|/ Ay (g) B ciayuae, korna A, (f) u Ay ()
He paBHBI Hymio oxHospeMenno. Ilpm A,(f)A4(9) = 0 HepasemcTBO
I'énpiepa HecomuenHo. >

MuoxecrBo %, := dom A}, sBJIseTCS BEKTOPHBIM IPOCTPAHCTBOM.

< [f+gl? < (f1+lgD? < 271 fIVIgh” = 2°(1FPVigl”) < 2°([f1P+1gl?) >

Dynkrus N, — HOJLyHOpMa, HOO JJIs Hee CIPaBEIIHBO HEPABEHCTBO
MunroBcKoro

Mp(f +9) < M) + Ap(9)-

< IIpu p = 1 mepaBencTBo MuHKOBCKOTO HecoMuenHno. Ilpu p > 1
HEPABEHCTBO MUHKOBCKOTO CJI€/IyeT U3 MPEICTABICHUS

Mp(f) = sup{A1(F9) /M (9) : 0 < Ap(g) < +oo} (f € L),

B IIPABOil YaCTU KOTOPOrO CTOUT BEPXHdAs Orubaromias ceMeicTBa Mmoy-
HOPM.

st moKa3aTebeTBa HyKHOTO MIPEJICTABJICHAS B CUJIy HEPABEHCTBA
I'émpmepa mocrarouno 3ameruts, 4ro mpu A,(f) > 0 gna g == |f P/ P
BBIIIOJIHEHO ¢ € %) U, KpoMe Toro, A, (f) = M (fg)/ Ny (g).

B cavon tese, i (fg) — [ IfIP/7 7 — A(F)P, w60 pfpl 1 —
p(l-=1/p) +1 = p. Tlommmo 3roro, %/(g)p/ = f|g|p, = [IfIP =
N (f)P, Tak aro Ay (g) = Ap(f)P/P. Oxonuarensuo nosydaem

M9/ Ay (9) = MUV A (£ =
= MNP = A (PP = A (),
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YTO U 3aBEPIIAeT J0KA3aTeIbCTBO. [>

DuieMenThl dom 4] HA3LIBAIOT UHMEZPUPYEMBLMU U CYMMUPYE-
Mmoimu dyakiusayu. UaTerpupyemocts f € F¢ PaBHOCHJIBHA MHTETPH-
pyeMocTH BemecTBeHHON u MumMoi uacreit Re f, Im f € R?. Pamm
[IOJIHOTBI, HAIIOMHUM, 9TO

N(g):=
= inf{sup/xn s (xn) CX, < wpi1, Vee &) |gle)] < lirllnmn(e)}

n

JIJIsl TIPOU3BOJIBHOTO ¢ € F¢. Ecm F = R, To dom .47, oueBujHO,
npeacTaBaseT coboit sambikanne X B HOPMUPOBAHHOM IPOCTPAHCTBE
(dom N, N).

DakrTOp-IIPOCTPAHCTBO .7,/ ker ./4),, HameleHHOe COOTBETCTBYIOMIEH
baxTOp-HOPMOIL |||, HABBIBAIOT NPOCTPAHCMEOM YHKUUL, CYyMMUPYe-
mouz (8mecme) ¢ p-motl cmenersblo, Wik IPOCTPAHCTBOM P-CYyMMEUPYEMbIX
dynknuit n obosnavaror L,. Koneuno, ncnonbsyior n 6oJiee pa3sepHy-
thle cuMBouIbl Tuna Ly (S), L,y(&, X, [)ur m.

HakoHser, ecjiu cucremMa ¢ HHTErPUPYEMOCTBHIO S BOSHUKAET U3 Pac-
CMOTPEHUSI CTYIIEHIATHIX U3MEPUMBIX (DYHKIUH Ha npocmpancmee ¢ me-
poti (Q, 7, p), To mumyt L,(Q, <7, p), Ly(Q, p) u gaxe L,(p), roe
OCTAJIbHBIE TIAPAMETPhI PACCMATPUBAEMON CUTYAIIUY ICHBI U3 KOHTEKCTA.

Teopema Pucca — ®umrepa. IlpocrparcrBo L, aBisercs 6aHa-
XOBBIM.

<1 Hamerum mokazarennbcTBo. BodbMeM Kakoit-1ub0 abCOIOTHO CXO-
IAACS pag t:— 220:1 No(fi), toe fi € 2. Tonoxum oy, = ZZ:1 I
M Sy = >y |fe]. Bmamo, 4ro mocmemoBaTenbHOCTD (S,) COCTOMT U3
HOJIOXKUTEIBHBIX (DYHKIUIA U SBJISIETCH BO3PACTAIONIEH. DTO Ke Bep-
HO JyIst nocsesosarenbaoctn (sh). Bosee Toro, [s < P < +oo. Ilo
TeopeMe JIeBM O MOHOTOHHON CXOJMMOCTH TIOUTH IS KaXKJ0ro e € &
npesiest ge) := lim sP(e) KOHeYEH U MOMKHO CUMTATH, YTO BO3HUKAKO-
mas bynkmus g gexur B L. Ionaras h(e) := g'/P(e), Bumum, |To
h € &4, n sy(e) — h(e) mourn npu Bcex e € &. II3 HepaBeHCTB
lon] < sp, < h BBITEKAET, YTO MOYTH it JHOOOrO € € & CXOUUTCS
pan Y ooy fr(e). s cymmnr fo(e) Gymer |fo(e)] < h(e), u, cramo
ObITh, MOXKHO CUHTaTh, 4TO fo € .Z},. Ilpumenss Teopemy Jlebera o6
OrPAHMYEHHON CXOMUMOCTH (= O HPENENBHOM IEPEXOJIE), 3aKJII0UaeM:
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1 .

Np(on — fo) = (f lon — f0|p) ”_ 0. Hrak, abCONMIOTHO CXOASIIMIC
P B IOy HOPMHUPOBAHHOM IIPOCTpaHcTBe (%), A;) cxoguresa. Ocraet-
cs cocaaTbesd Ha 5.5.3-5.5.5. >

Ecyiu cucrema S — 310 «00bIMHOE CyMMUpOBaHue» Ha &, T. €. B CJIy-
gae, Korga X := > .o R — npsmas cymma ocHOBHBIX mojieit R u [ z:=
Y ece x(€), mpocTpancTBO Lj, COCTOUT U3 CeMEUcms, CYMMUPYEMDBIT C
p-moti cmenenvro. DTO MPOCTPAHCTBO 0603HadaT [,(&). Ilpu srom

1/p

- P .
x|, == (Zeeg |z(e)| ) . IIpu & := N numyT npocro I, u roBopar o
NPOCTPAHCINGE NOCAEA0GAMENPHOCTNET, CYMMUPYEMBIT ¢ P-OT cmene-
HBIO.

(5) IpocrpancTBo Lo, ONPEIeIsioT HA OCHOBE CJIeyToleit
KoHCTpyKnuu. Ilycrsb X — ymopsiioueHHOe BEKTOPHOE IPOCTPAHCTBO U
e € X — IOJIOXKUTEJIbHDBI 371eMeHT. [1oAyHopmoti Pe, acCOUUUPOSaHHot
¢ e, Ha3bIBAIOT (yHKIMOHAT MUHKOBCKOTO ITPOMEXKYTKa [—€, €], T. e.

Pe(x):=inf{t >0: —te <z < te}.

IIpocrpancreo X, coBnamatoniee ¢ 3 PEKTUBHON 061aCTBIO OIIpe IeIe-
Hust dOM e, HAZBIBAIOT NPOCTPAHCINGOM 02PAHUMEHHBIT TO OTNHOWEHUIO
K € 9AEMEHMOB, & CAM JJIEMEHT € — CuAbHol edunuyel B Xe. DJIEMEHTHI
siipa ker p. HA3BIBAIOT HeapLumedosvimy (10 OTHOIIEHNUIO K €).

dakrop-ipocrpancTBo X,/ ker p. Hajesnsor GakTOp-I0ILyHOPMOIl
U Ha3BIBAIOT HOPMUPOSAHHHLM NPOCTPAHCINGOM 02DAHUMEHHBIT INEMEH-
mos, nopoocdennvim e (6 X). Tak, npocrpancrso C(Q, R) neunpepbis-
HBIX BEMIECTBEHHBIX (DYHKIHIA Ha HEIyCTOM KOMIAKTE () €CTh HOPMHPO-
BAHHOE IIPOCTPAHCTBO OTPAHMYCHHBIX 3JIEMEHTOB, IMOPOXKIEHHOE (DyHK-
mueit 1:= 1g : ¢ — 1 (¢ € Q) (B cebe). B mpocrpamcree RY Ta xe
dynkIusg 1 TOPOKAAET IPOCTPAHCTBO oo (&).

Jnst cucrembl ¢ narerpuposanneM S:= (&, X, [) B upeanonoxe-
HUM M3MEpUMOCTH 1 paccMaTpUBAIOT IPOCTPAHCTBO TaKUX M3MEPUMBIX
dbyuknwmii u3 & B F, uro

Noo(f):=1nf{t > 0: |f] <t1l} < 400,

rae < o3HaYaeT «MEHbINe IOYTHU BeE3E». 1o IIPOCTPAHCTBO HAa3BIBAIOT
IIPOCTPAHCTBOM CYWECTMBEHHO 02PAHUYEHHDILT ¢yH7€’L4U1'Z u 0003HAYAIOT
Lo
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DakTop-1IpOCTPaHCTBO %o/ ker A5, 0003HauaOT Loy, & HOPMY B
HeM — || * |joo. Diementsl Lo, JIOMyCKast BOJBHOCTH PEYH, HA3bIBA-
10T (KaK U JIeMEHTB L) CYWECTNEEHHO 02PAHUNEHHOMU BYHKUUAMU.
IIpocrpancrBo Lo, siBIAsieTcs GaHAXOBBIM. <I[>

ITpocrpanctBy Lo, Tak xe, kKak u npocrpancrsam C(Q, F),1, (&),
co(&), ¢, lp, L, (p > 1), mpucBoeHO Ha3BaHUE <«KJIACCHIECKOe OaHAXO-
BO TIPOCTPAHCTBO». B mocsenee BpeMs K IUCITy KJIACCHIECKAX OTHOCST
Takxke npocmpancmea Jlundenwmpaycea, T. €. IPOCTPAHCTBA, COIPS-
JKEHHBIE K KOTOPBIM N30MeTPUIHBI L1 (OTHOCHTENHHO KaKOi-HUOYIb Ch-
CTEeMbI C MHTErpUpOBaHueM ). MoKHO 0Ka3aTh, 94T0 6AHAXOBO IPOCTPAH-
cTBO X SABJISIETCH KJIACCUYECKUM B TOM W TOJBKO B TOM CJIy4ae, eC/Iu
COTIPSIZKEHHOE IIPOCTPAHCTBO X' H30METPUYHO OJHOMY U3 IPOCTPAHCTB
L, nmpn p > 1.

(6) Hycts S:= (&, X, [) — cucrema ¢ unTerpuposanuem u

p > 1. HomycTum, 910 77151 KAXKJI0T0 € € & nMeeTcss baHaAXOBO TPOCTPAH-
ctBo (Ye, |- [ly,). Bosbmem moboit amement f € [[.cp Ye m momoxmm
U e o (v, Tyers, ace, Ny(f) i inf{Ap(9) : 9 € %, g>
I£l}. fcuo, uro dom N, — BeKTOpPHOE IPOCTPAHCTBO € HOLYHOPMOi N,
®axrop-npocrpamctso dom N,/ ker N, ¢ coorBercTByIomeit Hopmoit ||-||,
HA3BIBAIOT cymmol cemeticmsa (Ye)ecs no muny p (Tounee, mo Tumy L,
B CHCTeMe C HWHTerpupoBanueM S).

CymMMa 10 THILY D CeMeiicTBa IPOCTPAHCTB — GAHAXOBO HPOCTPAH-
CTBO.

< Ilyers Y po g Np(fi) < +o00. Torma nmocieoBaTebHOCTD 1acTHH-
HBIX CyMM (S5, := > || fx]l) cxomures x HeKOTOpOIT IOUTH Be3ze KOHEU-
HoOlt mostoxkuTensHolt dyukmun g u N,(g) < +oo. Orcrona BEAHO, ITO
HOYTH JJist KaXKJIOro € € & CXOAUTCs MOCIeI0BaTeILHOCTD (S, (€)), T. €.
pan Y o || fu(e)]ly,. M3-3a nomaors! Y, noydaem, 9to psg o poq fi(e)
cxomuTes K HekoTopoii cymme fo(e) B Y, mourn npu jobom e € &. Ilo-
ckosbky || fo(e)lly, < g(e) mourn npu Beex e € &, MOXKHO CUUTATH, YTO
fo € dom N,,. Hakomen, Ny, (37 4 fx — fo) < > opiqn Np(fi) = 0. >

B cayuae &:= N u «0b6bI9HOr0 CyMMUpOBaHUsI» CYMMYy ) mocJieso-
BATEJILHOCTH GAHAXOBBIX MPOCTPAHCTB (Y, )pen UaCTO 0603HAYIAIOT

Q‘jZ:(YlEBYQEB...)p,

rjie p — THII CYMMUDOBaHUS. DJIEMEHT § IPOCTPAHCTBA ) — ITO HOCTe-
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JIOBATEIBHOCTD (Y, )neN TaKasd, 9To Y, € Y, u

oS} 1/p
Tl == | Y llwmllf, | < +oo
k=1
B cayuae, korma Y, := X upu mmobom e € &, rame X — HEKOTO-

poe GamaxoBo npocrpancTBo Haj F, momarator %), := dom N, u F), :=
Fp/ker Np. 'DjieMEHTBI IOJIYUEHHLIX IIPOCTPAHCTB HA3LIBAIOT 6EKMOP-
HOLMU NOAAMY WA X -3HAuHLMYU GyHKuuAMy Ha & (¢ HODMaMU, CyMMU-
PyeMBIMHE ¢ p-TOi crenensio). HecoMmuenno, 1o mpocrpancrso F), aBis-
ercst DaHaXOBBIM. B TO 2Ke BpeMsi eCJIM B HCXOIHON CUCTEME C HHTErPUPO-
BaHIEM eCTh HEM3MEPHMOe MHOYKECTBO, TO ITPOCTPAHCTBO k), COMEPKUT
Yepecdyp MHOIO 9JIeMEHTOB (TaK, /1jis OObIYHOM JIeGeroBoil CHCTEMBI ¢ MH-
terpupoBanueM Fj, # L,). B aroil cBS31 B IPOCTPAHCTBE %), BBLIESIOT
bYyHKIMYA ¢ KOHEYHBIMA MHOXKECTBAMHU 3HAYEHUI, KAXKJI0e U3 KOTOPBIX
[IPUHAMAETCS Ha M3MEPUMOM MHOXKECTBE. TaKue 3JIeMEeHTBbI, PABHO KakK
U OTBEYAIOMUe UM KJIacChl B F},, HASBIBAIOT NPOCMbLMU, KOHEUWHOSHAM-
HOLMU, CMYNEHYAMBMU TITA PASMEULLHHBMU GYHKUUAMY. 3aMbIKaHIe
MHOKECTBa IIPOCTHIX dyHKIuii B F), obo3ua4aror L, (6Gojee pa3sepHyTO:
L,(%), L,(S, X), L,(Q, o, u), Ly(, u) 1 v 1.) u HA3BIBAIOT NPo-
cmpanemseom X-3naunols GyHKyul, CYMMUPYEMovT ¢ p-mot cmenensvio,
WIH K€ NPOCMPAHCTNEOM P-CYMMUPYEMBLT X-3Haunbir dyrnrkyud. cHo,
uro L,(X) — 6aHaxoBo IPOCTPAHCTBO.

IIpommmocTpupyemM 0OHO U3 JOCTOMHCTB ITUX IMPOCTPAHCTB B CJIy-
qae p = 1. 3aMeTuM Mpexkje BCEero, 4To MPOCTyIo QyHKIMO f MOXKHO
3amcaTh B BHUJE «KOHEYHON KOMOMHAIINNA XapaKTEPUCTHUIECKAX (DYHK-

Ay
[= E Xf-1(2)T>
z€imf
_1 .
rae muoxkectso f~1(x) uamepumo upu z € im f. Bouee Toro,

[ T

z€imf

[ gl = X el [ xgeren <+

r€imf z€imf
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Kaxkoit nmpocroit dyuknuu f comocraBum 3jieMeHT B X 110 IPABUITY:

/fiz Z /Xf*l(x)x~

z€imf

IIpoBepka MOKa3BIBAET, UTO BO3HUKAIOMINIT HHTErpas [, OnpeIesIeH bt
Ha HOMIIPOCTPAHCTBE MPOCTHIX (DYHKIWMI, MuHeeH. BoJee TOro, 0l orpa-
HUYeH, 100

|/4]-

> [xrwe| < X [xrslel -

rz€imf z€imf

= [ 3 el = [u51

z€imf

B cuny 4.5.10 u 5.3.8 omeparop f JOIIyCKaeT €JJMHCTBEHHOEe IIPOJI0JIZKe-
HEe 710 3emeHTa npocrpanctea B(Li(X), X). Dror snement 06o3Ha-
HAI0T TeM ke CUMBOJIOM [ (MM [, M T. IL) M HA3BIBAIOT UHMEZPAAOM
Boxnepa.

(7) B cayuae «OGBIMHOTO CYMMHUPOBAHUS» TPUHSATHI TE Ke
COTJIAIIEHNSs], 9TO U B CKaJISIpHOH Teopuu. VIMEHHO, BMECTO MHTErPaJIOB
CyMMUPYeMBIX (bYyHKIIUI TOBOPAT O CYMMAT CYMMUPYEMDLT CEMETCTNE T
UCIONIB3YIOT COOTBETCTBYIOIINE CTAHAAPTHBIE 3HAKU. 1Ipu aTOM GecKo-
HEYHOMEPHOCTD [OPOXKIAET CBOU IPOBJIEMDI.

Iycrs () — cemeiicTBO 3jeMeHTOB GaHAXOBa IPOCTPaHCTBA. Ero
CYMMUPYEMOCTh O3HAYAET CyMMHPYEMOCTb (B CMbICIe nHTerpajia Box-
Hepa) YHUCJIOBOro ceMeicTsa (||, ||), T. e. abCOIOTHYIO CXOAUMOCTD Psijia
(z5,). Tem cambiM cpesu () JHMIb CIETHOE YUCJIO HEHYJIEBLIX JIEMEH-
TOB U () MOXKHO CIMTATh (CUETHOIT) HOCIEI0BATEIbHOCTEIO. [Ipu aToM

Yooe el < 400 (= pag 1 + @2 + ... abcomorHo cxomurcest). C yde-
oo .

TOM 5.5.3 JIJIsI CyMMBI psijia & = Zn:l T, BBINOJHEHO: = = limy sy,

rie sg i= .9y — (cooTBercTByIOmAs ) wacrudmas cymma, a

mpoberaeT HalpaBjeHIe KOHEUHBIX moaMHokecTB N. B mocaemmeit cu-
Tyaluu T U3PeJIKa HA3bIBAIOT HEYNopadouennol cymmolt pana (T,), a
HOCJIEIOBATEBHOCTD (L) — Heynopadowenno cymmupyemot x x (-
myT: & = ZneN Zp). B 9TMX TepMHMHAX 3aKI0YaEM: CYMMHPYEMOCTHb
BJICUET HEYNOPAJOYCHHYIO CyMMHUPYyeMOCcTh (K Toil ke cymme). Ilpu
dim X < 400 BepHO u obparHOe yTBepKieHue (= Teopema Pumana o
pﬂ;(ax). OO6mmwmit ciydail pa3bsCHSET CJIELYIOMni TyIyOOKuil (paxT.
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Teopema /IBoperikoro — Pomkepca. B kaxkgom 6eckoHedHO-
MepHOM GaHaXOBOM HpoctpaHcTe X st JIOOOH MOCIE[0BATEIBHOCTH
. [eS) 2
noJ10KHTeIbHbIX ucer (t,) Taroid, ro . ° |t < 400, CyIIecTByeT
HEYHOPSI0YEHHO CYMMHUDYEMAsT HOCIEI0BATEIBHOCTD JJIEMEHTOB (Ty,), ¥
KOTOpOH ||| = t, 1P Bcex n € N.

B sT0it cBsi3M 11 ceMelcTBa 9JIEMEHTOB NIPOU3BOJIBLHOIO MYJILTHU-
HOPMHUPOBAHHOTO TpocTpaHcTBa (X, ) NPUHAMAIOT CJIEYOIIY0 Tep-
MUHOJIOTHIO. ['0BOpAT, 9TO cemeticmeo (Te)ecs CYMMUPYEMO WU He3-
YCero6Ho cymmupyemo (K CyMMe T) U HUITYT T:= ) o Tc TPU yCTIOBHH,
90 ¥ sBAseTCs npenenaoM B (X, 91) coorBeTrcTByIOmEH ceTH UacTHI-
HBIX CyMM (Sg), ryie 6 — KOHEUHOE MOJMHOXKECTBO &, T. €. Sg — &
B (X, M). Ecmm ayis KazKa0To p CymecTBYeT cyMMa » ..o p(Te), TO
TOBODSIT, ITO CEMENCTBO (Z¢)cce abCOMOMHO cymmupyemo (Wi, 9To 6o-
Jlee TIPABIIBHO, BYHIaGMEHMAADHO CYMMUPYEMO, WITH JTAKE aOCOMOMHO
Pyrdamenmanvho).

IIycTs B 3aksrodenue ) — emre OHO OAHAXOBO IPOCTPAHCTBO U
T € B(X, 2). Oneparop T eCTeCTBEHHBIM CIIOCOOOM PACIPOCTPAHSI-
10T J10 oneparopa u3 Lq1(X) B L1(Q)), nomaras st mpocroit X-3HadHOM
dyukuuu f, uro T'f : e — Tf(e) upu e € &. Torma nua f € Li(X)
oyner Tf € Li(Y) u [, Tf = T [, f. Tlocnemunii paxt BbIpazKaroT
cJI0BaMU: <«MHTerpaj Boxmepa KOMMyTHPYeT ¢ OrPAaHUYEHHBIMH OIepa-
TopaMu». <[>

5.6. Ajsirebpa orpaHMYEHHBIX OIIEPATOPOB

5.6.1. Ilycres X, Y, Z — HOpMHpOBaHHbBIE IpOCTpaHCTBa, a 1 €
Z(X,Y)u S € LY, Z) — ymuneiiabie oneparopel. Torga ||ST| <
ISIHIT||, T. e. omeparopuast HopMma siBJIsIETCST CYOMYIBTHILIHKATHBHOL.

< B cuty HOpMaTUBHBIX HEPABEHCTB JJist & € X BBIITOJTHEHO
STl < [[S|| 1Tz < ISI T =] >

5.6.2. 3AMEYAHME. B anrebpe, B gactHoCTH, H3y4daioT (acconua-
tuBHbIe) as2efpu, Hag F. Tak Ha3bIBAIOT BEKTOPHOE IPOCTPAHCTBO A
uaz F, B KoropoMm mMmeercs (aCCOIUATUBHOE) YMHOXKEHHE JIEMEHTOB O :
(a, b) — ab (a, b € A). Ilpeamnonaraercsi, 9T0 yMHOKEHUE O JUCTPUOY-
THBHO OTHOCHTEJIBHO cioxkeHus (1. e. (A4, +, o) — 310 (acconuarusHoe)
K0AbUO0) U, KPOME TOTO, YTO OIEPAIUS O COZAACOBANHA C YMHONCECHUEM HA
cKkaaap B TOM cMblcae, 9to A(ab) = (Aa)b = a(\b) npu Bcex a, b € A
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u A € F. Nubivu cioBamu, B 60jiee pa3BEPHYTOM BHjie ajaredpa — 31O
Habop (A4, F, +, -, o). B 10 ke BpeMmsl, KaKk U B IPYTUX aHAJIOTHIHBIX
CUTYaIIUsIX, TOBOPSIT MIPOCTO 00 ajredbpe A.

5.6.3. ONPEJEJEHUE. Hopmuposarnas aseebpa (Has OCHOBHBIM
[OJIEM) — 9TO acconuaTHBHAs ajreOpa (Haj 9THM I0JIeM), HaJleJIeHHAs
CyOMYTbTUINIMKATUBHON HOpMOt. Banarosa anzebpa — 9TO TMOMHAS HOP-
MUPOBaHHAs aareopa.

5.6.4. IIycte B(X):= B(X, X) — npocTpaHCTBO OrpaHUIe€HHBIX
sHj0MOphH3MOB HOpMupoBaHHOro npocrpancrBa X . C oneparmeii cy-
IIePIO3HUIINH OIIEPATOPOB B Ka4eCTBE YMHOXKEHHSI H C OIIePATOPHOI HOP-
moii ipocrpanctso B(X) npescrapisier coboii HODMUPOBAHHYIO aJirebpy.
Ilpun X # 0 B B(X) ectb equnnanbi saement Ix u ||Ix| = 1. Aurebpa
B(X) sBistercsi 6aHaxoBoii B TOM H TOJBKO B TOM CJydae, ecan X —
b6aHaXOBO MPOCTPAHCTBO.

< Ecm X = 0, to Bce oueBumno. Ecim ke X # 0, TO Hy»KHO
BOCIIOJIb30BaThCs 5.5.6. >

5.6.5. BAMEYAHUE. B cBs3u ¢ 5.6.4 3a s;remenToMm A\ x, e A € F,
yI06HO 3aKPEIUTh TOT 2Ke caMblit cumBost A. (B wacrnoctu, 1 = Iy = 0!)
[Ipu X # 0 onmcaHHyIO TPOIEAYPY MOXKHO MBICJUTH KAK OTOYKJECTBJIIE-
HIe OCHOBHOTO ToJis F 1 ogHOMEpHOTO ToarpocTpancTsa Flx .

5.6.6. ONIPEAEJEHUE. Ilycte X — HOpMUpPOBaHHOE IIPOCTPAHCTBO
nT € B(X). Yucao r(T):= inf {|T7(|*/™ : n € N} nasvisator cnex-
mpaavhvim paduycom T. (EcTecTBEHHOCTD 9TOrO TEPMUHA CTAHET SICHOMN
HECKOJIbKO To3xke (cp. 8.1.12).)

5.6.7. r(T) < ||T.
< HeiicrBurensHo, B cuny 5.6.1, |17 < ||T)|".

5.6.8. CupaemmBa ¢popmyiia Ienbgania

r(T) = lim ¥/||T™.
< IIyere € > 0 u s € N rakoswl, uro |[|[T¢| < (r(T) + ). Hua
kaxkjoro n € N B cirydae n > s umeercs npejicrasierne n = k(n)s—+I(n),

riae k(n), I(n) e Nu 0 <l[(n) <s—1. 3uaunr,

™| = [T < 7| F0) | T <
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< @VATIV v T H) TS = b7,

CiieioBaTesbHO,
(1) < [T < DT <

< Ml/n(,r,(T) +6)k(n)s/n _ Ml/n(’r‘(T) +8)(7171(71))/71

Tak xkax MY" — 1 u (n—1(n))/n — 1, o 7(T) < limsup|/T"||*/" <
r(T) + . Coornomenne liminf |T"||"/" > r(T) ouesmmmo. B cmmy
POM3BOJIBHOCTH € TIOJTydaeM Tpebyemoe. [>

5.6.9. Teopema o cxonumoctu psaa Heiimana. Ilycre X —
6anaxoBo npocrparcrso uT € B(X). OKBUBaJICHTHDI Yy TBEDXKICHHSI:
(1) pax Heiimana 1 +T +T? + ... cxomqurest B omrepaTopHOLt
nopme npocrpancrsa B(X);
(2) IT*|| < 1 gns mexoroporo k uz N;
(3) n(T) < 1.

Ipu semoanennn oxmoro ms yciosnii (1)—(3) Gymer Y oo T
(1-17)"1.

< (1) = (2): Ecom psan Heitmama cxomurest, To obmmit aien (1)
CTPEMUTCS K HYJIIO.

(2) = (3): OueBuamo.

(3) = (1): Ha ocuoBanuu 5.6.8 upu noaxozsamem € > 0 s Beex
noctarouno Gomemux k € N 6yner r(T) < ||[TF|V* < »(T) +¢ < 1.
UHbIME CJIOBAMH, XBOCT paia Y pq ||T%|| Maxkopuposan cxopsmumest
psiztoM. YuutbiBas nosnsory B(X) u kputepuit 5.5.3, 3akirodaem, 4To
ps > po o T* cxomures B mpocrpanctse B(X).

ITycts Teneps S:= ZZO:O TF u S, = ZZ:O T*. Torma

k _

S1—T)=1lmS,(1-T)=lm(1+T+...+T")(1-T)=

= lim(1 —7"") = 1;
(1-T7)S =1lim(1 - 7)S, = lim(1 -T)A +T +... +T") =
=lim (1 -7"") =1,

6o T" — 0. Urak, B cuny 2.2.7, S = (1 - T)~L. >
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5.6.10. Caegcreue. Ecu ||T| < 1, o omeparop (1 —T') (mempe-
DbIBHO) obpaTuM (= HMeeT orpaHHYeHHbIH OOpaTHbBIH), T. e. 0Opar-
HOe COOTBETCTBHE — OrpaHWYeHHBIH JmHeHHblH oneparop. Ilpm sTom

11 =)~ < @=[TIH~

<1 Pan Heiimana cxomurcst, mpudem
=)< T <> ITIE = @ =7 >
k=0 k=0

5.6.11. Caezncrue. Ecau |1 —T|| < 1, to T obparum u

_ 1-T]
1-T7Y < ”7.
| ||*1—H1—T||
< Ilo Teopeme 5.6.9,
14y A=) => 1-T)F=1-1-T)"' =177\
k=1 k=0

Orcrofia BHIBOIUM:

oo oo 00
D A-DH <Y A=< =T >
k=1 k=1 k=1

5.6.12. Teopema Banaxa 06 obparuMmbix oneparopax. Ilycrts
X n'Y — 6anaxospl npocrpancra. MuoxectBo (menpepbisao) obparu-
MBIX OIIEpATOPOB OTKPbITO. Ilpn 9TOM Onepariust obpalieHus ollepaTopa
T +— T~! apisercs HeIPePHIBHBIM OTOOPayKEHHEM.

< Ilyers oneparopwt S, T € B(X, Y) takoser, uto T~! € B(Y, X)
u, xkpome Toro, ||[T~|||S — T|| < 1/2. Paccmorpum onepatop T 1S €
B(X). Nmeem

177" =1 =

1
1= T718) = [T T~ TS| < T T - S < 5 < L

B cuy 5.6.11, (T~18)~! — 310 s;mement B(X).
[onoxum R:= (T~18)~1T~L. decwno, uto R € B(Y, X) u, xpome
TOrO,

R=SYrYH 1=t =g~
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ITomumo 3ToTO,

ISTH =T < I8~ =77l =

_ _ _ _ | S
= S7HT = ST < ISTHHT = ST < 515 7HI-
Orcrona || S~ < 2||T71||. Oxonuarensro
IS~ =T < ISTHHT = SIHIT=HE < 20T~ HPIT = 8. >

5.6.13. ONIPEJAEJIEHUE. Ilycrs X — 6arHaxoBo mpocTpaHCcTBO HaL F
uT € B(X). Crangp A € F Ha3bIBAIOT pezyasphoim WA PE3ONDEEHM -
nowm snavenuem T, ecim (A — T)~! € B(X). Ilpu stom nojaraior
R(T, X):= (A —T)"! u naspiBaior oneparop R(T, \) pesoaveenmoti
(omeparopa T' B Touke \). MHOXKECTBO PE30JIbBEHTHBIX 3HAYEHHN 060-
suaqator res(T). Orobpaxkenune X — R(T, \) u3 res(T) B B(X) rakxe
HA3BIBAIOT pe3oavéenmot; oneparopa T. Muoxkecrso F \ res(T) nasbi-
Bator cnekmpom T u obosuadaior Sp(T') unu o(T). DreMeHTHI ClIeKTpa
HA3BIBAIOT CNEKMPAALHOLMU 3HAMEHUAMU.

5.6.14. SBAMEYAHUE. Eciau X = 0, TO CrieKTp €JMHCTBEHHOT'O OIIe-
paropa T = 0 € B(X) paBeH mycromy MHOXKeCTBY. B 9T0ii cBsi3U B ClieK-
TPAJBLHOM aHaJIM3e MOJIaIUBO npeanosnaraior, uro X # 0. B ciayuae
X # 0 upu F:= R cuekrp takxke 6biBaer mycrbiM, a npu F:= C — ne
GeiBaer (cp. 8.1.11). <>

5.6.15. Mmuoxecrso res(T) orkpbITo, npudeM ecan Ag € res(T), o
B HEKOTOPOI OKPECTHOCTH A BBIIOJTHEHO

R(T, \) = i(*l)k@ —X0)*R(T, Xo)F.
k=0

Ecomu |\ > ||T||, To A € res(T') u umeer MecTo paszioxKeHnHe

T

k
k0

hE

R(T, X) = 5

ko

=0

npuieM |R(T, N\)|| — 0 opu |A| — +oo.
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< Iockousky [[(A —T) — (Ao — T)|| = |A — Ao|, TO OTKpPBITOCTB
muOkKecTBa res(T) caenyer u3 5.6.12. Kpome Toro,

A=T=A=X)+MNo—=T)=M0—=T)R(T, Xo)A=Xo)+ (X —T) =
= (A0 =T)((A=A)R(T, Ao)+1) = (Ao—T)(1=((=1)(A=A0) R(T, Ao))).
SHAYUT, B MOIXOMIAIIENl OKPECTHOCTH TOYKA Ao B cuity 5.6.9 Oymer

R(T, ) =(A\=T)"' =

= (1= (DA =) R(T, X)) (Ao =T)7" =

= i(—nm — Xo)FR(T, Mo)*™.
k=0

Ha ocuosamuu 5.6.9 tpn || > ||T|| mmeercs omepazop (1 — T/A) ™",

pesicTaBagoNnit coboit cymmy psiga Heiimana, T. e.

1 ™' 1 & Tk
R(T, )\)—X (1A) — szo V

OueBuno
1 1

. >
AL 1= IT[/1A]

5.6.16. CuoekTp J11060r0 OrpaHHIeHHOro oneparopa 1 KOMIIaKTeH.

I1R(T, M| <

5.6.17. SAMEYAHUE. Iloje3HO OMHUTH, YTO HEPABEHCTBO |A| >
r(T) upencrasiser coboil HEOBXOAMUMOE U JIOCTATOIHOE YCJIOBUE CXOJIH-
moctn psga Jopana R(T, N)= Y_2°,T*/A*1 naiomero pazmnoxenne
PE30JILBEHTHI B OKPECTHOCTH GECKOHETHO YJAEHHOM TOUKM (CM. Takwke
8.1.12).

5.6.18. Omeparop S kommMmyTHUpPYeT ¢ ortepaTopoM T B TOM H TOJIBKO
B TOM cJiy4ae, ecjau S KOMMYyTHDPYeT ¢ pe3oJibBeHTor T .

Q=i ST=TS= SA—T)=AS— ST =AS—T8 = (A—T)S =
R(T, NSO\ —T) — 8 = R(T, \)S — SR(T, ) (X € res(T)).

= SR(T7 )\0) = R(T, )\o)S = 5= R(T, )\())S()\() — T) = ()\() —
T)S = S(\o —T) = T'S = ST. >
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5.6.19. Ecim A\, p € res(T'), To muMeeT MecTO HEPBOE PE30JIbBEHTHOE
ypasrerue (= roxaecrso I'mibbepra)

R(Tv /\) - R(Tv M) - (:LL - )‘)R(Tv U)R(Tv /\)

< «Ymuo)kas ToxkaectBo p— A = (u—T) — (A — T) cuagasna Ha
R(T, \) cupasa, a 3arem Ha R(T, p) cieBay, I10CIeI0BATEIBHO IIPHXO-
JIIM K TpeOdyeMoMmy. >

5.6.20. Ecimm A\, p € res(T), ro R(T, NR(T, n) = R(T, u)o
R(T, N\). <>

5.6.21. s A € res(T') BemmostHeHO

1]0 A
o _(_ | k+1 0

5.6.22. Teopema o cnekrtpe npousBegenus. Crexrpor Sp(ST)
u Sp(T'S) MoryT OT/IM9aTHCS JIHIID HYJIEM.

< Hocrarouno ycranosuth, uro 1 & Sp(ST) = 1 & Sp(T'S). B ca-
MoM gsieste, Torma ipu A € Sp(ST) u A # 0 Gymer

1¢ %Sp(ST) = 1¢5Sp (is:r) = 1¢Sp (}\TS) = \ ¢ Sp(T'S).

Uraxk, paccmorpum ciaydaii 1 ¢ Sp(ST). PopmasibHble pa3ioxkKeHus
tuna psaa Heiimana —

(1—8T)™' ~ 1+ ST+ (ST)(ST) + (ST)(ST)(ST) + ...,

T(1—ST)™ 'S ~TS +TSTS +TSTSTS +...~(1-TS)"t —1

— HaBOJAT Ha MBICJIb, 9TO CIIpaBE/IJINBO IIpEJICTAaBJICHUE

1-T8) ' =1+T(1-8ST)"'S
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(koropoe obectieunt coornorrenne 1 ¢ Sp(T'S)). Ciemyromnme npsimble
BBIKJIQIKH:

(1+T(1—-ST)"'S)(1-T8) =
=1+T1—-ST)*S—-TS+T(1—ST)"}(-ST)S =
=1+TA—-ST)'S—-TS+T(1—-8ST)'(1-8ST—-1)S =
=1+TA—-8ST)'S—-TS+TS—-T(1—ST)"'S = 1;

(1-TS)(1+T(1—-ST)"'S) =
=1-TS+T(1—ST) 'S +T(-ST)(1—-ST)™'S =
=1-TS+T(1—-ST)™ 'S +T(1-ST—-1)(1-ST)"'S =
~1-TS+T(1—-ST)'S+TS-T(1—-ST)"*S =1

JIOKa3bIBAIOT MCKOMOE IIpeJiCTaBJIeHuEe, a BMEeCTe C TeM U Teopemy. >

YnpakHeHus

5.1. /loka3arb, YTO HOPMHPOBAHHOE IIPOCTPAHCTBO KOHEYHOMEPHO B TOM U TOJIb-
KO B TOM CJIy4ae, eciy JIo60il JIMHEHHBIH (DyHKIMOHAT HA HEM OIDAHUYEH.

5.2. IIpoBepuTh, 9YTO B KarX/JOM BEKTOPHOM IIPOCTPAHCTBE MOXKHO OIIPEIEIUTH
HOPMY.
5.3. YcTaHOBUTH, YTO BEKTOPHOE IIPOCTPAHCTBO KOHEYHOMEPHO B TOM U TOJIBKO

B TOM CJIy4dae, €Cjii BC€ HOPMBI B HEM 9KBHBaJICHTHBI.

5.4. ZLOKaSaTb, 9TO OTAC/JIMMBbIEC MYJIBTUMETPHUKHN 33al0T OJHY U Ty K€ TOIIO-
JIOTUIO KOHEYHOMEPHOTI'O ITPOCTPaHCTBa.

5.5. Kaxkayio i nopmy B RN MOMKHO HCIIO/IB30BATh /ISt HODMHPOBKH [TPOM3-
BeneHust N HOPMUPOBAHHBIX IIPOCTPAHCTB?

5.6. BEBISCHUTE yCIOBHS HEIIPEPBIBHOCTH KOHEYIHOMEPHOIO OIIEPATOPA, NeHCTBY-
IOIIEro B MyJIbTUHOPMHUPOBAHHBIX IIPOCTPAHCTBAX.

5.7. Omnucarp omepaTopHble HOPMBI B IPOCTPAHCTBE KBaAPAaTHLIX MaTpul. Ko-
rja TakKue HOPMbI CDABHUMBI?

5.8. Haiitu paccrosiHue MeXKIy THIEPILIOCKOCTSIME B HOPMHPOBAHHOM IIPOCT-
paHCTBe.

5.9. BoisicHUTH OOIIHiT BU/T HEIIPEPBIBHBIX JIMHEHHBIX (DYHKIMOHAJIOB B KJIACCH-
YEeCKUX IIPOCTPAHCTBAX.

5.10. 3yuure BoOmpoc O pedJIEKCUBHOCTU KJIACCHYECKUX OaHAXOBBIX IIPOCT-
paHCTB.
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5.11. BriacHUTH B3aMMOPACIIOIOXKEHHE TPOCTPAHCTB Iy u lg, Ly u Lg. Korma
JIONOJIHEHUE OJHOIO M3 3JIEMEHTOB KarKJIOH IIapbl IJIOTHO B OCTABIIEMCSH !

5.12. HaiiTu criekTp 1 pe3oJibBEHTY omeparopa Bosbreppa, mpoekTopa, OmgHO-
MEPHOT'O OIlepaTopa.

5.13. IlocrpouTs oreparop, CIeKTp KOTOPOIro — Halepe] 3aJaHHbIN HEeIryCcTon
kommakT B C.

5.14. Jlokasarb, 4TO TOXKIECTBEHHBIH onepaTop (B HEHYIEBOM IIPOCTPAHCTBE)
HE MOXKET OBITbh KOMMYTATOPOM JBYX SHIOMODPMU3IMOB.

5.15. Kak ompeenuTs CIEKTp OmepaTopa B MyJILTHHOPMUPOBAHHOM IIPOCTPAH-
crBe?

5.16. Kax/0e iu 6aHaXOBO IIPOCTPAHCTBO HaJ F JI0mycKaeT M30MeTpHUYecKoe
Byioxkenue B npocrpanctso C(Q, F), rame Q — KOMIAKTHOE IIPOCTPAHCTBO?

5.17. Borsicuuts, B Kakux caygasx Lyp(X)" = Ly (X'), tne X — Gamaxoso
IPOCTPAHCTEO.

5.18. Ilycrs (Xy) — HOC/IEA0BATEIHHOCTS HOPMUPOBAHHBIX [IPOCTPAHCTB M

Xo:=<{ze H Xyt |lznllx, — 0
neN

— ux cyMMa 1o Tumy ¢o (¢ Hopmoit ||z||:= sup{ ||z || : » € N}, B3saroit u3 cymmer 1o
Tuny leo). Jdokasars, uro Xg cenapaGeapbHO B TOM M TOJIBKO B TOM CJIydae, KOTJa
cenapabesbHO KarK/[0€ U3 [MPOCTPAHCTB Xy, .

5.19. [lokasarb, uyTo npocrpanctso C (») [0, 1] npexncrasisier coboii cymmy Ko-
HEYHOMEPHOIO MOJIIPOCTPAHCTBA U IIPOCTpancTsa, uzoMmopduoro C[0, 1].



I'maBa 6

I'mnpb6epTOBBI MpOCTPAHCTBA

6.1. DpMuToBbl POPMBI U CKAJISIPHBIE
MpOU3BEaEHUST

6.1.1. ONPEAENEHUE. Ilycrs H — BEKTOPHOE IIPOCTPAHCTBO HAJL
ocropueM ToseM F. Otobpaxkenne f : H? — F HasBIBAIOT 2pMmumosot
Popmot, ecan

(1) orobpazkerme f(-, y) : x — f(x, y) nexur B H? nys
Bcex y € Y;

(2) f(z, v) = f(y, x)* upn mobeix x, y € H, rme A — A* —
ecTecTBeHHas MHBOMONUS B F, T. €. mepexoj] K KOMILJIEKCHO COMPSIZKEH-
HOMY YHUCJLY.

6.1.2. 3AMEYAHUE. Kak BugwHo, st spmuToBoit dopmbr [ mpu
kaxkjioM x € H orobpaxenue f(z, -):y— (z, y) aexur B H , tne H,
— ayasnbHoe K H BekropHoe npocrpancrso (em. 2.1.4 (2)).

Takum obpasom, pu F := R spmuToBa dopma busunetina, T. €.
JIMHEHHA 10 KaXKJIoMy aprymenry, a upu F:= C — noaymopasuneiina,
T. €. JINHEHA 110 TIEPBOMY API'yMEHTY W *-JHHEHHA 110 BTOPOMY.

6.1.3. /list kKazk 105 9pMUTOBOE (pOpMbI f BBIIOJIHEHO I1OJISIPU3AIH-
OHHOE TOKJIECTBO:

flety, z+y) —fle—y, z—y)=4Ref(z, y) (z, y<€ H).

4 [ty zty)=flz, o)+ flz, y)+ fly, ©) + fy, v)
fle—y, z—y) = flz, z) — f(z, y) — f(y, ©) + f(y, y)
2(f(z, y) + f(y, 2)) >
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6.1.4. ONPEJAEJIEHUE. DpmuToBy ¢dopmy [ Ha3BIBAIOT NOAOAHCU-
meavHotl, WIL CKAAAPHLIM npoudsedenuem, ecan f(x, x) > 0 ps Jo-
Goro x € H. Ilpu srom mumyr: (z, y):= (z|y):= f(z, y) (z, y € H).
CkasgapHoe mpou3BeeHre Ha3bIBAIOT HeGLPOACcOenHbiM, ecl (T, T) =
0=2=0(zeH).

6.1.5. Hmeer mecto HepaercTtBo Ko — ByHsikoBCKOro
(z, 9)I? < (z, 2)(y, y) (z, y€ H).

< Ecmu (z, ) = (y, y) =0, 70 0 < (x + ty, =+ ty) = t(z, y)* +
t*(z, y). Boibupast t:= —(x, y), momyuaem —2|(x, y)|> >0, T. e. B 3TOM
CJlydae Hy>KHOE YCTAHOBJIEHO.

Eciu, k npumepy, (y, y) # 0, To BBUIY OIEHKU

0< (x+ty, o+ty) = (z, x) + 2tRe(z, y) + *(y, y) (tER)

sakmmouaem: Re(z, y)? < (z, z)(y, y).
Eciu (z, y) = 0, To nokaseiBarh Hevero. Ecim xke (z, y) # 0, To
nostoskum 0:= |(z, y)| (z, y)~! u Z:= Ox. Torna |f| = 1 u, kpome Toro,

(%, T) = (Oz, Oz) = 00" (x, ) = |0]*(x, 2) = (x, z);

‘(Z‘, y)| - 9(1:’ y) - (933, y) - (i7 y) - Re(fa y)
Taxum obpazom, |(z, y)|* = Re(Z, v)? < (z, z)(y, y). >

6.1.6. Eciu (-, ) — ckausipaoe npousseienune na H, To orobpa-
sxerme || - || 2 @ (@, x)Y/? — nomymnopma na H.

<1 Ciesryer npoBepuTh TOJIBKO HEPABEHCTBO TPEyTrobHHUKA. [Ipume-
Hesd HepaBencTBo Ko — BynsakoBckoro, mmeem

lz+y|* = (z, 2) + (y, y) + 2Re(z, y) <

< (@, 2) + (g y) + 2l Iyl = Al + lly)?.

6.1.7. OOPEAEJEHUE. IIpocrpanctBo H €O CKaJISIPHBIM ITPOM3BE-
JleHueM (-, +) ¥ COOTBETCTBYIOINIEH OJIyHOPMOIi || || HasbIBAIOT Npedeu.nb-
bepmosvim. TlpearninbepToBo mpocTpancTBO H HA3BIBAIOT 2uAbOEPMO-
6blM, €CJIH TIOJIy HOPMEpPOBaHHoe npocTpancTtso (H, || - ||) 6amaxoso.
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6.1.8. B mpearminbeproBoM mnpoctpancTBe H crnpaBeminB 3aKoH
napaJiiesorpaMMa

lz+l* + llo = ylI* = 2(lll* + lyl*) (2, y € H)

— cyMMa KBa/[PaTOB JIJINH JHaroHaJell napaJiejorpaMmMa paBHa CyMMe
KBaJPaTOB JJIUH BCEX €r0 CTOPOH.

Az +yl? = (@ +y, z+y) = llzl* + 2Re(z, y) + [yl
lz = yl* = (@ —y, @ —y) = 2] = 2Re(, y) + [y >

6.1.9. Teopema ¢pon Heilimana — ﬁopﬂaﬂa. Ecuan B nosyaop-
mupoBanHoM 1pocrparcrse (H, || - ||) cupabemmus 3akon napasiieso-
rpamMa, To H — npearuibbeproBo mpocTpaHCTBO, T. €. HaHIETCS, U
[IPATOM €JHHCTBEHHOE, CKaJsIpHOe 1pousBeienne (-, -) B H Takoe, 410
||| = (x, ©)Y/? mrs Beex x € H.

< PaccmoTrpum BemectBennyio ocaoBy Hg npocrpanctBa H u s
x, y € Hyr moyioxxum

(lz +yl* = llz — yl?).

| =

('T’ y)lR::

ITpumeHsist 3aKOH TapaJUIeIOrPaMMa, JIJIs OTOOpazKeHus (-, y)g mocJe-
JIOBATETLHO BBIBOJIUM

(xlv y)R + (1'27 y)R -

(w1 +yl?) = (lwr =yl + lloz + yll* = o2 — yl*) =

-

(s + gl + llwz + l?) = (lo1 = yl® + llw2 = y]1?)) =

N

1 (30014 ot DI+ 1 = aal?) -

—% (I —y) + (@2 = + 21 — 22]*)) =

1/1 , 1 ,
=1 §||$1+$2+2y\| —§H9E1+~T2—2y|| =
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= 2 (@ + /2yl ~ o1 —2)/2 ) =

=2((z1 +22)/2, Y)g -

B uactHOCTH, IpH T3 = 0 Oyuer (z2, y)r = 0, ™ e. 1/2(z1, y)r =
(1/2z1, y)g. CooTBETCIBEHHO IpHU X1 := 2x1 U Tp:= 2Ty UMeeM

(1 + 22, Y)r = (21, Y& + (T2, Y)r.

B cuity oueBmsiHOl HeNpepbIBHOCTH OTOOpakeHust (-, y)r MOXKHO Cjie-
naTh BBBO, 4TO (-, y)r € (Hp)™. Tomomum

(CL‘, y) = Re_l((' ’ y>R)(x)’
riie Re~! — xommiexcudukarop (em. 3.7.5).

B cayvae F:= R scuo, uro (z, y) = (z, y)r = (y, ) u (x, x) =
|lz||?, T. e. nokaspiBaTh Hewero. Eciu ke F:= C, To

(z, y) = (=, yr —i(iz, Y)r.
Orcroza BBITEKAET, YTO
(ya ‘T) - (y7 x)R - Z(Zy7 ‘T)R - (l’, y)R - Z(ZE, Zy)R -

= (z, Yr +iliz, yY)r = (=, y)*,
HOCKOJIbKY

) 1 . )
(z, iy)r = 1 (||w +iyll? — ||z — Z?JHQ) =

1, _ g .
= 7 (il lly =il = =il lliz + yl?) = —(iz, y)e.

ITomumo 3Toro,
(z, 2) = (z, 2)r —i(iz, T)r =
= el = (i + 2l = iz — 2]%) =

ol (1= § (14 - =) = ol

YTBepKaeHne 00 eTUHCTBEHHOCTH cjaeyeT u3 6.1.3. >
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6.1.10. IIPUMEPHI.

(1) Ipumepom runb6epTOBa HPOCTPAHCTBA CILY?KUT HPOCT-
pancTBO Lo (OTHOCHTENLHO KAaKOW-HUOYH CHCTEMBI ¢ WHTETPUPOBAHU-
em). Ilpu srom ckansipHoe mpoussenenue Beogar tax: (f, g):= [ fg*
ans f, g € L?. B wactuocrn, 1 lo(&) nomyaaeM (@, y):= > ,cp Teys
upu z, y € 5(&).

(2) Hycrs H — upearnibbepToBo IpOCTPAHCTBO U (- -)
H? — F — cxanapHoe mpoussejenne B H. $ICHO, UTO BellecTBeHHAS
ocuoBa Hp co cKaJIsIpHBIM IpoussenenueM (-, -)r : (z, y) — Re(z, y) aB-
JIIETCA MPEATrUIBOEPTOBBIM IIPOCTPAHCTEOM, IIPUYEM HOPMa 3JIEMEHTa, B
H we 3aBucur or Toro, Beraucisior ee B H wim B Hy. Ilpearuasbeproso
upocrpancTso (Hg, (-, )r) HA3BIBAIOT 06EULECTNEAECHUEM TTPOCTPAHCTBA
(H, (-,-)). B cBowo ouepe/p, ecian BeleCTBEHHAsI OCHOBA HEKOTOPOTO
HOJTYHOPMUPOBAHHOT'O ITPOCTPAHCTBA SABJIAETCS IPEATIIBOEPTOBBIM ITPO-
CTPAHCTBOM, TO IPOIECC KOMILIEKCH(PUKAIIIH TPUBOIUT K €CTECTBEHHOM
IPermILOEPTOBOH CTPYKTYpPEe B UCXOIHOM ITPOCTPAHCTBE.

(3) IIycre H — upenrusib0eproBo mpocTpaHcTBo u H, —
nyaapnoe K H BekTopmoe mpoctpanctBo. s x, y € H, moaoum
(z, y)s:= (z, y)*. dcno, uro (-, -)« — ckausgpHOe HpousseseHue B H,.
[Mosryaennoe mpearmIb6epToBO MPOCTPAHCTEO HA3BIBAIOT dyaavHbim K H
U COXPAHSIOT 3a HUM obozHadenue H,.

(4) TIycte H — npearmisbepToBo mpocTpancTBo u Hy :=
ker || - || — ssmpo mosysopwmet || - || 8 H. TlpuBnekast Hepasernctso Komm
— Bynskosckoro, Teopemy 2.3.8 u 6.1.10 (3), Bumum, uro B arTop-
upocrpanctse H/Hy ecTecTBEHHBIM 00pa30M BOZHUKAET CKAJISIPHOE [IPO-
U3BeJIeHNe: eci T1:= ©(T1) U To:= @(x2), THe 21, 2 € Hu ¢ : H —
H/Hy, — kanonunveckoe orobpaxkenue, 10 (T1, T2) := (x1, x2). Ilpm
9TOM IPeAruIboepToBo npocrpancTso H /Hy MOXKHO pACCMATPUBATH KAK
bakTOp-NPOCTPAHCTBO MOJIyHOPMUpPOBaHHOrO npocrpancrsa (H, |- )
1o sapy noayHopwmsl || - ||. Takum o6paszom, H/Hy — xaycmopdoBo mpo-
CTPAHCTBO, KOTOPOE HA3BIBAIOT XayCA0P(MOBBIM ITPEArAIbOEPTOBBIM IPO-
CTPAHCTBOM, accoyuuposantvim ¢ H. Tlomosnsss HOpMUpOBaHHOE TIPO-
crparctso H/Hy, nosydaeM rusibGepToBo IIPOCTPAHCTBO (HAIPUMED, B
cuty Teopembl don Heitmana — Mopmana). Ilocrpoennoe rumbs6eproso
MPOCTPAHCTBO HAZBIBAIOT ACCOUUUPOSAHHBLM C UCXOTHBIM TIPEATUIHOED-
TOBBIM TIPOCTPAHCTBOM.

(5) Hycrb (He)ecs — HEKOTOPOE CEMEHCTBO TUIbOEPTOBBIX
npocTpancTs 1 H — cymma 3Toro cemeiicra no tuimy 2, T. e. h € H B
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TOM U TOJIbKO B TOM ciry4ae, ecsid h:= (he)ecs, vie he € H, nisi e € &,
U IIpU 3TOM

1/2
[1R]]:= (Z ||he||2> < o0
ecé

B cuny 5.5.9 (6), H — 6anaxoBo upocrpancTso. s saementos f, g €
H, npuMeHss TOCIeI0BATEIBHO 3aKOH TapAJIICIOTPAMMa, UMEEM

(Lf+gll>+1f = gl?) =

1
2(2 ||fe +ge‘|2+z ||fe_ge||2> =
ecé

ecé

DO | =

1
- Z 5 (”fe Jr96”2 + ”fe *geHz) -
e€s
= (el + llgell®) = NI+ llgll?,
ecé

Tak 4T0, 110 TeopeMe don Heiivana — Mopnana, H — 910 THan6eproBo
npocrpancTBo. [IpocTparcTtBo H HA3BIBAIOT 2uAbOEPMOBOT CYMMOT Ce-
MelcTBa TIL0epTOBbIX MPOCTPAHCTB (He)ece U 0003HAYAIOT Becs He.
IIpu &:= N mumyT takxke H:= H) @ Ho ® .. ..

(6) Ilycro H — ruibbepToBo HpOCTPAHCTBO H S — HEKO-
Topasi cucrema ¢ unrerpuposanueM. Ilpocrpancrso Lo (S, H), cocras-
JienHoe u3 H-3Hauubix yHKINE, CyMMHDYEMBIX ¢ KBaJPATOM, SIBJISIETCST
ruI0epTOBBIM. <|>

6.2. OpTonpoeKTopbI

6.2.1. Ilyctp U — BBIIyKJIO€ HOJMHOKECTBO HEKOTOPOI'O IMMAapOBOTO
cinost (r+¢e)By \rBy, rae 0 < € < r, B ruibbeproBoM npocrpancrse H.
Hmeer mecro craegyromas onerka gquamerpa: diam U < +/12re.

< Hna z, y € U, yunrsBasi, uro 1/2(x + y) € U, n npusiexas
3aKOH [MapaJuIeIOrPaMMa, BBIBOIUM

2
lz =yl = 2 (ll=1* + llyll*) — 4l +y)/2]" <
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<A4(r+e)? —4r? = 8re + 42 < 12re. >

6.2.2. Teopema JleBu o npoeknumn. Ilycts U — HemycToe BbI-
IIyKJIOe 3aMKHYTOe MHOX>KECTBO B I'HJIbOEpTOBOM mpocrpaHcTtBe H u x €
H\ U. Torza cymecrByer, u IPATOM €JIHHCTBEHHBIH, 1eMeHT ug € U
TaKOMH, 4TO

|z — wol|| = inf{||z —ul|| : weU}.

< Monoxkum Uy := {u € U : ||z —ul <inf||U — z|| +e}. B cuny
6.2.1 cemeiictso (U:).>0 obpasyer 6azuc duabrpa Komu B U. >

6.2.3. ONPEAEJIEHUE. DJjeMeHT ug, purypupyomuii B 6.2.2, Ha-
3BIBAIOT HAUAYYUWUM Npubsudiceruem T B MHOKecTBe U ninu npoekyued
x Ha MHOXKecTBO U.

6.2.4. Ilyctp Hy — 3aMKHyTOE MOAIIPOCTPAHCTBO B I'MJILOEPTOBOM
npocrpancree H ux € H \ Hy. Daemenr x¢ € Hy siBisiercst npoeknueri
x wa Hy B ToM m Tosibko B TOM ciaydae, ecau (x — xo, hg) = 0 st
Kaskoro hg € Hy.

< ITocraTouno paccMmoTpeTh osemectsienne (Hp)g mpocrpaHcTBa
Hy. Ha (Hy)r oupezesena soinykias Gyakuust f(ho):= (ho—z, ho—x).
IIpu srom xy € Hy ciyxkut npoeknueii x Ha H(y TOrma u TOJBKO TOT/A,
korga 0 € O, (f). B cBsasu ¢ 3.5.2 (4) nocsespee BXOXK/IEHUE 03HAYAET,
qro (z — zg, hg) = 0 upu a06om hy € Hy, ubo f'(xg) = 2(xg — x, ). >

6.2.5. ONPE/EJ/IEHUE. DyieMeHThl T, y € H HazwBaroT opmozo-
nasvrvmu u mamnyT Loy, ecmn (2, y) = 0. Cumsosom UL oboznada-
10T COBOKYITHOCTD 3JIEMEHTOB, OPTOTOHAJIBHBIX KO BCEM TOYKAM JAHHOI'O
vuoxectBa U, T.e. Ut:={ye€ H: z € U = z 1 y}. Muoxecrso U~
HA3BIBAIOT 0PMO20HAALHVM donoarenuem MHOXKecTBa U.

6.2.6. Ilyctp Hy — 3aMKHyTOE MOAIIPOCTPAHCTBO B I'MJILOEPTOBOM
npocrpancrse H. Torma ero oproronamsnoe gonormenne Hy — saMKy-
TO€e MOJIpOCTpaHcTBo, npudeM H = Hy & HOL.

<1 3aMKHYTOCTb HOL B H oueBunna. fcHo Takxke, uro Hg A HOL =
Ho N Hy = 0. Ocranoch nposeputs, uto Ho V Hit = Hy + Hi- =
H. Bosbmewm snement h € H \ Hy. Ha ocuoBanuu 6.2.2 cymecrsyer
npoextust hg € Ho, a, B cuty 6.2.4, h — hg € Hg-. Urak, h = ho + (h —
ho) € Hy + Hy-. >
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6.2.7. ONPEJAEJIEHUE. [IpoekTop Ha 3aMKHYTOE TOAIIPOCTPAHCTBO
Hy napannensao Hy HaswBatoT opmonpoexmopom aa Hy n o6oznagator
Py, .

6.2.8. Jlemma Ilugparopa. = Ly = ||z +y|? = ||=|? + ||ly||®. <>

6.2.9. CiaeacrBue. Hopma opTONpOEKTOpa HE IIPEBOCXOJUT €JIH-
surel: H #0, Hy # 0 = || Py, || = 1. <>

6.2.10. Teopema 06 opTonpoekTope. /I kKaxKa0ro oreparopa

P € #£(H) raxoro, uro P? = P, 5KBUBAJCHTHBI yTBEPK/ICHUSI:
(1) P — oprompoekrop Ha Hy:= im P;
(2) [Ipl <1 =Ph] <1;
(3) (Pz, Ply)=0,rme PY:= Iy —Puzx, y<c H;
(4) (Pz, y) = (z, Py) upux, y € H.

< (1) = (2): Ormeuero B 6.2.9.

(2) = (3): Ilyers Hy := ker P = im P%. Bosbmem x € Hi-. Ilo-
ckonmbky T = Pz + Pz uz L Plx, 1o ||z|]? > |Pz|? = (x — Plz, » —
Pix) = (2, ) —2Re(z, Plz)+ (Plx, Piz) = ||z||? + || P%|®. Orciona
Plx =0, 1 e z € imP. U3 coornomennii H; = ker P u Hf CimP
¢ yaerom 6.2.6 BosomuM: Hi- = im P = Hy. Urak, (Px, Ply) = 0 qna
mobbIx .,y € H, u6o Px € Hy, a Pty € H;.

(3) = (4): (Px, y) = (Px, Py + PY) = (Pz, Py) = (Pz, Py) +
(de’ Py) = (z, Py).

(4) = (1): Ipoeepum cHavama, 910 H)y — 3aMKHYTOE IIOIPOCTPAH-
crBo. Ilycts hg := limh, un h, € Hy, 1. e. Ph, = h,. Ilpu gobom
x € H w3 HenpepbiBHOCTH dyHKINOHANOB (-, ) u (-, Px) nocnenosa-
TeJILHO BBITEKAET

(ho, ) = lim (hy, z) = lim (Phy,, z) = lim (h,, Pz) = (Phg, ).

Orcroma (ho — Phg, hg — Pho) =0, T e hy €imP.

Teneps st upousBosbbix * € H u hy € Hy BeiBoguM (T —
Pz, ho) = (x — Pz, Phgy) = (P(x — Px), hg) = (Px — P?z, hg) =
(Px — Pz, hg) = 0. Takum obpazom, npusiekas 6.2.4, mosydaem
Pz = Py,x. >

6.2.11. Ilycre P, P, — opronpoexTtopsr, npuiem P P» = 0. Torza
PP =0.

< PP, =0=1imP, Cker P, = im P; = (ker P})* C (im P,)* =
kerP2:>P2P1:O >
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6.2.12. ONPEAEJEHUE. Opronpoektopel P u Py Ha3bIBAOT 0p-
mozonasvhoimy (u numryr Py L Py wun Py L Py), eciiu Py Py = 0.

6.2.13. Teopema. Ilycre Pi,..., P, — opromnpoexropbl. Onepa-
Top P:= Py +...+ P, sABJIsA€TCsS OPTOIPOEKTOPOM B TOM H TOJIBKO B TOM
cayaae, ecoia Py 1 P, npul # m.

< =: 3aMeTUM IpexKJe BCEro, 9ToO I KazKIIOro OPTOIPOEKTOPA
Py 1o teopeme 6.2.10 Bomosseno || Poz||? = (Pox, Poz) = (Pix, x) =
(Pox, x). CuiemoBarennho, npu & € H u l # m cupaseymmso

1P| + || Proce]|* <

n

<Y IPal® =) (Pue, 2) = (Pz, 2) = | Pa® < |lz]*.
k=1 k=1

B uwacrtrocTH, nmonarast x:= Pz, mogydaem
|P]|® + || P Prz]|* < | Piz]|* = || PPl = 0.

< [Ipsimoit ojicyeT moKa3bIBaeT, YTO P — MIeMIIOTEeHTHBI orepa-
Top. B camom gere,

2 n n

pP? = ipk => Ple:i P2 =P
k=1 1 k=1

=1 m=

ITomumo storo, B cuiy 6.2.10 (4), (Prx, y) = (z, Pry) u, crano GbITh,
(Pz, y) = (z, Py). Ocranocs BHOBb cocaarbes Ha 6.2.10 (4). o>

6.2.14. 3AMEYAHUE. Teopemy 6.2.13 HasbIBAIOT Kpumepuem op-
MO20HAALHOCTNU KOHEYHO20 MHOACECTNEA OPMONPOEKMOPOS.

6.3. T'uapbepTOoB Gasuc

6.3.1. ONIPEAENEHUE. CeMeHCTBO (Z¢)ecs ITEMEHTOB HEKOTOPOTO
rub0epPTOBa MPOCTPAHCTBA H Ha3BIBAIOT 0PMO2OHANDHbIM, €CIIH €] 7
€9 = Te, L Ze,. COOTBETCTBEHHO MHOXKECTBO & B I'HJILOEPTOBOM IIPO-
crpaHcTBe H HaA3BIBAIOT 0PMO20HAALHBIM, €CJIU OPTOrOHAJIBHO CceMeii-

CTBO (€)cce-
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6.3.2. Teopema Ilucparopa. Oproronajbaoe ceMeficTBO (Te)ecs
9JIEMEHTOB I'MJIbOEPTOBA IIPOCTPAHCTBA (6€3YCI0OBHO) CyMMHPYEMO TOT/IA
U TOJBLKO TOrjia, Korja cymmupyeMo ducioBoe ceMeiicTBo (||Te||?)ees-

IIpm sTOM
2

S| =3 el

e€é ecé

< Ilyers sg:= ) . e, Tae § — Komeunoe noamuoxkectso &. Ha
ocroBanuu 6.2.8, ||sgl|? = Y eco |ze||?. 3uaunt, a5 KOHEUHOrO MHOZKe-
ctBa 6’ comepxkamero 0, BBITOJTHEHO

Nubmvn cioBaMu, GyHIAMEHTATBHOCTE ceTh (Sg) paBHOCHIBbHA byHIA-
MEHTaJILHOCTU CeTH YaCTHIHBIX cymM cemeiictBa (||2e||?)cce. [Ipubie-
Kasd 5.5.3, mosygaeMm Tpebyemoe. >

6.3.3. Teopema o cyMMHUPOBAHUU OPTOMNPOEKTOPOB. llycTo
(P.)ece — ceMelicTBO MONAPHO OPTOrOHAIBHBIX OPTOIPOEKTOPOB B I'HJIb-
6eprosom npocrpancrse H. Torma s kaxkporo x € H (6esyciosro)
cymmupyemo cemerictBo (P.x)ecs. Ipu sToM oneparop Pr:= Y. _ . Pex
SIBJISIETCST OPTOIIPOEKTOPOM Ha, TIOIPOCTPAHCTBO

ecé

= Z Te: Te € He:=1m Py, Z [zc]* < +o0
ec& eed

< JInsi KOHEYHOrO TOAMHOXKECTBA 0 B & IOJIOKUM Sg := Y cco e
ITo Teopeme 6.2.13, sy — sTo opronpoekTop. Ilostomy, ¢ yaerom 6.2.8,
[sozl|* = Y .cp |Pex|?< ||z]|* npu xaxnom z € H. Cuenosaress-
no, cemeiictBo (||P.x||?)ece cymmupyemo (ceThb 4acTHUHBIX CyMM BO3-
pacraer u orpanudena). Ilo reopeme Iludaropa umeercs cymma Px:=
Y ece Pex, 1. €. Px = limg spx.

Orcrona P2z = limg sg Px = limg sg limgr sgrx = limg limy: sgsg z =
limg limgr sgngrz= limy spx = Px. Oxonuarensho | Pz|| = ||limg sgz|| =
limgy ||sgx|| < ||z|| u, kpome Toro, P? = P. Anemmpys x 6.2.10, zaxiio-
qaeM, 4To P — opTompoekTop Ha im P.

Ecm z € imP, . e. Pr = 2, 10 2 = ) _p Pex n 1o Teopeme
Mudaropa Y. . [|[Pex|* = ||z||* = [|[Pz]|* < +oo. Iockonbky Pz €
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H. (e € &), 102 € #. Ecm xe z. € He m Y o llze|? < +o0,
TO JUISL T:= ). Te (CYIIECTBOBAHIE CIEJlyeT U3 BCE TOIl JKe TeOpeMBI
ITucaropa) 6ymer © = Y coTe = D, ocp Pete = Pr, T. 6. x € im P.
Urak, im P = 57. >

6.3.4. SAMEYAHUE. [IpuBeneHHyI0 TeOpeMy MOXKHO TPaKTOBATH
Kak yTBepieHne 06 m3oMopdusme S ¢ rujib0epTOBO CyMMOI ceMeii-
crBa (He)ece. HyKHOE OTOXKIECTBIICHHE [IPH 9TOM OCYIIECTBIISIET, KAK
BHUJIHO, MHTETpaJ boxHepa, IpeICTaBISIONH B IAHHOM CJTydae IIPOIecC
CyMMUDOBAHMUS.

6.3.5. BAMEYAHUE. Ilyctb h € H — HOPMUPOBAHHBIN SJIEMEHT:
k|| = 1. Ilycrs, mnamnee, Hy:= Fh — ogHOMEpHOE IIOIIIPOCTPAHCTBO B
H, naranyrtoe na hg. g kaxkmoro siaemenTta £ € H u 1pon3BOIBHOTO
ckassipa A € F cupaseyinso

(x — (x, h)h, Ah) = X*((z, h) — (z, h))(h, h) =0.

Buauur, o npeioxennto 6.2.4, Py, = (-, h) ® h. dus obo3HaueHust
9TOr0 OPTONPOEKTOPa YI0OHO HMCHoJb30BaTh cuMBoa (h). Hrak, (h)
x v+ (z, h)h (z € H).

6.3.6. ONIPEAEJEHUE. CeMeiCTBO 3JIEMEHTOB T'MJILOEPTOBA IIPO-
CTPAHCTBA HA3BIBAIOT OPMOHOPMAALHYM (UK 0OPINOHOPMUPOSAHHBIM),
€CJIN, BO-TIEPBBIX, 9TO CEMEHCTBO OPTOTOHAILHO, 8 BO-BTOPBIX, €CJTH HOP-
MBI BXOJMAIIUX B HENO BEKTOPOB PABHBI €QWHUIE. AHAJOMMYHO OIpeie-
JISIFOT OPTOHOPMAJIbHBIE MHOYKECTBA.

6.3.7. /List tr060r0 OpTOHOPMAJIBEHOTO MHOXKECTBa & B H w mpowns-
BoJsIbHOTO 3jeMenTa x € H cemericrBo ({€)x)ccs (6€3yca0BHO) CyMMHPY-
emo. Ilpu sTOM HMeeT mMecTo HepaBeHCTBO becces:

> > (=, e)l*.
e€é

<1 JTIocTaTOYHO COCJIATHCSI HA TEOPEMY O CyMMHUPOBAHUU OPTOIPOEK-
TOPOB, 10O

2 2

ol = [ 37 @2 = |3 @ e =X @ el =

eces ecs ecé
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6.3.8. ONIPEJEJEHUE. OpTOHOPMAJIbHOE MHOYKECTBO & B IUIBOED-
TOBOM TIpocTpaHcTBe H HasbBalOT 2uavbepmosvim basucom (B H), ecan
At Beskoro @ € H oswimosmeno © = Y - »(e)x. Opronopmaibmoe ce-
MeJCTBO 3JIEMEHTOB TMJILOEPTOBA IIPOCTPAHCTBA HA3BIBAIOT I'MJIBOEPTO-
BBIM 6a3UCOM, eCTi OOJIACTh 3HAYEHN 9TOT0 CeMeiiCTBa SIBJISIETCS THJIb-
OepPTOBBIM OA3MCOM.

6.3.9. OproHopMaJIbHOE MHOXKECTBO & SIBJISIETCSI THIIEOEPTOBBIM Oa-
3ucoM B H B TOM 1 TOJIBKO B TOM CJIy9ae, eciId JuHeiHass o6o10dka L (&)
mwioraa B H. <>

6.3.10. OIIPEJAEJIEHUE. ['0BOpSIT, 9TO MHOXKECTBO & yJIOBJIETBOPSI-
er yeaosuro Cmeknosa, ecin &+ = 0.

6.3.11. Teopema CreksoBa. OproHOPMAaJIbHOE MHOXKECTBO SIBJISI-
ercst ruJibOePTOBBIM 0A3UCOM B TOM H TOJBKO B TOM CJIydae, €CJU OHO
yaosserBopsiet ycaouio CTeKJIOBA.

< =: Hyers h € &+, Torna h = Y cgl{e)h = Y cpo(h, e)e =
Y oece 0=0.

< Jnar € H,seuny 6.3.3u624, 2> _clelxeé&t >

e€é

6.3.12. Teopema. B kaxknoM ruapb0epTOBOM HMPOCTPAHCTBE €CThH
ruibepToB 6a3muc.

< Ilo nemme Kyparosckoro — Ilopra B rujibbepTOBOM IPOCTPaH-
crBe H mMeercst MakCuMMaJjbHOE IO BKJIFOYEHUIO OPTOHOPMAJIbHOE MHO-
xkectBo &. Ecmm ects h € H \ Hy, tne Hy := cl.Z(&), o snement
hi := h — Pg,h oproronajen jao00My 3JIEMEHTY U3 & U, 3HAYHUT, [IPU
H +# 06yner &U {||h1||"th1} = &. Homyuuau nporusopeune. B ciyuae
H = 0 nokaswiBaTh Hedero. >

6.3.13. BAMEYAHUE. MOXKHO IIOKA3aTh, 9TO Y JIBYX MMJIb0EPTOBBIX
06a31MCoOB OJIHOTO U TOTO Ke THALOEpPTOBa MpocTpaHcTBa H oaHa u Ta XKe
MOIITHOCTb. DTY MOITHOCTH HA3BIBAIOT 2UAbOEPMO80T pasmeprocmvio H.

6.3.14. BAMEYAHUE. Ilyctb (Z,)pneny — CUYETHAs HOCIIEI0BATEb-
HOCTD JIMHEITHO He3aBUCHMBIX 3JIEMEHTOB TMJILOEpTOBA MpocTpaHcTBa H.
Ilosoxkum emme zg:= 0, eg:= 0, u mycTh

n—1

Yn 1= Ty — Z(ek>xn, en = Yn_ (n € N).
2 ]
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Bumo, aro (yp, er) =0 s 0 < k <n — 1 (manpumep, u3 6.2.13).
CroJib 2Ke HECOMHEHHO, 9TO Y, 7 0, BBUIy 6eckoneunomeproctu H. IIpo
OPTOHOPMAJILHYIO II0CIEIOBATEILHOCTD (€5, )neN TOBOPIT, YTO OHA [OJLy-
YEHA NPOUECCOM OPMO20NAAUIAUUY, AT npoueccom ['pama — IImuo-
ma, U3 MOCJIeJ0BATENbHOCTU (L )pneN. LIpUBIIEKAs POIECC OPTOrOHA-
JIN3aIMU, HETPY/IHO TIOKA3aTh, YTO B MMJIBOEPTOBOM IIPOCTPAHCTBE €CTh
CYETHBINA IUIBOEPTOB 6A3UC B TOM W TOJHKO B TOM CJIydae, €CJU B HEM
HUMeeTCsl CIeTHOE BCIOJY IIJIOTHOE MHOYKECTBO, T. €. €CJIM TO IIPOCTPAH-
CTBO cenapabesvho. <I>

6.3.15. ONIPEAEJEHUE. IlycTh & — ruib0epToB 6a3uc B IpOCTPaH-
crBe H u x € H. YucioBoe ceMe#cTBO T:= (Te)ece B F?, sanammoe co-
OTHOIIEHUEM T := (X, €), Ha3bIBaIOT npeobpasosanuem Pypve djemMeHTa
x (oTHOCHTENBbHO THIBOEPTOBa Gasnca &).

6.3.16. Teopema Pucca — @Pumrepa o6 nzomoppusme. Ilycrs
& — ruapbepros 6asuc B H. Ilpeobpasopanue Pyppre F : x — T (or-
HoCHTeILHO Gasuca &) ectb mzomerpudeckuii uzomopuzm H Ha lo(£).
O6parHoe npeobpaszoparne — cymmuposanue Oypoe F 1 1 1(&) — H
— gerictyer o npauity F N z):= Y cp Tee AMAT:= (Te)ecs € l2(E).
IIpu srom suist mobeix x, y € H umeer mecro pasercrso Ilapcepais

(xa y) - Z /m\e:f/\e*
eceé

< ITo reopeme IMTudaropa npeobpazosanne Oypoe geficTByer B lo(£).
ITo Teopeme 6.3.3, = — 310 snumopdusm. ITo Teopeme Crekmosa, ~— —
monomopdusm. To, uro F 717 = x na z € H uw F~1(z) = x nia
x € [3(&), mecomuenno. PapencTBO

2> =D lIZ* = 1215 (x € H)
e€é
cienyer u3 Teopembl [ludaropa. [Ipu srom
(@, 9) = [ D] e, D Tee | = Y. Belile, €)= &ef). >
ec& ecé& ee’'c& ecé&

6.3.17. BAMEYAHUE. Pasencrsa IlapceBais MoKa3bIBaIOT, 94TO Ipe-
obpazoBanne Pypbe COXpaHseT CKAJSPHbIE POM3BeeHnsA. TakuMm 00-
pa3oM, 3TO peobpa30BaHue — YHUMAPHDIT ONEPAMOP WIH 2UALOEPMOS
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U3OMOPPU3M, T. €. U30MOPPU3M, COXPAHSIONINN CKAJSPHBIE MTPOU3BE-
nenusi. B sroil cBsizu Teopemy Pucca — Quiiepa MHOTIA HA3BIBAIOT
TEOpPEMOil O «TMJILOEPTOBOM U30MOPGU3ME I'MIbOEPTOBBIX IPOCTPAHCTB
(omuoli ruILOEPTOBOIT Pa3sMepHOCTH)>.

6.4. DPMUTOBO CONPSI>)KEHHBIN ONEepaTop

6.4.1. Teopema Pucca o mrpuxoBauuu. Ilycte H — ruinbep-
ToBo npocrparcTBo. st x € H nomoxum ' := (-, z). Torma orobpa-
JKeHHe NITPUXOBAHHS T +— X' OCYIIECTBJISIET H30METPUYECKUIT H30MOD-
¢pusm H, ma H'.

< Sceno, uro © = 0 = 2’ = 0. Ecom xe z # 0, To

[/l = sup |(y, @) < sup ly|| [l=]] < [|=];
lyll<t lyll<1

&'l = sup |(y, @) = |(z/[z]l, =)| =[]
lyll<1
Takum obpazom, x — =’ — uzomerpust H, B H'. IIposepum, uro 3TO
0TOOpaKEHNE SIBJISETCS SMUMOP(OUIMOM.
Mycrs | € H' u Hy:= kerl # H (ecsiu takux | Her, TO JIOKA3bIBATH
newero). Bribepem smement |le]| = 1 Takoit, uto e € Hy", m mosmoxum
gradl:=l(e)*e. Ecm x € Hy, ToO

(gradl)'(z) = (z, gradl) = (z, l(e)*e) = l(e)**(x, €) = 0.

CirenoBaresnbHO, s HeKoTOporo o € F u Bcex x € H B cuny 2.3.12
semosHeno (gradl)’(z) = al(x). B gactHOCTH, IPH 2 := € TOIyYIaeM

(gradl)’'(e) = (e, gradl) =I(e)(e, €) = al(e),
T.e. a=1 0>

6.4.2. BAMEYAHUE. U3 Teopembr Pucca ciemyer, 9To compsizkeH-
Hoe npocrpancTso H' obsajsaer ecTecTBeHHOH CTPYKTYpOil rujibbepro-
Ba IIPOCTPAHCTBA U OTOOparKeHue INTPUXOBAHUS T — T’ OCYIIECTBJISET
rub0epro m3omopdusm H, wa H'. O6paTHBIM 0TOOparkeHmeM IIpu
9TOM CJIY2KAT ITOCTPOEHHOE B JIOKA3ATEJIBbCTBE 2padueHmHoe omobpasice-
nue [ +— gradl. B sToit cBsasu 6.4.1 HaspIBaOT TeopeMoit «00 ob0IIeM
BHJIe JINHEHHOrO (PYHKIIMOHAJIA B I'MJIBOEPTOBOM IIPOCTPAHCTBES.
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6.4.3. I'miaprbepTOBO MPOCTPAHCTBO PehJIEKCHBHO.

< Iycers ¢ : H — H” — apoiiHoe mTpuxoBanue, T. €. KAHOHUIECKOE
BiOXkenue H BO BTOpOe CONPsKEHHOE pocTpancTBo H'' | onpeneneHHoe
coornomenneM z'' (1) = v(z)(l) = l(z), tne . € Hul € H' (em. 5.1.10
(8)). Ilposepum, uro ¢ — snumopdusm. Ilycrs f € H”. Paccmorpum
orobpaxenne y — f(y') mms y € H. $lcHo, uro 310 0TOOpaykeHue
— Jmuednbil Gynkumonan wag H, u, crajno ObiTh, 10 Teopeme Pucca
Haitzercs snement x € H = H,, takoii, uro (y, =)« = (z, y) = f(y')
st kaxkgoro y € H. Umeem o(2)(y') = y'(z) = (z, y) = f(y’) upn
Beex y € H. Tak kak no teopeme Pucca y — y' — orobpaxkenue na H',
nosydaeM o(z) = f. >

6.4.4. Ilycto Hy, Hs — npowusBoJyibHbIE T'HJIEOEPTOBBI MPOCTPAH-
crBa u T € B(Hy, Hy). Torma cymecrByer, 0 OPUTOM €IHHCTBEHHOE,
orobpazkenme T* : Hy — Hy takoe, uro s j06bix x € Hy, y € Ho
BBIIIOJTHEHO

Tz, y) = (z, T"y).

IIpu stom T* € B(H, Hy) u | T = ||T.

< Iyers y € Ha. Orobpaxkenne © — (Tx, y) eCTh KOMIIO3UIHSI
y' oT, T. e. mpexacrapiasier coOO¥ HENPEPBIBHBIN JUHEHHBIN (hyHKIHI-
onan Ha H;. Ilo Teopeme Pucca mmeercss B TOYHOCTH OJUH IJIEMEHT
x € Hy, nna xoroporo ' = y' o T. Tlomaraem T*y := z. fcno, uro
T € ¥(Hy, Hy). Ilomumo sroro, npussiekas HepaBeHcrBo Komun —
ByHSIKOBCKOro 1 HOpMAaTUBHOE HEPABEHCTBO, BHIBOIUM

[Ty, T"y)| = [(TT"y, »)| < ITTyl llyl < ITI 1Tyl [lyll-

Buaunr, [|[T*y|| < ||T| ||ly|| m1s Becex y € Ha, . e. ||[T*|| < ||T||. B 1o xe
Bpemsa T = T**:= (T*)*, v. e. ||T|| = || T < || T*]]. >
6.4.5. OUPEAEJEHUE. Oueparop T* € B(Hs, Hj), 1oCTpOEHHbBII
B 6.4.4, Ha3BIBAIOT 2pMUMOB0 conpsdicernom K T € B(Hy, Hs).
6.4.6. Ilycrs Hy, Hy — ruipbepToBBI IPOCTPAHCTBA, H, KPOME TOI0,
S, T € B(Hy, Hy) u A € F. Torna
(1) T =T;
(2) (S+T) =85*+T%;
(8) (T)" = AT
(4) 77| = |||
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< (1)-(3) — oueBmauble cBojicTBa. Ecim xe ||z]| < 1, To
|Tz||* = (Tx, Tx) = |(Tz, Tx)| = |(T*Tz, z)| <
<NT*Taf| [} < [1TT].

Kpowme Toro, B cuily CyOMyJIBTUIUIMKATHBHOCTI OLEPATOPHOIT HOPMBI 1
npeiozkenus 6.4.4, | T*T|| < [|T*|| [|T|| = ||T||?, aro nokazwisaer (4). >

6.4.7. Ilycto Hi, Hs, H3 — Tpu ruipbepTOBBIX IPOCTPAHCTBA, U
sagansl T € B(Hy, Hy) u S € B(Hs, Hs). Torga (ST)* = T*S*.

< (STx, z) = (Tx, S*z) = (x, T*S*z) (x € Hy, z € H3) >

6.4.8. OIIPEJIEJIEHUE. PaccMorpum mpocTeiiiiyo — 3JjieMeHTap-

T T*

nyio — mguarpammvmy Hy — Hy. Hwuarpammy Hy «— Hs Ha3bIBaioT 2p-
MUMOB0 conpasicennoli K ucxomuoir. Ecim B mpon3BobHOI quarpamme,
COCTABJIEHHON W3 OTrpaHWYEHHBIX JIMHEWHBIX OTOOparKeHuil ruanLoepTo-
BBIX IIPOCTPAHCTB, KaKJas dJIeMEeHTapHasd MTogauarpaMMa 3aMeHeHa Ha

SPMHUTOBO CONPSI?KEHHYIO, TO BO3HUKIIYIO JUATPAMMYy HAa3BbIBAIOT 2PMU-
Mmoo conpAarcenHoli K NCXOJIHOM.

6.4.9. IlpuHIUITT 3pMUTOBA COIMPsS>KEHUs guarpavMm. Jluar-
paMMa KOMMYTATHBHA B TOM W TOJBKO B TOM CJIy4ae, eCJId KOMMYTa-
THBHA SPMHUTOBO COIIPSI’)KEHHAsI K HEH JHarpaMMa.

< Crenyer u3 6.4.7 u 6.4.6 (1). >
6.4.10. Creacrsue. Ilycto T € B(Hy, Hy) u T* € B(H,, Hi).

Omneparop T obpaTum B TOM U TOJIBKO B TOM CJIydae, ecau ooparum T*.
Ipu srom T~ =T, qp>

6.4.11. Caexcreue. /Ins T € B(H) Bepro A € Sp(T) & \* €
Sp(T™). <>

6.4.12. IIpuHNUI 3pMHUTOBA CONPSI>KEHUST OCJIEI0BATE/Ih-
HOCTel (cp. 7.6.13). IlocseioBaTeIbHOCTS

Tk Trt1
e Ho Do, M —

TOYHa B TOM U TOJIBKO B TOM CJIydae, €CJIM TOYHa 9PDMUTOBO COIIPA>KCHHasd
rmocJjie10BaTeJIbHOCTD

Ty Ty
e—Hy | < H, S Hypy — ... <>
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6.4.13. ONIPEAEJEHUE. Hneoa10muenots arz2ebpoti Win x-an2ebpot
(nay ocHoBHBIM moJieM [F) HasbiBaioT anrebpy A ¢ unsoaoyued *, T. e.
¢ orobpaxkeHueM a — a* B A TakuM, 9TO

(1) a** =a (a € A);

(2) (a+b)*=a*+b" (a, be A);

(8) (Aa)* =Xa* (Ae€TF, ac A);

(4) (ab)* =b*a* (a, be A).
Banaxosy anrebpy A ¢ musosmornmeit *, 1j1s Koropoit |a*al| = ||a||? mpn
Bcex a € A, HaspiBator C*-aa2e6pofi.

6.4.14. IIpocrpancrso B(H) sHmzoMopgu3mMoB ruji6eproBa mpocT-
parcrBa H mpencrapisier coboii C*-ajrebpy (0THOCHTEIBHO OHEPALHil
IIPOU3BEIEHUST OIIEPATOPOB U MEPEX0/[a K SPMHTOBO COIPS2KEHHOMY OITe-
paropy B KadecTBe I/IHBO.]HOI_U/H/I). <>

6.5. DpMUTOBBI OTIEPATOPDI

6.5.1. ONPEAENEHUE. [lycts H — rusibbepToBO TPOCTPAHCTBO HAT
nosieM F u T € B(H). Oueparop T Ha3bIBAIOT 9pMumossbim (WM camo-
conpaoicenmvim), ecom T = T*.

6.5.2. Teopema Pajres1. /lyis1 sapmuroBa oneparopa T umeer mecTo

DAaBEHCTBO
1T = sup [(Tz, z)|.
flzll<1

< Iyers t:= sup{|(Tz, z)| : ||z|| < 1}. dcuo, uro |(Tz, x)| <
|Tz|| ||z]| < T, xak Tombko ||z|| < 1. Craso 6bits, t < ||T.

Tak kak T = T*, vo (Tx, y) = (z, Ty) = (Ty, z)* = (y, Tx)*,
T e. (z, y) — (Tz, y) —spmurosa dopma. 3uauut, B cuiry 6.1.3 u 6.1.8

4Re(Tz, y) = (T(z +y), z+y) —(T(z—y), z—y) <
< t(llz +yl* + llz — ylI*) = 2t(l|[* + [ly[I*)-

Ecin Tz = 0, 1o siBro ||Tx| < t. Iycrs Tx # 0. Torma upm ||z < 1
s y:= ||Tx|| Tz 6yner

Tx Tx
72l = el (g ) =
[Tl Ta]
1
= (Tw, y) = Re(Tw, y) < 5 t (|2 + |Ta/|T2] |*) <t

re. |7 = sup{|[Tal|: ol <1} <t. >



6.5. DpMHTOBBI O1IEPATOPBI 123

6.5.3. BAMEUAHUE. Kak ormedeno B jokazarenbcrse 6.5.2, Kaxk-
JIbIi 3pMuTOB onepaTtop 1’ B rusbepToBoM npoctpancTBe H mopoxpaer
spmutoBy dbopmy fr(x, y):= (Tx, y). Iycrs, B cBoO ouepennb, f —
spmuToBa dopMa, mpuUueM st Kaxkgoro y € H dynxkumonan f(-, y)
HernpepbiBeH. Toryma B cuiy TeopeMbl Pucca Halijercs syiement Ty u3
H raxkoit, uro f(-, y) = (Ty)’. Ouesnmuo, T € Z(H) u (z, Ty) =
flz, v) = fly, ©)* = (y, Tx)* = (Tz, y). Moxuo ybenurbcs, 4TO
B aroM ciaydae T € B(H) u T = T*. Kpowme rtoro, f = fr. Takum
obpaszom, B onpezesnerunn 6.5.1 yciaopue T € B(H) MOXHO 3aMEHHUTH
yeaosueM T € Z(H) (reopema Xesumurepa — Témmmna, cM. 7.4.7).

6.5.4. Kpurepuii Beiias. Hucio \ j1eKUT B COEKTPE 3PMHTOBA
oneparopa T B TOM H TOJIBKO B TOM CJIy9ae, €CJIu

| irH1f1 |Az — Tz| = 0.

< = Iyers t:= inf{||Ax—Tz| : « € H, ||z|| =1} > 0. Ycranosnu,
aro A ¢ Sp(T). Hna kaxmoro x € H seimonueno |[Ax — Tz| > t||z||.
Crano 6birh, Bo-1iepBbIX, (A — 1) — MoHOMOPDU3M, BO-BTOPBIX, Hy:=
im(A—T) — samrHyTOE mOAIPOCTPAHCTBO (U60 ||(A—=T)Zpm—(A=T)zk|| >
t||zm — k||, T e. «upoobpas nocienoparesprocTn Ko dyHmamenTa-
Jen») u, Hakomer, B-tperbux, (A — T)~! € B(H), xak Tonbko H = Hy
(8 Taxoit curyarmum ||R(T, A)|| < t7!). lomycTmm, BOIpeKn J0Ka3bi-
Baemomy, uto H # Hy. Torma cymectsyer y € Hg, mjis KOToporo
llyll = 1. IIpu Bcex = € H 6yner 0 = (Az — Tz, y) = (z, N'y—Ty), T e.
My = Ty. Hanee, \* = (Ty, y)/(y, y) u u3 spMuroBoctu T BHIBOAUM
A* € R. Orcioma A* = A u y € ker(A — T'). Ilomyunsnu nporusopeune:
1= Jlyll = fol] = o.

<: Ecim A ¢ Sp(T), To mmeercs pesoabsenta R(T, \) € B(H).
[Mostomy inf{||Az — Tz| : |lz|| =1} > |R(T, )|~ >

6.5.5. Teopema o rpanurnax caekrpa. Ilycrs T — s3pMHTOB ome-
parop B ruibbeproBoM mpocrpaHcTBe. Tlomoxkmm

mr:i= ”iﬂlf (Tx, z), Mr:= sup (Tz, x).
zll-1 lel=1

Torga Sp(T) C [mg, Mr| u my, My € Sp(T).
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<1 YuuTbiBas 3pMUTOBOCTH ortepaTopa I —Re A B paccmarpuBaemom
npocrpancTee H, U3 TOXIecTBa

Az — Tz||? = [Tm AP||z]|* + || Tz — Re \z|?

Ha ocHoBanuu 6.5.4 nonxygaem sriodenue Sp(T) C R. Ecau A < mrp,
TO Jyis saeMeHTa x € H ¢ exunuanoil Hopmoii ||z|| = 1 o mepasercTBY
Kommu — Bynsikosckoro 6.1.5

Az = Tz|| = [[Az = T|| [[z]| > [(Ax = Tz, z)| =
=A== (Tz, z)| =Tz, z) = A>mp — A >0.

Anesusinus k 6.5.4 naer: A € res(T'). Ecau xxe A > My, To anasoruy-
HBIM 00pa3oM

M —Tz| > |(Ax—Tx, )| = |A—(Tx, )] = A—(Tx, ) > A\—Mp > 0.

BHoBb A € res(T'). Okonuarensro Sp(T') C [mr, Mr].
IMockonbky (Tx, ) € R upn € H, To B cuty 6.5.2

1T = sup{|(Tz, )| : |zl <1} =
=sup{(Tz, z)V (—(Txz, z)): ||z|| <1} = My V (—m7).
Homnycrum cHavasa, aro A:= ||T|| = Mp. Eciu ||z|| = 1, To
Az — Tz||* = A2 = 2X\(Tx, )+ ||Tz|* < 2|T|* - 2||T|[(Tx, x).
Wnaue ToBops, CipaBeInBa. OIEHKA,

inf ||A\z — Tz|®> <2||T| inf (|T| - (Tz, z)) = 0.
ll=]=1 l[=]=1
ITpusiekas 6.5.4, 3akimouaem: A € Sp(7).

Pacemorpum Tenepns omeparop S := T — myp. cwo, uyro Mg =
Mp —mp > 01 mg = mp —myp = 0. Takum obpazom, ||S|| = Mg n
no yxe gokazanaomy Mg € Sp(S). Orcioma cienyer, uro My BxomuT B
Sp(T), ubo T' = S + my, a My = Mg + myp. Ocrajoch 3aMeTHTh, YTO
mr =—M_r u Sp(T) = —Sp(-T). >

6.5.6. CieacrBue. Hopma spMHTOBA ollepaTopa pPaBHA PaHyCy
ero crekTpa (U CHeKTpajbHOMY pPaguycy). <>

6.5.7. CaeacrBue. DpMHUTOB ONEPATOD SIBJISIETCST HYJIEBBIM B TOM
U TOJIBKO B TOM CJIydae, €CJIH Yy Hero HyJIeBO# cIeKTp. <>
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6.6. KoMnmaKTHbIE SDMUTOBBI OIIEPATOPHI

6.6.1. ONPEAEJEHUE. Ilycts X u Y — 6aHaxXOBBI IPOCTPAHCTBA.
Ouneparop T € Z(X, Y) naspiBaior xomnaxmmowm (IIPA 9TOM HUIILYT
Te#(X,Y)), eciu o6pa3 T(Bx) exunuuanoro mapa By B X orHocu-
TEJIHLHO KOMIIAKTEH B Y.

6.6.2. 3AMEYAHUE. IlogpobHoe mccieoBanre KOMIIAKTHBIX OIe-
paTopoB B DAHAXOBBIX IIPOCTPAHCTBAX COCTABJISIET COJIEPIKAHUE TEOPUU
Pucca — laynepa. DTa Teopusi pacCMOTpPEHA B TI. 8.

6.6.3. IIycrp T — KoMmmakTHBIH 3pMUTOB orteparop. Ecam 0 #£ X\ €
Sp(T), To A — cobersennoe uncao T, 1. e. ker(A —T) #£ 0.

< o xpurepuio Beiiig st HEKOTOPOI 1IOCIIEI0BATENLHOCTH (X, )
Takoif, uro ||z,|| = 1, Bemoaneno Az, — Tz, — 0. He napymas
obmHOoCTH, Gy/IeM CYMTaTh, UTO MOcjenoBaTeabHocTh (T,) cxomurces
K y:= limTz,. Torga usz roxuecrsa \x, = (Ax, — Tzy) + Tx, nomy-
gaeM, 4To cymiecrByer upejaesn (Axp) u y = lim Az,. Cienosaresnbho,
Ty = T(lim Az,) = AMlimTz,, = Ay. Tak kax ||y|| = |A|, 3axirouaem,
YTO Y — COOCTBEHHBIN BekTOp 1. >

6.6.4. Ilycte \i, Ao — pasyimdHbIe COOCTBEHHBIC YHCJIA SPMHUTOBA
omepatopa 1T, a x1, To — oTBeYaloIHe \1 H Ao COOTBETCTBEHHO COO-
cTBeHHBIE BeKTOPHI (T. €. x5 € ker(As —T), s:= 1, 2). Torma x1 u x4
OpPTOrOHAJIHHBI.

1 1 Ao
< (1’1, {L'Q) - f(T"El, IIZQ) - 7(1;1’ TIEQ) - f(l’h 372) >
A1 A1 A1
6.6.5. /List Besikoro € > (0 BHe mpOMeXKyTKa |—¢, €| MOXKeT JiexkaTh
JIIITL KOHEYHOE YHCJI0 COOCTBEHHBIX YHCe]I KOMIAKTHOTO 3PMHUTOBA, OIle-
paTopa.

< IIycrb (Ay)nen — HOCIIEIOBATEIBLHOCTD IONAPHO PA3JIMIHBIX COO-
crBeHHbIX unces T, npudem |\,| > e. Ilycrs, nanee, &, — coOGCTBEHHBIH
BEKTOp, OTBeYaomuil A, u Takoil, uro ||z,| = 1. B cuiy 6.6.4 umeem
(zk, Tm) =0 upu m # k. 3uauwur,

| T2 — Tg|* = |Twm||* + | Top|* = X7, + A > 2¢%,

T. e. 1OCJae0BaTeIbHOCTE (1'Ty)pneN HE SBJISETCS OTHOCUTEILHO KOM-
nakTHOU. [losyduian mpoTuBopeyne ¢ KOMIAKTHOCTBIO 1. >
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6.6.6. Jlemma o pazbumennn crnektpa. Ilycrs T — kKoMIOaKTHBIH
9pMUTOB oneparop B ruisbeprosoM npocrparcrse H u 0 # X € Sp(T).
Honoxum Hy := ker(A — T). Torma H) KOHEUHOMEPHO M Da3JIOKEHHE
H=H,¢H )f npusogur 1. Ilpu 3T70M HMeeT MecTO MaTpPHUYHOE IIPe/-

cTraBJIEHHUEe
A0
T~ (0 TA) ’

e omeparop Ty — dacts T' B H f\- — 3PMHTOB H KOMITAKTEH, IPHIEM
Sp(Tx) = Sp(T) \ {A}.

<1 Ilognpocrpanctso H) KOHEYHOMEPHO BBUJY KOMIIAKTHOCTH 1.
ITomumo sroro, H, WHBAPHMAHTHO OTHOCUTEJBHO 1. 3HAYUT, OPTOro-
HasIbHOE JonosHenne Hy nommpocrpancrsa H) — MHBADHAHTHOE IOJI-
upocrpasrctso T*(= T'), u6o omomnnero (Vo € Hy)(z, h) =0= (Vz €
H))(T*h, z) = (h, Tx) =0.

Yacrw oneparopa T' B Hy — 910 s1BHO A. KOMITAKTHOCTDH M 9PMUTO-
BocTb yactu 1 oneparopa T' B H /\L necomuenHbl. CTOJIb K€ 0YEBUITHO,
9TO IpPH [t # A omepaTop

_N,uf)\ 0
net <0 u—TA>

o0paTuM B TOM U TOJIBKO B TOM ciy4ae, eciau obparum pu — Ty. fAcuo
TaK’XKe, ITO A He SIBJISeTCs COOCTBEHHBIM dmcIoM Ty. >

6.6.7. Teopema I'masb6epra — IlIMmuara. Ilycto H — ruanbep-
TOBO MPOCTPAHCTBO U 1T — KOMIMAKTHBIIH 3pMuTOB onepaTop B H. IlycTs,
agagtee, Py — opronpoekrop na ker(A —T') gz A € Sp(T). Torza BoI-

ITOJIHEHO
T = Z APy.
AeSP(T)

< Ilpusnekas nyxKkHO€ Yncao pa3 6.5.6 u 6.6.6, /s 1000TO KOHEU-
Horo noamuokecrsa 6 B Sp(T') nosrydaem

HT — ZAP,\

A€l

=sup{|A|: A€ (Sp(T)U0)\ 6}.

Ocraerca cocsarbed Ha 6.6.5. >
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6.6.8. 3AMEYAHUE. Teopema [minbepra — Illmumara comep:kuT
HOBYIO WH(MPOPMAIIHIO [T0 CPABHEHUIO ¢ KOHEYHOMEPHBIM CJIy9aeM 10 CyTH
JleJia JIMIIb TOTJIa, Korja omeparop 1 «OeCKOHEYHOMEDEH», T. €. UMEeEeT
GECKOHETHOMEePHBIH 06pa3 WM, 9To TO ¥Ke camoe, ecm Hg- — Geckoned-
HoMepHoe npocrpanctso (Hy:= kerT'). HeiicTBuTesbHO, ecim oneparop
T KOHEYHOMEpEH, T. €. MMeeT KOHETHOMEPHBIN 00pa3, TO MOIIPOCTPAH-
crBo Hy- mzomopdno sTomy o6pasy u, cTajno GbITh,

n n
T = Z/\k<ek> = Z)\ke;v X ek,
k=1 k=1

rae Ai, ..., A\, — HEHyJIeBble TOUKH CIIeKTPa 1, «B3sATbIE C yIETOM KPaT-
HOCTHY», & {e1,...,e,} — OpToHOpManbHLIH Gasuc B Hy , BHIGpPAHHBIIT
JOJIZKHBIM 00Pa30M.

Teopema I'mibbepra — IlIMuara MOKa3bIBAET, 9TO ¢ TOYHOCTHIO JIO
3aMeHbI CyMMBI PSIZIOM OECKOHEYHOMEDPHBIE KOMIIAKTHBIE SPMUTOBbI OIle-
paTOpBl yCTPOEHBI TaK Ke, KaK U KOHEYHOMEpHbIe. B camMoM neje, mpu
A % p, Tre A, [t — HEeHyJIeBble TOUYKM creKTpa 1', cOBCTBEHHBIE TOIITPO-
crpancrsa H)y n H,, KoHeYHOMEPHE! I OpPTOroHAALHLL. [Ipm sToM rumin-
6eproBa cymMa @ esp(r)\oH) paBHa Hg" = clim T, w60 Hy = (imT)*.
Crpos «110 IOpsIIKY» 6a3UChl B KOHEIHOMEPHBIX IpocTpancTBax Hy (ie-
PEHyMEPOBbIBasi COOCTBEHHBIE YUC/IA «B IHOPsiJKe YOBIBAHMS MOIYJIEH U
C y4YeTOM KpPaTHOCTH», T. €. IoJjiaras Aj := Ag = ... := AdimH}q
ALy AdimHy, 3 7= -+ 1= Adim Hy, +dim Hy, = A2 X T. I1.), OJIy4aeM pas-
sgoxenne H = Hy @ Hy, © Hy, ® ... u npeicrasjeHue

T = Z)\k<ek> = Z)\keﬁc & ek,
k=1 k=1

rae p4l CYMMHUPYETCd B OLlepaTOpPHONA HopMe. <>

6.6.9. Teopema 06 obieM BUe KOMIIAKTHOTO OII€pPaTopa.
Hycre T € # (Hy, Hy) — 6eckoHEYHOMEDHDI KOMIAKTHBIH OHEPATOP,
JeiicTByromuii u3 rubbeproBa npocrpancTBa Hi B ruabnbeproso mpo-
crparcrBo Hy. CyimectByror oproHOpMaJibHbIe cemeiicTBa (ex)gen B Hi,
(fx)ken B Ha u cemeticro gucen (pg)ren B R\ 0, ug | 0, mist koropbix
CIIPABEIUBO TIPEJICTABICHHE

oo
T = Zukeﬁf ® fr.
k=1
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< Homoxum S := T*T. Tlousarro, urto S € B(H;) u S KOMIakTeH.
[Tomumo storo, (Sx, z) = (T*Twx, x) = (Tx, Tz) = ||Tz|* 3nauur,
B cuity 6.4.6, S spmuroB u Hy:= ker S = kerT. Ormerum Takzxke, 4To
Sp(S) C R 1o reopeme 6.5.5.

[yctsb (ex)ken — OPTOHOPMAaNbHBIH Gasuc B Hg m3 coGCTBEHHBIX
BeKTOPOB S U (Ag)keN — COOTBETCTBYIOIAs YOBIBAIONIAS IIOCTIEI0BA~
TeJIbHOCTH [OJIOXKUTEJNbHBIX COOCTBEHHBbIX 3HadeHuit Ay > 0, k € N (cp.
6.6.8). Torna snement x € Hy MOXKHO pazioxkuThb B psij Dypbe

oo

x — Ppyx = E (z, eg)ek.
k=1
Takum obpasoM, yuurtbiBas, 4ro I'Pr, = 0, u mosnaras py = VAp 1
fri= Mngek, oIy 9aeM
(o] o0
szg(m ekTekfg x, eg) Tekfg ez, er)fr.
k=1 k=1 k=1

CewmelicTBo (fi)keN OPTOHOPMAJIBHO, H6O

Te, Ten 1
(e, € ) = (Tey,, Ten) =

(fns fm)

Hn Hm Mo fon
1 *
= ——T"Ten, em) = (Sen, em) =
Hon o, Hon
1
— 7()\716717 em) — &(ena em)-
Hns Hm Hm

IIpusnekast Temepsb mocemoBaTebHO Teopemy [Indaropa n HEpaBeHCTBO
Beccesst, BeIBOIUM:

-

oo o0

= > il e <ha Yo e en)® < Al

k=n-+1 k=n-+1

2 0o 2

> (s e fi

k=n+1
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OkoHYATEbHO, YUUTBIBasI COOTHOIIEHUE A | 0, mmeem

n
T*ZMkBZ@)fk <ppe1 — 0. >
k—1

6.6.10. SAMEYAHUE. Teopema 6.6.9 o3Hauaer, B 4aCTHOCTH, UTO
KOMIIAKTHBIE ONEePATOpPbl (M TOJBKO OHU) CYTh TOYKH [IPUKOCHOBEHUSI
MHOYKECTBa, KOHEITHOMEPHBIX OIIEPATOPOB. DTOT (PAKT BBIPAKAIOT EIIe
U TaK: <«TMJIbOEPTOBO MPOCTPAHCTBO 00J/IAIA€T CBOWCTBOM AIIPOKCHMa~
[AT>.

YnpakHeHust
6.1. Haiitu xpaiiHue TOYKM m1apa ruib0epToBa MPOCTPAHCTBA.

6.2. BroisicHUTB, KaKue U3 KJIaCCUYECKUX OAHAXOBBIX MPOCTPAHCTB I'UJILOEPTO-
BbI, & KaKhe — HeT.

6.3. Byzger mu runb6epToBBIM (DaKTOP-IIPOCTPAHCTBO I'HIBOEPTOBA IIPOCTPAH-
crBa?

6.4. Kakmoe um 6aHAXOBO NMPOCTPAHCTBO BKJIAIBIBAETCA B T'MJIBOEPTOBO IIPO-
CTPaHCTBO?

6.5. Moker 1 OBITH I'HJIBOEPTOBBIM IIPOCTPAHCTBO ONPAHMYEHHBIX SHIOMOD-
du3mMoB rusbbepToBa NPOCTPaHCTBA?

6.6. Onucarnb BTOPOE€ OPTOrOHaJIbHOE JOIIOJTHEHHWE K MHOXKECTBY.

6.7. JlokazaTh, YTO HU ONMH I'MILOEPTOB 6a3uC GECKOHETHOMEPHOIO I'MIIbOEp-
TOBa IPOCTPAHCTBA He sABJIsieTcst 6azucoM lamers.

6.8. IlocTpouTh Ha OTpe3Ke HAMIIYUIllee IPUOIMKEHNE B MeTPUKe Lo IOoJIMHOMA
creneHy n + 1 MOJIMHOMAMU CTENeHH He BBIIIE M.

6.9. JToxasath, uto | y B TOM M TOJbLKO B TOM ciydae, ecau ||z + y||2 =
lzll® + [lyll* w fle + iyl = [l«]|* + [lyl|>.

6.10. /Ly orpanuyeHHOro orneparopa 7' yCTaHOBUTH COOTHOIIIEHUS
(ker )t =climT*, (imT)’ = kerT*.

6.11. BbIsICHUTB CBSI3M MEK/Iy SPMUTOBBIMU (POPMaMM M SPMUTOBBIMU OIEPa-
TOpaMU.

6.12. HaiiTu 3pMUTOBO COIIPsI2KEHHBIE OIIEPATOPHI K OllepaTopaM CJIBUTa, YMHO-
JKeHHsl, K KOHEYHOMEPHOMY OIlepaTopy.

6.13. [lokasaTb, YTO OIepaToOp B I'MJIBLOEPTOBOM IPOCTPAHCTBE KOMIIAKTEH B
TOM M TOJIBKO B TOM CJIy4ae, €CJIM KOMIIAKTEH SPMUTOBO COIPSKEHHBIA K HEMY OIle-
parop. Kak cBsizaHBI COOTBETCTBYIOINE KAHOHUYECKUE MIPEJICTABJIEHUS STUX OIEepa-
TOpOB?
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6.14. Ilycrs usBecTHO, uTo oneparop 7' — usomerpus. Byzxer jau m3omerpueii
oneparop 1*7

6.15. Yacmuunasa udomempus — 3TO OIEPATOP, SBJIAIONIAICS U30METPpUeH Ha
OPTOrOHAJILHOM JOIIOJIHEHUH CBOEro sijpa. KakK yCTpOeH SPMHUTOBO CONPSI?)KEHHBIH K
YaCTUIHON M30METPUU OMEPaTop?

6.16. KakoBbl KpaliHye TOYKYU eJUHUIHOIO IIapa B IPOCTPAHCTBE SHIOMOPdU3-
MOB T'HJIBOEPTOBa IPOCTPAHCTBA?

6.17. Jloka3aTb, 4TO IIPU CY2KEHHMH Ha IIap cjiabasi TOIoJiorus cernapabessbHOro
ruIb6epPTOBa IPOCTPAHCTBA CTAHOBUTCS METPU3YEMOIA.

6.18. JlokaszaTb, 4TO MAEMIIOTEHTHBIN onepaTop P B ruyibGEpTOBOM IIPOCTPAH-
CTBE SIBJISIETCSA OPTOIPOEKTOPOM B TOM U TOJILKO B TOM CiIy4ae, eciau P KoMMyTupy-
er ¢ P*.

6.19. Ilycte (aki); ;o — OeckomeuHas MaTpuIa Takas, IToO ap; > 0 1 Beex
k, |l u, KpoMe TOro, UMEIOTCH TaKxKe pg u (3, v > 0 Takue, 9TO

e o] oo

Z apipr < Bpi; Z aripr <ypr (k, LEN).

k=1 =1

Torza cymecrsyer oneparop T’ € B(l2) Takoit, uro (e, e;) = ap u ||T|| = /By (rzme
€}, — KAHOHMYECKHil 6a3uc B [z, COCTABJICHHBIH XapaKTEPUCTUUECKUMHU (DyHKIIUIMU
Touex u3 N).



I'maBa 7

IIpuHITNTTBI 6aHAXOBBIX
MIPOCTPAHCTB

7.1. OcHoBHoIl mpuHIIMO Banaxa

7.1.1. JlemMma o TOoJIOrH9eCKOM CTPOE€HUH BBIITYKJIOTO MHO-
s>kectBa. Ilycrs U — BBIITyKJI0€ MHOXKECTBO C HEITyCTOH BHYTPEHHOCTDHIO
B (MysbTH)HOpMEpOBAaHHOM Hpocrpancrse: int U # &. Torma

(1) 0<a<l=acd U+ (1—-a)intU CintU;
(2) coreU =intU;

(3) clU =clintU;

(4) intclU =intU.

< (1) st ug € intU B cuny 5.2.10 mHOXKecTBO int U — ug — or-
KpbITas oKkpecTHOCTh HyJisi. Orciona npu 0 < o < 1 mosmygaem

acU CcalU Ccal + (1 —a)(intU —up) =

=aU+ (1—a)intU — (1 —a)up C
CaU+(1—-a)U—-(1—-a)up CU — (1 —a)ug.

Taxkum obpasom, (1 — a)ug + aclU C U u, cramo 6eitb, U conep-
KUt (1 —a)intU + aclU. TlocieaHee MHOKECTBO OTKPBITO, HOO TIPeI-
craBjisier coboil pesysbTar cioxkeHus «clU ¢ OTKPBITBIM MHOXKECTBOM
(1—a)intU.

(2) Hecomnuenno, uro intU C coreU. Ecim xe ug € intU n u €
core U, To nyist HeKoTopbix u1 € U n 0 < a < 1 6yzmer u = aug+(1l—a)uy.
ITockonbky uy € clU, na ocnoanuu (1) sakmodaeM: u € int U.
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(3) HonsitHo, uro clintU C clU, ubo intU C U. Ecuu, B cBowo
ouepesib, u € clU, 1o, BBIOGPaB ug € int U 1 MOJ0KUB U, := aug+(1—a)u,
BUJUM: Uy, — w 0pu o — 0 u u, € intU, xorma 0 < a < 1. Urak, mo
mocTpoennto u € clint U.

(4) U3 Brmouennit int U C U C ¢l U Berrekaer, 9ro int U C intclU.
Ecsu teneps u € intclU, To, B cuny (2), u € coreclU. 3ua4ur, BHOBb
BBIIEsAS Uy € int U, mogeimem uy € clU n 0 < a < 1, 1ij1s1 KOTOPBIX U =
aug + (1 — a)uy. Ipusmnekast (1), okoHYaTeIBHO BBIBOAMM: U € intU. >

7.1.2. BAMEYAHUE. B ciydae KOHEUHOMEDPHOCTH pPACCMATPHUBAE-
MOro npocrpancrsa ycaosue int U # @ B mynkrax 7.1.1 (2) u 7.1.1 (4)
MOXKHO OIIYCTUTh. B OECKOHEUHOMEPHOI CUTYAIMK HAJIUYINEe BHYTPEHHEH
TOYKH, KaK [MOKA3BIBAIOT MHOTOYUCJIEHHBIE TIPUMEPBI, — 9TO CyIIEeCTBEH-
Hoe TpeboBanue. B wactrOoCTH, Tak obcrout meso npu U := B., NX, rue
Co — TPOCTPAHCTBO CXOJSINNUXCS K HYJIIO TOCJIeI0BaTeabHoCTel, a X —
[IO/TTPOCTPAHCTBO (DUHUTHBIX MOCJIEIOBATEILHOCTEH B ¢, T. €. IIpsMasi
CyMMa, CYETHOI'O YHCJIa 9K3EMILISIPOB OCHOBHOIO IOJIsA. B camom jeie,
6eccriopuo, core U = @ u B To ke Bpems clU = B,,. <>

7.1.3. OIPEAEJEHUE. Muoxecrso U B (MyJIbTU)HOPMUPOBAHHOM
npocTpaHcTBe X HA3BIBAIOT UJEAALHO 6LINYKAbIM, ecin U BBIIEPKUBA-
eT 0O0pa3oBaHUE CUEMHBLL GuINYKALEL Kombunayutld. Todanee rosops, U
UJIEAJIBHO BBIMIYKJIO, €CJIM, KAKOBBI Obl HU OBLIN IOCJIE€I0BATEILHOCTU
(Oln)nEN u (un)nENa rae a, € Ry, 220:1 ap = 1w u, €U, g Ko-
TOPBIX DS Y 4 Oy cxoauTC B X K JIEMEHTY U, BBIIOIHEHO U € U.

7.1.4. ITPUMEPHI.

(1) Hapasmienpublii (Ha BEKTOp ug) HEPEHOC T +— T + Ug
«COXpaHsIeT» HJEAJIbHYIO BBIILYKJIOCTb.

(2) 3aMKHYTOE BBIIYKJIOE MHOXKECTBO HJIEAJIHHO BBIIIYKJIO.
(3) OrKpbITOE BBILYKIIOE MHOXKECTBO HJI€AJIBHO BBIILYKJIO.

<1 B camom gmene, nycts U orkpbiTo U BhInykJ0. Ecaun U = &, To
JoKa3bpiBaTh Hedero. Ecmum xe U # &, 1o no 7.1.4 (1) MoxHO cun-
tath, 90 0 € U m, sHaunt, U = {py < 1}, rme py — dyHKIHO-
Haa Munakosckoro muoxkecrBa U. Ilyerb (up)neny 4 (Qp)neny — 1O-
crepoBarensrocte B U n B Ry rtakme, aro Y.~ o, = 1 u smement
wi= Y anpu, #e monan B U. B cuny 7.1.4 (2), u nexur B clU =
{pv < 1} u, cramo 6bite, py(u) = 1. C mpyroit CTOPOHBI, SICHO, UTO
pu(u) < > anpu(u,) <1 =3 a, (cp. 7.2.1). Hrak, 0 =
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o0 o0
3 (an — anpo(un)) — S5, an(1 = pu(un)). Orcioma a, — 0 s
Bcex n € N. Ilosyumnan nmporuBopeune. >
(4) ITepeceuenmne mpou3BOJIBHOIO CeMEHCTBA HI€AJIbHO Bbl-
HYKJIBIX MHOXKECTB HeaJbHO BBIILYKJIO.

(5) BbimmykJi0e HOAMHOXKECTBO KOHEIHOMEPHOI'O IIPOCTPAHCT-
Ba mJieaJIbHO BBIIIYKJIO. <[>

7.1.5. OcHoBHot#i npudanun Baxaxa. B 6amaxoBoM mpocTpaH-
CTBE HJIeaJIbHO BBIIIYKJIOE MHOXKECTBO C ITOIJIOIIAOIIIM 3aMbIKAHHEM STB-
JISIETCST OKPECTHOCTHIO HYJISI.

< Ilycts U — Takoe muozkecTBo. Ilo yciroBuro mis paccmMaTpruBaeMo-
ro 6amnaxosa mpoctpancTBa X BbInoHEHO X = Upenyn clU. Ilo Teopeme
Bapa X — meromee mMHOXKeCTBO u, crajo ObITh, Haiimerca n € N, mst
koroporo intnclU # @. Takum obpasom, intclU = 1/n intnclU # @.
Hawm mszBectHo, uto 0 € coreclU. 3maunt, Ha ocHoBanum 7.1.1 3akiro-
qaeM: 0 € intclU. Wupivm ciosamu, cymecrsyer & > 0 Ttakoe, 9To
clU D dBx. CraenoBaTeabHO, UMEET MECTO COOTHOIIECHUE:

1 0
e>0=c-U D -Byx.
€ €

C moMOMIBIO TPUBEIEHHON NMILIAKAIAN nposepuM, ato U D §/2 Bx.

ITycrs 9 € 6/2 Bx. Tonaras e:= 2, Buibepem y; € 1/e U u3 yeno-
Bus ||y1 — xo|| < 1/2¢d. Ilomyuaem smement uy € U, mjs KOTOPOro
11/2uy — x| < 1/266 = 1/46. Tonaras Tenepb g:= —1/2uy + 2o u
€:= 4 ¥ IpUMEeHsa UPEeIbIIYINNe PACCYKICHAS, OOHADY KIBAEM 3JIEMEHT
ug € U rakoit, uro ||1/4ug + 1/2u; — xo|| < 1/2e6 = 1/86. Ilpomon-
JKasi TIPUBEJICHHBIN TIPOIECe TI0 WHIAYKITUN, CTPOMM TOCIEI0BATETLHOCTD
(tn)nen B U, 06aJaiomyio TeM CBOfiCTBOM, 9TO psfx » o 1/2™ u, cxo-
aurest K xo. 1lockoumbky > oo 1/2" = 1 u muoxecrBo U mpeanbHO
BBIIIYKJIO, BEIBOIUM: To € U. >

7.1.6. B 6anHaxoBOM NPOCTPAHCTBE y UJIEAJTBHO BBIIIYKJIOIO MHOXKE-
CTBAa COBIAJAIOT /]P0, BHYTPEHHOCTD, /PO 3aMbIKaHUs 0 BHY TDEHHOCTD
3aMbIKAHUSI.

< Hcno, uro intU C coreU C coreclU. Ecau u € coreclU, To
(U — u) = clU — u — momomaroriee MHOXKeCTBO. IIpu mapaJsuiesibHOM
[EPEHOCE UEATHbHO BBIYKJIOE MHOXKECTBO MEePeiIeT B UIeaIbHO BBITYK-
jgoe muHOXKecTBO (cM. 7.1.4 (1)). 3Bmaumrt, U — u — OKPECTHOCTb Hy-
Jisg 10 OCHOBHOMY mpuHInny Bamaxa 7.1.5. B cmny 5.2.10, u Bx0auT
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B intU. Urak, intU = coreU = coreclU. Ilpusnekasa 7.1.1, umeem
intclU =intU. >

7.1.7. npo m BHyTPEHHOCTH 3aMKHYTOT'O BBIIYKJOI'O MHOXKECTBa
B 6aHAXOBOM IIPOCTPAHCTBE COBIAAIOT.

< BaI\/IKHyTOe BBIIIYKJIO€ MHOXKECTBO HJieaJIbHO BBIIIYKJIO. [>

7.1.8. BAMEYAHUE. Anajus 7.1.5 mokasbiBaeT, 4TO ycJioBue DaHa-
xoBocTHu B 7.1.7 ucrop30Ban0 He B 101HON Mepe. CyIIecTByIOT IpUMepPbI
HEIIOJIHBIX HOPMHUPOBAHHBIX MTPOCTPAHCTB, B KOTOPBIX sSIJIPDO U BHYTPEH-
HOCTB y JII0OOT0 3aMKHYTOTO BBIIIYKJIOTO MHOXKECTBA, COBIAIAIOT. LIpo-
CTPAHCTBA, 00JI1a IAI0NTNe YKA3aHHBIM CBOICTBOM, HA3BIBAIOT H0UEYHHLMU.
[TomnsTue GoyednocTH, KaK BHIHO, UMEET CMBICI U B MYJIBTHHOPMHUPO-
BaHHBIX IIPOCTPAHCTBaX. VI3BECTHBI MIUPOKUE KJIACCHI DOYEUHBIX MYJIb-
THHOPMUPOBAHHBIX MMPOCTPAHCTB. B YaCTHOCTH, TAKOBBI IPOCTPAHCTBA
Operrre.

7.1.9. KOHTPIIPUMEP. B Ka>kj0M 6€CKOHEUHOMEPHOM OAHAXOBOM
IIPOCTPAHCTBE CYIIECTBYIOT abCOIOTHO BBIMYKJIbIE IMTOTVIOMAIOIHE, HO HE
HJI€a/IbHO BBIIYKJIbIE MHOXKECTBA.

< Ucmomw3yst, nanpumep, 6asuc [amesisi, BO3bMeM pPa3pBIBHbBIM JIK-
uefinbiii dynxnuonan f. Torma muoxkecrso {|f| < 1} — uckomoe. >

7.2. lIpuHOUOBI OrPAaHUYEHHOCTH

7.2.1. Ilycre p : X — R — cybunHeriHbI (DyHKIIMOHAT HA HOPMU-
posarroM npoctparctse (X, || -||). Crenyromme yTBep K aeHns 9KBUBa-
JIHTHBI:

(1) p paBHOMEpPHO HEIpEPHIBEH;

(2) p menpepbiBen;

(3) p HempepbiBeH B Hyie;

(4) {p <1} — okpecrHoCTH HyIS;

(5) |Ipll:=sup{|p(z)|: ||z|| <1} < +o0, T. €. p orpaHHYeH.
< Mvmukanuu (1) = (2) = (3) = (4) oueBugHEL

(4) = (5): Haitmerca t > 0, mia xoroporo t 'Bx C {p < 1}.
IMosromy npu ||z]] < 1 6yaer p(x) < t. Kpome Toro, u3 HepaBeHCTBa
—p(—z) < p(z) Boirekaer, uro u —p(z) < ¢ upu ¢ € Bx. OKOHYATEIHHO
IIpll <t < +o0.

(5) = (1): U3 cybamgurusnocTs p mig ¢, y € X nosydaem

p(x) —p(y) <plx—y): ply) —plx) <ply— ).
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Orciona |p(z) —p(y)| < plz —y) Vply —x) < p| [z —yl. >

7.2.2. Teopema I'esnbcpanmga. IlonyHenpepbiBHBIE CHU3Y CyOJId-
HEHHBIH (DYyHKIHOHAJI, OIIPEJIe/ICHHBIN Ha OAHAXOBOM IIPOCTPAHCTBE, HE-
IIPEPBIBEH.

< Ilycrs p — rakoit dyuknmonasn. Torma muoxkecrso {p < 1} 3a-
MKHYTO (cM. 4.3.8). ITockosbky domp — 9T0 BCe IPOCTPAHCTBO, TO, 110
3.8.8, {p < 1} — norsomaronee MHOKECTBO. 110 OCHOBHOMY TIPUHITAITY
Banaxa {p < 1} — okpecrrocTs Hyasa. Ocranocs npumeHuts 7.2.1. >

7.2.3. SAMEYAHUE. Teopemy [esbcbanma MoxkHO Oostee pa3BepHY-
1O OpMYIUPOBATH CJieayionuM obpazom: <«ecian X — OAHAXOBO IPO-
CTPAHCTBO, TO SKBUBaJIeHTHBIE ycstosus 7.2.1 (1)-7.2.1 (5) paBHOCHIBHBI
BBICKA3BIBAHUIO: P TOJYHENPEPhIBEH CHU3y». OTMeTHM 37ech XKe, 4To
TpeboBanme domp = X MOXKHO HECKOJIHKO OCJIabUTh U CUUTATD, UTO
dom p — HeroIIEe JTUHEHHOE MHOYXKECTBO, HE MPEIojaras Mpu STOM M0JI-
HOTBI X .

7.2.4. IIpunnun paBHOCTETEHHOH HenpepbIBHOCTU. IlycTh X
— 6aHAXOBO MPOCTPAHCTBO U Y — (110JIy ) HODMHPOBAHHOE IIPOCTPAHCTEO.
st 106010 HEIyCcTOro MHOXKECTBa & HENPEPHIBHBIX JTHHEHHDBIX OIEPa-
TopoB u3 X B Y SKBUBAJCHTHBI YTBEDIKIICHHUSI:
(1) & noroueurno orpanmverHo, T. e. A Beskoro x € X
orparndeno B'Y muoxkecro {Tx: T € £};
(2) & paBHOCTENEHHO HENPEPHIBHO.
< (1) = (2): Homoxum g(z) := sup{p(Tz) : T € &}, tae p
— moaynopMma B Y. HecoMHEHHO, 9TO ¢ — NOJyHENpPEPHIBHBLIA CHU-
3y cyOsmmHelHbIN (DyHKIIMOHA U, CTAJIO OBITH, 110 Teopeme lenbdanaa
llal] < +oo, T e. p(T(x —y)) < |q|| [lx — y|| upu Becex T € &. 3naunur,
T ({dp < e}) D {dy < ¢/llqll} nnst xaxgoro T € &, tae e > 0 —
IpOM3BOJIbHOE Yncy0. [locentee o3HavaeT PABHOCTENIEHHYIO HEIIPEPHIB-
HOCTB &
(2) = (1): OueBnano. >

7.2.5. IIpunnun paBHOMEpPHOIT orpaHundeHHocTd. Ilyctb X —
6aHaXOBO MPOCTPAHCTBO W Y — HOPMHPOBaHHOE HPOCTpaHcTBO. Jlmst
soboro memycroro cemeiicrsa (Te)ecz OrpaHHIeHHBIX OIEPATOPOB KBU-
BAJIEHTHBI yTBEPKJCHUS:

(1) = € X = supgez | Tex| < +o0;
(2) supges |Te]| < 1 0.
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< Jocrarouno 3amerursb, 4ro 7.2.5 (2) — 910 Apyrasd samuch 7.2.4
(2). >

7.2.6. Ilyctb X — banaxoBo npocrpanctBo u U — MHOXKeCTBO B
X'. Torpma sKBHBAJIEHTHBI Yy TBEPKICHHSI:
(1) muOM)ECTBO U Orpanmyeno B X';
(2) g xaxzporo x € X umciosoe muoXkectBo {(x|z')
x' € U} orpanuueno B F.

<1 D710 YacTHBIH ciay4ait 7.2.5. >

7.2.7. Ilycte X — mopmupoBanuoe rnpocrpancTsBo u U — MHOXe-
crBo B X. Torza 9KBHUBaJEHTHBI Y TBEDIKICHUS:
(1) mmoxecrso U orpanudeno B npocrpancrse X ;
(2) st kaxmoro x' € X' umcsoboe mHOXKecrTBO {(x|2') :
x € U} orpannyero B F.

< Cueyer nposepurb ToabKo (2) = (1). ITockosmbky X' — Gana-
X0BO 1pocTpancTBo (eM. 5.5.7), a X msomerpudecku Bioxeno B X' ¢
HOMOIIIBIO JiBoitHOrO miTpuxoBanus (cM. 5.1.10 (8)), To TpeGyemoe BbITe-
KaeT u3 7.2.6. >

7.2.8. 3AMEYAHUE. BrickaseiBanue 7.2.7 (2) MoxKHO niepedopmy-
JINPOBATH TAKUM 00Opa30M: «MHOXKeCTBO U OrpaHHYEHO B IIPOCTPAHCTBE
(X, o(X, X'))» numm xe, B cBsa3u ¢ 5.1.10 (4), tak: «mHOKecTBO U
c1abo orpanudeHo». JIBoiicTBeHHOCTD pe iokenuit 7.2.6 u 7.2.7 6ymer
IIOJIHOCTHIO BCKpbITa B 10.4.6.

7.2.9. Teopema Banaxa — Illretiaray3a. Ilycte X, Y — 6ana-
xoBbI ipocrpadcrBa u (T )nen, Tn € B(X, Y), — nocienobareibHOCTh
orpanunvennbrx orneparopo. Iouoxum E:= {x € X : FlimT,z}. Cie-
JIYIOIIUE yTBEPKACHUs SKBUBAJCHTHDI:

(1) E=X;

(2) sup, ey | Th|| < +00 # E nmorro B X.
IIpu BbimOTHEHNN SKBUBaJeHTHBIX ycaoBuit (1), (2) orobpaxkenne Ty :
X — Y, onperenennoe coorHorreruem Tox := lim T, x, npeacrapiser
coboit orparndeHnblit suHEHEBE onteparop u ||Tp|| < liminf ||T,].

< Ecm E = X, 1o, xomeuno ke, clE = X. Kpowme Toro, mnas
kaxkjoro ¢ € X mocsenosareabHocTh (1,2),en Orpanndena B Y (u6o
OHA CXOJMTCsI). JHAYAT, [0 IPUHIHUIY PABHOMEPHON OrpaHNYEHHOCTH
sup, ey [|Tn|| < +o0 u (1) = (2) nokazamno.
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Eciu Bomosseno (2) u x € X, ro ayigs T € F u m, k € N cupase-
JIUBBI COOTHOIIEHUST

1Tz — Tix| = || Tmx — Tin@ + T @ — Ti@ + 13T — Trx|| <

SNz = T Z|| + | T — TiZ|| + | ThT — Tr|| <
<NTwll Nl = Z| + 1T — T + | Tkl |7 — 2| <

< 2sup [Tl ||z — Z|| + | T — ThZ||.
neN

BosbMem € > 0 u mogbepeM, BO-TIEPBBIX, JIEMEHT T € F, st KOTOPOro
2sup,, | T |z — Z|| < /2, a Bo-Bropoix, n € N rtakoit, aro ||1,,T —
Tzl < /2 mpu m, k > n. B cury yxke ycranosiensoro ||T,x —
Tizl < e, 1 e (Thx)nen — byHIAMEHTATIBHAS NOCIEI0BATEIBHOCTD B
Y. TlockosibKy Y — GaHaxoBO IIPOCTPAHCTBO, 3akaodaeM: ¢ € F. Urak,
(2) = (1) mokazaHo.

OcTa10ch OTMETHUTD, UTO JJIA KaxKI0ro & € X BepHO

[Tox|| = T | Tz < liminf [T, [|2[],

nb0o HOpMa — HempepbiBHAsS (DYHKIWS. [>

7.2.10. BAMEYAHUE. B ycioBusix reopemnbr banaxa — Ilreitaray-
34 U3 CHIPABEJIMBOCTU OJHOIO U3 SKBUBAJIEHTHBIX yTBepzKIeHuii 7.2.9 (1)
u 7.2.9 (2) MOXHO cZesaTh BBIBOJ, YTO HOC/eH0BaTEeIbHOCTD (T},) €XO-
muTcsa K 1) paBHOMEPHO Ha KOMIAKTHBIX HoAMHOXKecTBax X. HubiMu
cJIoBaMu, sl BCAKOro (Herrycroro) KomiakTa () B X BBIIOJIHEHO

sup ||Tnx — Toz|| — 0.
z€EQ

<1 B camom pese, o teopeme lenbdanga cybauHeiiHbil GyHKIM-
oHas py(z) := sup{||Tmz — Toz|| : m > n} Henpepwisen. Ilpu sTom
Pr(x) > ppi1(x) u pp(r) — 0 nus xkaxkgoro @ € X. 3HaquT, Tpe-
Oyemoe BBITEKAeT U3 meopemvr JJunu: «yOBIBAOIIAS OCIEN0BATE b
HOCTH HENPEPBIBHBIX BEINECTBEHHBIX (DYHKIMiL, TIOTOYEYHO CXOMAIIASCS
Ha KOMIIAKTE K HENPEPBIBHON (DYHKIMHI, CXOAUTCA K 3TO (DyHKIUYN paB-
HOMEPHO». >
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7.2.11. Ipunnun ¢pukcamuu ocobernrnoctu. Ilycte X — bana-
XOBO IPOCTPaHCTBO 1 Y — HOpMupoBaHHOe npocrpanctso. Eciu (T),)nen

— mociregioBaresbHOCTb oreparopos u3 B(X, Y) u sup,, ||T,| = +oo,
TO Haigercs To9ka x € X, JJIsT KOTOPOH BBIITOJIHEHO Sup,, || x| = +o0.

MroxkecTBO TaKuX «(UKCHPYIOIIHX 0COOEHHOCTD» TOYEK — BBIUET.

<l IlepBast yacTb yTBEPXKIEHUS COMEPAKUTCS B IPUHITUIIE PABHOMED-
HO¥1 orpanndeHHOCTH. Bropas gacTs Tpedyer ccblioK Ha 7.2.3 u 4.7.4. >

7.2.12. IIpunimn cryimenusi ocobernnocreti. Ilycre X — bana-
XOBO IIPOCTPAHCTBO U Y — HOPMHPOBaHHOE IIpocTpaHcTBo. Eciam mano
cemeictBO (T, m)n,men cemeiicrso B B(X, Y') takoe, aro sup,, ||Tn,m|| =
+o00 s Kaxaoro m € N, To cymectByer Touka ¥ € X, JJIsI KOTOPOIi
sup,, || T, mz|| = +00 mpu Becex m € N. <>

7.3. IIpuHIIUO MaEaJILHOTO COOTBETCTBUS

7.3.1. Ilycte X u' Y — BekropHble npocrpadcTBa. CooTBeTcTBHE
F C X XY BBIIYKJIO B TOM H TOJIBKO B TOM CAYydae, €CJIH JII Ty, To € X
n oy, ag € Ry raknx, 910 0 + g = 1, IMeeT MecToO BKJIIOYEHTE

F(a1z1 + asza) D ag F(x1) + asF(xs).

< <: Ecmn (21, y1), (22, y2) E Fuag, as >0, a3 +az =1, 10
01y + agys € F(a121 + ass), MOCKONBKY Y1 € F (1) u y2 € F(x2).

=: Ecimun 1 wnm 9 He BXomuT B dom F', TO JOKa3bIBATH HEYETO.
Ecmu ke z1, 9 € domF u y; € F(z1), y2 € F(x2), To ay(z1, y1) +
ao(xa, y2) € Fupu ag, as >0, a1 +as =1 (em. 3.1.2 (8)). >

7.3.2. BAMEYAHUE. Ilycrs X, Y — GanaxoBbl npocTpancrsa. Zc-
HO, 4TO B mIpocTpaHcTBe X X Y yIaercsds MHOTMMHU CIOCODAME 33JaTh
HOPMY TaK, 9TOOBI COOTBETCTBYIONIAS TOIOJIOTUS COBIAIANA C IIPOU3BE-
JIleHUeM TomoJioruil 7x u Ty . Hampumep, MOXKHO mosoxkuth ||(z, y)||:=
lzllx + |lylly, T e. BBecTm B X X Y HOpMY Kak B CyMMy HPOCTPAHCTB
X uY no tumy 1. OrmeruMm 37ech K€, YTO MOHATHUE <HICAJIHBHO BbI-
IYKJIO€ MHOXKECTBO» UMEET JIMHEHHO TOIOJOIMYECKHI XapakTep, T. €.
BBIJIE/ISIEMbIH 3TUM IOHATHEM KJIACC OOBEKTOB HE 3aBUCHT OT CIOCODa
3a/IaHUsI TONOJOTUK (B YACTHOCTH, HE MEHSETCs IIPU Mepexojie K SKBU-
BaJIeHTHOH (MyJsibTH)HOpME). B 3TOf CBsSI3n KOPPEKTHBIM SIBJISIETCSI CJIe-
JLYIOITEe OIIPEJICJICHHUE.
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7.3.3. ONPEAEJAEHUE. CoorBerctBue FF C X XY, tme X n Y —
0aHAXOBBI IIPOCTPAHCTBA, HA3BIBAIOT UJEAALHO SbINYKAbLM, WA, KOPOUe,
UaeaﬂbeLM, ecJm F — NJ€aJIbHO BBIIIYKJIO€ MHO?KECTBO.

7.3.4. Jlemma 06 wugeasibHom coorBerctBuu. Ob6pa3 orpanu-
YEHHOT'O HJIeaIHbHO BHIITYKJIOTO MHOXKECTBA, IIPH HJeaTHhHOM COOTBETCTBHH
— HMJIEAJTBHO BBIITYKJIO€ MHOXKECTBO.

< Ilyets F C X X Y — paccmarpuBaemoe coorBercTBre m U —
OTpaHUYEHHOE UIE€ATHHO BBIMyKJIoe MHOXKecTBO B X. Eciu U Ndom F' =
@, 10 F(U) = @ u goka3pBaTh HUYEro He Hajo. [Ipeanosiokum Tenepb,
910 (Yn)nen C F(U), ©. €. yn, € F(xy,), tne x, € U un € N. Ilycrp,
HakoHell, (o) — HOCJENOBATEIbHOCTD IIOJIOKUTEIbHBIX YUCE] TaKasd,
aro ) °  a, = 1 u, KpoMe TOro, B Y CyIIeCTByeT CyMMa psija y =
>0 | anyy. Hecomuenno, 1ro

) [eS) [eS)
D ezl = anllza] < ansup|[U] = sup U] < +oo
n=1 n=1 n=1

BBuy orpanmderroctr U. Ilockompky X mosHO, TO Ha OCHOBaHUH 5.5.3
B X €CTb 9JIEMEHT T := » | QpTy. CIle0BATEIBHO, B IPOCTPAHCTEE
X XY BBIOSTHEHO

(x, y) = Zan(xn, Yn)-

Wcnonp3ys mocienoBaTebHO UAeaIbHYIO BBITyKJI0CTh F' u U, BeiBOIMM:
(z, y) € Fux € U. Crano 6bits, y € F(U). >

7.3.5. Ilpuniun uaeaabHOro coorBercrBusi. Ilycte X nY —
banaxoBel mpocrpanctBa, F' C X X Y — wmgeanpHoe coorBercTBHE U
(z, y) € F. Coorsercrsue F orobpaxkaer OKPeCTHOCTH TOYKH X Ha
OKDECTHOCTH TOYKH Y B TOM H TOJIBKO B TOM CJLydae, ecan y € core F(X).

< =: OueBnano.

«<: C yuerom 7.1.4 moxno cuntath: ¢ = 0 u y = 0. Ilockoabky
KaxKJasg OKpecTHOCTh Hyssa U comepxkut €Bx ajasa Hekoroporo € > 0,
JIOCTaTOYHO paccMoTpeTh caydait U := Bx. Tak kak U — orpanuvdennoe
MHOXKeCTBO, Ha ocHoBanuu 7.3.4, F(U) uneasnbro Beinykio. s 3aBep-
IIEHUs TOKA3aTeIbCTBA MOXKHO npoBepuTh, uto F'(U) — mornomaroriee
MHOKECTBO U cOocjiaThcsd Ha, 7.1.6.
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Bosbmem npousBosibHbIi 31emenT ¥ € Y. Pa3z ussectHo, uro 0 €
core FI(X), To Haiinerca o € R, qys Koroporo o € F(X). Nuade
roBopsi, st nojxosimero T € X cupasemngo oy € F(X). Ecm ||Z|| <
1, To nokaswaTh Hewero. Eemm we [T > 1, To A := |[Z||7! < 1.
Orcrona, npusnekas 7.3.1, BIBOgUM:

adg=(1—=X)0+Xag € (1 = N)F(0) + A\F(T) C
C F((1=X)0-+ Az) = F(\z) C F(Bx) = F(U).
3aech Mbl yuasun, uto [|[AZ|| = 1, . e. AT € Bx. >

7.3.6. SAMEYAHUE. CsoiictBo F, ommceiBaemoe B 7.3.5, UMEHYIOT
omxpumocmuio F' 6 mouxe (x, y).

7.3.7. BAMEYAHUE. ['oopst (hbopMasibHO, IPUHITAIT UIEAJBHOIO CO-
oTBeTCcTBUs cyiabee ocHOBHOrO mpuHIna Banaxa 7.1.5. Tem me menee
COOTBETCTBYIOIIUIT 3a30p HEBEJUK W JIETKO ycTpaHuM. VIMEHHO 3aKJIro-
vyeHre 7.3.5 OCTaHETCs BEPHBIM, €CJIM CYMTaTh, uro y € corecl FI(X),
noTpeboBaB JOIOJHUTEILHO HeasbHoil BoiryKiaoctu F(X). Tlocienuee
TpebOBaHME HE CIUNIKOM OOPEMEHUTEHLHO U B CUIY 7.3.4 3aBEIOMO BBI-
ITOJIHEHO, ecyii 3(ddekTuBHOe MHOXKecTBO dom F' orpaHndeHo. Y Ka3aH-
Has He3HaduTeabHas Moaudukanusa 7.3.5 comep:kut 7.1.5 B KadgecTse
YACTHOrO ciiydasi. B 310il cBa3u 7.3.5 OOBIYHO HA3LIBAIOT OCHOBHHIM
npunyunom Banaza das coomeemcemesud.

7.3.8. ONPEAENEHUE. Ilycres X u Y — GaHaxOBbI IPOCTPAHCTBA U
F C X xY — coorBercreue. CoorBercrBre F' HA3BIBAIOT 3aMKHYMOBIM,
ecn F' — 3aMKHyTOe MHOXKECTBO.

7.3.9. SAMEYAHUE. Ilo NOHATHBIM HIPUIMHAM O 3aMKHYTOM COOT-
BETCTBHUH YaCTO I'OBOPAT KaK O COOTBETCTBUU C «3aMKHYTHIM I'DAUKOM ».

7.3.10. CoorsercrBue F 3aMKHYTO B TOM H TOJBKO B TOM CJIy4ae,
ecsi ist Jio6bIX rtocienoBaresabocrei (x,) B X u (y,) BY rakux, dro
x, € dom F, y, € F(x,) u x, — x, y, — y, Bomoaueno ¢ € dom F
ny € F(x). <>

7.3.11. Ilycte X u Y — 6anaxoBel npocrpadcrBa u FF C X XY
— 3aMKHyTOe BBIIYKJoe coorBercrBue. Ilycrp, nanee, (x, y) € F u
y € coreim F. CoorBercrBue F' oTobpazkaer OKpeCTHOCTH TOYKU T HA
OKPECTHOCTH TOYKH Y.

<! 3aMKHYTO€ BBIITYKJI0€ MHOYKECTBO HJIEAJIBHO BBIITYKJIO, TAK YUTO
BCE conepxkuTcd B 7.3.5. >
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7.3.12. OnPEAENEHUE. CoorBercrBue F' C X X Y HasbBaor om-
KPoimovim, eCJin 06pa3 OTKPBITOr0 MHOXKeCTBA B X — OTKPBITOE MHOXKE-
CTBOB Y.

7.3.13. IIpunmnumn orkpeitoctu. Ilycts X, Y — 6anaxoBbl 1mpo-
crpanctBa u F' C X XY — mneanbHOe coorBercTBme, npuiem im F —
OTKpBITOE MHOXKecTBO. Torjga F' — oTKpbITOE COOTBETCTBHE.

< Iyers U — orkpbitoe MHOXKecTBO B X. Ecm y € F(U), 1o
Hafinercst © € U, ausa koroporo (x, y) € F. fcHo, uro y € coreim F.
IMockonbKy BbIIOIHEHDI yeaoBus 7.3.5, To F(U) — okpecrnocTs ¥y, u6o
U — okpecrnocts x. Iocnenauee oznauaer, aro F(U) — OTKPBITOE MHO-
JKECTBO. >

7.4. Teopembl 0 roMmoMopdu3Me U 3aMKHYTOM
rpacdpuke

7.4.1. ONPEAEJEHUE. Oneparop T u3 £ (X, Y) HasbBAIOT 20M0-
moppusmom, ecin T € B(X, V) u T — OTKPBITOE COOTBETCTBHE.

7.4.2. Ilycto X — 6aHaxoBO IPOCTPAHCTBO, Y — HOPMHPOBAHHOE
npocrparcTtBo 1 T — romomoppusm u3 X BY. TormaimT =Y nY —
b6aHaXOBO IPOCTPAHCTBO.

< To, uro imT =Y, oueBujuo. Ecym 3apanee uzBectHo, aro 1T —
MoHoMopdusM, To Bhmosneno T—1 € Z(Y, X). Usz-3a orkpuitoct T
onreparop T~ ! sxomur B B(Y, X), uTo obecrieansaer noHory Y (rpoo6-
pas mocsaenosaresabHocTr Komu — mocsenoBarenbHOCTh Kot B 1poo6-
pasze). B obmem ciaygae pacemorpum koobpas coim T:= X/ ker T', naze-
sennbiit hakrop-aopmoii. Ha ocnosanunu 5.5.4, coim T — 6anaxoBo mpo-
crpancTBo. Kpowme Toro, B cuity 2.3.11 umeercs eIMHCTBEHHOE CHI?KEHUE
T omneparopa T na coimT. YunrbiBas onpenesieHne (GpaKTOP-HOPMBI I
5.1.3, 3ax/odaeM, uTo omeparop 1 — romomopdusM. MoroMopdus-
MOM 3TOT OIIEPATOP SIBJISETCsI 110 TTOCTPoeHn 0. OCTaJIoCh 3aMETUTh, UTO
imT =imT =Y. >

7.4.3. 3AMEYAHUE. OTHocurenbHo chumxkennsa 1 : comT — Y

oneparopa T MoxHO yTBepKaaTh, uro | T|| = ||T|. <>

7.4.4. Teopema Banaxa o romomopgusme. OrpaHudeHHbIH S11H-
MopchuzM 01HOro baHax0Ba IPOCTPAHCTBA HA, JPYTO€ SIBJISIETCSI TOMOMOP-
uszMom.
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< Ilyere T € B(X, V) uimT = Y. Ilpumenss IPUHIUI OTKPBI-
TOCTU K COOTBETCTBUIO 1, mosrydaeMm Tpedyemoe. >

7.4.5. Teopema Banaxa 06 nzomopcpusme. Ilycrs X, Y — ba-
naxosbl ipocrpancrBa uT € B(X, Y). Eciu T — uzomopdusm BekTop-
mbix mpocrpatcts X Y, r.e. ket T = 0uimT =Y, o T~ ! € B(Y, X).

< Yacrasrit cayyvait 7.4.4. >

7.4.6. 3AMEYAHUE. Koporko teopemy 7.4.5 dopMyMpyOT Tak:
«HEIPEPBLIBHBII n30MOphU3M OAHAXOBBIX ITPOCTPAHCTB SIBJISIETCS TOIIO-
JIorudeckuM m3oMopduzmomy. OTMeTHM 37eCh Ke, YTO 3Ty TEeOPeMYy
MHOTI'/Ia Ha3bIBaIOT «IIpI/IHIH/IHOM KOppeKTHOCTI/I» n Bpra.)KaIOT CJIOBaAMMU:
«ecim ypashenune Tz = y, tne T € B(X, Y), a X, Y — Ganaxossl
[IPOCTPAHCTBA, OJHO3HAYHO DPa3pelIuMO IIpH JiIo0OOi MpaBoil 4acTu, TO
pellleHre & HEeIPEePbIBHO 3aBUCUT OT IIPABON 4acTh Y».

7.4.7. Teopema Banaxa o 3amkHyTOM rpacguke. Ilycts X, Y
— Ganaxobl mpoctparcTBa u T € £ (X, Y) — 3aMKHyTbIT JTMHEHHBIH
omepatop. Torma T HernpepbIBeH.

<1 Cooreercreue T upeanvuo, u T-H(Y) = X. >

7.4.8. CiaencrBue. Ilycrs X, Y — 6aHAXOBBI IPOCTPAHCTBA H 3a-
gaar T € Z(X, Y). Cuenyromue yTBep»K/IeHHs] SKBUBAJICHTHDIL:
(1) TeB(X, Y);
(2) st smr060I HoceoBaTeBHOCTH (T ey B X m 2 € X
TaKWx, 9T0 Xy, — T U 1x, — y, e y € Y, BBIIIOJTHEHO
y="Tx.
< (2) ecrb nepedopmynupoBka 3amruyroctu 1. >

7.4.9. ONPEAEJEHUE. IloampocrpancrBo X; 6GaHaxoBa MpOCTpaH-
crBa X HA3BIBAIOT 00NOAHAEMbM (DPEKE — TNONOA0LUNECKYU QONOAHIC-
MbiMm), ecin X1 3aMKHYTO U, KPDOME TOr0, HAMIETC 3aMKHYTOE HOJIIPO-
crpancTBo Xo Takoe, uro X = X713 X5 (1. e. X1AXo =0, X3VXy = X).

7.4.10. IIpudamnun gomosasaemoctHu. /Jlis moanpocrpaHcTBa Xq
baHaxoBa mpocTpaHcTBa X SKBHBAJIEHTHBI YTBEDIKJICHUS:
(1) X, gomosasiemo;
(2) X, ecrp obiacTk 3HAYEHHIT OrPAHHIEHHOI'O IPOEKTOPA,
T. e. Haijercs oneparop P € B(X) raxoit, uro P? = P
mwim P = X;.
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< (1) = (2): Iycrs P — npoekrop X nHa X; napaurensHo Xo (cM.
2.2.9 (4)). Iycrs (zp)nen — mOCIEIOBATENBHOCTS B X U Ty, — T, a
Pz, — y. dcuo, uro Px, € X mia n € N. B cuty 3amgayTroctn X,
no 4.1.19, y € X;. Ananoruuno u3 ycnosus (x, — Px, € Xy auan € N)
BbITEKaeT, 410 & — y € Xo. 3uaunr, P(z — y) = 0. Ilommmo 3TOTO,
y = Py, 1. e. y = Px. Ocraercs cocnarbes Ha 7.4.8.

(2) = (1): Cuemyer upoBeputTh TOJIBKO, uro X1 = im P 3aMKHyTO.
BosbMeM 110C1e10BATeIbHOCTD (T )neny B X1 Takyio, 910 T, — = B X.
Torna Pz, — Px BBumy orpanudenunocru P. Wwmeem Px, = x,, ubo
Tp € im P, a P unemnorenren. Okonuarensio x = Pz, 1. e. z € Xy,
9TO U Hy2KHO. >

7.4.11. IIPUMEPHI.
(1) KonedrnomepHoe 11011 pOCTPAHCTBO JAOMOJIHIEMO. <[>
(2) IpocrparncrBo ¢y HE JOHOIHAEMO B | .

< Jns upocrorst 6ygem paborarh ¢ X := loo(Q) u Y := ¢o(Q), rue
Q — mHuOXKecTBO pamuoHaabHLIX duceda. nsa t € R mogbepem mociemo-
BaTEJILHOCTD MOMAPHO PA3IMYHBLIX OTJUYHBIX OT ¢ PAIlMOHAJIBHBIX YHCEJT
(t,) Takytoo, aro t, — t. lycrs Qi := {t, : n € N}. Iloguepkuem, uro
Q¢ N Qyr — KoHeuHoe MHOKecTBO mipu t/ # t”.

IlycTs X; — KJacc, ComepKampil XapaKTepUCTUICCKYI0 (DYHKITHIO
Q: B dakrop-upocrpancree X/Y u V := {x; : t € R}. IlockoibKy
Xt 7 X, upu t' #£ ", mEOXKeCTBO V' HecUeTHO.

Bosbmewm f € (X/Y) nnonoxum Vy:={v eV : f(v) # 0}. Buano,
aro Vi = UpenVi(n), toe Vi(n) == {v € V : |f(v)| > 1/n}. Ecan
méeN, vy,...,v, € Vy(n) nonapuo pasnudusle, v1,...,V, € Vi(n) n
ap = |f(ve)|/f(vk), To mna @ = 350, apvg Gyzer [zf| < 1 u ||f] =
[f@)] = [ owf(ue)l = 1255 [f(ve)ll = m/n. Takum obpaso,
V¢(n) — KOHeYHOe MHOXKECTBO.

Caenosarensro, Vy cuerno. Ortciofna ciemyeT, UTO JJjId KarKJIOTO
cuernoro muoxkecrBa F C (X/Y)' cymecrsyer smement v € V, g
koroporo (V f € F) f(v) = 0.

B o »Ke BpeMst cueTHDI HAGOP KOOPJUHATHBIX MPOEKIHil §g : & —
z(q) (¢ € Q) roranen Ha I (Q), 1. e. (Vge Q) dg(z) =0=2 =0
upu € 15 (Q). Ocranoch conocraBuTh cieianubie HabIoAeHus. >

(3) Kaxnoe 3aMKHyTOE IOAIPOCTPAHCTBO MUILGEPTOBA IIPO-
cTpaHcTBa monosHsaeMo (110 6.2.6). OKas3blBaeTcsl, YTO €CJIU B HEKOTOPOM
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O6amnaxoBoM mpocrpaHcTBe X TakoM, uro dim X > 3, Kaxj0oe 3aMKHY-
TOE MOJIIPOCTPAHCTBO — 00JIACTH 3HAYEHUN HEKOTOPOTo IpoekTopa P u
IP] <1, To X usomerpuvno ruanbepToOBy TPOCTPAHCTBY (= Teopema
Kakyranu). Bosee riuy6ok cieyronuii dpaxr:

Teopema JIuageninrpaycca — Ilacppupn. Kaxkioe 6aHaxoBo
IIPOCTPAHCTBO, B KOTOPOM JIF060€ 3aMKHYTOE IOJIIPOCTPAHCTBO JIOIOJI-
HsieMO, (JIMHEeHHO U TOHOJIOrM9eCKH ) H30MOP(HO I'HIb6EPTOBY IPOCTPAH-
CTBY.

7.4.12. Teopema Capaa o6 ypaBmenum ZA = B. Ilycrp
X, Y, Z — 6anaxoser npocrpancrsa; A € B(X, Y), B € B(Y, Z).
Ilycrs, gaaee, im A — ponosmsiemoe noanpocrpancTso B Y. Jluarpamma

A

X Y

Z

A

KoMMyTaTHBHA 151 HeKortoporo 2 € B(Y, Z) B ToM H TOJIBKO B TOM
cayydae, eciu ker A C ker B.

< Cuemyer mpoBepuTh TONBKO <. Ilpm sTOoM B ciaydae im A =
Y emuncreenuniii oneparop 2y € Z(Y, Z) rakoii, uro ZpA = B,
HenpepbiBeH. B camom mieste, Jjisi OTKPBITOro MHOXKecTBa, U B Z nMeeM
2y (U) = A(B~Y(U)). Muoxecrso B~'(U) OTKDPBITO B CHJTy OrpamHu-
wennoctu B, u A(B~(U)) orkpsiTo 10 Teopeme Banaxa o romomopdus-
Mme. B obuiem ciryuae ciaenyer nocrpouth 2o € B(im A, Z) u B KagecTse
Z B3ste ZoP, rie P — kakoil-Hubyb HeMpepbIBHBIA mpoeKkTop Y Ha
im A. CymecTBoBaHUE 9TOrO MPOEKTOPa 00ECIEUNBAECT TPUHITUIT JIOIIOJI-
HAEMOCTH. >

7.4.13. BAMEYAHUE. [losmora Z B nokasaresnbcTBe Teopembl Cap-
Jla He MCIOJIb30BAHA.

7.4.14. Teopema ®usiurnica 06 ypaBueauu AZ = B. Ilycrp
X, Y, Z — 6anaxossr npocrpanctea, A € B(Y, X), B € B(Z, X).
Ilycrs, nagee, ker A — soriosHsI€MOE TTOAIIPOCTPAHCTBO B Y .
Jluarpamma
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A

Y
Z

Z

KOMMyTaTuBHa i Hekoroporo X € B(Z, Y) B ToM H TOJBKO B TOM
caydae, ecoim im A D im B.

<1 BHOBB citetyeT mpoBepuTh TOJBKO <. Bocmosb3yemcs onpe/ieste-
HUEM JOIOJIHIEMOCTH U IpeJAcTaBuM Y B BHUJE NpsaMOR cyMMbl ker A u
Yo, rue Yy — samkuyToe nomupocrpancrso. o 5.5.9 (1), Yy upexcras-
JisteT coboit 6aHaxoBO MpOCTpaHcTBO. Pacemorpum cien Ay omeparopa
A na Yy. Hecomuenno, yro im Ag = im A D im B. 3nauur, no 2.3.13 u
2.3.14 ypasuenue Ay %2y = B umeer, u NPpUTOM €IUHCTBEHHOE, PEIIEHUE
Zo = Ay !B. Hawm mocrarodno jokasarh, 9To omeparop Zy, SBIIIO-
muiica sseMenToM npocrpanctsa £ (Z, Yy), orpanudes.

Omneparop 2y 3amMkHyT. B camom nese (cp. 7.4.8), ecomm z, —
zu Ay'Bz, — y, 10 Bz, — Bz, nockonbky B orpammuen. Kpowme
Toro, B cuty HenpepbisrocTu Ag coorsercriue Ayt C X x Yy zamkmyTo,
u, cTaJio 66ITh, 1o 7.3.10 crpaBeIMBO PaBeHCTBO ¥ = Ay 'Bz. >

7.4.15. BAMEYAHUE. Ilonmora X B mokazaTeabcTBe TeopeMbl Ouii-
JIMIICA HE UCIIOJIb30BaHA.

7.4.16. 3AMEYAHUE. Teopembr Capma n @uiuiica HaXOmATCS B
«dopMaIbHOIl TBONCTBEHHOCTH», T. €. MOI'YT OBIThH IIOJIyYeHBI OIHA U3
JIPYTOii C TOMOIIBIO OOPAIIEHNS CTPEJIOK U BKJIIOYEHUN W 3aMEHBI s/Iep
obpazamu (cp. 2.3.15).

7.4.17. Ilpuanun AByxX HOpM. IlycTh BEKTOpHOE MPOCTPAHCTBO
II0JIHO OTHOCHTEJIBHO KaXkKI0H U3 JABYX CPABHHUMBIX MEXKIY COOOH HOPM.
Toria 5TH HOPMBI SKBHBAJICHTHBI.

< Ilycrs gy onpepenennoctu || - |2 = || - |1 B mpocrpancree X.
PaccMOTPUM JTHATPAMMY
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I
(X l) ~—— (X, - [l2)

a7
(%1 )

ITo Teopeme ®Puininica HEKOTOPLIN HEIPEPBIBHLINA oepaTop 4 IpeBpa-
IAET 3Ty AUarpaMMy B KOMMYTaTuBHYI0. Ho Takoii omepaTop € IMHCTBEH
—oa10 Ix. >

7.4.18. Ilpunmnun HopMmbl rpagpuka. Ilycre X, Y — banaxoBsr
npocrparctea u oneparop T € £(X, Y) samxryT. Onpeneaum nopmy

epagura ||z||lg 7= ||z||x + ||Tz|ly m12 « € X. Torza BoimonmeHo || -
ler 7~ - [1x-

< Cruenyer samernts, 410 (X, ||« |[g 7) — noanoe npocrpancrso.
IMomumo atoro, || - |lgr 7 > || - || x. Ocramocs cocnarees Ha IPUHIUI ABYX
HOpM. >

7.4.19. ONIPEAEJEHUE. HopMupoBaHHOEe TPOCTPAHCTBO X HA3BI-
BAIOT OaHATO8HbM 00pa3om, eciu X CIIyKUT 0Opa30oM HEKOTOPOrO Orpa-
HUYEHHOTO OIepaTopa, OIMPEeIeeHHOr0 Ha KaKOM-JIMO0 6aHAXOBOM IIPO-
CTpaHCTBe.

7.4.20. Kpurepuii Karo. Ilyctb X — baHaxoBo IPOCTPAHCTBO
u X = X1 ® Xy, rme X7, Xo € Lat(X). Iogupocrpancra X1 u Xo
3aMKHYTBI B TOM U TOJIBKO B TOM CJIydae, eCJId KaXK0€e U3 HUX SIBJISIETCS
b6aHaXOBBIM 0DPA30M.

<1 =: CuleficTBHE NPUHIIUTIA, JIOTIOJHSIEMOCTH.

<: Ilycts Z — kaxkoit-mbo OanaxoB 00pa3s, T. €. IJjisg HEKOTOPOTrO
Ganaxosa npocrpancrsa Y uT € B(Y, Z) somonueno: Z = T(Y). Ilepe-
XOJIs1, €CJIN HY?KHO, K CHI2KEHHIO Ha KOOOpa3, MOXKHO CIUTATh, 4T0 1 —

nzomopdusm. O6oznaunm ||zl := [T z|ly. Scno, aro (Z, | - |lo) —
banaxoso npocrpanctso u ||z|| = |TTtz|| < |T|T 2| = |IT]|||zlo,
T. e | -]lo > || |lz- IIpumenss onucanHyio KOHCTpYKImiO K X1 1 Xo,
npuxoauM K GaHaxoseiM poctparcTBaM (X1, || ||1) u (X2, || -]|2). Ipn
s1oM || - ||k > || - || x Ha X) npn k:=1,2.

O z1 € X1 u 29 € Xo monoxuM |z + 2o := ||z1]l1 + || z2]|2.
Tem cambiM B X BO3HHKaeT HopMa || - || GoJiee criibHAsI, UeM UCXO/HAS
Il x- ITo mocrpoenuio (X, | -|lo) — bamaxoBo mpocrpancrso. Ocrazocs

cociaarbea Ha 7.4.17. >
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7.5. IIpuHIIMIT aBTOMATHUYECKOI HENPEPBHIBHOCTHA

7.5.1. Kpurepuii HenpepbIBHOCTH BBIITYKJIOH pyHKIMHU. Pac-
emorpuM Boitykiayro ¢yaknuio f: X — R’ B (My/JpTH)HOPMUPOBAHHOM
npocrpancrse X. Cregyronine yTBEPXKICHAS SKBUBAJICHTHBI:

(1) U:=intdom f # @ u f|y — HenpepbIBHASI DYHKIHSL;
(2) cymecrByer HemycToe OTKpbITOe MHOXKECTBO V Takoe,
uro BemosHeno sup f(V) < +oo.

< (1) = (2): OueBuamo.

(2) = (1): dcno, uro U # &. Ipusnekas 7.1.1, serko y6exnaemest
B TOM, 9TO y KaxkJ1oif Toukn u € U nmeercst okpecTrHocTh W, B KOTOpOIt f
orpaHuveHa cBepxy, T. e. t:= sup f(W) < +oo. He napymas obunocTH,
MOXKHO cuuTarh, 910 « := 0, f(u):= 0 mw yro W — 310 abCONOTHO
BBIIIYKJIOE MHOXKECTBO. B cmity Bbinykisoctu f st Beskoro o € Ry
TaKoro, 4ro < 1, ¥ npousBosbHOro v € W cipaBejIuBbl COOTHOIIEHUS:

flav) = flav + (1 = a)0) < af(v) + (1 =) f(0) = af (v);
flav) +af(-v) = flav) + fa(-v)) =

1 1
—2(Gflan) + 3h-av)) = 27(0) 0.
Takum 06pazom, BeimoareHo |f(aW)| < at, oTKyna u BbITeKaeT Hempe-
PBIBHOCTH f B Touke u:= 0. >

7.5.2. CrencrBue. Ecin x € intdom f u f HenpeppiBHa B TOUKE
x, To cybauddepennmar 0, (f) comepKuT TOJIBKO HENPEPhIBHbBIE (DyHK-
ITHOHAJIBI.

< Ecmm 1 € 9,(f), o (VT € X) I(T) < I(z) + f(T) — f(x) n,
cTaJio OBITh, | OrpaHUYeH CBEpXy HA HEKOTOPOH OKPECTHOCTH TOYKH X.
CrenoBaresnbHO, | HempepbiBeH B 310i Touke 1o 7.5.1. IlpuBnekas 5.3.7,

ybexmaemcs, 9To | HempephIBeH. >

7.5.3. CiaencrBue. Kaxkmast BBIIIYK/Ias (DYHKIIHS B KOHETHOMED-
HOM HPOCTPAHCTBE HEIPEPBIBHA BO BHYTPEHHOCTH CBOEH 3(PhEKTUBHON
obstactu onpezerenus. <I>

7.5.4. ONPEAENEHUE. @yukmuo f : X — R’ masbBaor udeanavro
suinyKA0l, ecn ee HaArpaduK epi f — mIeaIpHOE COOTBETCTBUE.
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7.5.5. IlpuHIunm aBTOMaTHIeCKOIN HerpepbIBHOCTH. Kaxkgas
njeajIbHO BBIITyKJIas (OYHKIUsI B 6AHAXOBOM MPOCTPAHCTBE HEIPEPBHIBHA
Ha stIpe cBOeH 3¢ peKTHBHOH 00JIaCTH OIPEIeICHHS.

< Ilycrs f — rmakaa dysxnus. Ecam coredom f = &, To moka-
3piBaTh Hedero. Ecim xke x € coredom f, To nosmoxum t := f(x) u
F:= (epi f)7! C R x X. IlpuMenss NPEHIMI HIEATBHOTO COOTBET-
crBus, Haiigem & > 0 u3 ycaosust F(¢t + Br) D x + 6Bx. Otciona, B
gacTHOCTH, BhITeKaeT onenka f(x + 0Bx) <t + 1. Ha ocnosanun 7.5.1,
f menpepoiBaa Ha int dom f. ITockompky kK Tomy ke z € intdom f, To,
mo gemme 7.1.1, coredom f = intdom f. >

7.5.6. BAMEUYAHUE. Ucnomnb3ys 7.3.6, MOXKHO 1IOKa3aTh, YTO WJIE-
AJIBHO BBIIyKJas MYyHKIUA f, ollpe/ieleHHas Ha MHOYKECTBE C HEILYCTHIM
AIPOM B OAHAXOBOM IIPOCTPAHCTBE, SIBJIAETCS AOKAALHO AMUNWULEEOT HA
int dom f. MupiMu cioBamu, Jijist BCIKO# TOUKE X € int dom f Hafigyr-
cs1, BO-IIEPBBIX, uncio L > 0, a BO-BTOpBIX, OKpecTHOCTb U 3TOit TOUKH,
quist KoTopeix || f(z) — f(zo)|| < L||x — x0l|, xax Tonbko x € U. <>

7.5.7. CaeacrBue. Ilycte f : X — R — wmigeajsbHO BBIIIyKJIast
¢yHaKIHsa B 6baHaxoBoM npocrpaHctBe X u x € coredom f. Torga mpo-
u3BogHas 110 HanpasaeHusM f'(x) — HenpepbIBHBIH cybiuHedHbIT Dy HK-
muonas u 0, (f) C X'.

<! HyxHO0 71BarX7bI BOCIIOIB30BATHCS IPUHITUIIOM aBTOMATAYIECKON
HENIPEPLIBHOCTU. >

7.5.8. BAMEYAHUE. B cBsa3u ¢ 7.5.7 npu n3ydennn 6aHAXOBBIX TIPO-
crpancTB B cyOonuddepentuas jiroboi dyaknun f @ X — R’ B Touke x
BKJIFOYAIOT TOJIBKO TIOJXO/ISIIIIE HEelpepbIBHbIE (DYHKIIMOHABI HA X, T.
€. TOJIATaroT

O (f):=0.(f)Nn X".

AnajioruaabiM 06pa3oM MOCTYHAIOT U B (MyJIBTH ) HOPMUPOBAHHBIX [IPO-
crpaHcTBaxX. Eciau HeOOXO[UMO OTJIIMYUTH «CTapblity (6oJee mupokuii)
cybmucddepenman, mexkammit B X7, oT «HOBOro» (60sTee y3KOrO0) Cy6-
muddepennuana B X', HepBblil HA3LIBAIOT A.A2€6PAUMECKUM, 8 BTOPOI
— monoaoceuveckum. YKaszaHHble B 7.5.2 u 7.5.7 GpakThl B 5TOM CMBIC-
JIe 9aCcTO HA3bIBAIOT NPUHUUN COBNGIEHUA GN2eOPAUMECKO20 U MONOAO-
euneckozo cybouggeperyuaros. OTMETUM, HAKOHEI, YTO MO MOJOOHBIM
Ke TMpUYdHAM B cjiydae, Korjga f := p — HOoJyHOpMa B X, CUUTAIOT:

10](p):= |0](p) N X"
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7.5.9. Teopema Xana — bBanaxa a1s1 6aHaxoBbIX HPOCT-
pasctB. Ilycrs f:Y — R' — mueasbHO BhlIIyKJIass (QyHKIHUSA Ha b6aHa-
xoBoM npocrpanctse Y . Ilycrb, naxee, X — HOPpMHPOBAHHOE MPOCTPAaH-
creouT € B(X, Y). Eciu rouka x € X rakoBa, uro Tx € coredom f,
TO

0x(f o T) = Ors(f) o T.

< IIpaBast gacTb mOKa3biBaeMoil (OPMYJIBI BKJIIOUEHA B €€ JIEBYIO
9acTh [0 OYeBUIHBIM 00cTosgTeIbeTBaM. Eciu ke | uz X' sexur B 0, (f o
T'), To no reopeme Xana — Banaxa 3.5.3 MOXKHO MOBICKATD JIEMEHT 11 U3
anrebpanveckoro cyomuddepentmana f B Touke 1z, yI0BIETBOPSONIAI
cootromrenuto [ = [y o T. Ocrajoch 3ameTuTh, 9T0, B cuiy 7.5.7, [y
ABJISIETCS 3JIeMeHTOM Y’ M, CTajo ObITh, 3JIEMEHTOM TOIIOJOTHIECKOTO

cybuuddepennmana O, (f). >

7.5.10. Teopema Xana — BaHaxa 411 HeNIPEPBIBHOI MOJIy-
zopwmbl. Ilycrs X, Y — wopmuposanmbie npocrpanctsa, T € B(X, Y)
up:Y — R — menpepoiBrast nogayuopma. Torma

10|(poT) = |0|(p) o T.

<QEcml €0 (poT), 10l =11 oT mng vekoroporo 1 u3 aured-
pauueckoro cyOmuddepennuana nojaysopmer p (em. 3.7.11). U3 7.5.2
BBITEKAeT, 9To [ HemnpepbiBeH. Urak, |0|(poT) C |0| (p) o T. ObparHoe
BKJIFOUeHHe OeccIiopHo. [>

7.5.11. Ilpuniiun HernpepbIBHOTO npoaoJxkernusi. 1lycto Xy —
nomgmpoctpauacTBo B X u lg — HeNpepbIBHBIH JTHHEHHBIH (DyHKIHOHAT HA
Xo. Torma cymecrByeT HempephIBHBIH JuHEHHBIEH dyHKmonass | ma X,
npogosmkaromii ly. (IIpu srom MoxHO cunrars,aro ||I|| = |/lo]|.)

< Bosbmem p = |[lp]| || - ||, u mycrs ¢ : Xog — X — ToxIECTBEH-
noe Bioxkenue. C yuerom 7.5.10 6ymer ly € |9] (pot) = 19| (p) ot =
ol 121(Il - ||) © ¢. Ocranocs 3amerurs, aro |J] (|| - ||x) = Bx:. >

7.5.12. Teopema OTAETIUMOCTH B TOIOJOTHIECKOM BapHAaH-
Te. Ilycrs U — BBIIYKJI0€ MHOXKECTBO C HEILYCTONH BHY TDEHHOCTBHIO B IIPO-
crpauctBe X. Econ L — acppummoe maoroobpasme B X u LNintU = &,
TO cyIecTByeT 3aMKHYyTas runepiiockocts H B X, mist koropoit H O L
n HNintU = @. <>
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7.5.13. BAMEYAHUE. [Ipu npumenenun 7.5.12 mosie3H0 MeTH B BU-
Y, 9TO 3aMKHYTbI€ THIIEPIIJIOCKOCTHU CYTh B TOYHOCTHU MHO2KECTBa YPOB-
Hsl HEHYJIEBBIX HEIIPEPBIBHBIX JINHEHHBIX (DYHKIIMOHAJIOB. <|>

7.5.14. CaeacrBue. Ilycre Xy — nomupocrparcrso B X . Torma
cdXo=n{kerf: feX kerfDXp}

< Hcno, uro (f € X', ker f D Xo) = ker f D clXy. Ecam xe
xo ¢ cl Xp, To Halijercs OTKPbITas BBILYKJIAs OKPECTHOCTb Tg, HE CO-
nepxarasg Touek cl Xo. Ha ocroBanwm 7.5.12 u 7.5.13 mmeercss pyHK-
muonaust fy € (Xg)' Takoit, uro ker fo O cl X u fo(z9) = 1. U3 croiicts
KOMILTeKCHUKATOPa, BEIBOAUM, uTo dhyrKImonaa Re~! fi obpamaercs B
HyJib HA X( U HE PaBEH HYJIIO B TOUKe To. HeCOMHEHHO TakkKe, 9YTO STOT
PYHKIMOHAJ HETIPEePhIBEH. >

7.6. IIpuHIIUIIBI IIITPUXOBAHUST

7.6.1. Ilycre X, Y — (MyJibTH)HODMUDOBAHHBIE BEKTODHBIE IIPO-
crpaHcTBa (HaJ omHEM M TeM ke ocHoBHBIM mosiem F) m X'| Y’ — co-
Hpsi>KeHHbIe MpocTpancTBa. Ilycrs, ganee, T — HenpepbIBHBI JTHHEIHBII
omeparop uz X BY . /Inay’ € Y’ emomaneno y’'oT € X' u orobpazkenne
y' — y’ o T — nmmeiiabi oneparop. <>

7.6.2. ONPEAENEHUE. Oneparop T’ : Y’ — X', mocrpoenusrit
B 7.6.1, HA3BIBAIOT conpasicerHuim K omepaTopy 1 : X — Y.

7.6.3. Teopema. Orobpazkenne mrpuxopauaus T +— T’ ocymecTs-
Jsier JIMHEHHyI0 nsoMmerpuio npocrpancrsa B(X, Y) B mpocrpancrso
B(Y', X').

<1 To, uro orobpakeHue IMTPUXOBAHUS — JIMHEHHBINA OIepaTop u3
B(X,Y)s Z(Y', X’'), ouesugno. Ilomumo sroro, pas ||y|| = sup{|l(y) :
Le o[-}, ro

17| = sup{|IT"y" = lly"l < 1} =

=sup{ly’(Tz)|: [l <1, [« <1} =
=sup{||Tz| = [zl <1} = [T,

9TO U HYy2KHO. >
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7.6.4. IIPUMEPHI.

(1) Hycrs X, Y — ruin6eproBbl IPOCTPAHCTBA, U 33JaH
T € B(X, Y). Ormerum mpexje BCero, 9To B 09€BUAHOM cMblcite T’ €
B(X,Y) & T € B(X., Y.). O6o3naunm renmepb uepe3 (-)y : X, —
X' wrpuxosanwe B X, r.e. x — z’':= (~,z) u ()y : Vi = Y —
mrrpuxoBanue B Y, T. e. y— y == (-, y).
CBs13p 5pMuTOBO conpsizkerHoro oneparopa T* € B(Y, X) u coups-
sxkerHoro T' € B(Y', X') samaercss KoMMyTaTHBHON JHArDaMMOH:

X, <Y,
(O L 1Oy
X/ly/
< B camom jene, Haji0 y6e,m/ITI>CSI7 910 Jjie Y € Y BBINOJHEHO
Ty = (T*y)'. Hua x € X 110 onpeeieHuio umeem

Ty'(z) = y'(Tx) = (T, y) = (z, T"y) = (T"y)' (2).
B cuity nIpou3BOIBHOCTH X HOJIydaeM Tpebyemoe. >
(2) Iycrb ¢ : Xg — X — Bioxkenne Xy B X. Torma (' :
X — X[, npuaem ! (z')(xg) = «'(xo) amsa Bcex xg € Xoua' € X' mt —
sravoppusm, T. e. X' —— X} — 0 — roumnas nocieoBaTebHOCTD. <ID>

7.6.5. ONPEAE/IEHUE. Ilycrh jaHa HEKOTOpasl 3JIeMEHTapHasl JIha-

rpamma X Ly. Juarpammy Y’ z, X’ HazBIBAIOT NOAYUEHHOTE WMPU-
TOBAHUEM UCXOTHON NUATPAMMBL WA CONPAdICeHHOT nuarpammoit. Ecan
B IIPOM3BOJILHOI JuarpaMMe, COCTaBJICHHONH U3 OIPAHUYCHHBIX JIMHEM-
HBIX 0TOOpazkeHuit 0AaHAXOBBIX POCTPAHCTB, TPOU3BEIEHO IITPUXOBAHUE
BCEX 3JIEMEHTaPHBIX IO UarpaMM, TO BO3SHUKIIYIO JUarpaMMy Ha3blBa-
IOT CONPANCENHOT, K ACXOIHON MJIA MOy YCHHON U3 UCXOJHOMI C IIOMOIIBIO
IITPUXOBAHUS.

- T//
7.6.6. JIemma o aBorinom mrrpuxoBanuun. Ilycrs X — YY" —

. T
JmarpaMMa, IMOJIy9eHHAasT JBOHHBIM HNITPUXOBaAHHEM JuarpaMMbl X —
Y. Torja koMMyTaTHBHA AHATDAMMA,

xLy
"y 1
X//T_N>Yu



152 I'm. 7. IIpunmumnsr 6aHAXOBBIX IPOCTPAHCTB

mme” : X —X"u":Y —Y" — coorsercrByioune /iBoitHbie MTPUXO-
pauns — xkanoumaeckne aoxkenns X B X' nY BY" (em. 5.1.10(8)).

< Iyers z € X. Hyxuo mokaszats, aro 7"z = (Tx)”. Bosbmem
y' € Y'. Torma

T'a"(y') = 2"(T'y") = T'y'(x) = y'(Tw) = (T2} (y').

B custy npoussosbaocTn y' € Y/ umeem tpebyemoe. >

7.6.7. Ilpunnun mrpuxoBaHus guarpamMm. [marpaMmva KOM-
MYTATHBHA B TOM H TOJBKO B TOM CJIy4ae, €CJTH KOMMYTATHBHA COIIPSI-
JKeHHAsT JTHarpaMMma.

< JocraTrodHo yOeauThCsi, 9TO TPEYTOJbHUKH

x Ly x Ly
R\, /S RN\ /4
Z A
KOMMYTATUBHBI WJIM HET OfHOBpeMeHHOo. Tak kak R = ST = R =

(ST) = T'S’, T0O KOMMYTATHBHOCTB JIEBOTO TPEYTOJBHUKA BJIEUET KOM-
MYTaTUBHOCTD NPABOro. Kcjm 2Ke NMpaBblil TPEyroJbHUK KOMMYTATH-
BEH, TO O yxke jokazannomy R’ = S”T". Tlpusiekas 7.6.6, umeem
(Rx)// — R//m// — S//T//:L,// — S//(T//x//) _ S//(Tx)// — (STx)// ,ZL.HH BCex
z € X. 3uauntr, R = ST. >

7.6.8. ONPEAEJIEHUE. Ilycre Xy — mommpocrpancrso B X, a 2
— nogupocrpancTso B X'. ITosoxkum

Xgi={feX": ker f > Xo} =10|(3(X0));

Y20 ={reX: fe2=flx) =0y =nikerf: fe 2}

Iomnpocrpancto Xg- Ha3bBaloOT (npamoti) nosapoti Xg, a HOAIPOCT-
0 ’

panctBo ~ 2y — (obpamnoti) noaspoti Zy. Vcnomssylor Takxke meHee

TOYHBIH TEPMUH «AHHYJIATOP.

7.6.9. OUPEAEJNEHUE. Ilyctes X, Y — 0GaHaxOBBI IIPOCTPAHCTBA.
Ouneparop T € B(X, Y) Ha3BIBAIOT HOPMAALHO PA3PeULuMbLM, ecan im T
— 3aMKHYTOE IOJIIPOCTPAHCTBO.
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7.6.10. Omeparop T € B(X, Y) HOpMa/bHO pa3pemuM B TOM H
TOJILKO B TOM cJjy4ae, eciau 1, paccmMarpuBaeMblii Kak oreparop u3 X
B im T, sgB/IsI€TCS TOMOMOP(U3MOM.

< =: Teopema Banaxa o romomopdusme.
<: Ciremyer cociiatbes va 7.4.2. >

7.6.11. Jlemma o moasipax. Ilycre T € B(X, Y). Torua
(1) (imT)* = ker(T");
(2) ecom T HOpMAJIBHO pa3peruM, TO

imT = L ker(T"), (kerT)* =im(T").

4Dy eker(T) Ty =0 Ve e X)Ty'(z) =0 (Vo €
X)y'(Tz) =0y’ € (imT)*.

(2) Pasenctro climT = + ker(T") cocrasaser conep:kanme 7.5.13.
ITomunmo sToro, 1o ycoBuio im 7' 3aMKHYTO.

Ecm o' =Ty uTex =0, o 2'(z) = T'y'(z) = y'(Tz) =0, . e.
7' € (ker T)*. Buaunt, im(T") C (ker T)L. Iycts Teneps x’ € (ker T')*.
Cuwurast, uro omneparop T meiicrByer B im T, 1o Teopeme Capjia, npume-
HEHHOM K JIEBOI 9acTu JuarpaMmbl

XL imT —Y

N Ly SY
F

maiiem yg € (imT)’, ana xoroporo yy o T = 2. Ilo npuanumy Hempe-
PBIBHOTO TIPOfIOJKeHust cymectsyer y' € Y/ rakoit, aro y’ D y{. Cramno
Obith, ' = T'y’, 1. e. o’ € im(T"). >

7.6.12. Teopema Xaycaopdpa. Ilyctr X, Y — 6aHaxoBbI IIpO-
crparcrsa. Torna oneparop T € B(X, Y) HopMmasbHO paspemumM B TOM
H TOJBKO B TOM CJIydae, eCjd HOPMAaJbHO paspemum oreparop T €
B(Y', X').

< =: B cuny 7.6.11 (2), im(7") = (kerT)*. TlommpocTpaHcTBO
(ker ), o4eBnHO, ABAACTCA 3AMKHYTHIM.

«: Ilyers cravana clim T =Y. Sewo, uro 0 = Y+ = (clim T)+ =
(imT)+ = ker(T") B cuy 7.6.11. Tlo Teopeme Banaxa 06 msomopdus-
Me MOXKHO nojeickarh S € B(im(7”), Y'), ans koroporo ST = Iy.
Cayuait r := ||S] = 0 rpusnanen. IlosTOMy MOXKHO CYHTATH, UTO
1Ty = 1/r lly’|| o meex ' € Y.



154 I'm. 7. IIpunmumnsr 6aHAXOBBIX IPOCTPAHCTB

Y6emumcs B oM, uro cl T (Bx) D 1/2r By . Ecau aro upogenano, To
BBUJLy UjieasbHOM BhiyKIoctn 1'(By ) BeimosHeHo Brioderne T(Bx) D
1/4r By. Cnenosaresbro, T — romoMopdusM.

Mycrb y ¢ clT(Bx ). MoxKHO yTBEPKIATH, YTO Y HE JICXKUT U B HEKO-
TOPOM OTKPBITOM BBIILyKJIOM MHOXKeCTBe, cogepxkaineM T(Bx ). Ilepexo-
JisI, €CJIN HY?KHO, K BEIECTBEHHBIM OCHOBaM TpocTpaHcTB X u Y, Oyaem
canTarh, uTo F:= R. [Ipumenum Teopemy otaenumoctu 7.5.12 u Haitiem
Henysesoit y' € Y’/ rakoii, uro

1
ly" I lyll = y"(y) = sup y'(Tx) = Tyl = ~lly"ll-
loll<1 r

Otrcriona |ly|| > 1/r > 1/2r. Taxkum obpasoM, TpeGyeMoe BKJIFOUEHHE
YCTAHOBJIEHO U onepaTop 1 B HAIIUX HPEIIIOJOKEHAAX HOPMAJILHO Pas3-
PeImM.

Paccmorpum Temeps obmiuit coyuait.  Ilosmoxum Yy := clim 7, u
oycTh ¢ @ Yy — Y — roxknecrBennoe sioxkenne. Torma T = (T, rae
T : X — Y, — oneparop, neiicreytomuii o npasuiy 1z = Tz nia @ €
X. Kpowme toro, im(7") = im(T"/) = T (im(¢")) = T' (YY), ubo /(Y') =
Y] (em. 7.6.4 (2)). WUrax, T — HOPMAaJIbHO Da3peIuMblii onepaTop.
Craso 6bITh, IO y2Ke JIOKa3zaHHoMy 1 HOpMaJbHO paspemum. OCTaaoch
3aMeruThb, uro im 7T = im7T. >

7.6.13. IIpuHIun MITPUXOBAHUS TIOcJIeJoBaTebHoOcTei. Ilo-
CJIeZTIOBATEIFHOCTH

T Trt1
X Daox, Ty

TOYHA B TOM H TOJIKO B TOM CJIydYae, €CJH TOYHA CONPS’KEHHAs MOCJIE-
JIOBATEJIbHOCTH

T Ty
— X = Xy — Xy —

<l =: Tak xak im T}, 11 = ker Tk 2, TO T} +1 HOPMAJIIBHO Pa3PEIINM.
IIpuBnekast JeMMy O MOJISIpaxX, UMEEM

ker(T}) = (im Ty)* = (ker Ty i1)" = im(T}. ;).
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«: Ilo Teopeme Xaycmopda Tk.1 HOPMAJBHO paspeniuM. BHOBB
anesupyst K 7.6.11 (2), BeiBoMM

(im Tp)* = ker(T}) = im(T}, ) = (ker Tj1)*.

Ilockonbky T} HOpMAJIBHO pa3permuM mo Teopeme 7.6.12, to im T} —
3aMKHyTOe nojnpocrpanctso. Ilpusiekas 7.5.14, momygaem

imT% = +((imT})*) = L ((ker Ty 1)4) = ker Ty 1.

3mech yuareno, uro ker Tj, 1 — 9TO TOXKe 3aMKHYTO€E [IOIITPOCTPAHCTBO. [>

7.6.14. CiaeacrBue. /lj1s1 KaxkJj0ro HOpMaJIbHO pa3pelInMoro ome-
paropa T umeror mecro caeayromue uzomopdusmpr (ker T')' ~ coker(T")
m (coker T')' ~ ker(1").

< B cuny 2.3.5 (6) mocsienoBaTebHOCTD

0—>kerT—>XZ>Y—>cokerT—>0

TogyHa. W3 7.6.13 BBIBOAMM, UTO MOCJIEI0BATEIbHOCTD
T/
0— (cokerT) =Y = X' — (kerT)" — 0

TOYHA. >
7.6.15. CaencrBue. T — uzomopgpusm < T' — uzomopduzm. <>
7.6.16. Caexcreue. Sp(T) = Sp(T"). <>

YapakHeHust
7.1. BorsicHuTh, KaKUe JIMHEHHDBIE OIIEPATOPDI UACAIbHBL.

7.2. YcTaHOBUTBH, YTO pa3/eIbHO HEIpepbiBHasl OuinHelHas ¢popma Ha GaHa-
XOBOM IMIPOCTPAHCTBE HEIPEPBIBHA 10 COBOKYITHOCTH ME€PEMEHHBIX.

7.3. Byzaer yiu paBHOMEPHO OIDAaHUYEHHBIM Ha IIape CEMEICTBO MOJIyHEIIPEPHIB-
HBIX CHHU3Y CYOJIMHEHHBIX (DYyHKIMOHAJIOB Ha OAHAXOBOM NPOCTpPAHCTBE?

7.4. Ilycte X, Y — Ganaxosbl npocrpancta u 1T’ : X — Y. JlokazaTh, 4TO
st Hekoroporo t € R 6yzer ||Tz|ly > t||z||x B TOM u TONBKO B TOM Cilydae, ecin
kerT =0 n im 7T — 1oJIHOe MHOXKECTBO.

7.5. BoisicHUTD ycsiOBHSI HOPMAJIBHONM DPa3pEIIMMOCTH OIEPATOPa YMHOXKEHUS
Ha (QYHKIUIO B IPOCTPAHCTBE HEIPEPBIBHBIX Ha KOMIIAKTe (PyHKIHA.
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7.6. Ilycre T — orpanuveHHblil snuMopdu3M OaHaxoBa MpocTpaHcTBa X Ha
11(&). Ycranosurs momnosnnsieMocTs ker T'.

7.7. YcraHOBUTB, UTO pAaBHOMEPHO 3aMKHYyToe nozunpocrpauctso B C([a, b)), co-

CTaBJIEHHOE U3 HENPEPBIBHO JuddepeHupyeMbrx dyHKIui — seMmeHToB C (©) ([a, 8]),
KOHEYHOMEPHO.

7.8. Ilycts X n Y — paznuunble 6aHAXOBBI IPOCTPAHCTBA, IpudeM X Hempe-
PBIBHO BJIOYKEHO B Y. YCTaHOBUTH, 9YTO X $BJISETCS TOIUM MHOXKECTBOM B Y.

7.9. Ilycts X1, X2 — HeHyIeBble 3aMKHYTBIE IOAIIPOCTPAHCTBA HaHAXOBA, IIPO-
crpancTBa, npuyeM X1 N X2 = 0. Jokazarb, uro cymma X1 + X2 3aMKHyTa B TOM U
TOJIbKO B TOM CJIytIae, €CJIH CJIELYIOIIas BeININHA

inf {||lz1 — z2||/||z1]| : 1 #0, 21 € X1, 22 € X2}

CTPOrO IOJIOXKUTEJILHA.
7.10. Ilyctb (@mn) — CUYeTHasi J(BOHHAs IOCJIEJIOBATEIBLHOCTD, OOJIAAOIAs
TE€M CBOMCTBOM, YTO UMEETCS IOCJIEI0BATEIHHOCTD (x(m)) 3JIEMEHTOB [1, JJIsl KOTOPOi

pAAbI E 1 @mnTn
. oo
JIOBATEJIHOCTD T U3 [1, JJIsi KOTOPOU PsijIbI E n—1 @mnTn He CXOIATCS (abcomrorHO)

He cxongarcs (abcomorHO). Jlokasars, 9TO Hafimercs mocie-

npu Bcex m € N.

7.11. Ilycre T — oneparop B ruiibbepToBOM IpocTpancTBe H Takoii, 4To pa-
BercTBo (Tx |y) = (x| Ty) umeer mecTo ajist Beex x, y € H. YCTaHOBUTBH OrpaHUYeH-
HocTh 1.

7.12. Ilycrs 3aMkHyTHIH KOHYC X T B GaHAXOBOM IIPOCTPAHCTBE X SIBJISETCS
pocrpousBogamuM: X = X1 — X1, Jlokasarb, uro Haiizmercs koHcranta ¢ > 0
Takasl, 9TO A/ J060oro x € X U TpeACTaBJIeHus T = T1 — T2, Tae T1, T2 € X1,
soioneero: ||z1|| < t)|z||, ||z2|| <tz

7.18. IlycTb nosyHenpepbiBHble CHU3Y CyGsuHeliHble (DyHKIMOHAJBL P, ¢ B 6a-
HaXOBOM MpoCTpaHcTBe X TaKOBbI, 4TO KOoHychbl dom p u dom ¢ 3aMKHYTBI U TIOJTIPO-
crparcTtBo domp — dom g = dom g — dom p gonosasiemo B X. Jlokasare, 4ro juist
TOIOJIOTNYEeCKHUX CyOuddepeHnnanos BoIoaHeHo (cp. ynpaxkuenue 3.10)

d(p+q) = dp+9q.

7.14. IlycTb p — HenpepBIBHLIN CyOIMHERHDIN (DYHKIIMOHAJ, OMPEIEICHHBIH Ha
HOPMHUPOBAHHOM TpocTpaHcTBe X, u T — HemnpepbiBHBIA 3HA0MOpdusMm X. o-
ITyCTUM, 9TO CONPSYKEHHBIH omneparop T mepeBomuT B cebsi cybnuddepennuan Op.
YcTaHOBUTD, UTO Op COJEPKUT HENOIBUKHYIO TOUKy 1.

7.15. Ina dyukmun f : X — R Ha HOpMHpPOBAHHOM HPOCTPaHCTBE X IIOJIO-
HKUAM

F*(@)i= supl(z| ') — f(z): w € domf} (2 € X');
£ (z):=sup{{z|z’) — f* (') : ¢’ € dom(f*)} (z€ X).

BeisicuuTs, npu Kakux yciaoBusx Ha f BbimosHeHO f = f**.
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7.16. YcTaHOBHUTD, 4TO loo JIOMOJIHSIEMO B JIIOOOM COEpIKAIIEM €ro 6aHaAXOBOM
[IPOCTPAHCTEE.

7.17. BanaxoBo npocTpaHcTBO X HA3BIBAIOT IIPUMAPHBIM, €CJIH JIF0Hoe ero Hec-
KOHEYHOMEDHOE JIOIIOJIHSIEMOE MTOAIIPOCTPAHCTBO u3oMopdHo X. YbenuThcs, 4TO Co
ulp (1 <p < +00) npuMapHsL.

7.18. Ilycrb X m Y — GamaxoBbl mpocrpancTBa u oneparop T € B(X, Y)
TakoB, 4T0 im 7T — Heromee MHOXKecTBO. Torga T HOPMaJIBHO Pa3peIum.

7.19. Ilycrs Xg — 3aMKHYTO€ MOJIPOCTPAHCTBO HOPMUPOBAHHOI'O IIPOCTPAaH-
crBa X, npuaem Xo u X/X(o — Ganaxosel npocrparcTsa. Torma X Takxke GaHAXOBO
IPOCTPAHCTBO.



T'maBa 8

Omneparopbl B 6aHaXOBBIX
IIPOCTPAHCTBAX

8.1. TomomopdHubie PYHKIIUU U KOHTYPHbBIE
WHTErpaJibl

8.1.1. ONPEAEJEHUE. Ilycts X — 6anaxoBo mpocrpancTso. lloj-
MHOzKecTBo A mapa Bx/ B CONps:KeHHOM IpocTpaHcTBe X' Ha3LIBAIOT
nopmupyrowum (mist X ), ecau Jyist KazKa0ro s1eMeHTa & u3 X BBIIOJ-
HeHo ||z|| = sup{|l(z)|: ! € A}. Ecumn, nomumo storo, mist Besikoro U
B X takoro, uro sup{|l(u)| : w € U} < 400 upu | € A, cupasenuso
sup ||U|| < +00, To A HA3BBIBAIOT 6NOAHE HOPMUPYIOULUM MHOKECTBOM.

8.1.2. IIPUMEPHI.

(1) OTap By’ — BIOJHE HOPMHUPYIOIEE MHOXKECTBO B CHITY
5.1.10 (8) u 7.2.7.

(2) Ecau Ay — (BrosiHe) HOpMUpYIOIIee MHOXKeCTBO U Ay C
Ay C Bx/, 1o Ay Takxke (BIOJIHE) HOPMUDYIOIIEE MHOYKECTBO.

(3) MHuozkecTBo KpaiiHux ToueK ext(Bx:) sBiseTCS HOPMU-
pytomum 1o Teopeme Kpeitna — Munbmana s cy6auddepeHinaios
3.6.5 u mecomuennoro pasencrsa Bx: = |0|(]|-||x), koTopoe yzke HeomHo-
KPaTHO 6bLI0 MCH0/1b30BaH0. OHAKO BIOJIHE HOPMUPYIONIMM 3TO MHO-
JKECTBO ObITh He 00513aHO0 (TaK, B 9aCTHOCTH, OOCTOUT JEJIO0 B IIPOCTPAH-
cree C([0, 1], R)). <>

(4) Tycrs X, Y — 6aHaxoBbl IPOCTPAHCTBA (HAJ OJHUM U
reM ke 1osieM F) u Ay — nopmupyioriee MuoxKectBo st Y. ook

Ap:= {5(y§13) : y/ € AY7 UAES BX}’
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riie O(yio)(T):=y'(Tx) pmay’ €Y, € X u T € B(X, Y). dcuo, aro
1012y (D) = ly" (Tx)| < My 1T < [ly" Il 1] NI,

T. €. O(yiq) € B(X, Y)". Ilomuwmo aroro, s T' € B(X, Y) Bbimosmeno

|17 = sup{||Tz|| - [l«f <1} = sup{ly"(T)|: y" € Ay, [z <1} =

- Sup{|5(y§a:)(T)| : 5(y§x) € AB}

Taxum obpasoM, A p — HopMmupytomee MEOKecTBO (111 B(X, Y)). Ecan
npu 3ToM Ay — BIOJIHE HOPMUPYIOIIEEe MHOZKECTBO, TO A g TaK:Ke BIIOJIHE
HOPMUPYIOIIee MHOXKECTBO. B caMoMm Jiejie, ecin U TaKOBO, 9TO YUCIOBOE
muokecTBo {|y'(Tx)| : T € U} orpanudeHo npu JioObx © € Bx u
y" € Ay, 1o 10 ycaosuio muoxecrso {Tz : T € U} orpanunveno B Y
s Beskoro ¢ € X. B cmiry npuHIMIA paBHOMEPHOH OrpaHUYEHHOCTH
7.2.5 aro osHavaer, uto sup |U]| < +oo.

8.1.3. Teopema Jlangopaa — Xwusnite. Ilycro X — KOMILIEKCHOE
6aHAXOBO MPOCTPAHCTBO U A — BIOJIHE HOPMHUDYIOIEE MHOXKECTBO JIJIST
X. Iycre, gamee, f : 9 — X — orobpaxkenue moJMHOXKecTBa ¥ B
C B npocrpancrso X, npaaem 9 orkpeito (B Cr ~ R?). Crexyrone
VTBEPKA€HHUST SKBUBAJCHTHBDI:

(1) gz kazkmoro zg € & cymecTByer 1pees

i 102 = 0),
zZ—20 zZ— 20

(2) s kaxkapix zg € 9 ul € A cymecrByer npesest

i LS (2) = L0 S (z0)
zZ—20 zZ— 20

1. e. ¢pyaknuslo f: P — C romomoppua npul € A.

< (1) = (2): Ouerngso.

(2) = (1): IIpocrors! paju 6yjem cauTaTh, 910 2o = 0 1 f(z9) = 0.
Paccmorpum map paguyca 2e, mesnkoM Jexaimit B 7, 1. e. 2¢D C 2,
rae D := B¢, Kak npuHATO B KOMILIEKCHOM aHaJM3e, Oy/IeM CUUTATD
kpyr €D (OpUeHTHPOBAHHBIM ) KOMIAKTHBIM MHOI0OGpasueM ¢ KpaeM T,
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rage T — (mosmkebIM 06pa30M OPHEHTHPOBAHHAS) €AMHUYHAS OKPYIK-
Hocth T:= {2z € C: |z| = 1}. Ilpu 21, 29 € €D\ 0 gy rosomopdHO
dbyuxun lo f (byrxnmonas [ gexxut B A) ©MEIOT MeCTO IIPeICTaBJIEHHSs
naTerpajgom Kormm:

710]0(2]6) 7L/7lof(z) dz (k:=1, 2).

2 2w ) z2(z— z)
2eT

Buaunt, npu 21 7 2z, YIHTLIBag, 9TO Ayd z € 26T BLINOIHEHO
|z — zx| > e (k:= 1, 2), a Takxke uto byHKIUA [ 0 f HenpepbBHA B P,

OJTy 9aeM
‘l( 1 <f(21) B f(f@)))‘ B
21 — 292 21 22
1 1 1 1
- 21—22.% lOf(Z)<Z(Z_Z1)_Z<Z_Z2))dz B
2eT
1 1
T or 2/Tlof(z)z(zzl)(222)dz =

<M sup [lo f()] < +oc
z€2eT

it nogxoggmero M > 0. ITockoibky A — BIoJIHE HOPMUPYIOIIEE MHO-
KECTBO, 3aKJII0IAEM:

sup
z17#22;21,2270 |21 - 22|
|z1]|<e,|22]|<e

1 Hf(zl) _ f(z2)

22

‘<+oo.

ITocnenree HEpaBeHCTBO ObECIIEUNBAELT CYIIIECTBOBAHUE HYXKHOIO IIpejie-
Ja. >

8.1.4. ONPEAEJEHUE. Orobpaxkenue f : 2 — X, yIoBIETBOPSIO-
miee 8.1.3 (1) (mim, uro To ke camoe, 8.1.3 (2) [y KAKOro-aubo BIIOJIHE
HOPMUPYIOIIEr0 MHOXKECTBA A), HA3BIBAIOT 2040MOPPHHBIM.
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8.1.5. BAMEYAHUE. MHOr1a HCIIOIB3YIOT U3JIUIITHE IETATBHYIO T€p-
muHoJoruo. Vmenno, ecam f ynosiersopsier 8.1.3 (1), o f masbiBator
cuavho 2oaomopdroti yurumeit. B cayaae, ecom st f Boimosineno 8.1.3
(2) upu A := Bx/, roBopaT o caaboti zosomopprocmu f. B ycioBusx
813 (2)mn812(4), r.e. upn f: 2 — B(X, Y), Ay:= By u coorser-
creyomeM A:= Apg, TOBOPAT 0 cAa060 0NEPAMOPHO 20A0MOPEHBIT DYHK-
UsiX. Y 9ATHIBasi TPUBEIEHHYIO TEPMUHOJIOTHIO, TeopeMy landopma —
Xujijte 9acTo HA3BIBAIOT MEOPEMOt 0 20A40MOPHHOCTIU U BHIPAKAIOT CJIO-
BaMuU: «CJaabo rosoMopdHas QYHKIMS CHIBHO IOJIOMOPQHAY.

8.1.6. 3SAMEYAHUE. B gaJibHeiimeM yg00HO HCIIOJIb30BATH MHTE-
rpaJibl npocreiiinux riaakux X-3Hadubix GopM f(z)dz mo npocreiinmm
OPHEHTHPOBAHHBIM MHOIOOOPA3UsSIM — II0 KpAasiM 3JIEMEHTAPHBIX KOM-
HakToB B mutockoctn (cM. 4.8.5), COCTABIECHHBIM U3 KOHEYHOIO YHCJIA
HeIlepeceKaloNXCcA IIPOCTLIX IeTelb. B Taknme MHTerpasbl BKIaIbIBa-
IOT OYeBHIHBINA cMbIc/I. VIMeHHO, 1j1d meTiu y BEIOMPAIOT MOIXOAAIIYIO
(rmagkyro) napamerpuzanuio ¥ @ T — v (¢ y4eToM OpHeHTAIUH) U 0~

JIAraioT
’Y/f(z)dz:—ﬂ‘/fo\lldkll,

rJle TTocIeHU NHTerpaJl MOHIMAIOT, HallpIMeD, KaK MOIXO/ISIHN HHTe-
rpan Boxuepa (cm. 5.5.9 (6)). HecomHeHHA KOPPEKTHOCTBH 3TOTO OMpE-
JIeJIeHNst, T. €. CYIIeCTBOBaHUE HY>KHOIO MHTerpaJsia BoxHepa u ero nesa-
BUCUMOCTH OT BBhIOOpa mapamerpusanuu V.

8.1.7. Teopema Komm — Bunepa. Ilycre 9 — Hemmycroe OTKpbI-
TOE MOJMHOXKECTBO IJIocKocTH U f : 9 — X — rojomopgHOe orobpake-
uue B baraxoBo npoctpanctBo X . Ilycrtob, aasee, F' — npocrast kKapTHHA,
st napet (&, 2). Toraa

aé f(z)dz = 0.

IIpu srom asst zg € int F' BBITOJTHEHO

f(z0) = = Mclz.

211 Z— 20
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<1 B cuny 8.1.3 neobxomumble MHTErpaJibl BoxHepa CyIeCTBYIOT.
Tpebyemble paBeHCTBa, OYEBUIHO, CIEAYIOT U3 CIIPABEJINBOCTH UX CKa-
JIIPHBIX BEPCHil, COCTABJISIONIMX COJIEPXKAHNE KJIACCHIECKON TeopeMbl
Ko, ckazannoro B 8.1.2 (1) u ormedenHoit B 5.5.9 (6) mepectanoBod-
HOCTH MHTErpaJsioB boxuepa ¢ orpanndeHHbIMU (DYHKIMOHAJIAMHE. [>

8.1.8. BAMEUYAHUE. Teopema Komm — Bunepa mossosisieT 1o xo-
POIIIO M3BECTHBIM 00pa3laM BBIBOJIUTH JjIsi X -3HAYHBIX I'OJIOMOPQHBIX
GYHKIMIT aHaJIOrH TEOPeM KJIACCHIECKOI'0 KOMIIJIEKCHOIO aHAJIN3a.

8.1.9. Teopema o pazmaoxxeunuu Teiiaopa. Ilycts f: 9 — X
— rosiomoppHast Gyukiusa u zg € 9. B mobom kpyre U := {z € C :
|z — 20| < €} Takom, 4gro clU jexkur B &, HMeET MECTO Pa3JIOXKEHHE
Teitopa (B pABHOMEPHO CXOJSIIHECS CTEIIEHHOI psiT)

oo

f(z) = Z cnl(z — 20)",

n=0

r71e KO3(PPHUIHEHTHI ¢y, BBITHCJISIIOT IO (POpMYyIam

1 f(z) 1df
/( I

z—zo)"t1T  pldzn

(20)-

Cp = —
" o
U

<1 Jloka3aTesbCTBO OCHOBAHO HA CTAHIAPTHOM DA3JIOKEHWH SIPa

u (u—2)"! B bopmye

1 (u)
= d €cllU
1) 2ms u—z"" (z € dl)
au’
IO CTEIeHsIM 2 — Zp, T. €.

1 1

B () (1 222)

Mocnemanit psy, cxomurest papaomepro o u € OU’. (3xecs U' = U + gD
JUIsi Kakoro-ymbo ¢ > 0, takoro uro clU' C 2.) VwuurbiBasi, 4uTo
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sup || f(OU")|| < +00, u IPOM3BOIA UHTETPUPOBAHNE, IPUXOANM K TPeOy-
emoMmy npejicrapiennio f(z) npu z € clU. Ilpumensist gokasanuoe K U’
u npuBJiekasd 8.1.7, BUJMM, YTO HCCJIEIYEeMbIil CTEIIEHHON psiJi CXOIUTCSH
B Kaxka0#1 Touke U’'. OTcrojia BbITEKAaeT €ro paBHOMEpHasl CXOIUMOCTh
Ha KOMIIAKTHBIX MojMHOXKecTBax U’, a moromy u uHa U. >

8.1.10. Teopema JIuyBusias. Ecin ¢yakmnus f : C — X rogo-
mopcpra u sup || f(C)|| < +o0, T0 f — mocrosiHHOE 0OTOGPAZKEHMHE.

< Hnsg e > 0, paccmarpuBas guck €D u yauntbiBas 8.1.9, nmeem

lenll < sup. If R -e™™ <sup|[f(C)]| - "

upu Bcex n € N u ¢ > 0. Takum obpazom, ¢, = 0 mrst n € N. >

8.1.11. Kaskaprit orpaHHIeHHbIH SHI0MOPGH3M HEHYJIEBOrO KOMII-
JIEKCHOT'O OaHAXOBAa IPOCTPAHCTBA UMEET HEITyCTOH CIEeKTP.

< IMyers T — takoit sumomopdusm. Ecau Sp(T) = &, 10 pe3osnsb-
serra R(T, -) rosomopdua Bo Beeii miockocru C, manpumep, o 5.6.21.
Kpowme toro, Ha ocnosanum 5.6.15, ||R(T, A)|| — 0 npu |\| — +o0. B
cury 8.1.10 zaxmouaem, uro R(T, -) = 0. B 10 ke Bpems, npuBJeKas
5.6.15, BuxuM, uro upu |A| > ||T|| semoaneno R(T, A\)(A —T) = 1.
IMony4aaeTcs mpoTusopeyne. >

8.1.12. Hwmeer mecto popmyna Bépunara — Ienbanga:
r(T) =sup{|A|: A€ Sp(T)}

a1 moboro oneparopa T € B(X), rge X — KoMmiekcHoe GaHAXOBO
MIPOCTPAHCTBO, T. €. CIEKTPAJBHBIH PajHyC OMepaTopa COBMNAIAET C Pa-
JILYCOM €ro CIIEKTPA.

< To, uro cuekrpasbubiii paguyc (1) Gosbine paguyca cuekTpa,
ormeveHo B 5.6.16. Taxum obpaszom, nipu r(T) = 0 10Ka3BIBATHE HAYETO
He Hao. Ilycrs Tenepp r(T) > 0. Bosemem A € C Tak, uro |\ >
sup{|u| : p € Sp(T)}. Torma kpyr pammyca |\ ™! menuxom jexur B
obusactu rosiomopduoctu ysrnuu (M. 5.6.15)

o= Oy e

[pusnekas 8.1.9 u 5.6.17, sakmouaem, uro [A|~! < r(T)~1. Cnenosa-
reabHo, || > r(T). >
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8.1.13. IIycre K — memycroii komuasr B C u H(K) — mMHOXKecTBO
rojomopubix B okpecraoctu K ¢ynkuumii, . e. (f € HK) & f :
dom f — C — rosomopcpuast pyuknus, dom f D K). Hus fi, fa €
H(K) monoxum f1 ~ fo, ecii cymecrByeT OTKPBITOE IOJMHOXKECTBO 9
B dom f1 Ndom f5 rakoe, uro K C P u f1|9 = f2|9. Torma ~ spisercs
orHomenneM skBuBajienTHocrn B H(K). <>

8.1.14. ONPEAEJEHUE. B ycmosuax 8.1.13 nonoxum J(K) =
H(K)/~. Daemenr f € H#(K), conepxammii dyukuuio f € H(K),
HA3BIBAIOT pocmkom [ Ha KommakTe K.

8.1.15. Ilycrp f, g € #(K). Ilycrs, Kpome TOTO, BBITEJICHBI
fi, f2€ [, 91, 92 € 9. Honoxum

x € dom f1 Ndom g1 = p1(x):= fi(x) + g1(x),

z € dom fo Ndomga = p2(x):= fa(z) + g2(2).

Torna @1, @2 € H(K), npudem @1 = @3.
<1 Beibpas oTkpbiThie MHOKecTBa K C 94 C dom f1Ndom fo u K C

95 C dom g1 Ndom gy, B KOTOPBIX COBHAIAIOT f1 U fa M COOTBETCTBEHHO
g1 U g2, BUJUM, 9TO B &1 N P COBIAJAIOT (1 U (pg. [>

8.1.16. ONPEAEJEHUE. Kiacc, BBemenunii B 8.1.15, Ha3bIBAIOT
cymmot pocmxos fi u fo m obozuauaior fi + fo. AHaIOrMYIHO BBOIAT
npoudsedenue POCMKO8 U YMHOACEHUE POCTNKA HA KOMNACKCHOE YUCAO.

8.1.17. J(K) c onepanusmu, Beegertbivu B 8.1.16, sisiercs aJi-
rebpoii. <>

8.1.18. ONPEJEJEHUE. Bosuukarwryo anrebpy 7 (K) HasbiBa-
10T a2e6poti pocmKos 2040MopPHHT PyHKyuti Ha KommakTe K.

8.1.19. ITycre K —komnaxkr BC, a R : C\K — X — rosiomopuast
QYHKIHST co 3HATEHUSIMA B baHaxoBOM mpocTtpamctBe X . Ilyctp, magee,
f € HAK)ufi, fo € f. Ecm Fy — mpocras kapTuHa /s Taphl
(K, dom f1), a F» — npocras kapruna mus napsl (K, dom fs), To

| nerea - [ penes

8F1 8F‘2
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< Hycrs K C 2 C int Fy Nint Fy, rae 9 otkpwito u fi|lg = falg.
Bosbmem mpocryto kaptuny K C F C 2. YaurbiBasg 10710MOPGHOCTH
dyukuun f1R va dom f; \ K u rosomopduocrs foR na dom fo \ K,
BBIBOJIIM PABEHCTBA

[ @R~ [ foREE:,
oOF

OF,

/ Fo(2)R(2)dz — / F2(2)R(2)dz
oF

OF,

(u3 HETPUBHUAILHOTO (haKTa CIPABEIJIUBOCTH UX CKAJIAPHBIX aHAJIOIOB).
Beuny cosnajenus f1 u fo Ha & umeem Tpebyemoe. >

8.1.20. ONPEAEJEHUE. Dukcupys h € S (K), B ycaoBusx 8.1.19
KOHMYPHOBLM UHME2Pasom h ¢ IpoM R HA3BIBAIOT 3JIEMEHT

74 h(2)R(2)dz / F(2)R(2)dz,
oF

rme h = f u F' — mpocrag Kapruaa maia napsl (K, dom f).

8.1.21. BAMEYAHUE. O6osnauenue h(z) B 8.1.20 Hecayuaitno. Ono
00BSICHSIETCS TEM, UTO /I KaXKJI0# Toukn z € K u JI0ObIX JABYX Tpe-
craBuresieil fi, fo pocrka h BomosHeHo w = f1(z) = fa(z). B aroii
CBsI3M 00 dJIEMEHTE W TOBOPAT KAaK O 3HAYEHUYU pocmka h 6 mowke z u
numyT h(z) = w. Ormerum 3xuech xke, uro B 8.1.20 dynkuuio R MOXKHO
cuurarh 3agannoil umb B U \ K, tae intU D K.

8.2. TomomopdHoe PYyHKIIMOHAIIBHOE NUCYUCITIEHTE

8.2.1. OnPEAENEHUE. Ilycrs X — (HemyseBoe) KOMILIEKCHOE Ga-
HaXO0BO MPOCTPAHCTBO W 1 — orpaHumveHHbit sndomoppusm X, T. e.
T € B(X). Hua h € 7 (Sp(T)) xourypubiii unrerpas ¢ sapom R(T, -)
— pesosibBeHTOM omeparopa 1' — obo3HaUAOT

HBrh:= L %h(z)R(T, 2)dz
2mi
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u HasbBaloT unmezpasom Pucca — Hangopda (pocrka h). Ecau f —
dynkuug, ronomopduas B okpecrunoctu Sp(T'), To nonaraior f(T) :=
R [ = Rrf. Ucnonnsyror Takxke H6osiee 0OpasHblie 0O03HAYEHHS TUIIA

f(r) = L Mdz.
2t ) 2z =T

8.2.2. BAMEYAHUE. B ayirebpe, B 9aCTHOCTH, U3yYalOT pa3/InIHbIe
IPEICTABIEHUST MATEMATHIECKIX 00HeKTOB. Ham y/00HO OIb30BaTHCS
HEKOTOPBIME 3JIEMEHTAPHBIME [TOHSITUSIMUA TEOPUH MIPEJICTABIEHUN Hau-
bostee «asrebpanmdeckux» 00bEKTOB — ajredp. BcemomuuMm mpocreiimnime
U3 HUX.

ITycrs Ay, Ay — aBe anreGps! (HaJl OJHUM U TeM ke 1mojeM). Mop-
Pusmom Ay B Ag win npedcmasaenuem anrebpbl A; B anrebpe As (pe-
7K€ TOBODAT «B aire0bpy As») HA3BIBAOT MYALMUNAUKGMUESHOLT AUHET-
nouli onepamop R, 1. e. orobpaxkenue R € F(A;, Asz) rakoe, 4r0o
R(adb) = R(a)R(b) mus Beex a, b € Ay. Ilpencrasienue R HA3LI-
BalOT mounvim, ecaium kerR = 0. Hanwuwme Todunoro mpencrasiieHust
R: Ay — A, nosBosisier paccMmarpuBarh A Kax mojpasrebpy As.

Ecmu Ay sBisierca (mopn)asre6poit sugomopduzmos £ (X) HEKOTO-
POro BeKTOPHOro npocrpancTsa X (HaJl TeM Ke I0JIeM), TO 0 Mopdu3Me
A1 B Ay roBopsT Kak o (mHeiHOM) npedemasaeruu A1 B npocmpar-
cmee X unu o6 onepamoprom npedecmasaenuu Aj. Ilpocrpancrso X
HA3BIBAIOT B 9TOM CJIyYae NPOCMPaHcmMeom npedcmasichus aredpor Ay .

Ecmm B mpoctpanctse X npejcrapiaenus SR anreOpbl A ecThb moanpo-
CTpaHcTBO X1, NHBAPMAHTHOE OTHOCUTENHLHO BCexX orepaTopos R(a) mpu
a € A, TO ecTecTBEHHBIM 00pa30M BO3HMKAET Ipeacrapienue Ry : A —
Z(X1), neiicryioniee no upasuiay Ri(a)r; = R(a)r; g z1 € X7 u
a € A, naspiBaemoe nodnpedcmasaeruem R (mopoxaenanbim X1). Ecau
X = X1 ® X5 u 910 pasiiokeHue IPUBOAUT KazKiblii oreparop R(a) mis
a € A, TO roBoOpsAT, 4TO npedcmasacrue R npusedeno K npAmot cymme
(nod)npedcmasaeruis Ry u Re (mopozkaenubix X u Xo COOTBETCTBEH-
HO). OTMETHM BasKHOCTH 3a/1a9M M3Y9I€HUs] IPOU3BOJIBHBIX HENPUBOJU-
Moz npedcmasaenuti (= npejcTaBIeHuil, He CONEPKAINUX HETPUBUAID-
HBIX IIOJ[IIPE/ICTABJICHHUIL).

8.2.3. Teopema I'eibcparga — Jaragopaa. Nurerpasr Pucca —
Hangopia Zr cay>KAT 1peJcTaBJeHIeM aarebpbl POCTKOB I'OJIOMOP-
HBIX (yHKIHI Ha criekTpe omeparopa 1 B mpocrpancrtBe X — obiia-
cru ounpenenenust oneparopa T. Ilpu srom ecmn f(z) = Y o0 cp2"
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(8 oxpecrnocrn Sp(T)), o f(T) = >.»" o ey T™ (cymmupoBanne Beercst
OTHOCHTEJIHHO onepaTopHor Hopmbl B B(X)).

< To, uro Zr — nUHEHHBIH OMEPATOP, HECOMHEHHO. YCTAHOBUM
MyJIBTHIUTAKATABHOCTE . st aT0or0 BOsbMeM fi, fo € J(Sp(T))
u BbIGEpeM TpocThle Kapruubl Fj, Fh rtakume, uro Sp(T) C int F} C
Fy CcintFy, C Fy C 2, upuuem byuxuun f; € fi, fo € fo apismorcs
rosioMopdHBIMET HA Z.

IIpusnekast oyeBuHBIE CBOCTBA MHTErpaja BoxHepa, Kiaccude-
ckyio Teopemy Kot u Toxgectso I'manbepra 5.6.19, mocsemoBaTebHO
[0JTy YaeM

_ _ 1 1 z z
HrfiroRrfa= fL(T)f(T) = i 2w il(%dzl o %d@ =
OF; OF»

1 1
Tme /fl(zl)R(T7 z1)dz1 | fa(22)R(T, z3)dzo =
OF> OF;
27m omi / /fl (z1) fo(22) R(T, z21)R(T, z3)dzedz =
OF; Fy
T, — R(T,
T 2mi //fl 1) fa(22) R, z1) — B Zz)dzgdzlz
e 27maF i 2 — 21
z
/fl %/%dzz R(T, z)dz1—
3F1 OFy

1 1 f1<221)
- — d I dze =
211 /f2(22) 211 29 — 21 | BT, z)dz

OF, oF

= ﬁ/fl(zl)fz(m)R(T, 21)dz — 0 = f1fo(T) = Rr(fi f2).
v

Bribepem okpyzkHOCTD 7y := €T, exkanyto Kak B res(T), Tax u BHYT-
pu Kpyra cxoqumoct psiga f(z) = Y0 ¢,2™. Yunresas 5.6.16 u 5.5.9
(6), mmeem
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_ 1 = —n—1gm _
= QM/f(z)nz%z T"dz =

271'2 Z /f Sz
v

) o}

N Z 2m z”+1 dz | T" = enT™
n=0

B cmy 8.1.9. >

8.2.4. SAMEYAHUE. Teopemy 8.2.3 4acTo HA3BIBAIOT 0CHOGHOU Mme-
0peMOTE 20A0MOPPH020 PYHKUUOHAABHOR0 UCHUCAEHUS.

8.2.5. Teopema 06 orobpa>keHuun crektpa. /s jai060i QyHK-
nun f € H(Sp(T)), rosmomopdroii B okpecrHocTH criekTpa oneparopa T
u3 B(X), BBIIOJHEHO

f(Sp(T)) = Sp(f(T))-

< Iycers cnavana gano, aro A € Sp(f(T)) u f~1(A) N Sp( ) = @.
Jast rouxkn z € (C\ f~1(A\)) N dom f momoxxum g(z) := (A — f(2))~!
Torma g — rosomopduas dyukius B okpecraocru Sp(T'), npudem g(xf
f) = (A= f)g = 1c. llpusnexas 8.2.3, suamm, uto A € res(f(T)).
[ocemuee mpotusopeunt yeaosuio. 3uaunt, f~1(A) N Sp(T) # @, . e.
Sp(f(T)) € F(Sp(T)).

ITycrs Teneps A € Sp(T'). Ionoxum

fA) - f(2),

LT = .

A£z=g(z):=

IMougrno, uro g — rojomopduas GyHKIusa (0COGEHHOCTD «yCTPAHEHA ).
N3 8.2.3 nosryuaem

gIM)A=T) = (A=T)g(T) = f(A) = F(T).
Buauut, ecim f(A) € res(f(T)), ro oueparop R(f(T), f(A)g(T) asus-

erca obparHbM K A — 1. Unbimu cioBamu, A € res(T), 410 HEBEpHO.

Urax, f(A) € C\res(f(T)) = Sp(f(T)), v e. f(Sp(T)) C Sp(f(T)). >
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8.2.6. Ilycre K — Hemycroii kommakt; g : domg — C — roJo-
MopgHast GyHKIHS, HqueM domg D K. st f € H(g(K)) monoxxum

5( f):= fog. Torga § — npescrapienne aare6pol S (9(K)) B aarebpe
H(K). <>

8.2.7. Teopema /Taundopzaa. [Lis Besakoii pyrkmun g : dom g —

C, rosiomopcpuoii B oxpecraocru dom g cresrpa Sp(T') omeparopa T €
B(X), KoMMyTaTHBHA CJAECAYIOMA JUATDAMMA IPEJICTABICHHI:

o

H(Sp(T))~L(Sp(9(T)))

Ry
pa 9(T)

B(X)

< Myers f € #(g(Sp(T))) u f : 2 — C rakoswl, uto f € f
u 2 D g(Sp(T)) = Sp(g(T)). ycrs Fi — npocrasi KAPTUHA JUJIS TAPBI
(Sp(g(T)), Z) u F» — npocras xapruna as napst (Sp(T), g~ *(int FY)).
ScHo, uro npu stom g(OF2) C int F} u, Kpome Toro, GyHKIWMs 2o —
(21 —g(22)) ! onpenenena n romomopdna B int Fy st 21 € OF;. Takum
obpa3zom, 1o 8.2.3

1 R(T7 2’2)

2mi 21 — g(22)
OF,

R(Q(T)v Zl) - dzo (21 S 6F1)

YuurbiBast 3T0 COOTHOIIIEHHE, ITIOCJIeJ0BATEJIbHO NMEEM

1 f(z1)
- AV -
Zorrf = o | o= g™
OF,
R(T, ZZ)
——d dzy =
" 97 2mi /f /zl—g(zg) 22 |
OF;
11 f(=1)
— AV T, 2)dz —
" 2mi2mi /zl—g(zg) a1 | BT, 22)dz

OFs OF;
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1
2w

/ Fg(22))R(T, 2)dzs — Z25(F)
OF>

(tak KaK g(z2) € int Fy mis zo € OF; 10 TOCTPOEHUIO, TO HA OCHOBAHUU
KJIaccr4aeckoit TeopeMbl Kot
1 f(z1)
flg(z2)) = — ————dz. >
2 21 — g(29)
o

8.2.8. SAMEUYAHUE. Teopemy Jlandopiaa BecbMa 9acTO HA3BIBAIOT

mMeopemoti 0 CAONHCHOT GYHKUUY N CAMBOJIMYECKH 3AIUCHIBAIOT TakK: f o

g(T) = f(g(T)) mus f € H(g(Sp(T))).

8.2.9. ONPEAENEHUE. ITommuoxkectBo o B Sp(T') HA3BIBAIOT cnek-
MPAALHOM MHONHCECTNEOM UIIH U30AUPOSAHHOT wacmbvio cnexmpa T, ec-
JIM KaK o0, Tak 1 ero gonosHerue o’ := Sp (7)) \ o ABJIAIOTCA 3aMKHY THIME
MHOKECTBaMU.

8.2.10. Ilycte 0 — CHEKTPAJIbHOE MHOXKECTBO H ¥y — 9TO (KaKas-
aubyab) QyHKIHs, pABHAs €IUHHUIE B HEKOTOPOH OTKPBITOI OKDECTHO-
CTH 0 W HYJIIO B HEKOTODPOIT OTKPBITOIt okpectHOCcTH 0. Ilycrn, nasee,

P,:= »,(T):= ! %o (2)

. dz.
i | -1

Toryga P, — upoekrop B X u (3amkmyT0e) nogupocrpaacrso X, := im Py,
HHBAPUAHTHO OTHOCHTEJIHHO T'.

< Tlockonbky 52 = 5., To, 10 8.2.3, 3,(T)? = 3,(T). Homumo
sroro, T' = Zrlc, e Ic : z — z, orkyna TP, = P,T (ubo Ic3, =
%, I¢). 3uadut, B cuny 2.2.9 (4), X, uHBapuanTHO OTHOCHTEIBHO T'. >

8.2.11. ONPEAEJEHUE. Omneparop P, u3 8.2.10 HA3BIBAIOT Npoek-
mopom Pucca i xe cnexmpasvHom Npoexmopom, OTBEUAIOIIMM CIIeK-
TPaJIbHOMY MHOYKECTBY O.

8.2.12. Teopema o pa3zbuenuu cnekrpa. Ilycrs 0 — crekTpaib-
Hoe MHOkecTBO onteparopa T uz B(X). Torga umeer MecTo pas/iokeHue
X B npsaMyro cymMmy HmHBapHaHTHBIX rogmpoctpanctB X = X, & X,
npuBossiiee T K MATPUIHOMY BHITY

T, O
(% 2),
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e gactb T, oneparopal B X, u gactb T,/ onneparopa Tl B X,/ TaKoBBI,
910

Sp(Ta) =0, Sp(Ta’) =a.

< TlockombKy %, + %y = Zspr) — L, 10 BBy 8.2.3 n 8.2.10
cJleJlyeT YCTAaHOBUTH TOJBKO yTBEPIKJICHHE O CIIEKTpe 1.
"3 8.2.5 u 8.2.3 monyvyaem

o U0 = 3,1c(Sp(T)) = Sp (5, Ic(T)) = Sp (%r(»1c)) =
= Sp(%Zry 0 %rIc) = Sp(P,T).

IIpu sTOM B MATpUIHOM BHjIE

T, 0
rr~ (7).

IIycte A — HeHyseBoe KoMILIEKCHOe uncyo. Torna

A=T, 0
vonre (P57 ),

T. e. omepatop A — P,T Heo6paTuMm B TOM WM TOJBKO B TOM CJIydae,
ecan Heobparum oneparop A — T,,. Urak, Sp(T,) \ 0 C Sp(P,T)\ 0 =
(cU0)\0Co.

Homyerum, ato 0 € Sp(T,) u 0 ¢ o. Beibepem OTKPBITHIE Hemepece-
KAIOUIUECsd MHOXKECTBa Py U Py Tak, 910 0 C Dy, 0 ¢ Do u 0’ C Dy,
U TIOJIOXKAM

2 € Dy = h(z):=

)

IS

2 € Do = h(z):=0.

o 8.2.3, h(T)T = Th(T) = P,. Bonee Toro, pa3 h, = %, h, To pas-
goxenne X = X, @ X, npusogur h(T) u qa gactu h(T'), onepartopa
hMT) 8 X, Bepro h(T),Ty = Toh(T), = 1. Takum obpazom, T, 06-
patum, 1. e. 0 ¢ Sp(T,). Iomyuwiun uporusopedne, o3HaYAOIIIEE, YTO
0 € 0. Uubivu ciioBamu, soimosueno Sp(T,) C o.

Bamerum Teneps, aro res(T’) = res(T,) Nres(T,). Suadut, 1o yxe
JTOKA3aHHOMY

Sp(T) = C\ res(T) = C\ (res(Ty) Nres(Tyr)) =
= (C\ res(T,)) U (C\ res(T,)) = Sp(T,) USp(T,) C o Uc’ = Sp(T).

Vuaureisag, uro o N o’ = &, nonydaem Tpedbyemoe. >
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8.2.13. Teopema o pazsoxkenuu uHTerpasa Pucca — lan-
dopaa. Ilycrb 0 — cuekrpasibHoe mHoxecTBo oneparopa T € B(X).
Paznoxkenne X = X, & X, npupoaur npeicrapjieHue Xp aarebpbl
A (Sp(T)) B X K upsimoii cymme npeicrapienuit By v Xyr. Ipu s170M
KOMMYTATHBHBI CJICAYIOIIHE HATPAMMBI IIPEICTABICHUI:

Ayt

A (Sp(T))—Z2+H(0)  H(Sp(T)) A (o)
R, R,
R, Ry
B(X,) B(X)

Bneck 72y (f):= », f, g/ (f):= s f pma f € H(Sp(T)) — npexcrapie-
HUSI, HOPOXKJICHHBIC CyKeHHsIMHU [ Ha 0 M 0’ COOTBeTCTBeHHO. <I[>

8.3. N nean KoMOaKTHBIX OIIEPATOPOB U mpobjiema
aNMnmpOKCUMAaINU

8.3.1. Ilycty X, Y — 6aHaxoBbI NIPOCTPaHCTBa. Jljisi JIMHEHHOrO
omeparopa K € £ (X, Y') sKkBuBAJIEHTHBI CJI€IAYIONIHE YTBEPXKICHU:

(1) omeparop K wommakren: K € # (X, Y);

(2) cymecrBytor okpecrrocts Hyas U B X W KOMIIAKTHOE
muo)kectBo V' BY rakme, uro K(U) C V;

(3) ob6pas npu orobpazkennu K jiro60ro orpaHu9eHHOrO MHO-
kecTBa B X OTHOCHTEJIHHO KOMITAKTEH B Y ;

(4) obpas mroboro orparmaenroro B X MHOXKeCTBa (IIPH OTO-
6pazkenuu K ) Brosine orpanuder B'Y;

(5) Ju1st KaXKI0H MOCTENOBATENBHOCTH (X )neN TOUEK €1U-
amaHoro mapa Bx nocienoBaresbaocrs (KT, )nen co-
JIEPKAT HEKOTOPYIO (PYHJAMEHTAIBHYIO MOJIIOCIETO0BA-
TEe/JIbHOCTH. <[>

8.3.2. Teopema. Ilycty X, Y — b6anaxoBsl npoctparncTba. Torma
(1) # (X, Y) — samkHyTOe nomnpocrparcreo B(X, Y);
(2) s sr06bIxX 6aHaxoBbIX HpocTparcTB W u Z BBIITOJIHEHO

B(Y. Z)o 4 (X, Y)o B(W, X) C 4 (W, 2),
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e e S € BW, X), T € B(Y, Z), a K €

H(X,Y), 7oTKS € (W, Z);

(3) Ir € H(F):= # (F, F) aus ocaosroro noist F.

< To, uaro (X, Y) — momupocrpamncrso B(X, Y), caexyer us
83.1. Ecm K,, € # (X, Y)u K,, —» K, 1o nyist € > 0 upu gocrarod-
HO Gombmux n umeeM |[Kz — K,x| < |[K — K, | ||| < ¢, kaxk T0osBKO
x € Bx. Takum o6pasom, K, (Bx) ciyxur e-cemvto (= Be-ceTbro) st
K(Bx). Ocraercs cociarbest Ha 4.6.4, 9T06bI 3aKOHUUTD JIOKA3ATE b
crBo 3amruyToctu S (X, V). Ilpoune yrBep:KieHusl T€OPEMbI SICHBL. [>

8.3.3. BAMEYAHUE. Teopemy 8.3.2 9acTO BBIPAXKAIOT CJIEIYIONIHA-
MM CJIOBAMU: <KJIACC BCEX KOMIIAKTHBIX OLIEPATOPOB IIPEACTABIIAET COOOM
onepamopruili udeany. TIpu 3TOM UMEIOT B BUJY OYEBHJHYIO AHAJOTUIO
tomy, uro £ (X):= J¢ (X, X) upencrasiusier coboii (IByCTOPOHHUIA 3a-
MKHyTBIH) npean B anrebpe B(X), 1. e. H#(X)oB(X) C A (X) n
B(X)o X (X) C #(X).

8.3.4. Teopema Kanknua. Wneann: 0, J (l2), B(l2) cocrapor
MOJIHBIH TI€peYeHb 3aMKHYTBHIX JIBYCTODOHHHX HJeasoB airebpsr B(ls)
OrpAHHYEHHBIX SHJOMOP(DU3IMOB IHIB6EPTOBA IIPOCTPAHCTBA lo.

8.3.5. BAMEYAHUE. B cBs3u ¢ 8.3.4 siCHO, UTO OIIPEIeIEHHY IO POJIb
B TEODPUHU OIIEPATOPOB J0JKHA urparh aarebpa B(X)/# (X), nasbiBae-
Mas aazebpoti Kaaxuna (B X). DTy poib 0OTYaCTH MOXKHO BHIETH B 8.5.

8.3.6. ONPEAEJEHUE. Oneparop T € Z (X, Y) Ha3bIBAIOT KOoHew-
nomeproim, ecin T € B(X, Y) nim T — KOHEIHOMEPHOE TIOANPOCTPAH-
crBo. Ipu srom mumyr T € F(X, Y).

8.3.7. KoneuHOMEpHBIE OIIEPATOPHI COCTABJISIIOT JJHHEHHY O 000109~
KY MHOXKECTBa OI'DAHUYCHHBIX OJJHOMEDHBIX OIIepPaTOPOB:

TeF(X,Y)s

n

& (3,2, e X v,y €Y) T:Zx;€®yk. <
k=1

8.3.8. ONPEAENEHME. Ilycre @ — (Hemycroit) kKomnakr B X. s
T € B(X, Y) nosoxum

1Tl := sup [T(Q)]l
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CoBOKyYIHOCTB BCeX IOIyHOPM BHIA || - [|@ B B(X, Y') HasbBaloT My.o-
munopmotli Aperca B B(X, Y') n obosnauaior »p(x,y). Coorsercrsyio-
IIYO TOIOJIOTHIO HA3BIBAIOT MON0A02UET DABHOMEPHOT CTOOUMOCTNU HG
KOMNAKMAL.

8.3.9. Teopema I'porenamka. Ilycte X — 6anaxoBo mpocTpaH-
crBo. Cliejyromnue yTBep K IeHUsT IKBUBAJIEHTHBI:
(1) s kaxapix € > 0 B KOMIOAKTHOrO MHOXeCTBa (Q B X
naiinercs omeparop T € F(X):= F(X, X) raxoii, 4r0
| Tz — z|| < e s Bcex x € Q;
(2) aus smo6oro 6anaxosa npocrpancrta W nomnpocrpad-
creo F'(W, X) mnorno B B(W, X) orHOCHTEIBHO MYJ/Th-
THHOPMBI ApeHca »p(w,x);
(3) st Jr06oro GamaxoBa HPOCTPAHCTBA Y IIOIMIIPOCTPAH-
crBo F(X, Y) miorao B B(X, Y) orHocuTesbHO MyJib-
THHOPMBI ApeHca »p(x,y)-

< dcno, uro (2) = (1) u (3) = (1). IMosromy ycranosum, uro (1)
= (2)u (1) = (3).

(1)= (2):Ecou T € B(W, X)u @ # Q C W — gomnakr B W, 1o,
no reopeme Beiiepmrpacca 4.4.5, T'(Q)) — xomuaxt B X u, cTajo ObITb,
mas € > 0 mo yesoBuio cymecrsyer oneparop 1y € F(X) rakoii, aro
|To — Ix|lrQ) = |ToT — T'||q < e. Hecomnenno, uro TyT € F(W, X).

(1) = 3): Hyers T € B(X, Y). Eciu T = 0, To j0Ka3bBaTh
unudero He Hano. Ilyers T # 0, € > 0 u () — HemycToll KOMIAKT B X.
ITo ycmoBuio cymecrByer omepatop Ty € F(X) takoit, uro || To —Ix| g <
e|T||7t. Torma |TTo — Tlo < |IT| IITo — Ixllo < e. Kpome Toro,
TTh e F(X,Y). >

8.3.10. ONPEJIEJIEHUE. BaHaxoBo MPOCTPAHCTBO, YAOBJIETBOPSIIO-
uiee oxHoMy (a 3HAYUT, W JIOOOMY) U3 SKBUBAJEHTHBIX ycsoBuil 8.3.9
(1)-8.3.9 (3), HasbIBaIOT OOJIAJAIOMINM C80UCMEOM ANNPOKCUMAYUUY.

8.3.11. Kpurepumii I'porerauka. BamaxoBo npocrparctBo X 06-
JIaJIaeT CBOHCTBOM AIIIPOKCUMAIHA B TOM U TOJBKO B TOM CJIydae, eC-
Jm st Kazkoro banaxosa npocrparcrsa Wosbimosneno cl F(W, X) =
A (W, X), riae 3aMbIKaHIEe BBITUCJIEHO OTHOCHTEBHO OIIEPATOPHON HOD-
MBI

8.3.12. BAMEYAHUE. [losro cuntamu (U, pasyMmeercsi, HE MOIJIN
JIOKa3aTh), 94TO BCe BGAHAXOBBI IIPOCTPAHCTBA OBJIAJIAIOT CBOMCTBOM arl-
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npokcumarun. 1losromy Haitnennsrit I1. Dudito Ha 0CHOBE TOHKHX pac-
Cy¥KJIeHul mpuMep HaHaxXOBa MPOCTPAHCTBA H€3 CBOHCTBA alIPOKCUMA-
1y OB BOCIIPUHAT B KOHIle 70-X T'0JIOB KaK CEHCAIIMOHHBIA. B Hacros-
Iee BpeMsl U3BECTHBI MHOTHE KOHTPIIPUMEPHI TAKOTO POJia.

8.3.13. KoHTPPUMEP ITIAHKOBCKOTO. IIpocrpancrso B(ls) ne
obJ1aTaeT CBOHCTBOM aIllIPOKCHMAIIUH.

8.3.14. KoHuTPlIPUMEPHL [[9BU — ®DUIEId — HIAHKOBCKO-
ro. IlpocrpancrBa lp Ipu p # 2 U ¢y HMEOT 3aMKHYThIE ITOJIIPOCTPAH-
cTBa, He 06J1a/ja10Iue CBOHCTBOM aIlIPOKCHMAITIH.

8.4. Teopus Pucca — Illaynepa

8.4.1. JIemma 06 e-nmeprneHaukyssape. Ilycrs Xy — 3aMKHyTOE
noanpocrpancTBo banaxoBa npocrpanctBa X u X # Xg. [lmst sroboro
e > 0 B X umeercs e-neprieHuKyasip K Xo, T. €. Tako# sjieMeHT . € X,
aro ||z.|| = 1 md(z., Xo):=inf dj. ({zc} x Xo) > 1—e.

< Myers 1 > enxz € X\ Xg. Housaruo, uro d:= d(z, Xo) > 0.
B nognpocrpancrse X noapimeM &', st koroporo |z — 2’| < d/(1—¢)
(sTo BozmokHO, 160 d/(1 —¢) > d). onoxum z.:= (z —2')||z — 2’| ~L.

Torma ||z.|| = 1. Hakonen, myst 29 € X BBIIOJHEHO
o — | .
o — x| = ||2g — ————— || =
T e =]
=i Iz —=2'llzo +2) —2|| > —F—F >1—e. >
2" — || 2" — ||

8.4.2. Kpwurepuii Pucca. Ilyctb X — 6aHaxoBO MpOCTPAHCTBO.
Toxxk mecTBennnplii oneparop B X KOMIAKTEH B TOM H TOJIBKO B TOM CJIydae,
ecit X KOHETHOMEDHO.

< Hyxiaercs B mpoBepKe JIKIIb cTpeika =. FKcym uzsectno, aro X
He ABJISETCS KOHEYHOMEPHBIM ITPOCTPAHCTBOM, TO B X MOXKHO YKa3aTh
MOCJIEJIOBATENLHOCTD KOHEIHOMEPHBIX TTOAnpocTpancTs X1 C Xo C ...
Takyio, 4o X, 1 # X, npu Bcex n € N. Ha ocnosanunu 8.4.1 cymecrny-
eT TOCJIeIOBATENBHOCTD (Zy, ), JJIst KOTOPOH Tpi1 € Xpi1, [|[Zni1] = 1
ud(xn1, Xn) > 1/2, v e. mociaenoBaTeIbHOCTD 1/2-1IePIEHIUKYIISPOB
K X, B Xp11. Hcno, uro d(xy,, xr) > 1/2 nus m # k. WabMua cio-
BaMU, II0CJIE€JOBATEJILHOCTD (Ty,) He CONEPKUT PyHIAMEHTAIbLHON 1101~
[TOCJIETOBATEIbHOCTU. 3HA4uT, 1o 8.3.1 omeparop [x He SBISETCH KOM-
IIaKTHBIM. >
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8.4.3. Iycro T € # (X, Y), rne X, Y — 6aHaxoBbl IPOCTPAHCTBA.
Oneparop T HOpMAaJILHO pa3peruM B TOM H TOJBKO B TOM CJIydae, €CJIH
T KoHeYHOMEpEH.

<! Hyxnaercs B mpoBepKe JINITb UMILIAKAIAS =>.

IIycts Yy := im T — 3amruyTOe mOoampoctpancTBo B Y. Ilo Teope-
me Bamaxa o romomopdusme 7.4.4 obpas emunuanoro mapa T(Bx) —
OKPECTHOCTH HyJsd B Yy. Kpome Toro, B cuiry koMmakTHOCTH 1 MHOXKe-
crBo T'(Bx ) oTHOCHTENHLHO KOMIAKTHO B Yy. Ocraercs npuMenuts 8.4.2
K YQ. >

8.4.4. Ilycrp X — 6anaxopo npocrpanctso u K € J# (X). Torna
oneparop 1 — K HOpMaJIbHO pa3perium.

< Iomoxkum T := 1 — K. Ilycrs X; := kerT. Hecomuenno,
gro X7 KoHedHOMepHO 1o 8.4.2. B coorsercrsum ¢ 7.4.11 (1) xomed-
HOMEPHOE TIOAIIPOCTPAHCTBO JomnosHseMo. O6o3HaunM X TOMOIOrTYe-
ckoe jomojiHeHne Xi. YdYuTbiBas, 910 X9 — 0aHAXOBO ITPOCTPAHCTBO
u pasercrso T'(X) = T(Xs), ciemyer yCcTaHOBUTBH, YTO JJisi HEKOTO-
poro t > 0 semosseno ||Tz| > t||z|| ana scex © € Xo. B nporus-
HOM CJIydae HARJIETCs MOCIeI0BATELHOCTD (Xy,) TAKUX 3JIEMEHTOB, UTO
lenll =1, n € Xo u Tz, — 0. Ucnosnssyst KOMIAKTHOCTS K, MOXKHO
cantarhb, uro (Kx,) cxomurcs. IMonoxum y:= lim Kx,,. Torma mocse-
JIOBATEIbHOCTD () cxomured K y, ubo y = lim(Tz,, + Kx,) = limx,.
IIpu stom Ty = lim Tz, = 0, 1. e. y € X;. Kpome Toro, HecomuenHo,
y € Xo. Nrak, y € X3 N Xy, 7. e. y = 0. Ilomyuuau nporuBopeune
()l = Tim [Ja | = 1). &

8.4.5. Jlia Besakoro € > 0 BHe Kpyra pajayca € C I[EHTPOM B HYJIE
MOXKeT JIeKaTh JIHIIb KOHEYHOE MHOXKECTBO COOCTBEHHBIX THCEJ KOM-
IAKTHOI'O oIlepaTopa.

< JlomycTnM, 9TO BOIPEKH YTBEPXKJIAEMOMY €CTh ITOCJIEI0BATE b
HOCTDb (A )neN PA3/IMYHBIX COOCTBEHHBIX 4UCe orneparopa K, Takux
910 |An| > € miua Bcex n € N. Ilycrs, gasnee, 0 # x, € ker(\, — K)
— CODOCTBEHHDINT BEKTOP, OTBEYAIOININNl COOCTBEHHOMY YUHUCIY A,. YCTa-
HOBHM IIpEKJIe BCEro, YTO MHOXKeCTBO {x, : n € N} sinHeliHO He3aBH-
cumo. B camom jsiesie, mMycTh yrKe W3BECTHO, 9TO JIMHEHHO HE3aBUCHMO

n
MHOXKeCTBO {Z1,...,Zn}. IIpeanonoKum, 9ro Ty 1 = Y, QpTg. To-
n
ria 0 = (A1 — K)xpp1 = D op g 0k(Ani1 — Ap)xg. CoesoBaressho,
ar =0 gua k:=1,...,n. Orciona BbITEKaeT 3aBEIOMO JIOXKHOE PABEH-

CTBO Zp+1 = 0.
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Monoxum X, := ZL({z1,...,2,}). o onpememernio X3 C Xy C

., IpUYeM, KaK yxKe JoKa3aHo, X, 11 7# X, misg n € N. B cuny 8.4.1

UMEETCs TI0CIE0BATEIbHOCTD (T ) TaKasl, 910 Tpi1 € Xpni1, ||[Tnyill =

1ud(Tpi1, Xn) > 1/2. Tpu m > k npsMoil mOJACYeT TOKA3BIBALT, UTO
z2:= (Ame1 — K)Tmy1 € Xop u 2+ KTy, € X, + Xi C X,y 3uauur,

KTt — KZg| = || = Am1Tme1 + KZm1 + A 1T — K7y || =

= [ Am+1Zme1 — (Z+ ka)H > ‘)\m+1|d(fm+17 Xm) >

Wubivu ciioBamu, nocsesioBareabHoctb (KT, ) He couepKuT GyHIaMeH-
TAJILHOI ITO/IIOCIIEI0OBATEBHOCTH. >

8.4.6. Teopema Illayaepa. Ilycres X, Y — 6aHaxoBbl IpOCTpaH-
crBa (Ha onHUM M TeM ke ocHoBHBIM nosem IF). Torma

KeX(X,Y)s K ex (Y, X).

< =: 3aMeTuM IpeXkKJe BCEro, ITO OTOOparKeHMe CyKeHus T’ —

2’| gy ocymecrBaser uzomerpuio X' B lo(Bx). IosTomy 1yist ycTaHOB-

JIEHWsI OTHOCUTEIbHON KoMrakTHOCTH K'(By~) ciiejiyer j0Ka3aTh OTHO-

CUTENIBbHYIO KOMIAKTHOCTH MHOXKectBa V = {K'y'|p, : vy’ € By/}.

Beugy rtoro, uro mis ¥ € Bx u y’' € By somonneno K'y'|p, (v) =

y' o K|p, (z) = y'(Kz), paccmorpum Komnakr @ := cl K(Bx) u oro6pa-
]

xenne K : C(Q, F) — l(Bx), onpejenentoe coorHomenneMm Kg : ¢ —

g(Kx). Hecomuenno, uro oneparop K orpanuven, a cJel0BaTeIbHO, U

uenpepbiBe. Ilycrs Teneps S := {y’|q : y' € By+}. fcuo, uro S —

PABHOCTEIIEHHO HEIPEPBIBHOE U B TO YK€ BPeMsi OIPAHUYEHHOE TOIMHO-

xkecrBo C(Q, F). 3uauut, no reopeme Ackonu — Apuena 4.6.10, S or-

HocutesbHo KoMmmakTHO. [lo Teopeme Beiiepmitpacca 4.4.5 3akiodaeM,
o]

YTO OTHOCHTEJILHO KOMIIAKTHO MHOXKecTBO K (S). Ocranoch 3aMeTHTh,

o o
uro nna y’' € By Bomonueno Ky'|g = K'y'|py, T e. K(S)=V.
<: Ecm K' € (Y, X'), T0 110 y2Ke JOKA3aHHOMY BBIIOIHSETC
K" e (X", Y"). B cuny semMmbl 0 gBoiiHoM 1mrpuxoBanuu 7.6.6,
K"|x = K. Orcona BeITeKaeT, 9o omepatop K KOMITAKTHBIA. [>

8.4.7. HenysieBble TOYKH COEKTPa KOMIAKTHOIO OIlepaTopa U30.JTH-
POBaHbI (T. €. BCdAKasd TakKad TOYKa COCTaBJIAET CIIEKTpaJIbHOE€ MHOXKe-
CTBO).
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< VaureiBas 8.4.4 U IPUHIAI INTPUXOBAHUSA II0CJIEI0BATEIBHOCTEN
7.6.13, BummmM, 4To J1I00ast HEHYJIEBas TOYKA CIIEKTPA KOMIAKTHOTO OIle-
paTopa SBJISETCA JUOO €ro COOCTBEHHBIM YHUCJIOM, JTUOO COOCTBEHHBIM
YUCJIOM COmpsizKeHHOTo oneparopa. [Ipusnekas 8.4.5 u 8.4.6, 3akio4da-
€M, YTO BHE KPyra HEHYJIEBOI'O PAJMNYCa MOYKET JIEXKATD JIUITh KOHETHOE
9UCJI0 TOYEK CIIEKTPa PACCMATPUBAEMOrO OIE€paTopa. >

8.4.8. Teopema Pucca — Illaygepa. Crexkrp KOMIIAKTHOI'O OITe-
paropa, 3a/JJaHHOr0 B 66CKOHETHOMEPHOM IIPOCTPAHCTBE, COJIEPXKHUT HYJIb.
HemnyJieBble ToYKY crieKTpa — COOCTBEHHBIE YHCJIA, KAXKJOMY H3 KOTOPBIX
oTBeYaeT KOHEYHOMEPHOE COOCTBEHHOE ITOAIIPOCTPaHCTBO. Ilpu 3T70M BHE
JI060r0 Kpyra HEHYJIEBOTO PaJINyca ¢ IIeHTPOM B HYJIE JIEXKUT KOHETHOE
MHOXKECTBO TOYEK CIEKTPA PACCMATPHBAEMOTO OIMEPATOPA.

< st oneparopa K € 2 (X) ciaeiyer yCTaHOBUTDH TOJBKO UMILIK-
KAIIIIO

0# X € Sp(K) = ker(A— K) #0.

Paszbepem chagamna cayqait F:= C. Ormernm, uto {A\} — cmek-
TpasibHoe MHOXKecTBO. llosarast ¢(z) := 1/z B HeKOTOpOIl OKpecTHO-
cru A u g(z) = 0 mia z B noaxopameii okpectaoctn {A}, Bumum:

N glc. Crano 6bITh, Ha ocHoBanuu 8.2.3 u 8.2.10, Py = 9(K)K.
B cuy 8.3.2 (2), Ppyy € A/ (X). Us 8.4.3 BeiTexaert, uto im Ppyy — Ko-
HEYTHOMEPHOE MPOCTPAHCTBO. OCTAIOCH IPUBJIEYb TEOPEMY O Pa3OneHun
crrekTpa 8.2.12.

B ciayuaae F:= R ciejyer npoBecTu Mpomece «KOMNAEKCUPUKGUUUS .
VIMeHHO, Hy>KHO PacCMOTPEeTh B IMPOCTPaHCTBe X2 YMHOMKEHHe Ha 3JIe-
menT C, mopoxaenHoe npasuwioM i(z, y):= (—y, z). [oaydernoe Kom-
IJIEKCHOE BEKTOPHOE MpocTpancTBo obosuataor X ¢ +X. B mpoctpan-
cree X @iX ciuenyer sectu onepatop K (v, y):= (Kz, Ky). Hagenas
X @ iX nomxomgmieit Hopmoit (cp. 7.3.2), BUmuM, 4TO omepaTop K KoM-
nakTen, prdeM A € Sp(K). 3nadut, A — cobeTsernoe uncyio K 1o yxke
nmokazaaHoMy. OTCIOZa BBITEKAET, YTO A — COOCTBEHHOE YHCJIO ONEPATO-
pa K. >

8.4.9. Teopema. Ilycte X — KoMiLIeKcHOe GAHAXOBO MPOCTPAaH-
crBo, a f : C — C — romomopgHast pyHKIUsI, obpalnaroascsi B HyJIb
JIMIIb B HyJe W Takas, 9To aias Hekoroporo T € B(X) BblmosreHO
f(T) € #(X). Torma jrobast orimdHast or Hyssi Touka A criektpa T
H30JIHpOBaHa M NPOeKTOp Pucca Ppy) KoMIaKTeH.
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< JlomycTuM IPOTHBHOE, T. €. IIyCTh HAfIeTCs [OCIIE[0BATEIbHOCTD
(An)nen pasimmusbix Todek Sp(7T') Takas, uro A, — A # 0 (B wacTHO-
cru, X Geckoneunomepno). Torma f(A,) — f(A), mpuuem f(A) # 0
no ycsosuio. Ilo Teopeme 06 orobpaxenun cuexrpa 8.2.5, Sp(f(T')) =
f(Sp(T)). Taxum obpazom, 110 8.4.8 jjid BCEX JOCTATOYHO GOJIBIIUX 7
BemosHeHo f(A,) = f(A). Orcioma Boitekaet, uro f(z) = f(A) mus Beex
z € C u, crano 6w, f(T) = f(A). Tlo xpurepuio 8.4.2 B 3TOM CIIy-
qae X KOHeYHOMepHO. Iloyiydmiiu mpoTHBOpedre, O3HAYAIONIEE, UTO A
— uzosmposannas Touka Sp(7T). IMonaras g(z):= f(2)~! B Hexkoropoit
He coziepzKalrieii Hy/Isl OKPeCTHOCTH A, mveeM, 4o G f = 32x;. Cuenoba-
TenpHO, 1o Teopeme lembdanma — Hdandbopma 8.2.3, Pryy = g(T) f(T),
. e. B cuty 8.3.2 (2) mpoektop Pucca Ppy) kommaxTem. >

8.4.10. SAMEYAHUE. Teopemy 8.4.9 uHOI/Ia HA3BIBAIOT «00OOIIEH-
ot Teopemoit Pucca — Ilaynepas.
8.5. HérepoBbl u dpeAroabMOBbI OTIEPATOPHI

8.5.1. ONPEAEJIEHUE. Ilycte X, Y — GaHaxoBbI NIPOCTPAHCTBA
(Hay ofHUM U TeM ke ocHOBHBIM mosieM ). Omneparop T € B(X, Y)
Ha3bIBaIOT HEMeposvim u umyT I € A (X, Y'), eciu ero anpo ker T':=
T~1(0) u xoszpo coker T:= Y/im T KOHEYHOMEDHBI, T. €. €CJIH KOHeUHbI
BEJIMIMHBI

a(T):=dim kerT;  B(T):= dim cokerT.
ITesnoe aucio ind T:= «(T) — B(T) HasbBaoT undexcom oneparopa 1.

8.5.2. ONPEAEJEHUE. Hérepos omepaTop HyJIEBOIO WHIEKCA Ha-
3BIBAIOT (hped204bMOBVIM.

8.5.3. Kaxkaprii HETEpOB OMEpPaATOpP HOPMAJIBHO Pa3PEIIHM.

< Cnenyer u3 kpurepust Karo 7.4.20. >
8.5.4. s oneparopa T € B(X, Y') Bbiosseno

TeN(X, V)T e VY, X).

IIpu srom ind T = —ind T".

< B cuny 2.3.5 (6), 8.5.3, 5.5.4 u npunnuna mrpuxosanus 7.6.13
CJIeJTYTOTIHE TIAPhI COMPSIYKEHHBIX MOC/IEI0BATETBLHOCTE:

0—kerT — X 5V — coker T — 0;
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0« (kerT) « X' Ty (coker T')" « 0;
0 — ker(T") - Y’ Lx - coker(T") — 0;

0 — (ker(T")) — Y £ X — (coker(T"))' — 0
onuoBpemenno Tounbl. Ilpu stom o(T) = B(T') u B(T) = a(T") (cp.
7.6.14). >

8.5.5. Oneparop hpearoapMoB B TOM H TOJBKO B TOM CJIy9ae, €CJIH
hpeArobMOB CONPSIXKEHHBIH K HEMY OLePATOp.

<1 910 yacTHBIH cay4ait 8.5.4. >

8.5.6. AgbprepHatuBa ®@pexaroabma. Iis pearoapmoBa ore-
paropa T mmeerT MeCTO OfHA U3 CJIEAYIONUX JABYX B3AUMOHCKIIOIATOIUX
BO3MOXKHOCTEH.

(1)

(2)

Osnoposnoe ypasuernne T'x = 0 uMmeer TOJIBKO HyJIeBOe
pemrerne. OpHoposHoe conpsizkenroe ypapuenune T'y' =
0 umeer ToJIHKO HysIeBoe perrrenue. HeoroposHoe ypas-
venue Tx = y UMeeT, H IPATOM €JJHHCTBEHHOE, PEIICHHE
1pu J1toboit mpaBoii yactu. HeomroposHoe conpsizkeHHoe
ypasrenne T'y’ = 1’ mmeer, u npuTOM €JUMHCTBEHHOE,
pertieHne Ipu Jio00# MpaBOH JacTH.

Ounaoponaoe ypasaerne T'r = (0 mmMeer HeHyJieBOe pe-
menue. OpHoposgHoe conpsikenHnoe ypasrenue T’y =
0 mmeer meryseBoe pererne. OJHOPOJHOE ypaBHEHHE
Tx = 0 uMeeT KOHEIHOE UHCJIO JIHHEHHO HE3ABHCHMBIX

PEHIeHHH T, ..., Ty. OIHOPOLHOE CONPSIKEHHOE ypaB-
nmenne T'y' = 0 mMeeT KOHEYHOE YHCIIO JTUHEHHO HE3aBH-
cuMbIX pemmeruii y', . .., y! . Heomaoponnoe ypasnenme
Tx = y pa3peluMo B TOM H TOJBKO B TOM CJIydae, eCJIH
yi(y) = ... =yl (y) = 0. IIpu srom obimee penrenne &

€CTh CyMMa, JaCTHOI'O PEITeHHST Xy HEOJHOPOJHOTO yPaB-
HEHHsT U OOIIEro perreHus OJJHOPOJHOIO yPABHEHHS, T. €.
HMEET BHJT

x:onrZ Az (Mg €TF).
k=1
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Heonnoponnoe conpsizkennoe ypasaenue T'y' = x' pas-
DEIIMO B TOM H TOJBKO B TOM cJy4ae, ecan x'(r1) =

. = 2/(x,) = 0. Ilpu s10M O0bmICe pemrenne Yy’ ectb
CYMMa JaCTHOI'O PEIIeHHs §Y (, HEOJHOPOIHOTO COTIPSI’KEH-
HOTO ypaBHEHUS U OOIIEro PEITeHUsT OJHOPOJHOTO COTPSI-
JKCHHOI'O yDaBHCHHS, T. €. HMECT BHJ]

n
v =yo+ > myk (uk €F).
k=1

< Iepedopmynuporka 8.5.5 ¢ yaerom JjieMMbl 0 moJisipax 7.6.11. >

8.5.7. [IPUMEPHLI.

(1) Eciu T obparum, To T' dpearossMos.

(2) ycrs T € Z(F™, F™). Ilycrs rank T := dim im T —
pane T. Torpa a(T) = n—rankT; B(T) = m—rankT. CrenoBaresnbHo,
Te NEF™ F™)uind T =n —m.

(8) Iycrs X = X1 & Xo u T € B(X). Houycrum, uro
yKa3aHHoe pa3okenne X B MPAMYIO CyMMY NPUBOAMT 1 K MATPUIHOMY

BITY
7 0
T~ ("} )
0 Ts
Hecomuernno, aro T HéTEpoOB TOTIa U TOJIHKO TOT/A, KO HETEPOBBI

ero wactu. IIpu arom a(T) = a(Th) + (1), B(T) = B(Th) + S(T2), T. e.
ind T =ind T} + ind T5. <>

8.5.8. Teopema @®Ppegrouasma. Ilycre K € J¢(X). Omneparop
1 — K ¢pearoipmos.

< B camom gente, pasbepem craudana ciaydail F:= C. Ecau 1 ¢
Sp(K), to 1 — K obparnm u ind (1 — K) = 0. Ecim xxe 1 € Sp(K),
To B cuity Teopembl Pucca — Illaynepa 8.4.8 u Teopembl 0 pa3bueHun
criekTpa 8.2.12 nHaiimerca paznoxenne X = X; @& Xs Takoe, uro X;
KoHeuHoMepHO, 1 ¢ Sp(Ks), rae Ko — yacts K B Xo, upu 3ToM

1-Ki 0
I_KN( 0 1—K2)'

ITo 8.5.7 (2), ind (1 — Ky) = 0. IIo 8.5.7 (3) Bumosrero ind (1 — K) =
ind (1 - Kl) + ind (1 - KQ) =0.
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B cay4aae F:= R npoBeeM mporece «KOMILIEKCH(MDUKAITTNT» TaK Ke,
KaK u B jiokazaresnbcTse 8.4.8. Vmenno, B npocrpanctse X @ X pac-
emorpum omeparop K (z, y) = (Kz, Ky). Ilo yxe yCTaHOBIeHHOMY
ind (1 — F) = 0. Ocraercs 3aMeTUTh, YTO ¢ y4ueTroM pasymumsa R u C
soioneno a(l—K) = a(1—-K) u 8(1-K) = (1 - K). OxoxuarebHo
ind(1-K)=0.>

8.5.9. ONPEAEJEHUE. Ilycrs saman T € B(X, Y). Oneparop L €
B(Y, X) naspiBator Aesvim pezyaspusamopom T, ecmn LT —1 € ¢ (X).
Omneparop R € B(Y, X) naswBator npasvim pezyaspusamopom T, ecin
TR—1¢€ #(Y). Oueparop S € B(Y, X) Ha3bIBAIOT Nowmu o0pammvim
k T € B(X, Y), ecim S siBisiercsi OJJHOBDEMEHHO JIEBBIM M IPABBIM
peryisipuzaropom 1. Eciu y oneparopa T’ ectb mouru obparsbiit, To T’
HA3BIBAIOT NOYMU 00PATMUMbBIM.

8.5.10. Ilyctp L u R — cOOTBETCTBEHHO JIEBBII U MPAaBBIi pEryJIs-
pusaropsr T. Torma L — R € # (Y, X).

QLT =1+ Kx (Kxef%/(X))ﬁLTR:R+KxR;
TR=1+ Ky (KyG%(Y))#LTR:LJrLKY >

8.5.11. Ecan L — mesbni perymspusarop T u K € (Y, X), To
L + K Ttak>ke JieBbiii perymaspusarop T

Q(L+K)T-1=(ILT-1)+KTeX(X) >

8.5.12. Omeparop nouru obpaTuM B TOM H TOJHKO B TOM CJIydae,
€ecJId y Hero eCThb IPaBbIi U JIEBBIH peryJisapu3aTophbl.

<! Hyxnaercsa B mpoBepke Jjuinb nMmiumkarnus <. Ilycrs L, R
— COOTBETCTBEHHO JIEBBbIHI m mpaBblil perysnsapusaropsl 1. Ilo 8.5.10,
K:=L—-R e x(, X). 3uaunr, no 8.5.11, R = L — K — JeBblit
perynapusarop 1. Urtak, R — nouru obparusrii Kk 1. >

8.5.13. 3AMEYAHUE. U3 npusesennoro BujHo, 9ro mpu X = Y
orreparop S SABIAETCS TMOYTH OOPATHBIM Jjijisi T' B TOM U TOJBKO B TOM
cayuaae, ecin o(S)p(T) = p(T)p(S) = 1, tue ¢ : B(X) — B(X) /2 (X)
— KaHOHHUYIecKoe oTobpaxkenue B anreopy Kankuna. WMabiMu cioBamu,
JIEBBIE PETryJISIPI3aTOPbI — 3TO TPOOOPa3bl JIEBBIX 0OPATHBIX B ajredbpe
Kankuna un 1. 1.
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8.5.14. Kpurepuii Hérepa. Ouneparop siBJIsieTcsi HETEPOBBIM B
TOM U TOJIBKO B TOM CJIy9ae, €CJIH OH MOYTH OOPaTHM.

< =: Iyere T € A (X, Y). Ilpusiekasi IPUHIWIL JOTIOTHIEMOCTH
7.4.10, paccmorpum paznoxkenns X = kerT @ Xy u Y = imT @ Y;
U KOHEUHOMepHBIe mpoeKkTopel P € B(X) na kerT mapasutessro X
u Q € B(Y) na Y7 napamtensso im7T. fcuo, uro cyxenne Ty := T|x,
— obparumeii oreparop T : X; — imT. Tomoxum S:= T, (1 — Q).
Oueparop S MoxkHO cuuTaTh aemenToM npocrpanctsa B(Y, X). Tlpu
sToM HecomHuenHo, yto ST + P =1uTS+Q = 1.

<: Ilycre S — mouru obparsbiii K T, 1.e. ST =1+ Kx uTS =
1+ Ky Ui IOAXOIAIUIX KOMIIAKTHBIX oneparopos K x u Ky . 3Haqur,
ker T C ker(1+ Kx), T. e. ker T KOHEUHOMEDHO B CHILy KOHETHOMEPHOCTU
ker(1 + Kx), obecneuennoit 8.5.8. ITommumo storo, im T D im(1 + Ky),
T. e. u3-3a PppearosbmoBoctu 1 + Ky obpas T mmeeT KOHEIHYIO KOpa3-
MEpPHOCTL. >

8.5.15. Creacreue. EcmuT € A/ (X, Y)uS € B(Y, X) — mouru
obparabiii qis T, ro S € A (Y, X). <>

8.5.16. CieacrBue. IlpousseneHue HETEPOBBIX OMEPATOPOB — ITO
HETEPOB OMEPAaTOP.

< Cynepuosunus no4ru 06paTHBIX OIEPATOPOB (B JOJKHOM ODS -
Ke) — I0YTU OOPATHBIN ONEpaTop K CyNepHO3ulud. >

8.5.17. Ilycts 3a/aHa TOYHAST TOCIEA0BATEILHOCTH
0-X1—-Xg—...—- X, 12 X,—0

KOHEYHOMEPHbIX BEKTODPHBIX IIPDOCTPAaHCTB. TOF,H& HMeeT MeCTo TOKJe-

cTBO Diinepa
n

> (=1)F dim X = 0.
k=1
< IIpu n = 1 Tounocts ociegoBareabHocT 0 — X7 — 0 o3Hadgaer,
qro X1 = 0, a ipu n = 2 Tounoctb 0 — X7 — X9 — 0 sKBUBaJIEHTHA
mzomopduoct X1 n Xy (em. 2.3.5 (4)). Takum o6pasom, TOXKIECTBO
Ditnepa mpu n:= 1, 2 HECOMHEHHO.
HomyctuMm Tenepsb, 9to miag m < n — 1, toe n > 2, tpebyemoe yxe
ycranoBjieHO. TOYHYIO TIOC/IEI0BATEIHHOCTE

Thn-2 Thn-1
0—-X1—-Xo—...—2 X, o —— X, 1 — X,,—0
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MO2KHO CY3HUTDb 10 TOYHOI I1I0CJIEJOBATEJIbHOCTHU

OHXlﬂXQH...HXn_QM kerT,_1 — 0.

IIo momyTeHWIO BBIMOJHEHO

n—2
> (=1)Fdim X, + (—=1)" ! dimker T,y = 0.
k=1

ITomumoO 3TOrO, TOCKOJIBKY T}, 1 SIBJISIETCS SMUMOPQU3MOM, UMEEM
dim X,,_1 = dimkerT,,_; + dim X,,.

OxoHYATEIHEHO IoJIy9aeM

n—2
0= (-1)*dim X}, + (=1)""!(dim X,,_; — dim X,,) =
k=1

=Y (-1)Fdim X >
k=1

8.5.18. Teopema ArkuHcoHa. MHeKc IpoU3BeJeHUsT HETEPOBBIX
orIepaTopoB PABEH CyMMe HHIEKCOB COMHOXKHTEEH.

S Myers T € (X, Y)u S € #(Y, Z). B cuny 8.5.16, ST €
N (X, Z). Ipusiekas jsemmy o cuexkutke 2.3.16, umeeM TOYHYIO [O-
CJ1eJI0BATEJIbHOCTh KOHEYHOMEPHBIX IIPOCTPAHCTB

0 — kerT — ker ST — ker S — cokerT" — coker ST — coker S — 0.
Ha ocnosanun 8.5.17
a(T) — a(ST) + a(S) — B(T) + B(ST) — B(S) = 0,

orkyga ind (ST) =ind S +ind T. >
8.5.19. CueacrBme. Ilycte T — HETEpOB 1 S — nouTu 0OpaTHBIH
kT. Torgaind T = —ind S.

<ind (ST) = ind (1 + K) mst HEKOTOPOro KOMIIAKTHOI'O OIIEPaTOpa
K. Tlo teopeme 8.5.8, 1 + K — dbpearoabpMoB omeparTop. >
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8.5.20. Teopema 0 KOMIAaKTHBIX BO3MYyIIleHussx. HérepoBocTn
¥ HHJIEKC COXPAaHSIOTCS IPH KOMIIAKTHBIX BO3MYIINEHUX: ecyu JaHbl 1 €
NX, Y)u KeX(X,Y),roT+Ke ANX,Y)n ind(T+K) =
ind T.

< Iyers S — mourn obparsbiit K T, 1. e. g Kx € #(X) u
Ky € 7 (Y) BblONHEHO

ST=1+Kx; TS=1+Ky
(cymecrBoBanue S obecrieunBaer 8.5.14). fcuo, uto
ST+ K)=ST+SK=1+Kx +SKel+%(X);

(T+K)S=TS+KS=1+Ky+KSelt+#(Y),

1. e. S — nouru obparusiii K T+ K. B cuny 8.5.14, T+ K € #/ (X, Y).
ITpu sTom u3 8.5.19 caenytor paercrsa ind (T+K) = —ind Suind T =
—ind S. >

8.5.21. Teopema 06 orpaHmYeHHbIX BO3MYyIeHHu:AX. Hérepo-
BOCTH W HHJEKC COXPAHSIOTCS MPH JOCTATOYHO MAaJIbIX OTDAHHIEHHBIX
Bosmymenusix: muoxectso AN (X, Y) orkpeito B mpocrpancTBe orpa-
HUYEHHBIX orieparopos, npuieMm uugekc ind : A (X, Y) — Z — nemnpe-
DbIBHAST (DYHKIHS.

< Iyere T € A(X, Y). Ilo 8.5.14 maiimyrca omneparopbt S €
BY, X),Kx € #(X) u Ky € (YY) rakue, 4ro

Ecmu S = 0, o npocrpancrsa X u Y KOHEYHOMEPHBI II0 KPUTEPHUIO
Pucca 8.4.2, 1. e. moka3bIBaTh HEYEr0 — JIOCTATOYHO COCIAThCs Ha 8.5.7
(2). Ecau ke S # 0, To upu Becex V € B(X, Y), aus koropeix ||V <
1/||S||, u3 mepasencrsa 5.6.1 Buirekaer: ||SV| < 1wu ||V S| < 1. 3naqur,
B cuity 5.6.10 oneparopst 1+ SV n 1+ V.S obparumst B B(X) u s B(Y)
COOTBETCTBEHHO.

Nveem

(1+SV)IS(T+V)=(1+8SV)'(1+Kx +8V) =

=1+ (1+SV)'Kx el +#(X),
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1. e. (1+ SV)~1S — newriit perynapusarop T + V. Amajormano mpo-
sepsiercs, uro S(1+ V.S)~! — npaswiit peryaspuszarop T+ V. B camom
Jieie,

(T+V)SA+VS) ' =1+ Ky +VS)(1+VS) ™t =

=1+ Ky(1+VS)tel+x(Y).

ITo 8.5.12, T + V mouru obparum. Ha ocuoBammm 8.5.14, T + V €
A(X, Y). Drum nokazana orkpeirocth A (X, V). YuureiBas, 9ro pe-
IYJISIPU3ATOPBI HETEPOBa, OlIePATOpa 10UTU 06paTHbl K Hemy (cp. 8.5.12),
n3 8.5.19 u 8.5.18 nosrygaeM

ind (T + V) = —ind (1 + SV)™18) =

= —ind(1+8V) ™' —ind S = —ind S =ind T

(u6o (1 + SV)~! dpearomsmos no 8.5.7 (1)). Ilocnennee u ozHaUAET
HENPEPBIBHOCTDL UHEKCA. [>

8.5.22. Kpurepwuit Hukosasckoro. Oneparop ppearojibMoB B TOM
H TOJIBKO B TOM CJIy9ae, €CJIH OH IIPEJCTABJISET CODOI CyMMy 0OpaTHMOTrO
H KOMITAKTHOI'O OIMEPATOPOB.

<4 =: yers T € A(X, Y) uind T = 0. Paccmorpum pasiio-
JKEHHUS B IPsSIMbIe CyMMBI OaHaXoBbIX mpocTpamctB X = X1 @ kerT u
Y =imT & Y;. Hecomuenno, aro omeparop 1} — cien oneparopa 1" Ha
X1 — ocymectBisier nzomopduzm X1 u im7T. Ilomumo storo, B cuay
8.5.5, dimY; = B(T) = a(T), T e. CyIECTByeT eCTeCTBEHHBINH M30-
Mopdusm Id : kerT — Y;. Takum obpazom, T OIycKaeT MaTpPUIHOE
[IpeJICTaBIeHNE

7, 0\ (71 0 0 0
T”(o o)(o Id>+<0 —Id)'
< EcmT:=S+K,rne K€ # (X, Y)uS~t e B(Y, X), 10, n0
85.20 1 8.5.7 (1), ind T = ind (S + K) = ind § = 0. >

8.5.23. 3AMEYAHUE. Ilycrs Inv(X, Y) — muO)ecTBO 06paTUMBbIX
onepatopoB u3 X B Y (9TO MHOXKECTBO OTKPBITO IO Teopeme BaHaxa
06 ofpatumbIx oneparopax 5.6.12). O6osnaunm 7 (X, Y) MHO)KeCTBO
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Bcex (ppearoIbMOBBIX OMEPATOPOB, JeficTBytonux n3 X B Y. Kpurepwmit
Huxkosbckoro temepb MOXKHO MEPENUCATh B Ciemyomieil hopme:

FX,V)=Iw(X, V)+2(X, V).
Kak Bummo u3 nokazarennscrsa 8.5.22, MOXKHO yTBEPXKIATH TAKKE, ITO
F(X,Y)=Inw(X, V) + F(X, Y),

rae, kak o6prano, F'(X, Y) — moaupocTpancTBO KOHEYHOMEDPHBIX OIle-
paropos B npocrpancrse B(X, Y). <>

YnpakHeHus

8.1. Usyuurs unrerpas Pucca — landopga B KOHEYHOMEPHOM IIPOCTPAHCTBE.
8.2. Omnmucatpb sinpo unrerpasta Pucca — Haudopaa.

8.3. Ilycre (fn) — dyukuuu, ronomopdusie B okpectHocT U criekTpa onepa-
Topa T. Jlokazarb, 94TO M3 paBHOMEpHOH cxomumoctu (frn) K Hymo Ha U BbITeKaeT
cxomuMocTb (fn(T)) K HyJIO B OIIEPATOPHON HOpME.

8.4. Ilycts 0 — m3osmpoBaHHas JacThb CIeKTpa omeparopa 1. Jomycrum, aTo
gactb 0’ := Sp(T) \ ¢ oTHensieTcst OT 0 OKPY’KHOCTBIO C EHTPOM B @ M PaJILycoM T
TakuM obpasoM, uro o C {z € C: |z—a| < r}. HokazaTs, uTo mjs npoekropa Pucca
P, BBIIOJTHEHO

P, =lim (1 —2z"™(T —a)™) ™}
n

z € im(Py) < limsup |[(a — T)”z||% <.
n

8.5. BpisicHUTB, IpM KaKUX YCJIOBHUSX KOMIIAKTEH IIPOEKTOP.

8.6. /lokasarb, 94TO KarK/10€ 3aMKHYTOE IIOJAIIPOCTPAHCTBO, COJIepKallleecs: B 00-
JIACTH 3HAYEHUsI KOMIIAKTHOI'O OIepaTropa B 6aHAXOBOM IIPOCTPAHCTBE, KOHEYHOMED-
HO.

8.7. JlokazaTh, 9TO JUHEHHBIH OEPATOP IEPEBOAUT KarK0€ 3aMKHYTO€e JINHEH-
HOE IOAIIPOCTPAHCTBO B 3aMKHYTO€ MHOXKECTBO B TOM U TOJIbKO B TOM CJlydae, €CJIA
3TOT OIl€paTOP HOPMAJILHO Pa3pPelIuM U ero f71p0 KOHEYHOMEPHO U/ KOKOHEeYHOMepP-
HO (IMeeT KOHEYHOMEPHOE anreGpandecKoe OIOJHEHHE).

8.8. Ilycte 1 < p < r < +0o. JloKazaTh, 4TO KarKJiblii OrpaHUYEHHBIN onepa-
TOp U3 lr B lp u U3 co B lp SABIISIETCH KOMITAKTHBIM.
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8.9. Ilycrs H — cenapabesibHOE Ir'myibOepTOBO npocTrpaHcTBo. s oneparopa
T w3 B(H) u runs6eproBa 6asuca (en) nopmy [misbepra — IIMuara onpesessior

COOTHOIIIEHUuEeM
o0
2
ITlai= (Y ITenl
n=1

(TIposeputs KoppekTHOCTB!) OnepaTops! ¢ KoHeuHO HOpMOit I'nnb6epra — [IMuara

HasbIBalOT onepamopamu [usvbepma — Ilmudma. YcraHoBUTbH, 4TO omneparop T

aBisierca oneparopom ['uabbepra — [IIMuATa B TOM U TOJIBKO B TOM CJIy4dae, €CJIU OH
SR

KOMIIAKTEH ¥ IIPU 9TOM anl Ar, < 400, rae (An) — COBCTBEHHBIE YUCIIA OIEPATOPA

(T*T)'/2.

1/2

8.10. Ilyctes T — Hekoropsril srg0MOpdu3M. Torma
im(7T°) D im(7T1) D> im(T?) > ... .

Ecmu cyniectByer HoMep n Takoit, ato im(T™) = im(T™11), o rosopsar, uro T umeer
Konewnull cnyck. HauMmeHbInit HoMep n Hadasa CTAOHIIM3AIMN HA3BIBAIOT CILyCKOM
T u o6oznauaror d(T'). AHAJIOIHYHO JUIs s11E€P

ker(T°) C ker(T?) C ker(T?) C ...
BBOJAT NOHATHE nodsema u obozuadenue a(T'). Ycranosurb, uTo y omeparopa 1 ¢
KOHEUHBIMH CILyCKOM H nogbemoM senudussl a(T) u d(T') coBnanaror.

8.11. Omeparop T HazbiBatoT onepamopom Pucca — Illaydepa, ecniu T HETEPOB
¥ MMeeT KOHEYHbIE CIIYCK U MobeM. JlokazaTh, 9yTo omepaTop 1’ sIBJISIETCS OIEpaTO-
poMm Pucca — Ilaynepa B TOM 1 TOJIBKO B TOM CJIydae, €CJIA €ro MOKHO IIPEJICTABUTH B
Buge T'= U+ YV, rae U obparuM, V KOHeIHOMEPEH (MM KOMIIAKTEH) U KOMMYTUPYET
cU.

8.12. Ilycts T — orpanudeHHbIil 3H7A0MOPhU3M GaHaxoBa IpocTpaHcTBa X C
KOHEYHBIMH CIIyCKOM u nogbemoM r:= a(T) = d(T'). Jloka3aTb, 4TO IOJIPOCTPAH-
crBa im(7T") u ker(T") 3aMKHYTBI, pa3jIOXKEHUE

X =ker(T") @ im(T")
npusoaut T' u cien oneparopa T ma im(7") obpaTum.

8.13. Ilycts T' — HOpMaJIbHO pa3peluMblil onepaTop. Eciu kKoHedHa OonHA U3
BEJINYMH

o(T):=dim ker T, B(T):= dim coker T,
10 T Ha3BIBAIOT NOAYPHPEO20ALMOBBIM (DEIKE NOAYHEMEPOGDIM). TTomoKNM
P, (X):={T €B(X): im T € Cl(X), o(T) < +o0};
®_(X):={T € B(X): imT € CI(X), B(T) < +oo}.

JHokazarb, 94T0
Ted (X)T ed_(X')
Ted (X)) T € (X).
8.14. Ilycte T — orpanmdensslii sagoMopdusM. Jlokazars, uro 1" BXOAUT B
®_ (X) B TOM B TOJIBKO B TOM CJIydae, CIIH IS JTI0O0r0 OrPAHIIEHHOTO, HO HE BIIOJHE

orpaHmdeHHOro MHoXkecTBa U ero o6pas T'(U) ne GyaeT BIOTHE ONPAaHUYEHHBIM MHO-
KecTBOM B X.
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8.15. OrpanudenHslii s0MopdusM 1’ 6aHax0Ba IPOCTPAHCTBA HA3BIBAIOT ONe-
pamopom Pucca, ecnm 1yisi KazKI0ro KOMILUIEKCHOTO HeHy/1eBoro A oneparop (A — T)
HéTepoB. [lokazaTb, 4To T sABJIsAETCH onepaTopoM Purcca B TOM M TOJIBKO B TOM CJIy-
4qae, ecau auis goboro A € C; A # 0 BbImoOIHEHO:

(a) omeparop (A — T') mMeeT KOHEUIHBIE CIyCK U MOBEM;

(6) siapo (A — T')* xomeunomepno s xaxmoro k € N;

(B) o6paz (A — T)¥ umeer xomeunsrit gedext mpu k € N,
U, KPOME TOrO, HEHyJIeBbIE TOYKH CIIEKTpa 1  SBJISIOTCH COOCTBEHHBIMH HYHCJIAMU,
a HyJIb CJIy?KUT €JIMHCTBEHHO BO3MOXKHON TOYKON HakomeHusi crnekrpa 1T (= BHe
KaXKJIOro Kpyra € HEHTPOM B HyJIe JIE)KUT KOHEIHOE UHCJIO TOYEK CIIEKTPA).

8.16. Ycramosuth m3omerputeckue uzomopdusmbr: (X/Y) ~ Y+t u X/ /YL ~
Y’ nna Takux 6anaxoBbIX mpocTpaHcTs X u Y, uro Y Bioxkeno B X.

8.17. Jloka3aTb, 4TO JJis HOPMaJIbHOrO omneparopa 1 B ImjibOEPTOBOM IIPO-
crpaHcTBe u rosloMopduoil dbyuxkuun f € H(Sp(T')) oneparop f(T) HOpMasieH.

8.18. Y6eauTbCsl, UTO HENPEPBLIBHBIA SHAOMOPU3M I'HILOEPTOBa IPOCTPaH-
CTBa fABJSETCA olepaTopoM Pucca B TOM KM TOJBKO B TOM ClIydae, €CIU OH IIpeJ-
cTaBiseT coboil CyMMy KOMIIAKTHOTO M KBa3MHUJIBIIOTEHTHOTO OIEPATOPOB (KBa3u-
HUJIBIIOTEHTHOCTH O3HAYAET TPUBHAJILHOCTD CIIEKTPAJILHOIO PAJIAYCa).

8.19. Ilycrs A, B — nsa néreposa oneparopa B B(X, Y). Ecimind A = ind B,
TO MMeeTCs *KOPJAHOBa Jyra, coenunsomas A u B B npocrpanctse B(X, Y).



I'masa 9

DKCKYPC B OOIIYIO TOIOJIOTHUIO

9.1. Ilpearomosioruu U TOMOJIOTUN

9.1.1. OOPEAEJEHUE. Ilycrs X — meroTopoe MHOXKecTBO. OTOG-
paxenne 7 : X — P (P (X)) nassBaior npedmonoaozued Ha X, eciu

(1) z€ X = 7(x) — dunsrp B X;
(2) z€ X = 7(z) C fil{z}.
Onements! T(x) HasbBaOT (nped )oxpecmmocmamu . Ilapy (X, 1)

(a yacro u MHOXKeCTBO X ) HA3BIBAIOT NPEOMONOAOLUHECKUM NPOCTPAH-
CMBOM.

9.1.2. ONIPEAEJNEHUE. Ilycrs .7 (X) — COBOKYHNHOCTH BCEX IIPEJI-
ronosoruit va X. Ecmu 71, 70 € 7 (X), TO TOBOPAT, UTO T| CuAbHEE To
(1 Uy T 71 > 7o) NPH BBIIOJHEHHH yeaoBus: ¢ € X = 71(x) D mo(x).

9.1.3. Muoxkecrso .7 (X) ¢ OTHOIIEHHEM «CHIBHEES IIPEJICTABIISECT
C060I MOJTHYTO DEIeTKYy.

< Ecmn X = &, o 7(X) = {&} u nokaspBaTh HAYErO HE HAJIO.
Ecim xxe X # @, 1o ciemyer cociarbes Ha 1.3.13. >

9.1.4. ONPEJEJEHUE. MuoxectBo G B X Ha3BIBAIOT OMKPbHIMbLM,
ecJIM OHO SBJIsIeTCs (IIPEJT)OKPECTHOCTBIO KaxKJoi CBOell TOUYKH (CHMBO-
mrieckn: G € Op(r) & (Vo € G)(G € 7(z))). Muoxkecrso F B X
HA3BIBAIOT 3AMKHYMbLM, €CJIH €10 JTOHOJHEHIE OTKPBHITO (CHMBOJIMYECKN:

FeCl(r) < X\ F € Op(r)).

9.1.5. O6bequHeHue JIF0O0ro CceMeHcTBa U MepecedeHne KOHEYHOI'O
ceMelcTBa OTKPBITBIX MHOXKECTB CyTh MHOXKECTBA, OTKpPbIThIE. Ilepecede-
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HIe J1II0b0ro ceMercTBa 1 00'beITMHEHNE KOHEYHOI'O CEMEeHCTBa 3aMKHY ThIX
MHO>KECTB CYyTh MHO>KeCTBa 3aMKHYTbIE. <>

9.1.6. Ilycrs (X, T) — mpenromnosoradeckoe npocrpancTso. Ecim
x € X, TO moJIoXKHM

Uet(t)(z) 3V eOp(r) zeV&UDV.

Orobpaxkenne t(7) : x +— t(7)(x) — npearomosorust Ha X . <Ii>

9.1.7. OUPEAEJNEHUE. [Ipemgromnosoruto 7 Ha X HA3BIBAIOT MONO-
nozuet, ecin 7 = t(7). Iapy (X, 7) (a gacro u MHOXKecTBO X ) B 9TOM
cilydae Ha3bIBAIOT MONOA0UNECKUM NPOCMParcmeom. MHOXKeCTBO Beex
rorosoruii Ha X oboszuavaror cumsosom T(X).

9.1.8. I[IPUMEPHI.

(1) Merpudeckast TONOIOTHSL.

(2) Tomosnorus MyJILTHHOPMUPOBAHHOIO IIPOCTPAHCTBA.

(3) Iycrp 7o := inf J(X). fcno, uro 7o(x) = {X} aua
x € X. 3Bmaunr, Op(r,) = {@, X} u, ciaenosareibro, T, = (7o),
T. €. T, — TOIOJIOTUA. DTy TOINOJOTUIO HA3LIBAIOT MPUSUAALHOL T
anmuouckpemmorl.

(4) IIycrs 7°:= sup 7 (X). dcuo, uro 7°(x) = fil{z} ana
r € X. 3uaunr, Op(7°) = 2% u, cremosarensuo, 7° = t(7°), T. . 7° —
TOIOJIOTUSA. DTy TONOJIOTUIO HA3LIBAIOT QUCKPEMHOU.

(5) ITycrb Op — COBOKYHHOCTH MOJMHOXECTB B X , BBLIED-
JKHBafoIriasi 0bpa3oBaHue 00'beIUHEHHsI JIIOOOro U IepecedeHrsT KOHEIHO-
ro cemeticts. Torpa cymecTByeT, H MPUTOM €IHHCTBEHHAS, TOITOJOTHS T
ma X rakas, uro Op(7) = Op.

< Homoxum 7(x) := fil{V €Op: 2z €V} g z € X (B ciyuae
X = @ nokasbBaTh Hedero). Ormernm, uro 7(z) # & B CHILy TOTO, 9TO
HepeceveHne IIycToro ceMeiictsa copuajaer ¢ X (cp.: inf @ = +oo). U3
HocTpoeHust BeBOAUM, 4To t(7) = 7 u upu 31oM Op C Op(7). Ecau xe
G € Op(1), 7o G=U{V: V € Op, V C G} u, craso 6bith, G € Op 1o
yciaoBuo0. Y TBepkKIeHue 00 €IMHCTBEHHOCTH He BBI3bIBAET COMHEHMIA. [>

9.1.9. Ilycrs orobpaxennet : T (X) — 7 (X) oupenereno nupasu-
aom t : 7+ t(7). Torma
(1) imt=T(X), ne 7€ 7 (X)=1t(r) e T(X);
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(2) 1 <m=tn) <tln) (1, e T(X));

(3) tot=t;

(4) Te T7(X)=t(r) <m;

(5) Op(7) = Op(t(7)) (T € T (X)).

< Brimouenne Op(7) D Op(t(7)) cupaseminBo mOTOMY, 9TO OBITH

OTKPBITHIM MHOXKECTBOM OTHOCHTEJIbHO T Jjierde. O6paTHOe BKIIOUEHHe
Op(7) C Op(t(7)) cnemyer u3 oupenenennst (7). Pasencrso Op(r) =
Op(t(7)) menaer Bce OUEBUIHBIM. [>

9.1.10. IIpexgromosorus T siBisieTcs: TomoJiorueii B X B TOM U TOJIb-
KO B TOM CJIydae, ecau A1 & € X BBITOJTHEHO

VU er(x)3Verx)& VCU) Vy(yeV=Ver(y).
< Borrekaer 3 9.1.9 (5). >

9.1.11. Ilycre 71, 72 € T(X). Cuenyromue yTBep:K/IeHUS SKBUBA-
JIEHTHBEL:
(1) 71> 7
(2) Op(r1) O Op(72);
(3) Cl(my) D Cl(rr). <>

9.1.12. 3AMEYAHME. Kak Buguo u3 9.1.8 (5) u 9.1.11, rormoso-
I'is IPOCTPAHCTBA OJHO3HAUHO OLIpeJiesIeHa COBOKYITHOCTBIO BCEX CBOUX
OTKPBITBIX MHOXKeCTB. Ilosromy muOKecTBO Op(T) TakyKe HA3BIBAIOT
monoso2uet mpocrpancTBa X. B gacTHOCTH, COBOKYITHOCTH OTKPBITBIX
MHOKECTB TIPe/ITOIIOJOTIIECKOro npocrpancTsa (X, 7) oupejensier B X
CTPYKTYPY TOIOJIOrndeckoro upocrpancrsa (X, ¢(7)) ¢ TeM ke 3amacom
OTKPBITBIX MHOXKECTB. B 310l ¢BA3U TOMOJIOruio ¢(7) 0ObIYHO HA3BIBAIOT
monoso2uet, accoyuuposarHots ¢ npedmonoio2uetl T.

9.1.13. Teopema. Muoxecrso T(X) ronosoruii Ha X ¢ orHONIE-
HHEM <«CHJIbHEE» IIPEJACTABJIAET o060l nouHyto pemerky. Ilpu srom s
soboro muoxkecrsa & B T(X) BblioHeHO

supp(x) & = sup g (x) €-
< HNmeem
t(supz(x) &) = supz(x) (&) = sup 7 (x) & > t(sup 7 (x) &).

Takum obpasom, T 1= supg(x) & sxomur B T(X). fcno, uto 7 > &.
IMomumo 3roro, eciu 79 > & u 79 € T(X), T0 79 > T U, cTaNIO0 OBITD,
T = suppx) &. Ocrasnoch cocnarbes Ha 1.2.14. >
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9.1.14. BAMEYAHUE. [ljisi TOYHON HUKHEH IpaHUIBI iBHAS (DOP-
MyJIa CJIOXKHEE:

infT(X) & = t(infg(x) é’))

B 1o ke Bpewms, ecsiiu B coorBercTBuu ¢ 9.1.12 TOmosornn 3amaHbl yKa-
3aHHEM CHCTEM OTKDPBITBIX MHOXKECTB, TO CUTYaIUsl YIIPOIIAETC:

U € Op(infrx) &) & (V7 € &) U € Op(r).

Nupivm CJIOBaMU,

Op(infr(x) &) = (7] Op(7).

TEE

B 5T0it CBsI3M 9ACTO TOBOPSAT U O Mepeceweruy, monosozud (a He TOIBKO
006 UX TOYHON HEZKHEl rpamuige). <\t

9.2. HenpepbIBHOCTH

9.2.1. BAMEYAHUE. HaJjim4aue TOMOIOrUY B IPOCTPAHCTBE, OUEBU/I-
HO, TI03BOJISIET TOBOPHUTH O TAKUX BeIaX, KAaK BHYTPEHHOCTb U 3aMbIKa-
HU€ MHOYKECTB, CXOJUMOCTD (PUJIBTPOB U ODODIIEHHBIX [TOCJIEI0BATETHHO-
cTell U T. 1. DTUM OOCTOATETHCTBOM MBI YK€ MTOJIH30BAJIUCEH ITPU 3HAKOM-
CTBE C MYJIbTHHOPMHUPOBAHHBIME TPOCTpaHCTBaMu. OTMETHM TOJTHOTHI
pajy, 9TO B TOIIOJIOTMYECKOM IIPOCTPAHCTBE CIIPABEJIUBBI CJIEIYOIINe
anasiorn 4.1.19 u 4.2.1.

9.2.2. Teopema Bupkrodca. /I HEMycTOrO0 MHOYKECTBA H TOUKH
TOMOJIOTHYECKOT'O IIPOCTPAHCTBA SKBUBAJIEHTHBI Y TBEPXK JICHHS:
(1) smaHHast TOUKa €CTh TOYKA IIPHKOCHOBEHUST MHOXKECTBA;
(2) cymecrByer HekoTopbIii pUIBTD, ComepIKAIIH MHOXKe-
CTBO U CXOJISIIIUNCS K JIAHHOH TOYKE;
(3) cymecrByer 0606IIEHHAST TOCIEN0BATEIPHOCTD JIEMEH-
TOB MHOXKECTBa, CXOJAIAasICsad K JaHHOH To4YKe. <[>

9.2.3. /list orobpakenusi f OHHOIO TOIIOJOIHYECKOIO HMPOCTPAaH-
CTBa B JIPYIO€ SKBUBAJIEHTHBI Y TBEDKICHUSI:
(1) mpoobpasz OTKPBITOro MHOXKECTBA OTKDBIT;
(2) mpoobpasz 3aMKHYTOr0 MHOXKECTBA 3aMKHYT;
(3) obpas mabTpa OKpeCTHOCTEH NPOH3BOJBHOIH TOUKH
TOHbIIe YeM (GUIBTD OKpecTHOCTel Toukn f(x);
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(4) st IPOM3BOJIBHON TOYKM T KaXKJbIil (DHIBTD, CXOMS-
muiicst K x, orobpaxkenue [ 11epeBOAUT B (PUJIBTD, CXO-
gsmuiics K f(x);

(5) obobieHHble TOCIE0BATEBHOCTH, CXOASIIHECS K 1IPO-
H3BOJIBHOI TOYKe T, oTobpakeHne f mepeBoqur B 0600-
IIJEéHHbIE II0CJIE/IOBATE/IbHOCTH, CXO/SIINECT K f (:E) <>

9.2.4. ONPEJAEJIEHUE. OTobpakeHue, AeiCTBYIOIIEE U3 OJHOIO TO-
MOJIOTMIECKOTO MPOCTPAHCTBA B JPYTOe, YIAOBJIETBODSIONIEE OTHOMY (a
3HAYMT, U JIIOOOMY) U3 SKBHUBAJEHTHBIX ycuosuil 9.2.3 (1)-9.2.3 (5), Ha-
3BIBAIOT HENPEPLIGHBLM.

9.2.5. BAMEYAHME. Ecm f : (X, 7x) — (Y, 7v) n 9.2.3 (5) BBI-
HOJIHEHO i (DUKCUPOBAHHON TOYKHM & € X, TO MHOTJA TOBODAT, UTO
f menpepuwsno 6 mouke x (cp. 4.2.2). HykHO BUAETH, UTO OTIMIHNE
HOHSATHUs HEIPEPLIBHOCTU B TOYKE OT OOIIErO IOHATHs HENPEPBIBHOCTH
yeoBHO. VmenHo, ecin monoxkuTh 7, (x) = 7x (x) u 7,(T):= il {ZT} noa
T € X, T # x, TO HEIPEPBIBHOCTH [ B TOUKE & (OTHOCUTEIHHO TOIIOJIOTUH
Tx B X) paBnocuwibHa nenpepoisaoctu f : (X, 7,) — (Y, 7v) (B Kaxnoii
TOYKE IPOCTPaAHCTBA X € TOMOJIOTHETR Tw). <>

9.2.6. Ilycrp 11, 72 € T(X). Torga 71 > 7o B TOM U TOJIBKO B TOM
caydae, ecn Ix : (X, 1) — (X, 72) HenmpepbiBHO. <I1>

9.2.7. Ilycrs f : (X, 7) — (Y, w) — HenpepsiBHOE OTOGpAasKeHue
ur € T(X) ww € T(Y) rakosel, uto 71 > T 0 w > wy. Torga
f: (X, 1) — (Y, w1) HEnpepbIBHO.

< ImeeM KOMMYTaTUBHYIO JUATDAMMY

X7 L (vw
IxT lIY
(X,m) L (V)

Ocrajgoch OTMETUTH, YTO CYTIEPIIO3UIUsT HEIIPEPBIBHBIX OTOOPAXKEHU He-
npepbIBHa. >

9.2.8. Teopema o npoobpa3se ronosioruu. Ilycrs f: X — (Y, w).
IHomoxum

To:={reT(X): f:(X, 7) — (Y, w) HeupepnIiBHO}.

Torxa Tomosorus f~1(w):= inf Ty Bxomut B T)).
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< 13 9.2.3 (1) BeITEKAET
T€Ty < (re X = fHw(f(x)) C 7(x)).

[ycrs 7(x) := f~Hw(f(z))). Hecomuenno, uro t(7) = 7. Ilomumo

sroro, f(7(z)) = F(f~Hw(f(2)))) D w(f(z)), . e. T € Ty mo 9.2.3 (3).

Taxum o6pazoM, BbimoaHeno: f~1(w) = 7. >

9.2.9. ONPEAENEHUE. Tononoruto f~!(w) HazbiBaoT npoobpasom
MON0N02UY W TIPU OTOOparkeHuu f.

9.2.10. 3AMEYAHUE. Teopemy 9.2.8 4acTo BBIpasKalOT CJIOBaMHU:
«IIpO0OPA3 TOMMOJIOTUH TIPU JAHHOM OTOOPA2KEHUN — ITO Cabeiias To-
[OJIOTHsI B ODJIACTH OIpeJIeJIeHUsI, B KOTOPO# O0TOOpaskeHne HelpepbiB-
no». IIpm sTom, Kak BujHO, Hampumep, u3 9.1.14, OTKpBLITbIE MHOXKe-
CTBa B TPOOOpa3e TOMOJOTHU — 3TO TPOOOPA3bl OTKPBITHIX MHOXKECTB.
B uacraocry, (z¢ — z B f71(w)) < (f(z¢) — f(z) B w); ananornano
(F a8 fw) e (f(F)— f(r) Bw) g bumsrpa F. <>

9.2.11. Teopema 06 obpa3se tonosoruu. Ilycrs f: (X, 7) = Y.
Honoxnm Qp:={w € T(Y) : f:(X, 7) — (Y, w) menpepsisruo}. Torza
ronosorus f(1):= sup Qo Bxoqur B Q.

< B cuny 9.1.13 nna y € Y BeImoTHEHO
() (y) = (supp(y) Qo) (y) = (Sup 7 vy Qo) (y) = sup{w(y) : w € Qo}.
Ha ocroBannu 9.2.3 (3)
weQ & (xeX = f(r(x)) Dw(f(x))).

Cornocrasiisisi ipuBeieHable GOPMyYIIBI, BuuM, 9to f(7) € Qp. >

9.2.12. ONPEJAENEHUE. Tomosoruto f(T) HA3BIBAIOT 06pasom mo-
noaozuu T pu orobpakenun f.

9.2.13. 3AMEYAHUE. Teopemy 9.2.11 9acTo BBIPAXKAIOT CJIOBAMHU:
«00pa3 TOMOJIOTUN TP JTAHHOM OTOOPaXKEHUN — ITO CHUJIbHEHNIIIast TOIOo-
JIOrusl B 00JIACTH MPUOBITHS, B KOTOPOil 0TOOparkeHre HEelIPEPHIBHO.

9.2.14. Teopema. Ilycre (fe : X — (Ye, we))ee= — cemeiicTBO
orobpazennit. Ilycts, janee, T 1= Supgcz fe (we). Torma T — cra-
Gefimast (= nauMmeHsbIasi) Tornojorus B X, B KOTOPOH HEIPEPBIBHBI BCE
orobpazkenns fg (£ € =).
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<l Ilpusnekas 9.2.8, mmeem
(fe : (X, T) — (Ye, we) HeUpepbIBHO) < T > fgl(wg). >

9.2.15. Teopema. Ilycrs (fe : (X¢, T¢) — Y)eez — cemeiicrBo
orobpazkennii. Ilycrs, manee, w = infecz fe(re). Torma w — cuib-
Heifmas (= HambosbIasi) Tonosorusi B Y , B KOTOPOI HEIIPEPHIBHBI BCE
orobpazkenns fe (€ € E).

< Anennmupys k 9.2.11, 3akiogyaem:
(fe : (Xe, 7e) — (Y, W) menpepsiBHO) < W < fe(Te). >

9.2.16. 3AMEYAHUE. YrBepkKiaenus 9.2.14 u 9.2.15 gyacro Ha3bI-
BAIOT MEOPEMAMU O 3a0aHUL MON0A02UL TPEOOBAHNEM HEIIPEPBIBHOCTU
ceMelcTBa OTOOPaXKEeHUIA.

9.2.17. IIPUMEPHI.

(1) IIycrs (X, 7) — TOIOJOrHYECKOE IIPOCTPAHCTBO U X
— moamuokectBo B X. O6o3mauum ¢ : Xg — X Baoxkennme Xp B X.
[lycts 70:= ¢~ (7). Tonosoruto 7o Ha3BIBAIOT UHIYYUPoGarnot (T B Xg),
a npocrpaucrso (Xg, 79) — nodnpocmpancmeom (X, 7).

(2) Iycrs (X¢,Te)eez — 9TO CeMEHCTBO TONOIOrTYECKHX
npocrpancts. Ilycrs, mamee, X:= H&EE X¢ — mpon3BejieHNe ceMeCTBa

MHOKeCTB (X¢)eez. [omommm 7 := supgcz PI‘gl(Tg), rae Pre - X —
X¢ — KoopaMHATHBIN 1poekTop, Prex = x¢ (£ € Z). Tonosoruio 7
HA3BIBAIOT MON0AoUEl Npoudsedenus, Wil NPou3sedeHueMm Monoso2ul
(T¢)¢e=, mmu muzonosckols monosozuet. IIpocrpancrso (X, T) HasbIBa-
0T TMUTOHOBCKUM MPOUZEEIEHUEM DPACCMATPHBAEMBIX TOMOJOTHIECKIX
npocrpascTs. B wacrnocrn, ecmm X := [0, 1] mia Bcex £ € 2, To
X:= [0, 1]% (c TMXOHOBCKOII TOMOJOTHE ) HABBIBAIOT MUTOHOGCKUM KY-

6om. IIpu Z:= N roBopgaT o 2uavbepmosom Kupnue.

9.3. Tunbl TONOJIOTUYECKUX ITPOCTPAHCTB

9.3.1. /[i1s1 TOOJTOrHYIeCKOro MpOCTPAHCTBA SKBUBAJICHTHDBI CJIETY-
[OIIHE YTBEPK JICHHSL:
(1) omHOTOYEUHBIE MHOXKECTBA 3aMKHYTHI;
(2) mepeceuenne Bcex OKpeCTHOCTEH KAaXKJIOif TOUKH HPOCT-
PaHCTBa COCTOUT TOJILKO U3 3TOH TOYKH;
(3) y kKaxkioit u3 J0OBIX JIBYX TOYEK IPOCTDAHCTBA €CTD
OKDPECTHOCTB, HE COJep Kalasi JPYroi TOUKH.
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< s 10Ka3aTesIbCTBa JJOCTATOUHO 3aMETHTD, UTO
yecfz} & VVer(ly) zeVerzen{V: Ver(yl,

rje &, y — TOYKU TOIOJOIHIECKOro npocrpancrsa (X, 7). >

9.3.2. ONIPEAEJEHUE. Tomogorndeckoe MpocTpaHCTBO, YIOBIETBO-
psioniee OHOMY (& 3HAYUT, U JIOOOMY ) U3 S9KBUBAJEHTHBIX ycjoBuii 9.3.1
(1)-9.3.1 (3), mazsiBaror omdeaumovim uian T1-npocmparcmeom. Torosro-
ruto T}-npocrpascTsa HasbIBaioOT omdeaumot (pexke — T1-monoaozued,
etie pexke — JocmuICuMOol TOIIOJIOTHE]H).

9.3.3. BAMEYAHUME. Yacro o6pa3HO roBopsaT: «77-IIPOCTPAHCTBO
— 3TO HMPOCTPAHCTBO C 3AMKHYTBIMU TOUKAMIES.

9.3.4. /I TomoIoruvIeckKoro mpoCcTPaHCTBa, SIKBUBAJCHTHBI CJICTY-
IOIITHAE YTBEPKICHUS:
(1) xakzprii puiabTp HMeeT He GoJIee OIHOTO NMPEIENa;
(2) mepeceuenme Bcex 3aMKHY TBIX OKPECTHOCTEH MPOU3BOJIb-
HOH TOYKH IPOCTPAHCTBA COCTOUT TOJIBKO U3 3TOH TOY-
KH;

(3) y JOBBIX ABYX TOUEK MPOCTPAHCTBA HMEIOTCS HElepece-
Kalolgecss OKPeCTHOCTH.

<A (1) = (2): Ecmm y € Nyer(a) LU, 1o muist Besixoro V'€ 7(y) Gyzer,
aro U NV # &, kak Tosneko U € 7(x). Takum obpasoM, ecTb TouHAL
BepxHad rpamuna Z = 7(z) V 7(y). Hecomuenno, % — z u # — y. Ilo
YCJIOBHIO IMEEM T = .

(2) = (3): ycrs z, y € X,  # y (ecsm TakKWX TOYEK HET, TO
6o X = &, 6o X COCTONT U3 OJIHOI TOYKM U JIOKA3bIBATH HUYErO He
uazo). Haiinerca okpecrnocrs U € 7(x) takas, aro U = clU uy £ U.
Suauut, gomosaenune V muOKectBa U 10 X orkpeiTo. [Tomumo sToro,
Uunv =o.

(3) = (1): lIycrs # — bunbrp B X. Ecomn ¥ — z u F — vy,
to # D 7(x) u F D 7(y). Crano 6bi1h, gy U € 7(z) u V € 7(y)
Beimosiaero U NV £ . Tlocnennee oznagaer, 9to © = y. >

9.3.5. ONIPEAEJIEHUE. Tomosiormdaeckoe mpoCTPaHCTBO, YIOBIETBO-
psifoliiee OHOMY (& HOTOMY ¥ JIF00OMY ) U3 S9KBUBAJIEHTHBIX ycsoBuii 9.3.4
(1)-9.3.4 (3), masbBatoT zaycdopdosvim umm Tar-npocmpancmeom. Ecre-
CTBEHHBIN CMBICJI BKJIQIBIBAIOT B TEPMHUH «XayCcI0pdOBA TOIIOIOTHST ».
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9.3.6. SAMEYAHUE. YacTo 06pa3HO IoBOpsAT: «15-IIPOCTPAHCTBO
— 3TO IIPOCTPAHCTBO, B KOTOPOM IIPEJIETT €JTHHCTBEH.

9.3.7. ONPEAEJEHUE. Ilycts U, V — MHOXKeCTBa B TOIOJIOI'TYE-

ckoM rpoctpancrBe. Losopsat, uro V' — oxpecmnocms U, ecnm int V' D
U.

9.3.8. /I Torororuteckoro mpoCTPaHCTBa, IKBUBAJCHTHBI CJICTY-
TOIIHE YTBEPK ICHHSL:

(1) mepeceuenne Bcex 3aMKHYThIX OKPECTHOCTEET IIDOU3BOJIb-
HOI'O0 3aMKHYTOI'O MHOXKECTBA, COCTOHT TOJIBKO H3 3JIe-
MEHTOB 3TOI'0 MHOXKECTBA;

(2) uiabrp OKpecTHOCTEI MPOU3BOJILHON TOUKH HMeeT Ga-
3HUC, COCTOSIIUE U3 3aMKHYTBIX MHOYKECTB;

(3) y J1r060it TOUKH 1 y JHOBOrO 3AMKHYTOIO MHOXKECTBA, HE
COIePIKAIIEro 9TOH TOUYKH, HMEIOTCST HEITEPECEKAIOITUECS
OKPECTHOCTH.

<14(1)=2):EcmzeXuUe7(x), o V:=X\intU zamuyro
uzx ¢ V. Io ycnosuio naiinerca muoxecrso F' € Cl(7), mis koroporo
x¢ FuintF D V. Ionoxum G:= X \ F. dcuo, uro G € 7(x). Ilpn
sToM G C X \int F = cl(X \int F') C X\V CintU C U. Cnenosaresns-
Ho, clG C U.

(2)= 3):Eciuz € X u F € Cl(7), npuuem z ¢ I, ro X\ F € 7(x).
Crano 6bITh, uMeercs okpecraoctb U = clU € 7(x), comepkamasics
B X \ F. Takum o6paszom, X \ U — okpectHOCTD F', He mepecekaromasics
cU.

3)=(1):Ecmu F € Cl(7) mint G D F = y € ¢l G, 10 /1 KaxKJ10ro
U € 7(y) u Beskoit okpecraoctn G muoxecrsa F' Bormosaeno UNG # @.
ITocnennee osnagaer, yro y € F. >

9.3.9. ONPEAEJIEHUE. Tomosormdaeckoe mpoCTPAHCTBO, YIOBIETBO-
pstforiee ogHOMY (a 3HAYMT, M JIFOOOMY) M3 9KBHBAJICHTHBIX yCJIOBHI
9.3.8 (1)-9.3.8 (3), maseatror T5-npocmparcmeom. Otmemnmvoe T3-11po-
CTPAHCTBO HA3BLIBAIOT PE2YAAPHBIM.

9.3.10. MaJjiasg gemma YpbIcoHA. /LjIsT TOMOJIOTHYECKOTO IIPO-
CTPAHCTBA KBUBAJIEHTHBI Y TBEPIKICHUSI:
(1) duapTp OKpecTHOCTElH KaXKIOr0 HEMyCTOr0 3aMKHYTO-
ro MHOXKECTBa HUMeeT Oa3uc, COCTOSIIHI U3 3aMKHYThIX
MHOXKECTB;
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(2) y mpom3BOJBHBIX JBYX HENEPECEKAIONUXCS 3aMKHYTHIX
MHOXKECTB eCTh HellepeceKaloluecs OKPeCTHOCTH.

< (1) = (2): ycrs Fy, F; — 3aMKHyTble MHOXKECTBA IIPOCTPAH-
crBa X, upudem Fy N Fy = @. Ilycrs G:= X \ F;. OueBunno, G OTKpbI-
rou G D Fy. Eciu Fo = &, TO JI0Ka3bIBATHL HUYETO HE HAJI0. SHAUWT,
MOXKHO cYuTaTh, 9r0 Fy # @. Torma Haiijercss 3aMKHYTOE MHOYKECTBO
Vo makoe, uto G D Vo D int Vo D Fy. Tomoxum Vi := X \ V5. dcno, uro
V1 orkpeiro, Vi NVe = @. Ilpusrom V4 D X\ G =X\ (X \ Fy) = F}.

(2)= (1):ycrs F =clF,G =int Gu G D F. Tonoxum Fy:= X\
G. Torna Fy = cl F} u, crano ObITh, IMEIOTCS OTKPBIThIe MHOXKeCTBa U
u Uy, nnst koropeix U NU; = @, npuuem F C U u F} C Uy;. Haxkoner,
dUcCc X\ cX\F=G. >

9.3.11. ONPEAEJEHUE. Tomosornueckoe mMpoCTPAHCTBO, YIOBJIE-
TBODSIOIEe OJHOMY (& TOrJa M APYroMy) U3 SKBUBAJEHTHBIX YCJIOBUL
9.3.10 (1), 9.3.10 (2), mazwBator Ty-npocmparcmeom. Oraenumoe Ty-
MIPOCTPAHCTBO HA3BIBAIOT HOPMANDHDBIM.

9.3.12. Jlemma o HempepbIBHOCTH (DYHKIIUU, 3aJaHHOMH JIe-
6eroBpiMu MHO>KecTBaMu. Ilyctb mHOMKecTBO T MIOTHO B Rutw— U,
(t € T) — cemelicTBO HOAMHOXKECTB TOIMOJOIHIECKOrO IPOCTPAHCTBA X .
Cy1ecTByerT, u IPUTOM €IUMHCTBEHHAsI, HerpepbiBHas pyakmnust f : X —
R rakas, 4To

{f<ttcU cCc{f<t} (el

B TOM H TOJIBKO B TOM CJIydae, eCJIH
t, seT, t<s=clU; CintUs.

< =:Ilput < s BBEOy 3amkuyToctu { f < t} n orkpsiTocTn {f < s}
CIIpaBEeIINBbI BKIIIOYEHMU

Uy c{f <t} C{f <s} CintUs.

«: Tak xak U; C clU; C intUs C Us ipu t < s, TO cemeficTBO
t — U; (t € T) Bozpacraer. [TosTomy cymecrsoanue f cienyer u3 3.8.2
(a equHCTBeHHOCTL — 13 3.8.4). Pacemorpum cemeiicrsa t — Vi:i= clU; u
t — W= int Uy. DTu cemeiicTBa BO3paCTAIOT. 3HAYUT, BHOBb IIPUMEHSIsT

3.8.2, maiinem dynkmuu g, h : X — R Takwe, uro jjsa Bcex t € T
BBITIOJTHEHO

{g<ttcVic{g<t}, {h<t}CW,C{h<t}
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Ecmt, seT, t <s, To BBUIY 3.8.3

Wt:iDtUtCUtCUsifSh;
Vi=clU, CintUs =W, = h < g;
UiCUsCcUs=Vy=g<f.

Okonuaresnbo f = g = h. Yunresas 3.8.4 u 9.1.5, 1aa t € R umeem

{f<t}={h<t}=U{Ws: s<t, s€T} e Op(rx);
{f<t}={g <t} =n{Vs: t<s, s€T} e Clrx).

YKazaHHbIE BXOXK/JICHHUST OYEBUIHO 00ECIIEINBAIOT HEIIPEPBIBHOCTL f. >

9.3.13. Boubmrasa jgemva YpbicoHa. Ilycte X — HexkoTropoe
Ty-mpoctpanctBo. Ilyctp, nasee, F' — 3aMKHYyTO€ MHOXKeCTBO B X W
G — ero okpectrHOCTh. Torma cymiecTByerT HempepbiBHAs (GyHKIus f
X — [0, 1] rakas, aro f(z) =0 npux € F u f(z) =1 upuz ¢ G.

< Tonoxkum Uy := G upu t < 0 m Uy := X npu t > 1. Cunenyer
omnpeneuTsh U; I TOUYEK M3 MHOXKECTBA 1 «IBOMYHO-DPAIIHOHAIBHBIX
touex orpeska [0, 1]», T. e. T := UpenTy, e Ty, := {k27"H : k=
0, 1,...,2" 1} rak, arobur mist cemeiicra t — Uy (t € T:= T U (R \
[0, 1])) 6butn BeImOIHEHB! yeaoBus 9.3.12. CooTBercTBYyIOIIEE TOCTPOE-
HUE [IPOBEJIEM 10 WHLYKIIUN.

Eciu t € T, . e. ¢t € {0, 1}, To nonaraem Uy := F, Uy := G.
Homyctum Teneps, uro mjs t € T, upu n > 1 maOX)KecTBO Uy TOCTpOEHO,
npuueM clU; C int U, Kak Tonpko t, s € T,, ut < s. Bozpmem t € T},
u Haiimem Osmrkaiimme K t Touku B 1), T. €.

ti=sup{s €T, : s <t}
t:=inf{seT,: ¢t <s}.

Eciu t = t; wm t = t,., To Uy yKe ectb. Ecim ke t £ t; ut # t,, 10
t; <t < t, uno npennonoxenuio clUy, C int Uz, . B cury 9.3.11 umeerca
3aMKHYTOe MHOXKeCTBO U Takoe, 4To

ClUtl C int Ut C Ut - ClUt C int Utr'

Ocrajioch MoKa3aTh, 9TO BO3HUKAIOIIEE CEMENHCTBO YIOBJIETBOPSIET TPe-
OyeMbIM YCJIOBUSIM.



9.4. KoMmiiak THOCTb 201

Wrak, nycre t, s € T, 1, upuuem t < s. Econ t,. = s;, To ipu s > 5
10 TIOCTPOEHUIO

clU; C U, = clUs, C int Us.

Anajornuno upu t < t, = §; BBIIOJIHEHO
clU; Cint Uy, = inf U, C int Us.

Ecmn ke t,. < s;, TO, yIUTBIBasI CIEIAHHOE JIOMYITICHUE, BHIBOIUM
clU; C U, CintUs,, C int Us,

9TO U Hy>KHO. >

9.3.14. Teopema YpbicoHa. Tonosiorudeckoe mpocTPaHcTBO X
sBJisiercst Ty-IpOCTPaAHCTBOM B TOM H TOJIBKO B TOM CJIY4Yae, €CJIH KAKOBBI
ObI HE OBLIH HEIepeceKalomuecss 3aMKHyThie MHOXKecTBa Fy, Fo B X,
Haliercst HenpepbiBHasi dyaknus f @ X — [0, 1] rakas, uro f(x) = 0
s x € Fy u f(x) =1 gusa x € Fs.

< =: Crenyer npumennts 9.3.13 npn F:= F; u G:= X \ Fs.

<: Eciu FiNFy, = @ u Fy, Fy 3aMkHYTHI, TO MHOXKecTBa G := {f <
1/2} u Go:= {f > 1/2} nua coorBercryorieit GyHKIuU f OTKPBITHL U
He nepecekatorcst; Gy D Fy, Go D Fy. >

9.3.15. ONPEAEJEHUE. Tomosiorndeckoe mMpocTpancTBO X HaA3bL-
sarom Ty 1 -TPOCMPANCINGOM, €CJTH JII TPOU3BOILHOMN TOUKH I € Xmu
3aMKHYTOIO MHOXKeCTBa, F', He COJepzKalllero T, UMeeTCsl HelpephIBHAS
dynakuuga f : X — [0, 1] rakag, uro f(z) = luy € F = f(y) = 0.
Otnennmoe Ty 1-IPOCTPAHCTBO HABBIBAIOT TMULOHOGCKUM WA 6NONHE Pe-
2YNAPHDIM.

9.3.16. HopmaJspHOE IPOCTPAHCTBO SBJISIETCS THXOHOBCKHUM.
< Cnencrsue 9.3.1 u 9.3.14. >

9.4. KoMIIakTHOCTH

9.4.1. Ilycre B — ba3zuc ¢puabrpa B TOIOJOTHIECKOM MPOCTPAH-
crBe n clB:=N{clB: B € A} — MHO)KeCTBO €ro TOYEK IIPHKOCHOBE-
aus1. Torna

(1) B = clfil %;
(2) —oz=>2xcclB;
(3) (B — yaprpacpuibtp, x € cl B) = B — x.
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< Cuesiyer 1IpoBepuTh TONBKO (3), Tak KakK CIpaBelMBOCTH (1)
u (2) acua. Jua U € 7(z) u B € 9 somonneno U N B # @. Nnave
roBops, ecrb GuibTp % 1= 7(2)V.A. dcuo, uro .F — x. [lomumo storo,
F = B, ubo # — ynvrpadpunasrp. >

9.4.2. ONPEAEJEHUE. MHOXeCTBO IIPUHSITO HA3BIBATH KOMNAKM-
HblM, €CTTU U3 JII0D0I0 €ro OTKPBITOIO MOKPBITUS MOYKHO BBIIEIUTH KO-
HeuyHoe nouokpsiTue (cp. 4.4.1).

9.4.3. Teopema. Ilycre X — ronosiorudeckoe rnpocrpancteo u C
— muoxkectBo B X. Curenyromue yTBep:K1eHUs SKBUBAJICHTHDI:

(1) muOM)CECTBO C' KOMIAKTHO;

(2) ecun 6azuc puibrpa B ne umeer B C' TOYEK HPHKOCHO-
Benwust, To Hadgercs B € A, mist koroporo BNC = &;

(3) kaxkzprii 6asuc duabrpa, cogepxamuii C, uveer B C
TO‘IKy HpI/IKOCHOBeHI/IH,'

(4) kaxkupiii yaprpacpminsrp, coxepxamuii C, nmeer B C
IpesIet.

<4 (1)=2);:PazcdBNC =2, 10 C C X\ clAB. Urax,
CcX\n{clB: Be B} =U{X \clB: Be A}
3HAYNT, MOKHO BBIIEIATH KOHETHOE MHOXKECTBO Ay B X, 1JIst KOTOPOTO
CcU{X\clBy: Boe %} =X \n{clBy: By € %y}

IIycte B € % takoso, uto B C N{By : By € %o} C N{clBy: By €
PBy}. Torma

OOBCCQ(Q{CIB()I Boez@o}):@.

(2) = (3): Ecom C = &, 10 7loKa3bIBaTh HUUETO He HaJo. Ecian ke
C # @, 10 miss B € B no ycnosuto BN C # @, ubo C € JB. Takum
obpaszom, cl BN C #+ @.

(3) = (4): Cnenyer nupusseus 9.4.1.

(4) = (1): Mozkno cuanrars, 9ro C' # & (uHade HEIETO JIOKA3BIBATH).

Jonycrum, uro C' mHekoMmnakTHo. Torma HalimeTcss MHOXKECTBO &
OTKPBITHIX MHOX)KeCTB Takoe, uro C' C U{G : G € &}, u B 10 XKe Bpemsi
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JTsT JTIO6OTO KOHEYHOTO TIOJIMHOXKECTBa &) B & He BepHO, uto C' C U{G :
G € & }. onoxum

B = ﬂ X\ G: & — KOHEUHOE IIOAMHOXKECTBO &
Geéo

dAcuo, aro B — 6azuc dunbrpa. [lommumo sToro,

dB=n{clB: BE By =n{X\G: Ge&}=
=X\UWG: Ge&tcX\C.

IMycrs Teneps & — yiabrpaduibrp, cogepxkaiiuii £ (ero cyiecrsoBanue
rapaaTuposano 1.3.10). Tak Kak 110 JIOMYIIEHUIO KaxKJ0e MHOXKECTBO U3
PB conepKuT HEKOTOPBIE TouKK n3 C', MOXKHO obecrieunTs, uro C' € F.
Torna & — x s wekoroporo x € C wu, crajno 6biTh, no 9.4.1 (2),
cl FNC # @. B ro xe Bpems cl F C cl A. Tlonyuniu nporusopedune. >

9.4.4. BAMEYAHUE. JkBuBaJeHTHOCTH (1) < (4) B Teopeme 9.4.3
HA3BIBAIOT kKpumepuem Bypbaxu w Beipaxator npu X = C ciaoBamu:
«IIPOCTPAHCTBO KOMIIAKTHO B TOM M TOJIBKO B TOM CJIy4ae, €CJIU KaXK IbIi
yiabTpaduabTp B HeM cxomutcsay (cp. 4.4.7).

Yavmpacemsio Ha3bIBAIOT CETh, (DPUIBTD XBOCTOB KOTOPOIi sIBJISIETCS
ynerpaduasrpom. Kpurepunit Bypbakun MOXKHO BBICKA3aTh TaK: <KOM-
MAKTHOCTh PaBHOCWJIBHA CXOIMMOCTH yibTpacereiis. Ha s3bike cereit
MOXKHO TIOJIYYUTh U UHBIE I0JIE3HbIE PU3HAKN KOMIIAKTHOCTH. Harmpu-
Mep, «IIPOCTPAHCTBO KOMIIAKTHO B TOM U TOJIbKO B TOM CJIy9ae, €CJn
JIi00ast CeTh €ro MMeeT CXOIAILYIOCS MOJICETh .

9.4.5. Teopema Beiiepiurpacca. Obpa3 KOMIAKTHOIO MHOXKe-
CTBa IPHU HENPEPBIBHOM OTOOpakeHHH KoMHakTeH (cp. 4.4.5). <>

9.4.6. Ilyctp Xy — HOAIIPOCTPAHCTBO TOIIOJIOTHIECCKOTO IMTPOCTPAH-
crea X u C' — moamuoxkectBo Xy. Torga C kommakTHO B X9 B TOM
" TOJIBKO B TOM ciy4ae, ecau C' koMmakTHO B X .

< =: Cnenyer u3 9.4.5 u 9.2.17 (1).

«: Ilycrs & — 6azuc punbrpa B Xo. Ilycrs, nasee, V= clx, & —
MHOKECTBO TOYEK [IPUKOCHOBeHUsT A, Haiinennoe B Xg. Jlomycrum, aro
VNC = @. Tak kak B — 310 6asuc puibTpa U B X, TO UMEET CMBICI
TOBOPHUTH O MHOYKECTBe TOYeK npukocHoBenusi W := clyx A, naiijieHHOM
B X. Hdcmo, ato V = W N Xy u, 3uaunr, W N C = @. M3-3a KOMIaKT-
moctu C' B X ma ocnoBanun 9.4.3 MoxXHO Halitn B € %, njst KOTOPOro
BNC = @. Baosb upusiekas 9.4.3, Buaum, uro C' komunaxkTHo B Xg. >
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9.4.7. 3BAMEYAHUE. Ilpemroxkenne 9.4.6 9acTO BBIPAXKAIOT CJIOBa~
MHU: «KOMIIAKTHOCTb — 3TO abCOJIIOTHOE MOHSTHEY, T. €. CBOICTBO MHO-
2K€CTBa OBITH KOMITAKTHBIM 3aBUCUAT TOJBKO OT WHIYIIHPOBAHHON B HETO
TOIIOJIOI'MH, & HE OT OOBEMJIIOIIETO IIPOCTPAHCTBA. B 3TOi ¢Bsi3u 00OBIY-
HO OTPAHMYUBAIOTCS PACCMOTPEHUEM KOMNAKMHLLL NPOCTMPAHCMNG, T. €.
MHOKECTB, «KOMIIAKTHBIX B ce0e».

9.4.8. Teopema TuxonoBa. TuxoHOBCKOe IpoHW3BeAeHHUE KOMIIa-
KTHBIX IIPOCTPAHCTB KOMITAKTHO.

< Ilyerp X:= 1_[5 c= X¢ — TIPOM3BEJIEHNE PACCMATPUBAEMOrO CeMeli-
crBa. Ecmm xots 661 omH0 13 X¢ mycTo, To X = & U JOKa3LIBATH HEIETO.
IIycrs X # @ u F — ynwrpacdmisrp B X. o 1.3.12 mpu kaxom & € =
IUTsl KOOpAMHATHOrO mpoekTopa Pre : X — X, Bbmmosmeno, uro Pre (%)
— yabrpacdunsrp B Xe. 3naunt, B cuity 9.4.3 maitnerca x¢ € X¢, mid
koToporo Pre(F) — w¢. Ilycts z : £ — x¢. Ilomarmo, uro & — x
(cp. 9.2.10). Eme pa3 amesumupyst K 9.4.3, BbiBoUM, 410 X KOMIIAKT-
HO. >

9.4.9. 3aMKHYTOE HOJMHOXKECTBA KOMIIAKTHOTO IIPOCTPAHCTBA KOM-
MAKTHO.

< IIycrs X xomnaktao u C' € Cl(X). Ilycrs, nanee, % — yabrpa-
duibrp B X u C € %. Ilo teopeme 9.4.3 B X umeercs nupenen: # — x.
ITo Teopeme Bupkroda 9.2.2, x € clC = C. Buosb npusnekas 9.4.3,
zakrouaeM, 9ro C' KOMIAKTHO. [>

9.4.10. KoMmmaxTHOE ITOJMHOXKECTBO XayCAopoBa TOMOJIOTHIECKO-
I'0 IPOCTPAHCTBa 3aMKHYTO.

< IIycrs C kommnaxktao B xaycaopdosom X. Ecim C = @, To no-
kazeiBaTh Hedero. Ilycrs C #4 @ u x € clC. B cuny 9.2.2 naitnercs
dunbTp Fy Takoii, uro C' € Fg u Fg — x. llycrs F — ynaprpadunsrp,
copepxammit Fy. Torma % — x u C € %#. Ha ocuoBanun 9.4.3 y &
ectb npegest B C. Ho mo 9.3.4 stor npejen equacrBed. 3uauut, x € C. >

9.4.11. IIycrs f : (X, 7) — (Y, w) — HenpepreiBHOE B3aHMHO OJ-
HOo3HauHOe orobpakenne, npudeMm f(X) =Y. Ecam T — KOMIAKTHas
TOIIOJIOTHS, a W — Xaycaopgosa Tonosorust, To f — roMmeoMop@usm.

< Cnemyer ycranoBuTb, uTo f ! menmpepbiBHO. I 3TOro Heobxo-
Mo yoeaurhbest, uro F' € Cl(1) = f(F) € Cl(w). Bosbmenm F € Cl(7).
Torma F' xommaktaO B cuay 9.4.9. Ilpumenss nocmemosarensro 9.4.5
u 9.4.10, Bugum, uro f(F) 3amxHyTO. >
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9.4.12. Ilycts 71 U To — JIB€ TONOJOTHH Ha OJHOM MHOXKeCTBe X .
Ecsn npocrpancrso (X, 1) kommakTHo, a (X, T2) xaycaopgoso u 11 >
To, TO T1 = To. <>

9.4.13. BAMEYAHUE. YTBepxKjenue 9.4.12 9acTo BBIPAXKAIOT CJIO-
BaMU «KOMIIAKTHAS TOIOJOTUSA MUHUMAJIBHAY.

9.4.14. Teopema. XaycnopgoBo KOMIAKTHOE IIPOCTPAHCTBO HOD-
MaJIbHO.

< IIycrs X — paccmarpuBaeMoe MpOCTPAHCTBO U JB — KaKOU-HUOY b
6asuc punaprpa B X. Ilycrs, manee, U — okpectHocThb ¢l B. dcuo, uro
X \int U gommakrao (cm. 9.4.9), npudem cl ZN (X \int U) = @. Ilo reo-
peme 9.4.3 naitnerca B € # rakoe, uto BN (X \intU) = &, 1.e. BCU.
IMonarasi, ecan Hy:kHO, B:= {cl B : B € %}, MOXKHO yTBEDPXKIATb, U4TO
cdBCU.

Mycrs g navana * € X u B := 7(x). B cuny 9.3.4, clZ =
{z} u, suauur, bunbrp 7(r) uMeer 6azuc, COCTOAMMUI U3 3aAMKHYTHIX
MHOXKecTB. Crajio 66Tk, X peryssipHo.

IIycts Teneps F' — HemycToe 3amMKHyTOe MHOXKecTBO B X. B Kaue-
crBe & Bo3bMeM uibTp okpectHocTel F. 110 9.3.8, cl # = F, u o yxe
YCTaHOBJIEHHOMY % nMeeT 6a3uc, COCTOANUN U3 3aMKHYTHIX MHOYKECTB.
B coorsercrum ¢ 9.3.9, X — HOpMasbHOE TPOCTPAHCTBO. [>

9.4.15. CaeacrBue. C TOYHOCTBIO JJO TOMEOMOP(U3Ma XayCIOD-
pOBBI KOMITAKTHBIE MPOCTPAHCTBA CYyTh 3aMKHYTBIE MOJMHOXKECTBA TH-
XOHOBCKHX KyOOB.

<1 To, 4T0 3aMKHYTOE MOJMHOXKECTBO TUXOHOBCKOT'O Ky0a KOMITAKT-
o, ciemyer u3 9.4.8 m 9.4.9. XaycmopdosocTs Kyba, a mMOTOMYy U €ro
[IOJIITPOCTPAHCTB HECCIopHa.

ITycte X — HEKOTOpOe KOMIAKTHOE XaycIopdOBO MPOCTPAHCTBO.
ITycre eme @@ — coBOKyIHOCTH HenpepbiBHbIX dyHKImi n3 X B [0, 1.
Omnpenennm orobpazkerne W : X — [0, 1|9 mpasumom ¥(x)(f):= f(x),
rmex € X u fe @ U3 9414 u 9.3.14 BeBogum, uro ¥ B3anMHO
oxuoznauno orobpaxkaer X wa W(X). ITomumo sroro, ¥ HeupepbIBHO.
Ocrasoch npumennts 9.4.11. >

9.4.16. BAMEYAHUE. CaexcrBue 9.4.15 npeacraBiser coboit 9acThb
boJtee 001IEr0 yTBEpXKIAeHNA. VIMEHHO, THXOHOBCKHE IIPOCTPAHCTBA CYTh
(¢ ToIHOCTBIO O TOMeOMOPGhU3MAa) MOAIPOCTPAHCTBA THXOHOBCKHUX KY-
60B. <>
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9.4.17. 3AMEYAHUE. XaycaopdoBbl KOMIIAKTHBIE TPOCTPAHCTBA,
KaK IIPABUJIO, HA3BIBAIOT 60Jjiee KOPOTKO — komnakmamy (cp. 4.5 u 4.6).

9.4.18. Jlemma JIpenonne. Ilycts F' — 3170 3aMKHyTO€ ITOJIMHO-
xectBo, a Gi,...,G, — OTKDBITBIE TOAMHOXKECTBA HOPMAJIBHOIO TOIO-
JIOTHYECKOro 1pocTpancTBa, npuiem F C Gy U ... U G,,. Haiinyres 3a-
MKHyTBIe MHOXKecTBa F1, ..., F, takme, auro ' = F1U.. .UF, u F}, C G},
(k:=1,...,n).

< Hocrarouno paccmorpers ciydait n:= 2. IIpu k:= 1,2 mHOXKe-
crBo Uy := F \ G, zamxuyTo u Uy N Uy = @. C yuerom 9.3.10 umerorcs
oTkphIThie V1 u Vo, nyst kotopeix Uy C Vi, Uy C Vo u VNV, = @. Tloso-
kuM Fj:= F\Vj. dcno, uro Fy, samkuayTo u F, C F\U, = F\(F\Gy) C
Gy nnsa k:=1,2. llpustom FHUF, =F\ (ViNV,) =F. >

9.4.19. SAMEYAHUE. [lo 9.3.14 3akitouaem, 9To B ycyioBusix 9.4.18
JUIsI PACCMAaTPUBAEMOro IPOCTPaHCcTBa X HaillyTCsl HelpepbIBHbIE (DY HK-
mun by, by 2 X — [0, 1] raxue, wro byl = 0w Y00 hi(x) = 1 s
Todek = u3 Hekoropoii okpecrnoctn F. (Kak obbrano, G := X \ Gi.)

9.4.20. ONIPEAEJEHUE. Tomosioruio, B KOTOPOil KaxK1ast TOYKa 00~
J1a3€eT KOMIIAKTHOIf OKPECTHOCTBIO, Ha3bIBAIOT A0KAALHO KOMNAKMHOU.
JI0KaADHO KOMNAKMHLIM NPOCTPAHCMEOM HA3BIBAIOT MHOXKECTBO, CHAb-
KEHHOE JIOKAJIbHO KOMTAKTHON XaycaopdoBoil TOMOIOTHEI].

9.4.21. Tornosiormdeckoe NpoCTPAHCTBO JIOKAJIBHO KOMIAKTHO B TOM
H TOJIBKO B TOM CJIydae, €CJTH OHO TOMEOMOPHO MPOKOJIOTOMY KOMIIAKTY
(= KOMIIAKTY € BBIKOJIOTOH TOYKOIi), T. €. JOHOJIHEHHIO OJHOTOYE€IHOIO
IOAMHOXKECTBa KOMIIAKTA.

< «: C yuerom teopemsl Beiteprrrpacca 9.4.5 mocratodno 3ame-
TUTb, 9TO KAXK/as TOYKA ITPOKOJIOTOTO KOMIIAKTA 00JIa1aeT 3aMKHYTON
(B cuily PeryasipHOCTH KOMIAKTA) OKPEeCTHOCThIO. OCTalloch IIPUBIEYD
yrBepxKaeHnd 9.4.9 m 9.4.6.

= Tlomectum ucxomuoe mpocrpancteo X B X := X U {oo}, mpu-
coequHNB K X B34TYIO CO CTOPOHBI TOUKY 00. basmc oxpecTtHOCTEl 00
COCTaBUM U3 JOMoJHEHMH B X =~ KOMIIAKTHBIX MO MHOXKecTB B X . OKpect-
HocTssMu TOYKN u3 X B X' OODBSIBAM HAIMHOXKECTBA €€ OKPECTHOCTEH
B X. Ecim A — ynerpacdmnsrp B8 X' u K — kommakT B X, To 2 cxoauT-
cs K Touke u3 K, kak Tosibko K € 2. Ecim ke B U j1eKuT jonosiHeHne
sroboro kommnakta K C X, To 2 cxomures K 00. >
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9.4.22. 3AMEYAHUE. Ecim J0KaIbHO KOMIIAKTHOE IIPOCTPAHCTBO
X He KOMIAKTHO, TO IpocTpauHcTBO X ', dhurypupyiomee B 9.4.20, Ha3bI-
BaIOT 00HOMOYEeWHOU W GAEKCAHIPOBCKOT Komnarmupurayuet X .

9.5. PaBHOMEpHBIE U MYJIbTAMETPUUIECKUE
HIPOCTPAHCTBA
9.5.1. OIPEAENEHUE. Ilycrs X — Hemycroe MHOXKECTBO U Ux —
dbuasrp B X2, Ouibrp #x HA3LIBAIOT PAEHOMEPHOCMBIO B X, ecin
(1) %X C fil {Ix};
(2) UEGZ/X:>U71 E%X;
(3) (VU € %X)(HV € %X) VoV cCU.
PaBHOMEPHOCTBIO IIyCcTOrO MHOXKecTBa X HasbiBaloT Zx := {@}. Ilapy

(X, %x) (a gacro u MHOXKeCTBO X ) HABBIBAIOT PAGHOMEPHBLM TPOCTPAH-
cmeom.

9.5.2. [list paBaomeproro npocrpanctsa (X, Ux) mojaoxum
reX=r1(x):={U(x): UeUx}

Orobpaxkenne T : x — 7(x) — Tonojorus Ha X .

< To, uro T — 3ro upexronosorus, scuo. Ecmu W € 7(x), 1o
W =U(z) pusa wekoroporo U € %x. Boibepem V € %x Tak, 4robbl
VoV cCcU. Ecmy € V(z), o V(y) C V(V(x)) = VoV(x) C Ux)
C W. UnbiMu cjloBaMH, MHOKeCTBO W SIBJISIETCSI OKPECTHOCTBIO Y JIJIsT
Besikoro y € V(x). CuemoBaresbno, MHOXKECTBO V () JIEKUT BO BHYT-
persoctu int W. 3uaunt, int W — okpectHOCTh . OCTAIOCHh IPUBJICYH

9.1.6. >

9.5.3. ONPEAEJEHUE. TomoJsoruio 7, dburypupyiorryio B 9.5.2, Ha-
3BIBAIOT TONOJIOTHEIl PABHOMEPHOTO mpocTpancTBa (X, %x) Win pagHo-
meprot monosoeued n 06o3HauaT T(%x ), Tx U T. 1.

9.5.4. ONPEJAEJEHUE. Tonosoruueckoe npocrpancrso (X, 7) Ha-
3BIBAIOT PAGHOMEPUIYEMbIM, €CTIH CYNIECTBYET PABHOMEPHOCTh % B X
TakKasi, YTO T COBIAJAET ¢ PABHOMEPHOIi Tonosorueii 7(% ).

9.5.5. IIPUMEPHI.

(1) Merpuueckue IpocTpaHCTBA (CO CBOUMHU TOIOJIOTUSIMU )
pPaBHOMEpH3yeMbl (CBOUMH PABHOMEDHOCTSIMH).
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(2) MysnbruHOPMUPOBAHHBIE [IPOCTPAHCTBA (CO CBOMMU TO-
HOJIOTHSIMHA) PABHOMEPU3YeMbl (CBOUMU PABHOMEDHOCTSIMH).

(3) yors 3 X — (Y, %) n f~ (%)= (%), v,
Kak obbrano, f* (w1, x2):= (f(z1), f(x2)) ans (z1, x2) € X2. Slcno,
aro f~1(%y) — pasHOMepHOCTH B X . IIpm 3TOM

T(f N wy)) = [ (% ).

Pasnomepnocts f (%) maswBatoT npoobpazom pasromeprocmu Uy
npu omobpasicenuy, f. Takum o6pasom, mpoodpa3 paBHOMEPHON TOIO-
JIOTUW PaBHOMEPHU3YEM.

(4) Iycrs (X, % )ee= — 9TO HEKOTOpOE CeMEHCTBO paB-
HOMEPHBIX mpocTrpaHcTB. Ilycts, manee, X := erE X¢ — mponsse/e-
nue storo cemeiictpa. llomoxum %y := Supgcz Prgl(%g). Pasromep-
HOCTb %/x HAa3BIBAIOT MuToH06ckol. HeT coMHeHHil, 9TO paBHOMEp-
Has Tonosiorust 7(%x) — 9TO THXOHOBCKAasi TOIIOJOTHUS HPOU3BEJEHHs

(Xe, 7(%))ge=. <>
(5) XaycaopdoBo KOMIIAKTHOE HIPOCTPAHCTBO PABHOMEPU3Y-
61\407 u HpHTOM € IHUHCTBCHHBIM O6p3301\4.

<1 B cuity 9.4.15 Takoe npocTpancTBo X MOXKHO PACCMaTPUBATH KaK
HOJIIPOCTPAHCTBO TUXOHOBCKOrO Kyba. M3 9.5.5 (3) m 9.5.5 (4) ciemy-
eT paBHOMepH3yeMocTb X . IT0CKOIBbKY, KaK BHIHO, KarKJI0€ OKPY2KEHHe
JIIATOHAA B PABHOMEPHOM ITPOCTPAHCTBE COJEPKHT 3aMKHYTOE OKDPY-
JKEeHHe, TO U3 KOMIOAKTHOCTH MHOYXKECTBa Ix BBITEKAET, YTO BCAKAS €ro
OKPECTHOCTD BXOIUT B %x. C ApyTroil CTOPOHBI, JI000€ OKPY2KEHHE BCe-
rJla OKPECTHOCTD JMArOHAJH. [>

(6) Ilycrs X, Y — memycrble MHOXKeCTBa, %y — PaBHOMED-
HOCTb B Y U % — (DUIBTPOBAHHOE 110 BO3PACTAHMIO ITOJMHOXKECTBO 2% .
Hna B € B u 0 € 9y nojiokum

Upo:={(f, 9) ceYX xYX: golgoftcol.

Torna % := fil{Upg: B € B, 0 € %} — pasnomepuocts B Y~ nme-
I0Ias] HEU3sIIHOe (HO TOYHOE) HA3BAHME: «DPABHOMEPHOCTH PABHOMED-
HOW CXOJUMOCTH Ha MHOXKecTBax u3 %HB». Takosa, Hampumep, paBHO-
MEpHOCTH MyJabTuHOpMBI Apenca (cm. 8.3.8). B ciyuae, eciiu & ectb
COBOKYITHOCTh KOHEYHBIX TIOJIMHOXKECTB X , TO %/ COBIIJIA€T C TUXOHOB-
CKOif PABHOMEPHOCTBIO B Y X. DTy paBHOMEPHOCTDb B JAHHON CHTYAINN
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HA3BIBAIOT CAG00%, 8 COOTBETCTBYIONLYIO TOIIOJOIHIO — mMonosozueti no-
moueunol crodumocmu (pexe — npocmoti cxodumocmu). Ecmu ke B
COCTOUT U3 €IUHCTBEHHOrO 3jeMenTa — u3 {X}, To paBHOMEPHOCTH %
HAZBIBAIOT CUAbHOT, & COOTBETCTBYIONTYIO Totosornio (%) B Y X — mo-
noaoeuel pasHomMepHoti cxoouMOCU.

9.5.6. BAMEYAHUE. fcHO, 9T0 B paBHOMEPHBIX (U pABHOMEPH3Ye-
MBIX) IIPOCTPAHCTBAX MMEIOT CMBIC] TaKue MOHATHUSA, KAK PABHOMEpHAs
HEIIPEPBIBHOCTD, MAJIOCTh JAHHOTO MOPSIKA, [TOJHOTA W T. I. B sTmx
IIPOCTPAHCTBAX, KAK BUJIHO, COXpaHeHbl anajoru 4.2.4-4.2.9, 4.5.8, 4.5.9,
4.6.1-4.6.7. Ilone3HBpIMH yIPasKHEHUAMH SIBJISIIOTCS OCMBICTTHBAHIE BO3-
MO2KHOCTHU IIOTIOJTHEHHUS PABHOMEPHOIO IIPOCTPAHCTBA, JI0KA3ATEIHCTBO
kpurepust Xaycaopda, aHaJIn3 J0Ka3aTeIbCTBa TeopeMbl Ackoaun — Ap-
nejga u T. 1.

9.5.7. ONPEJAEJEHUE. ITycts X — muokectBO, R, := {r € R :
x > 0}. Orobpaxkenne d : X2 — R, HasBIBAIOT NnoAymempuroti wmma
omxkaonenuem Ha X, eciu
(1) d(z, z) =0 (z € X);
(2) d(z, y) = d(y, =) (z, y € X);
(3) d(z, y) <d(z, z) +d(z, y) (z, y, z € X).
IMapy (X, d) HA3BIBAIOT NOAYMEMPUUECKUM NPOCTPAHCINEOM.

9.5.8. list nosymerpudeckoro npocrpancrsa (X, d) momoxkum
Ug:=fl{{d <e}: e >0}
Tora %; — paBHOMEPHOCTH. <I>

9.5.9. ONPEAEJEHUE. Ilycts 9 — (Hemycroe) MHOXKECTBO MOJIY-
merpuk Ha X. Torma mapy (X, 91) Ha3BIBAIOT MYALMUMEMPUHECKUM
NPOCMPAHCMBOM, & MHOKeCTBO I — myavmumempurot. Pasnomep-
HOCTND MYABMUMEMPUYECKO20 NPOCTPAHCINGEA, ONPEIEIISIIOT COOTHOIIIE-
HUEeM

Uoyn = sup{%; : d € M}.

9.5.10. OIIPEJIEJIEHUE. PaBHOMEpHOE MPOCTPAHCTBO MPUHSITO Ha-
3BIBATH MYALMUMEMPUSYEMBLM, €CJIU €r0 PABHOMEPHOCTH COBIAJIAET C
PaBHOMEDPHOCTBIO HEKOTOPOI'O MYJIBTUMETPUIECKOro mpocTpancTsa. [lo
AHAJIOTUH OIPEJIEJISIIOT U MYJIBTUMETPU3yeMble TOITOJIOTUIECKHE TTPOCT-
paHCTBa.
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9.5.11. Ilycrs X,Y, Z — mHO)ecTBa, T — ILIOTHOE MOAMHOXKECTBO
R u (Up)ier, (Vi)ter — BO3pacTaromue ceMeiicTBa MHOMKECTB, JIEHKAIHX
coorBeTcTBeHHO B X X Z m B Z X Y. 'Torja cymecTByIOT, H IPHTOM
€/IMHCTBEHHbIE, (DYHKIUI

f:XxZ—>R, ¢g:ZxY =R, h:XxY =R

TaKue, 4To

{f<tycUic{f=st}, {g<ttcVic{g<t}
{h<tycUoV,c{h<t} (teT).

IIpu sTOoM mMeeT MecTO mpecTaBICHHE

h(z, y) = inf{f(x, 2)Vyg(z, y): z€ Z}.

<1 CymecrBoBanne Tpedyembix dyukmmit obecredeno 3.8.2. Emun-
crBennocth — 3.8.4. Ilpencrasnenne dyukiuu h depes f u g Geccrop-
HO. >

9.5.12. ONPEAENEHUE. Ilycts f: X x Z — R, g: ZxY — R.
Oyukimio h, 3aJaay0 ¢ ToMoIbo 9.5.11, HazbBAIOT V-KoHE0AM0UUET
f n g m obozHaTaOT

fOvg(z, y):=inf{f(z, 2) Vg(z, y): z€ Z}.

AHAIOrUIHO ONPeNIENISTIOT +-K0H60A0UU0 f U g TTO TPABUITY

O g(z, y):=if{f(z, 2) +9(z, y): z€ Z}.

9.5.13. ONPEAEJEHUE. OToGpaxkenne f : X2 — R’, nasbIBaroT
K-yavmpamempurot (K € R, K > 1), ecin
(1) fz, =) =0 (z € X);
(2) f(z, y)=fy, v) (z, y € X);
(3) = f(x, u) < flz, y)V fy, 2) V f(z, u) (2, y, 2, u € X).
9.5.14. BAMEYAHME. Yciosnue 9.5.13 (3) unorja HaspBaor (CHIb-

HBIM) YALMPAMEMPUHECKUM HEPAGEHCTMEOM. DTO HEPABEHCTBO MOYKHO
B ety 9.5.12 nepermcats B Buge K1 f < fO0, fOyf.
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9.5.15. JlemMma o 2-yabTpamMerpuke. /lis KaxKoi 2-yIbTpaMeT-
pukn f: X? — R’ cymecrByer nosymerpnka d taxas, aro 1/2f < d <
f-

< Iyers f1:= f; for1:= fu0.f (n € N). Torma

fn+1(x7 y) < fn(x7 y) + f(y7 y) - fn(l', y) (1‘, AS X)

Taxum obpasom, (f,) — yObIBalOmas IOCIEIOBATEILHOCTD. [1o10KUM
d(z, y):=lim f,(z, y) = inf f,(z, y).
neN
ITockonbky gy n € N BeIosIHEHO

d(z, y) < fon(, y) = ful0 fulz, v) < fulz, 2) + fulz, v),

to d(z, y) < d(z, z) + d(z, y). Cupasemympocts 9.5.7 (1) m 9.5.7 (2)
HECOMHEHHA.

Ocranocs ycranosutb, 9ro 1/2 f < d. djs sToro ybeaumcst, 9To
fo>1/2f nusin € N,

Ilpu n := 1,2 TpeGyemble HepaBeHCTBa OYeBHIHBL JlomycTuMm Te-
nepb, uto f > f1 > ... > f, > 1/2f u B 1O ke Bpema [, 1(z, y) <
1/2 f(z, y) ana mexoropwix (z, y) € X2 uw n > 2. Ilo mocrpoennto mpu
MTOXOSANINX 21, ..., 2y € X Oyzer

ti= f(z, z21) + f(z1, 22) + ...+ f(Zn_1, 2n)+

(e y) < 3, )

Ecmu f(x, z1) > t/2, r0 t/2 > f(21, z2)+ ...+ f(zn, y) > 1/2 f(z1, y).
IMosnywaem, uro ¢t > f(x, z1) ut > f(z1, y). Ha ocuosanum 9.5.13
(3), 1/2 f(z, y) < f(z, z21) V f(21, y) < t. Orcriona BBITEKAET JIOKHOE
coorrommenue: 1/2 f(z, y) >t >1/2 f(z, y).

Uraxk, f(z, z1) < t/2. Haiinem m € N, m < n, ajsa Koroporo

F@, 21) 4 oot [ty 2m) <

)

D[ =

flz, z1)+ oo+ f(Zm, Zmy1) >

N |+
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DT0 OCyIECTBUMO, UOO THIIOTE3a 1M = N BJEYET HEBEPHOE HEPABEHCTBO
f(zn, y) > t/2. (B camom gese, 6puio 6wt t/2 > f(z, 21) + ...+
Fon1s 20) > 1/2f(z, 20) w novromy 1/2f(z, y) > t > f(z, 2") V
fzns y) 21/2 f(z, y).)

Nmeem

.f(zm+1a Zm+2) +...+ f(zn—la Zn) + f(znv y) <

DO |

HpI/IBJIeKaH NHAYKIIAOHHOE IIPEAIIOJIO?KEHNE, 3aKJII0IaEeM:

flx, zm) <2(f(z, 21) + ...+ f(Zm=1, 2m)) <t
f(Zm, 2me1) <t
f(zm+1a y) S Q(f(zm+17 Zm+2) +.+ f(zna y)) S t.

CitetoBaTeIbHO, B CHITY ONPEJIEIeHUs 2-yIbTPAMETPUKN

S ) < F@ )V s 2mn)V e, 9) <0< 3 (@ 9).

Ilosryann mpoTuBOpevne, 3aBepIIAOIIee JT0KA3aTeJIHCTBO. >

9.5.16. Teopema. Kaxkioe paBHOMEDPHOE MPOCTPAHCTBO MYJIBTH-
MeTpH3yeMO.

< Iyers (X, %x) — paccMarpuBaeMoe PABHOMEDPHOE IIPOCTPAH-

crBo. Bosemem V € %x. omoxum Vi := V N V™! Ecau rteneps
— —_ 1 —
Vi, € Ux, To naiinem cummerpudHoe oKpyxkenue V =V TV € YUx

taxoe, aro V o VoV C V,,. Ilonaraem Vii1:= V. Tax Kak IIO ITOCTpOe-
HUIO Vn D) Vn+1 © Vn+1 o Vn+1 D) Vn+1 © IX © IX D] Vn+1a TO (Vn)neN -
yOBIBaoOIee ceMeicTBO.

Hna t € R 3agagum maOXKecTBO U COOTHOIIEHTEM

2, t<0,
Ix, t=20,

U= ‘/inf{HGN:tZZ*"}a 0<t<1,
Vl7 t= 17

X2 t> 1.
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ITo oupenenenuio t — U, (t € R) — Bospacraromiee cemeiictBo. Pac-
CMOTDPHM eJuHCTBeHHYI0 yHKImO f : X2 — R, yJIOBIeTBOPSIONLYIO
cooraomenusaM (cp. 3.8.2, 3.8.4)

{f<ttcU c{f<t} (teR).
Ecim Wy:= Uy nna t € R, To ipu s < t 6yzmer
UsoUzo Uy, C Wiy

CaenoBarenbho, B cuiry 3.8.3 u 9.2.1 orobpaxkenue f sBisieTcs 2-yIbTpa-
METPHUKOIA.

Ipusnekas 9.5.15, Haiimem nomymerpuky dy Takywo, aro 1/2 f <
dy < f. dcno, uro %y, = fil{V,,: n € N}. HecomHeHno Taxxe, 4To
Jutst myabTuMerpuku MM = {dy : V € %x } seinonneno Yy = Ux. >

9.5.17. CuexncrBue. IIpocTpaHcTBO SIBJISIETCS PABHOMEDPHU3YEMBIM
B TOM U TOJIBKO B TOM CJIy4dae, €CJIH OHO T3 1 -IIPDOCTPaHCTBO. <>

9.5.18. CaeacrBue. TuxoHOBCKHE IIPOCTPAHCTBA CyTH OTJEJTHMBIE
MYJIBTUMETPHUYECKHE IPOCTPAHCTBA. <[>

9.6. IlokpbITusa U pa3bueHUs €IUHUAIIBI

9.6.1. ONIPEAENEHUE. Ilycth &, . % — nBa nokpuimus MHOKECTBA
UsX,1e & FC2XuUcC (U&)N(UF). Tosopar, aro & enucaro
B & wiu & usmenvyaem F, eCiu KaxKJi0e MHOXKECTBO U3 & NOIaIaeT B
onuH u3 vyieMenToB Z, 1.e. (VE € &) (3F € #)ECF.

9.6.2. ONIPEAEJEHUE. llokpeiTne & mMHOXKecTBa X HA3BIBAIOT A0-
KaAoHo Korewhvim (OTHOCUTENHLHO TOHOJIOTUU T B X ), €ClM Y KaxKIoi
TouKK U3 X MMeeTCsl OKPECTHOCTD (B CMBIC/IE T ), HEPECEKAIONIAACH JIUIIb
C KOHEYHBIM UHCJIOM 3JeMeHTOB &. Takoe MOKpBITHE B Ciydae JHC-
KPETHOI TOITOJIOTHH HA3BIBAIOT MoueuHo KoneuHwvim. Hakomerr, ecan X
PACCMATPUBAIOT C IIPEIBAPUTEIHHO BBIJIEJIEHHON TOIOJIOTHel T, TO HOJ
JIOKAJIbHON KOHEYHOCTBIO €r0 MOKPBITHS 110 YMOTIAHUIO TOHUMAIOT CBSI-
3aHHBbIA ¢ 7 BapUaHT.

9.6.3. Jlemma Jlepienia. Ilycrs & — T09€4YHO KOHEYHOE OTKPbI-
TOe MOKPBITHE HOpMAaJbHOTO npocrpancTBa X. CymiecTByeT takoe OT-
kpbiToe nokpeitne {Gg : E € &Y}, uro clGg C E npu Becex E € &.



214 I'n. 9. 9rcKypc B 061IyI0 TOMOJJIOTHIO

< CocraBuM MHOXKeCTBO S m3 orobpazkenuit s : & — Op(X), s
KorTopbix Us(&) =X u upn E € & 6yner s(E) = E wm cls(E) C E.
st nonobubix yHKuuit s1, sp nojaraT: s1 < 9 = (VE € &)
(s1(E) # E = s2(F) = s1(F)). Buaso, aro (S, <) — ymnopsimoden-
HOE MHOXKECTBO, pudeM g € S. YCTaHOBUM MHIYKTHUBHOCTH S.

st men Sp B S nonoxum so(E) := N{s(E) : s € So} (E € &).
Ecin so(E) = E, 1o s(E) = E npu Bcex s € Syp. Ecim xe so(F) # E,
to so(E) =N{s(E): s(E)# E, s€ Sp}.

C yuerom nuHeitHOCTH TIOpsiiKa B Sy BeBOAUM: So(F) = $(F) mst
s € Sy rakux, uro s(E) £ E. Orciona so(€) C Op(X) u sg > Sy. Ocra-
JIOCh YJIOCTOBEPUTHCSI, YTO Sg — HOKpbITHe X (H, CTalio 6bITh, Sg € S).
ITo ycioButo Toyeunoit koneunocru st © € X umetorcest By, ..., B, B &
rakue, yro ¢ € F1N...NE,ux ¢ F s uusix E B &. Eciu so(Ey) = Ey
ISl KAKOro-aubo u3 k, To joKasbBaTh Hedero — ¢ € Usp(&). B cayuaae,
Korja 1pu Kaxkzaom k oyuer so(Ex) # Ei, Haiigyred si,...,8, € Sy u3
yenosus sk (Ey) # Ey (k:=1,2,...,n). Paz Sy — 1ierib, MOXKHO cuuTaTh,
qTO S, > {81,...,80_1}. lpu atom 2 € 5,(FE) C E aas moaxoasmero
E € &. dceno, uto E € {Ey,...,E,} (u6o x ¢ E nna apyrux E). Pas
s0(E) = s, (E), To x € so(E).

ITo smemme Kyparosckoro — Iopra 1.2.20 B S ecThb MakCUMAJIBHBIH
ssteMeHT S. Bospmem E € &. Ecim F:= X \Us(&\{E}), o F 3amkHyTO
u $(F) — okpecraocts F. Ha ocroBanun 9.3.10 npu nogxoismem G €
Op(X) 6yzmer F C G C clG C 3(E). Tonoxum s(E):= Gu s(E):= 5(E)
s E # E (E € &). Sleno, aro s € S. Ecm 5(E) = E, 10 5 > 5 1,
3HauuT, s = S. Ilpu stom s(F) C clG C s(E) = E, 1. e. cls(E) C E.
Eciu ke $(E) # E, 1o c1s(E) C E no onpenenennto. rtak, § — uckomoe
NOKpBITHE. >

9.6.4. ONPEAENEHUE. Ilycrs f — ckaasaphas (= wucaosasn) byHk-
st Ha, TomoiormdeckoM npocrpanctee X, 1. e. f: X — F. MuoxkecTtBo
supp(f) = cl{z € X : f(z) # 0} naswBator mocumenem f. Ecanm
supp(f) — KOMIIAKTHOEe MHOYKECTBO, TO [ HA3BIBAIOT BUHUMHOT PyHK-
yueti. Maorpa nosarator spt (f) := supp(f).

9.6.5. Ilyctb (fe)ecs — HEKOTOpOE CEMEHCTBO CKAJIAPHBIX (DyHK-
muif na X u &:= {supp(f.) : e € &} — cemeiicrso ux Hocurenelt. Ecin
& — rodeqHo KoHeyHOe HOKpeTHe U, TO ceMeHCTBO (fo)ecs MOTOUCTHO
cymmupyemo. Ecim k Tomy ke & sokanbHO KoHEYHO, a (fe)ecs HEMpe-
PDBIBHBI, TO CYMMa y ¢ » fe TAKXKe HEIDEPBHIBHA.
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<1 JJocTaTo4HO 3aMeTHUTb, YTO B IIOIXOJSINEll OKPECTHOCTH TOYKHU
u3 U jimib KoHeuHoe 9ucsio pyHknuii ceMeictsa (fe)ecs He OOpamaercs
B HYyJIb. >

9.6.6. ONPENENEHUE. Cemeiicro dyukmuit (f : X — [0, 1])rer
TPEJICTABISACT padbuenue edunuyb, Ha MHOKecTBe U B X, ecam HOCHTe-
JIX 3JIEMEHTOB 3TOIO CEMENCTBa COCTABJISIIOT TOYEYHO KOHEYHOE MOKPBI-
tie U, u upu atoM o p f(2) = 1 ana secex x € U. llycroe cemeii-
¢TBO (hYHKIMI B MOTOOGHOM KOHTEKCTE CIUTAIOT CYyMMUPYEMBIM K €JIH-
1e. EcrecTBenHBIM 06pa30M TPAKTYIOT TEPMUH « HENPEPHIEHOE Pa3OUEHUE
eduHUYb> T €ro aHAJIOTH.

9.6.7. ONPEJAEJEHUE. [IyCTh & — nmokpeitue Muoxkectsa U B TO-
[IOJIOTUYECKOM IIPOCTPAHCTBE, a F' — HelpepbIiBHOE pa30ueHue enHHIIIbI
na U. Ecau cemeiicrBo nocureneit {supp(f): f € F'} Buucano B &, 10
F HazwBatoT pasbuenuem edunuydl, nodvwurerhom &. Hajmuamne taxkoro
F nns & BelpaskatorT ciioBamm: «& donyckaem HenpepuisHoe pasbueHue
eOUHUY LY.

9.6.8. Kak0e JI0OKaJbHO KOHEIHOE OTKPBITOE MMOKPBITHE HOPMAJIh-
HOTO IPOCTPAHCTBAa JOMyCKaeT pa30ueHne eIuHUIIbL.

< ITo Teopeme Jledmerna 9.6.3 B paccmarpusaemoe mokpsiTae { Uy :
& € =} MoxHO Buucarh OTKpbiToe Hokpeitee {Ve : & € =}, must Koro-
poro cl Ve C Ug npu Beex £ € =. Ilo Teopeme Ypricona 9.3.14 umeercs
HenpepoiBHasg byukius ge : X — [0, 1] takas, uro ge(r) = 1 mpn
x € Ve u ge(x) = 0 mpu o € X \ Ue. Buaunr, supp(ge) C Ue. Ha ocno-
BaHuA 9.6.5 CeMEeHCTBO (g¢)cez MOTOUETHO CYMMUPYEMO K HEIPEPBIBHOMN
dyukuun g. Ilpu srom g(x) > 0 mua Bcex € X 100 HOCTPOEHUIO.
IMonaraem fe:= ge/g (€ € Z). CemeiictBo (fg)ee= — uckoMoe. >

9.6.9. ONPEAEJEHUE. Tomojiormieckoe MpOCTPAHCTBO HAZBIBAIOT
NAPAKOMNAKMHBIM, €CIIA B JI0D0E €ro OTKPBHITOE HOKPHITHE MOXKHO BIIU-
caTh JIOKAJIbHO KOHEYHOE OTKPBITOE MOKPBITHE.

9.6.10. BAMEYAHUE. Teopusi mapakOMIAKTHOCTH COJIEPXKUT TIIy-
OOoKUe ¥ HETPpUBHUAJIbHBIE (DAKTHI.

9.6.11. Teopema. Merpuieckue IpOCTPAHCTBA MapPAKOMITAKTHBI.

9.6.12. Teopema. XaycnophoBo TOIOJOTHIECKOE ITPOCTPAHCTBO
MapaKOMIIAKTHO B TOM H TOJIGKO B TOM CJIydae, eCJIH KaXKJ[0e €ro OTKPbI-
TOE IMOKPBITHE JOIMYCKAET HEIPEPHIBHOE PA3OHEHHe eIHHHUIIBI.
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9.6.13. 3AMEYAHUE. Merpuueckoe mpocrpancrso RY obiamaer
PSAIOM JIONIOJTHUTEIBHBIX CTPYKTYD, OOECIeUYNBAIOMINX 3amac KBaJndu-
[IUPOBAHHBIX — 24a0kur (= GeckoHewdHo auddepeHnupyeMbx) — GyHK-
it (cp. 4.8.1).

9.6.14. ONPEJIEIEHUE. Ycepednsowum sdpom 8 RN npuusaro Ha-
3BIBATD JIOOYIO BEIECTBEHHYIO TIaIKY10 (DYHKIMMIO ¢ C €JMHAYHBIM (J1e-
GeroBeIM) MHTErpasioM ¥ Takytoo, 4ro a(z) > 0 npu |z| < 1 u a(z) = 0
nust |z| > 1. Hpu stom supp(a) = {z € RY : |z| < 1} — equnmansrit
eBKJINIOB 1iap B:= Bgn.

9.6.15. ONPEAEJEHUE. /Jeavmoobpa3totl nocaedosamesbHocmvio
HA3BIBAIOT TAKOe ceMefcTBO BenlecTBeHHbIX (raakux) dyuakuuii (be)eso,
YTO, BO-IIEPBBIX, lir%(sup | supp(bz)|) = 0 u, Bo-BTOPBIX, [y be(x) dz =1

E—

(¢ > 0). Mcrnonp3yioT TakkKe TEPMHUHBI J-N0CAC08AMEAPHOCTND T O-
o6pasnasn nocaedosamenvrocme. JacTo OrpaHHYUBAIOTCS CIETHBIMH 110~
CJIE/IOBATE/IEHOCTSIMH.

9.6.16. [IPpuMEP. IlomymspHoe ycpesHSIIONIee siIpo — 3TO (DYHKIHST
a(z) := texp(—(|z|?> — 1)71), moonpenenennas Hysnem BHe mapa int B,
rJle KOHCTaHTa t 3ajaHa ycaosueM [y a(z)dr = 1. Beskoe ycpemsi-

fOIIee sPO MOPOKIACT JIeTbTO0OPAZHYIO TTOCIEI0BATEIBHOCTD e (1) 1=
e Na(z/e) (x € RY).

9.6.17. ONPEAEAEHUE. Iycrs f € Ly joc(RY), ™ e. f — mexo-
TOpast A0KAALHO unMezpupyemas (= UHTErpUpyeMast IIPU CYKEHUU Ha
Juoboit komnakr) dbyskuusa. g kaxnoit GuHUTHOR HHTErpUpyeMOoit
dbyHKIUN ¢ oUpenessioT c6épmky f * g COOTHOIIEHUEM

frglx)= /f(fc —ygy)dy (zeRN).
RN

9.6.18. SAMEYAHUE. Pouib ycpeHAOMUX sijiep U JeI6T000pa3HbIX
HOCJIEZI0BATEIBHOCTEH (Gg)e>0 MPOSICHSIETCS] AHAJIU30M NPOUECCE C2Aa-
oicusarus f— (f * az)eso dynaxmn f € Ly 10c(RY) u ero nocnencsuit
(cp. 10.10.7 (5)).

9.6.19. CupaBemyiuBbI yTBEPIKICHUSI:
(1) s KazkmOro KoMmakTHOro MHOXKECTBa K 13 nmpocrpan-
crea RN u kaxoii-m6o ero oxpecrrocrn U cymecrsyer
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cpesbiBaress (= cpesbiBalomjas QyHKOH) ) = VYK U,
T. e. Takoe riajkoe orobpazkerme v : RN — [0, 1], uro
K Cc int{¢) = 1} msupp(y)) C U;

(2) mycrs Uy, ...,U, € Op(RY), npuyen U; U...UU, —
okpectHoCTh KomnakTa K. CymecTByror riaakne (pyHK-
i Py, ..., 1h, 2 RY — [0, 1], yzosrersopsrontie yco-
Busiv supp(Yx) C U 1 Y p_ Yx(x) = 1 gzt © u3 Hexo-
Toport okpectHoCcTH K.

< (1) Oycers e:= d(K, RN\U):= inf{|z—y| : * € K, y ¢ U}. Slcno,
gro € > 0. s > 0 obo3HaUNM X3 XapaKTePHCTHIECKYIO (DYHKIIUIO
muOKecTBa K + €B. BosbMmeMm 1€/16TO00pa3HyIO [OC/IEI0BATETLHOCTD
HOJIOZKUTEIbHBIX DYHKIHH (by)y>0 B HOod0KUM ¢ := Xg*by. [Ipun 7 < B,
B +7 < e, rae 7:= sup | supp(by)|, dyHKIHS 1) — HCKOMAsI.

(2) o nemme dpemonne 9.4.18 umerorcs 3amkuyToie Fy C Uy, co-
crapysonue mokpeitue K. Ilomoxxum Kj := Fp N K u paccmoTpum
cpesbiBarenu Yy = Y, v,. PyEruun Y/ > o Y, (k= 1,...,n),
onpesnenennsie Ha {Y ;¥ > 0}, mOCIe pAaCIPOCTpaHEHHS HyJeM Ha
{>" %, ¥x = 0} u yMHOXKeHHS Ha CPe3bIBATENb IOAXO/AMIENl OKPECTHO-
ctn K cTaHOBATCS MCKOMBIMH. [>

9.6.20. Teopema o pazbuenun emuauinsl B RY. Ilycrs & —
cemeiicTBo oTKpHITHIX MHOKecTB B RY 1 Q:— U&. CymecrByer cuernoe
pas3bHeHHe eJHHUIIBI, COCTABJIEHHOE IVIaJKUMU (DUHUTHBIMU (DYHKITUSIMHI
nma RN u nomuunennoe moxperruio & muoMXKecTBa §).

<1 Brmmem B & Takoe cueTHOE JIOKAJIHLHO KOHEYHOE MOKphITHE A 13
KOMIIAKTHBIX MHOXKECTB, YTO CEMEeNCTBO (&:: int ) aea TAKKE O6pazyer
orkpbrtoe 1okpbitue ). ITombepem orkpbitoe mokpoitue (Vi )aca U3
yenosust clV, C @ mpu o € A. Ha ocnoBannu 9.6.19 (1) umerorcs

cpesbiBaTenn U, = Yoy, a. 1lonaras o (z) = ¥y (2)/ Y ca Ya(@)
mpu x € Q u Yo (z) := 0 gma z € RY \ Q, npuxomum x Tpebyemomy
pasbuenwuio. >

9.6.21. BAMEYAHUE. CTOUT MOJYEPKHYThb, YTO ITOCTPOEHHOE Pa3-
Ouenve exuHUIBL (g )aea OOIATAET TEM CBOHCTBOM, YTO JJIsl KAXKIO0TO
KoMmmakTa K, jrexkaiero B {2, IMEIOTCsI KOHETHOE MOJMHOKECTBO Ag B A
u okpectHocTh U Kommakta K raxne, 910 Y, Ya(z) = 1 114 Beex

z €U (cp. 9.3.17, 9.6.19 (2)).
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YapakHeHust

9.1. IIpuBecTu IpuMepsHI MPEATOIOIOTTIECKUX U TOIIOJIOINIECKHUX IIPOCTPAHCTB
1 KOHCTPYKIIUHU, K HUM IIPUBOJSAIINIE.

9.2. MoxKHO JIU 33J1aTh TOIOJIOIUIO, YKa3blBas CXOsAIMecs: PUIbTPHI WU I0-
CJ1€10BATEILHOCTH !

9.3. YcTaHOBUTH B3aMMHbBIE CBSI3U MeXK/Ay TOIIOJIOTUAMU U IIPEeAOpAIKaMu Ha
KOHEYHOM MHOX>KEeCTBe.

9.4. OnmcaTb TOIOJIOTMYECKHE IIPOCTPAHCTBA, B KOTOPBIX 00'beJUHEHNE JIIOO0r0
ceMeicTBa 3aMKHYTBIX MHOXKECTB 3aMKHYTO. KaKOBbI HElpEepbIBHBbIE OTOOPAXKEHUST
TAKUX IIPOCTPAHCTB?

9.5. Ilycrs (fe : X — (Yz, 7¢))eez — cemeiicrBo orobpaxkenuii. Tomosoruio
o B X Ha30BeM J0IycTUMON (B JAHHON CHUTyaluM), €C/IH JJIis JIF00Oro TOMOJIOrnYe-
CKOTO IPOCTPaHCTBa (Z, w) M IPOU3BOJILHOTO OTOOpaXkeHust ¢ : Z — X BBIIIOJIHEHO
yrBepxkaenue: g : (Z, w) — (X, o) HENPEPBIBHO B TOM U TOJBKO B TOM CJIydae, €CJiu
HeIpephIBHO oToGpakenue fgog (§ € Z). Jokasars, uro cuabeiimas Tomomorus X, B
KOTOPO## HelPepbIBHbI Bee f¢ (§ € Z), mpescrabiifer oGO0l CHIIBHERIITY IO SOy CTHMYIO
(B IaHHO} CHTyalyu) TOIOJIOTHIO.

9.6. Ilycrs (fe : (X¢, 0¢) — Y)eem — cemeiictBo orobpaskenuii. Tomosoruio
T B Y Ha30BeM JIOIyCTHUMOH (B JAaHHON CHTyaluu), ecid Jjis JIOOOro TOIOJIOrnde-
CKOTO IpocTpaHcTBa (Z, w) U NPOU3BOJILHOTO OTOOparkeHusi g : Y — Z BBIIIOJIHEHO
yreepxkaenue: ¢ : (Y, 7) — (Z, w) HENPEPBIBHO B TOM M TOJBKO B TOM CJIydae,
ec/i HenpepbIBHO orobpaskenue g o fe (§ € Z). JlokasaTh, 9TO CHIIbHEIIIIas TOMO-
jorus B Y, B KOTOPOil HelpepbIBHBI Bee f¢ (£ € E), upeacrapisger coboit ciabeiyio
JIOMyCTUMYO (B JAHHOW CHUTYAIUH) TOIOJIOTHIO.

9.7. ,ZLOKaSaTb, 9TO B TUXOHOBCKOM IIPOU3BEACHUU IIPOU3BOJIBHBIX TOIIOJIOTYIEe-
CKHX IIPOCTPAaHCTB 3aMbIKaHUE IIPOU3BEIECHNA MHO2KECTB, Jie2KallluX B COMHOXKUTEJIAX,
€CThb IIpOUu3BEICHNE 3aMbIKAHUI:

cl HA5 = HclAg.

£e= fe=

9.8. IIpoBeputrs, 9TO THXOHOBCKOE IPOU3BEIEHUE XayCAOP(OBO B TOM U TOILKO
B TOM CJIydae, €C/Id XayCAopdOB KarKIbIil COMHOXKUTEb.

9.9. YcTaHOBHUTb KPUTEPUM KOMIIAKTHOCTU MHOXKECTB B KJIACCHIECKHX OaHaXO-
BBIX IIPOCTPAHCTBaX.

9.10. XaycmopdosBo npocrparcTBo X HasbBalOT H-3aMKHYTBIM, eciau X 3a-
MKHYTO B JiloboMm obbemuomneM X xaycaopdoBoM mpocrpaHcTrBe. JlokasaTb, 4To
perynspHoe H-3aMKHYTO€ IIPOCTPAHCTBO KOMIIAKTHO.

9.11. M3y4yuTh BO3MOXKHOCTH KOMIIAKTU(MDUKAIMU TOIOJOTMIECKOr0 IPOCTPAH-
CTBa.

9.12. Jloxas3aTb, 9TO THXOHOBCKOE IIPOU3BEICHIE HECYETHOIO UHC/Ia MPSIMBIX He
SBJISIETCS HOPMAJIBHBIM IIPOCTPAHCTBOM.
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9.13. Jloka3aTbh, 4TO KaXKJas HellpepbIBHas (DYHKIMS Ha IIPOU3BEIEHNNA KOM-
[AKTHBIX IPOCTPAHCTB B OYEBUAHOM CMbIcsIe (KakoMm?) 3aBHCAT OT He GoJsiee dem
CYETHOTO YHCJIa KOOPJIUHAT.

9.14. Ilycre A — KOMIAKTHOE, & B — 3aMKHYTOE€ MHOXKECTBA B PAaBHOMEPHOM
npocrpancrse, npuueM A N B = . Jloka3zarTh, 94TO JJisi HEKOTOPOrO OKpyKeHust V'

6yner V(A)NV(B) = <.

9.15. Toka3aTb, 94TO HOIOJIHEHHE (B COOTBETCTBYIOIIEM CMBIC/IE) IPOU3BEICHUS
PaBHOMEDPHBIX IIPOCTPAHCTB U30MOPMHO ITPOU3BEIEHUIO IIOTIOJHEHUN COMHOXKUTEIIEH.

9.16. MHOXeCTBO B OTJAEIMMOM DPAaBHOMEDHOM IIPOCTPAHCTBE HA30BEM IIPEJl-
KOMITAaKTHBIM, €CJIM €0 IIOIOJIHEHNE KOMIIAaKTHO. JloKa3aTh, YTO MHOXKECTBO SBJISIET-
Csl IPEJIKOMITAKTHBIM B TOM M TOJIBKO B TOM CJIy4Yae, €CJIM OHO BIIOJIHE OT'DAHIYEHO.

9.17. Kakwue Tomosiorndeckue IpOCTPAHCTBA METPUIYEMBI!

9.18. JIns1 paBHOMETPU3YEMOI'O INPOCTPAHCTBA OIHUCATH CHUJIBHEMIIIYIO PaBHO-
MEPHOCTb, 33JIaI0ILyI0 NCXOAHYIO TOIIOJIOTHIO.

9.19. YbemurbCsi, 9TO IPOU3BEACHUE MAPAKOMIIAKTHOIO U KOMIIAKTHOIO IIPO-
cTpaHCTB napakoMiakTHO. CoXpaHseTcs JiM MapaKOMIIAKTHOCTH IIPH OOIIHUX IIPOM3-
BeJIeHUuAX?



T'nmasa 10

BolicTBEHHOCTh U €ee
NPUJI0KEHUS

10.1. BekKTopHbIE TOMOJIOTUN

10.1.1. ONPEAENEHUE. Ilycts (X, F, +, -) — BekTOpHOE HpO-
CTPaHCTBO HaJ OCHOBHEIM mosieM F. Tomosormmoo 7 B X Ha3BIBAIOT CO-
2A0C08GHHOT CO CMPYKMYPOts 6EKMOPHO20 NPOCINPAHCMEA WU, KOPOUe,
6eKMOPHOTE MON0A02UET, €CIIN HeIIPEPBIBHBI CJICIYIOINEe OTOOPAYKEHIS:

+: (X xX, 7x71)—> (X, 1),
G (Fx X, mxT)— (X, 7).
O upocrpancrse (X, 7) B 9TOM CJiydae FOBOPAT KaK O MONOA0LUHECKOM

GEKMOPHOM NMPOCMPAHCINGE.

10.1.2. Ilycre Tx — BekTOpHasi Tonojorusi. OTobpakeHust
z—x+x9, rr—ar (o€ X, aceF\0)

cytb romeomopgusmbl (X, Tx). 1>

10.1.3. BAMEYAHUE. HecoMHEHHO, 9TO BEKTOpDHAsl TOIOJOTHS T
B mpocTpancTBe X 006J1a/1aeT CIeIYIONMM CBOWCTBOM <«JIMHEHHOCTHS :

T(az + By) = ar(x) + f1(y) (o, BEF\O0; 2z, y € X),

rJie B COOTBETCTBHH ¢ obmumMu cortarmenusamu (cp. 1.3.5 (1))

Uaz+py € at(z) + B7(y) &
& (AU, e7(2) & Uy € 7(y)) aUy + BUy C Ungypy-
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B 37100t cBS3U BEKTOPHYIO TOIIOJOTHUIO YaCTO HA3BIBAIOT AUHEUHOU, & TO-
IIOJIOTTYIECKOE BEKTOPHOE IIPOCTPAHCTBO — AUHETHDIM TMON0A02UMECKUM
NPOCMPAHCMBOM. DTY TEPMUHOJIOTHIO CJIEIyeT YIOTPeOISATh JIUIID 110~
HUMasl, 9TO TOIIOJIOTHS MOXKET 00JIaJaTh CBONCTBOM <«JIMHEHHOCTH», HO
He ObITh JimHelHO#. TakoBa, HAIpUMED, TUCKPETHAsT TOIIOJIOT U HEHYJIe-
BOI'0 BEKTOPHOI'O IIPOCTPAHCTBA.

10.1.4. Teopema o crpoeHNNn BeKTOpHOI TomoJsioruu. Ilycts

X — BekTOpHOE npocrparcTBo u A — ¢uiabrp B X. CyliecrByer Bek-
topHast Torosiorust T Ha X Taxas, uro A4 = 7(0), B TOM U TOJIBKO B TOM
cIydae, ecau

Q) &+ AN =

(2) A cocronT M3 NOTIOMAIOIINX MHOXKECTB;

(8) A mmeer 6asuc M3 ypaBHOBEIIEHHBIX MHOXECTB. Ilpu

srom T(x) = x + A st Beex x € X.

< = Ilycrs 7 — BekTopHas tomosorus u 4 = 7(0). U3 10.1.2
nostydaeM, 4ro 7(x) = x + A ga v € X. fcno takxke, 9ro (1) ectb
JIpyTast 3alliCh HENPEPHIBHOCTH CJIOXKEeHHs B Hyse (TmpocTpancTBa X 2).
Yenosue (2) Moo 3anucars B Buje Tr(0)x O A s kaxaoro x € X,
T. €. KaK YCJIOBUE HEMPEPBIBHOCTH OTOOPasKeHUil o — o B Hyse (mpo-
crpancTBa R) npu kax oM dukcupoBannoM x u3 X . Yeiosue (3) ¢ yue-
ToM (2), B CBOIO OYepeib, MOXKHO 3amucarh B Buje 1r(0)4 = A, . e.
KaK YCJOBHUE HEIPEPLIBHOCTH YMHOXKEHUs Ha CKAJIAD B HyJie (IPOCTpaH-
crBa F x X).

<: Ilyers A — dbuisTp, yaosiersopsiomuii (1)—(3). Bumno, aro
A C fil{0}. Tlomoxknm 7(x) := x + 4. Torma 7 — npegromosorusi.
U3 onpenenenus 7 u (1) BBITEKAET, 9TO T — TOIOJIOTUSI, IPUYEM CABUIH
HEIPEPBIBHBI, & CJIOKEHUE HEIPEPHIBHO B Hyse. Takum 0Opa3oM, CJio-
JKeHIe HelpephIBHO B Kaskjoit Touke X 2. Crpasemmsoctb (2) u (3)
O3HAUaeT, YTo oroOparkeHue (A, x) — AT HENPEPHIBHO B HyJIE IO COBO-
KYIIHOCTHU TIEPEMEHHBIX U HEMPEPHIBHO B HyJIE IO TIEPBOMY [EPEMEHHOMY
pu PUKCUPOBAHHOM BTOPOM. B cuity ToxKgecTsa

)\x — )\01‘0 = Ao(m — l'()) -+ ()\ — )\0)390 + ()\ — Ao)(m — 1‘0)
OCTaJIOCHh YCTAHOBUTH HEIIPEPBIBHOCTH 3TOI'O OTO6pa}KeHI/IH B HYyJIEe TIO

BTOPOMY II€PEMEHHOMY IIpU (PUKCHPOBAHHOM IepBOM. VHBIME CJIOBa-
MU, HY>KHO YCTAHOBHTB, 9TO AN D A mma A € F. [lna npoepku
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uaiinem n € N, mg koroporo [A| < n. IIycrs V € A4 u W € A Tako-
BbI, uT0 W ypaBuoBemeno u W1 + ...+ W,, C V, rme Wy := W. Torma
MW =nAnW)caWcCcW,+...+ W, CV.>

10.1.5. Teopema. Muoxectso VT (X) Bcex BEKTOPHBIX TONOJIOTHIT
Ha X sBisgercs mosiHo# perterkort. Ilpu sToM 151 JII060T0 MHOXKECTBA,
& B VT(X) BrimosiaeHo

SUpPy(x) & = Supp(x) &.

< Iyers 7= Sup(x) &. Tak Kak mjisg T € & CABUT X +— T + Xg
ectb romeomopdusm (X, 7) Ha (X, 7), TO 9T0 0OTOOGparKEHHE — TOMEO-
mopdusm (X, 7) ua (X, 7). Ilpusnekas 9.1.13, ybexxnqaemcs B TOM, 9T0
st puibrpa 7(0) Boinosmenst yeaosus 10.1.4 (1)-10.1.4 (3), nockosbKy
oHM BBIMOJHEHB! Juist busbtpos 7(0) mpu 7 € &. Ocraercs: cocaaTbes
ma 1.2.14. >

10.1.6. Teopema o nmpoobpa3e BeKTOpHOII TomoJjoruu. IIpo-
06pa3 BeKTOPHOH TOMOJIOIUH IIPH JITHEHHOM OTOOPAa’KeHUH — BEKTOPHAST
TOIIOJIOTHSI.

<Myers T € (X, Y) uw € VI(Y). Honowum 7:= T~ (w). Ec-
mzy, —ruy, — ys (X, 7), 10, Bcmry 9.2.8, Tx, — Tz, Ty, — Tyu,
craso 6eith, T(x +y) — T(z+y). Hocaenuee B cuy 9.2.10 o3nauaer,
9T0 T + Yy — « + y B (X, 7). Takum obpasom, 7(z) = x + 7(0) s
Bcex x € X u, kpome Toro, 7(0) + 7(0) = 7(0). IIpumenss k auHeiiHOMY
coorsercreuio T~ mocnemosarensro mpemyoxkenns 3.4.10 u 3.1.8, mo-
myaaem, aro buabtp 7(0) = T (w(0)) cocTonT U3 MONIONAIONHAX MHO-
2KECTB U uMeeT 6a3uc u3 ypaBHOBEIIEHHBIX MHOXKECTB, Tak Kak mo 10.1.4
rakuMmu cBoiicrBamu obsazaer Guibrp w(0). BroBb npuBiekas 10.1.4,
sakiodaem: 7 € VI'(X). >

10.1.7. IlpousBeneHue BeKTOPHBIX TOMOJIOTHE — BEKTOPHAsS TOIO-
JIOTHSI.
< Cnenyer u3 10.1.5 u 10.1.6. >

10.1.8. ONIPEAEJEHUE. Ilycts A, B — MHOXKeCTBa B BEKTOPHOM
npocrpancTe. loBopst, uro A sBisiercss B-ycmotuuevim, ecin A +

B C A.
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10.1.9. /lnst raxkmgoit BeKTOpHOIH Tomosorun T Ha X CyIeCcTBYeT,
U IPUTOM €IUHCTBEHHAsI, PABHOMEPHOCTb %, uMeromiasi bazuc n3 Ix-
YCTOHYUBBIX MHOYKECTB U Takasl, 40 T = T(Uy).

< Hna U € 7(0) monoxum Vi = {(z, y) € X? : y—x € U}
OTMeTuM OYEBHIHBIE CBONCTBA:

Ix C Vi, Vo+Ix=Vy; (Vu) '=V_y;
Vonu, C Vo, "V, Vu, oV, € Vo,

s mobeix U, Uy, Us € 7(0). Tpusnekas 10.1.4, BoiBoguM, 9TO
U~ ({Vy: Uer(0)

— 9T0 PABHOMEPHOCTD, upudeM T = 7(%;). Hecomuenno rakxke, 4ro %,
nmMeeT 6a3uc u3 [ x-yCTONINBBIX MHOYKECTB.

Ecin renepb % eme onHa paBHOMEPHOCTBb Takast, 4To T(%) = T,
u W — nexoropoe Ix-ycroitausoe oxpyxenue %, 10 W = Vi (o). Or-
CIOJIa U BBITEKAeT TpebyeMast eJIMHCTBEHHOCTD. [>

10.1.10. ONPEAENEHUE. Ilycts (X, 7) — TOmOJOrMYECKOe BeK-
TOpHOE MpOoCTpaHcTBO. PaBHOMepHOCTH %, ocTpoennyio B 10.1.9, na-
3BIBAIOT PABHOMEPHOCNBIO PACCMAMPUBGEMO20 Npocmparcmea X .

10.1.11. 3BAMEYAHUE. B nmajbHeiinemM mpu pacCMOTPEHUU TOIIO-
JIOTMYECKUX BEKTOPHBIX IIPOCTPAHCTB OyIeM CUYUTATh UX HAJIeJIEHHBIMU
COOTBETCTBYIOIIUMUA PABHOMEPHOCTSIMHU.

10.2. JIokaJbHO BBIMYKJIbIE TOIIOJOTUU

10.2.1. ONPEJEJIEHUE. BeKTOpHYIO TOMOJIOrUi0 MPUHSATO HA3BI-
BaTh A0KAADHO 6LINYKAOU, €Cau (PUIBTP OKPECTHOCTEN KayKI0i TOYKU
nMeeT 6a3MC, COCTOSINNN U3 BBIIYKJIBIX MHOYKECTB.

10.2.2. Teopema o cTpoeHUU JIOKAJTHbHO BBIMYKJIOH TOIIOJIO-
run. Ilycres X — BekTopHOe npocrparcTBo u A — ¢uiabrp B X. Cyire-
CTBYyeT JIOKaJILHO BBIILyKJasi Tornosorust T Ha X takasi, uro A = 7(0),
B TOM H TOJIbKO B TOM CJIydae, eCJH

(1) 34 =
(2) A mmeer Gasuc, cocrosuuil u3 a6COMOTHO BBIILYK/IBIX
IIOIVIOIAIONIIUX MHOXKECTB.
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< =: B cuy 10.1.2 orobpaxkenune x — 2z — romeomMopdusm. 1o
u os3Havaer, uro 1/2.4° = 4. Bosbmem Tenepr U € 4. Tlo ycio-
BHIO MMEETCSI BBIIYKJI0e MHOXKecTBO V € A Takoe, uro V C U. Ilpu-
Mmensist 10.1.4, HaiieM ypaBHOBENIEHHOE MHOXKeCTBO W, 1jist KOTOPOro
W C V. llpusnekas dopmyiny Morkuna 3.1.13 u 3.1.14, ybexxmaemcs
B TOM, 4UTO BBIIIYKJIast obosouka co(W) abcosorHo BeinyKIa. [Ipu sTom
W Cco(W)CV CU.

<: AGCOJIIOTHO BBIIIYKJIO€ MHOXKECTBO yPABHOBEINIEHO. 3HAYUT, A
yaosiersopger 10.1.4 (2), 10.1.4 (3). Ecim V € A4 u W BbiIykIo,
WeANuWcCV,101/2W € 4. Tlomumo storo, 1/2W +1/2W C
W C V uz-3a Beimykinoctu W. Tocnennee oznagaer, aro A + A = A .
Ocraercst cocnarbest Ha 10.1.4. >

10.2.3. Caeacrue. Muoxecrso LCT (X) Bcex JIOKaJIbHO BBILYK-
JIBIX TOomojtoruit Ha X MpeAcTaBJsseT coboi moaHyo pemerKy. 1Ipm sTom
s oboro muoxkecrsa & B LCT (X)) Boimosneno

10.2.4. CaeacrBue. IIpoobpas JIOKaJbHO BBIILYKJIOH TOIIOJIOTHH
1IpH JIMHEHHOM OTOOpa’keHUud — JIOKAJIBHO BBIITYKJIAsT TOIOJIOTHS. <|[>

10.2.5. CaeacrBue. IIpomssenernne JJOKAIBHO BBITYKJIBIX TOIIOJIO-
I'Hii — JIOKaJIbHO BBIILYKJIasl TOIOJIOrds. <>

10.2.6. Tomosorust MyJIbTHHOPMHAPOBAHHOI'O MPOCTPAHCTBA SIBJISI-
ercs JIOKaJIbHO BBIIYKJIOH. <[>

10.2.7. OOPEAEJEHUE. Ilycrs T — JIOKAJIBHO BBIIIYKJIAs TOIOJIO-
rug Ha X . MHOXKECTBO BCEX BCIOY ONPEICICHHBIX HEIPEPHIBHBIX MOJIY-
HOPM Ha X Ha3BIBAIOT 3epKa.aom (Pexke cnekmpom) TONOJIOTHH T 1 000-
suavaioT M,. Mynbrunopmuposarnoe upocrpancTso (X, I.) nasbiBa-
10T accoyuuposarhvim ¢ (X, 7).

10.2.8. Teopema. JIoka/bHO BBIIYKJIAs TOMOJIOTHSI COBIAAET C
TOHOJIOTHEH aCCOHIPOBAHHOTO MYyJIbTHHOPMHPOBAHHOIO IPOCTPAHCTBA.

< Ilycrs 7 — paccMmarpuBaeMasi JIOKQJIBHO BBIIIYKJlasi TOIIOJIOTHST
BX uw:=7(M,) — 3T0 TONOJOIrUS ACCOIUUPOBAHHOTO IIPOCTPAHCTBA
(X, ;). Bosemem V € 7(0). B cuay 10.2.2 maiigercs abGCoONIOTHO
BBIIIYKJIasl OKpecTHOCTh Hynst B € 7(0) Takas, uro B C V. Ha ocHoBa-
mnn 3.8.7
{pp <1} CBC{pp <1}
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OueBuyHo, 4T0 pp — HenpepbiBHBI dynkiuonan (cp. 7.5.1), T e.
pp € M, u, cramno 6bitn, {pp < 1} € w(0). CremoBarensio, V € w(0).
Taxum o6pazom, npussekas 5.2.10, umeem w(x) = z+w(0) D z+7(0) =
7(x), T. . w > 7. IloMUMO 3TOrO, T > W MO ONpPEJIEEHUIO. [>

10.2.9. ONPEAEJEHUE. BekTopHOE IPOCTPAHCTBO, HAIEJICHHOE OT-
JeJIUMOi1 JIOKAJIbHO BBIIIYKJIOI TOIIOJIOTHEH, HA3BIBAIOT A0KAADHO 6bINYK-
ABLM TEPOCTNPAHCTNEOM.

10.2.10. BAMEYAHUE. Teopemy 10.2.8 B HECKOIBKO CY?KEHHOM BH-
Jie 9acTo (POPMYJIUPYIOT CJIOBAMU: <«IIOHSATHUE JIOKAJBHO BBIILYKJIOI'O IIPO-
CTPAHCTBa U IOHSTHE OT/EJIMMOrO MYJIHbTHUHOPMHPOBAHHOIO IIPOCTPAH-
CTBa PaBHOOOHLEMHBI».

B sTo0it cBs131 Ipy M3y4eHNN JIOKAJIBHO BBITYKJIBIX IPOCTPAHCTB UC-
[IOJIB3YIOT IO Méepe HaJ0OHOCTH TEPMUHOJIOTUIO, CBSI3aHHYIO C aCCOIMH-
POBAHHBIM MYJIBTHHOPMHPOBAHHBIM IIPOCTPAHCTBOM (cp. 5.2.13).

10.2.11. OOPEAEJEHUE. IlycTh T — JIOKAJIBHO BBILYKJIAS TOIIOJIO-
rusg B X. Cumsosom (X, 7)" (wmm, xopoue, X') 0603HAUAIOT TIOIIPO-
crpaHcTBO X7, COCTOAIIEE U3 HEIPEPBIBHBIX JIMHEHHBIX (hyHKIHOHAIOB.
IMpocrpancrso (X, 7)' Ha3bIBaIOT conpsotcenivim (WU T- CONPAAHCEHHDBIM)
K (X, 7).

10.2.12. (X, 7)' = U{|9|(p) : p € M, }. <>

10.2.13. Teopema. Orobpakenne mrpuxopauuss 7 — (X, 1),
geticrsytomee n3 LCT (X) B Lat(X7), coxpanster Toumbie Bepxune rpa-
HUIEL, T. e. JuIst Jfoboro mHokecrBa & B LCT (X)) BeimosHeHo

(X, sup&) =sup{(X, 7)': 7€ &}

< Ecim & = &, To sup& — 9T0 TpuUBHAJILHAST TOIOJIOTU Tp B X
u, crajno 6bTh, (X, 79)) = 0 = infLat(X7) = SUPLae(x#) 9. B cn-
gy 9.2.7 orobparkeHne MITPUXOBAHUS Bo3pacTaeT. Y uuTbiBasg 2.1.5, mis
HEIIyCTOro & MMeeM

(X, sup&) >sup{(X, 7)': 7€ &}

Ecmu f € (X, sup&)’, o BBugy 10.2.12 u 9.1.13 cymecrByior To-
HOJIOTHA Ti,...,T, € & makue, uro f € (X, V...V 7). C no-
Mompio 10.2.12 u 5.3.7 maitnem p; € M,,...,pp € M, , I KOTO-
peix f € |0|(p1 V...V py,). lpusnekag 3.5.7 u 3.7.9, yGexgaemcst, 4T0
|0|(p1 + - - +pn) = 10|(p1) + ... 4+ |0|(pn). OroHuaTEHBHO

feX, m)+..+X, ) =X n)Vv..v(X, ). >
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10.3. IBOIiCTBEHHOCTb BEKTOPHBIX ITPOCTPAHCTB

10.3.1. OnPEAEJIEHUE. Ilycts X, Y — BekTOpHBIE TPOCTPAHCTBA
HAJ OJHUM W TeM Ke ocHOBHBbIM mojiem F. Ilycrs, manee, 3amana 6u-
aunetinas gopma (WM, Kak MHOTIA FOBODAT, Opakemuposanue) (-|-) u3
X xY BF, 1. e. orobpakenne, JuHETHOE MO KAXKJIOMY IMEPEMEHHOMY.
Hna x € X ny €Y nomoxum

iy @), (X B, (X|CY#
ly) :x = (zly), |):Y = FX |Y)c X7

Bosuukatomue orobpakenust (-| ¥ |-) HaA3BLIBAIOT COOTBETCTBEHHO Gpa-
omobpasicenuem U xem-omobpasceruem. AHagIOrmaHo GOyHKIMOHAIBI U3
(X | maswiBatoT 6pa-gpyrnryuonanamu, a u3 |Y) — xem-Pynkyuonaiamu.

10.3.2. Bpa-orobpazkeHue u KeT-0TobpakeHne — JIHHEHHbIE Ollepa-
TOpBI. <>

10.3.3. ONPEAEJIEHUE. BpakerupoBanune X u Y Ha3bIBAOT d60TU-
CMBEHHOCTNIBIO, eCJ OPa-0TOOPaYKeHNe U KeT-0TOOpayKeHNe CyTh MOHO-
MopdusMmbl. B sTOoM cityuae roBopsaT, uro X u Y NpUBEIEHBI B JBOIi-
CTBEHHOCTH, WJIM COCTABJISIIOT JIBOWCTBEHHYIO MAapy, WA 9TO Y IBO¥-
creerHo K X u T. u., u numyT X <« Y. DBpa-orobpakeHnue m Ker-
oToOpaskeHne Ha3bIBAIOT B 9TON CUTYAINH OYaAUSAUUAMU.

10.3.4. IIPYMEPHI.

(1) Iycrs X < Y u (-|-) — coorBercTBYIOmAs ABOHCTBEH-
Hocth. Jist (y, x) € Y x X nonoxum (y | z):= (z|y). Bugso, uro Bo3-
HuKIee OpakeTupoBaHue — 310 nBoricTBeHHOCTH Y u X. Ilpu aTom mya-
JIA3alUN B UCXOJHONA U BO BHOBb BO3HUKIIECH JBOMUCTBEHHOCTAX OLHU U T€
2ke. B 9Toll cBsA3M yKazaHHbIE JBOWCTBEHHOCTH, KAK IIPABUJIO, HE PA3JIU-
qaior (cp. 10.3.3). Takum 06pazoM, MOKHO CKa3aTh, 9T0 Y JBONHCTBEHHO
K X B TOM U TOJIBKO B TOM cjyd4ae, ecian X naBoiicTBeHHO K Y. Otme-
THM 3IeChb e, 4T0 orobpaxenue (z | y)r := Re(z|y) npusomur B 18oii-
CTBEHHOCTD BEIECTBEHHBbIE OCHOBBI X U Y. Jlomyckast BOJIBHOCTD, JJist
0003HAYEHNS BOZHUKAIONIEH MBOACTBEHHOCTH XR > YR M3PEIKA UCIOJIb-
3YIOT IIperkHee 0603HaYMeHNe, T. €. IoJIaraioT (| y) := (x| y)r, UMes B BU-
Jly, 9TO & U Y UPHUHAJJIE’KAT BENECTBEHHBIM OCHOBAM PACCMATPHBAEMBIX
IIPOCTPAHCTB.
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(2) IIycrs H — runnbeproso npocrpancTBo. CkassipHoe
pousBejieHne NpuBojuT B JBolicrBennocts H u H,. Orobpakenue
IITPUXOBAHUS IIPU STOM COBIIAIAET C KET-OTOOPaYKEeHHUEM.

(3) IIycrs (X, T) — JIOKAJIBHO BBINYKJIOE IPOCTPAHCTBO U
X' — coupsizkeHHOE IIPOCTPAaHCTBO. DBpakeruposanue (z, z') — a'(x)
npusoguT X u X' B IBOIICTBEHHOCT.

(4) TIycrs X — BeKTOpHOE IPOCTPAHCTBO U, KAK OOBIYHO,
X7 := £ (X, F) — conpszKeHHOe MpOCTPaHcTBO. SICHO, 9TO OTOOpasKe-
mne (z, ©7) — 27 (r) IPUBOAUT TH NPOCTPAHCTBA B JIBOHCTBEHHOCTD.

10.3.5. OnPEAEJNEHUE. Ilycte X < Y. Ilpoobpas B X TUXOHOB-
cxoit Tonosiorsu B FY 1pu 6pa-oTo6paskeHnH HA3BIBAIOT OPa-1monoao2u-
et i caaboti monoao2ueti 6 X, HaBEIEHHON IBOWCTBEHHOCTHIO C Y,
u ob6oznaqaror (X, Y). Bpa-tononoruto (X, Y) s qoiicTBeHHOCTH
Y <« X maswBaioT kem-monoaozueti njig apoiicrBenHoctu X <+ Y wmim
caaboti mononozueti 8 Y, HaBeJIEHHON JBOMCTBEHHOCTBHIO ¢ X .

10.3.6. Bpa-Torosiorust — 3TO cJjabeHInas TOIOJIOTHsI, B KOTODOIT
HEIIPEPBIBHBI Bce KeT-(DyHKIHMOHAIBI. KeT-Torotorus — 310 ciabeninast
TOLOJIOTUsI, B KOTOPOI HEIIPEPBIBHBI Bce 6pa~-(OyHKIHOHAIIBI.

Qzy =z (Bo(X, V))& (v = (2| (B8F) & (VyeY) (x| (y) —
(z|(y) & (VyeY) (xy|y) — (z]y) & Yy eY) [y)(zy) = [y)(z) &
(VyeY)zy =z (8]y)~ (1)) >

10.3.7. BAMEYAHUE. O6osuauenue o(X, V), Kak BUIHO, COIIACO-
BaHO ¢ 0003HavYeHrneM c1a00i MyabTHHOPMBI 5.1.10 (4). Wmenno o (X, Y)
ecthb Tornosorust MyiabTHHOPMEL {|{- |y} : y € Y'}. Amanornuno (Y, X)
€CTh TONMOJIOrus MyIbTHHOPMEL {[(z |} : x € X}. <>

10.3.8. Ilpocrpancrea (X, o(X, Y)) u (Y, o(Y, X)) Jsokanbno
BBIITYKJIBL.
< Caenyer u3 10.2.4 u 10.2.5. >

10.3.9. Teopema o ayanuzarusx. /lyaau3aiuu CyTh H30MOD-
u3MBI JBOHCTBEHHBIX MPOCTPAHCTB HA COOTBETCTBYIOIIHE CI1ab0 COIpPsI-
JKEHHBIE IIPOCTPAHCTBA.

< IIycrs X < Y. Hy»XHO yCTaHOBATH TOYHOCTD IIOCJIEOBATEIHHO-
creit

0— x Ly, oy, X)) =0,

0—Y1L(X, o(X, V) —0.
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ITockombKy KeT-oTOOparkeHme st aBoitcTBennoctu X <« Y ecTh Opa-
oTobpakeHue Jist JBONCTBEeHHOCTH Y <« X, JOCTATOYHO IIPOBEPUTH
TOYHOCTH IIEPBOY OCJIEI0BATEILHOCTH. Bpa-oTobparkenne — MOHOMOD-
dusm o onpenenennio 10.3.3. ITomumo storo, n3 10.2.13 u 10.3.6 BbI-
TEKAET, 9ITO

(Y, o(Y, X)) = (Y, sup{(z | *(rp) : z€X}) =
=sup{(Y, (x| "'(m)): v € X} =
=2y, f () fe(X]}) = (X],

TaK Kak 1o 5.3.7 u 2.3.12 BBIIOJIHEHO
Y, 7)) = {\f: AeF} (fFeYH). >

10.3.10. 3AMEYAHME. Teopemy 10.3.9 wacTo Ha3BIBAIOT <«TEOpE-
Moit 006 0b61IeM Bue ¢1ab0 HempepbIBHOTO (DYHKIIMOHATA». B 9TOM mpo-
ABJISIETCs Y100HOE 001Iee TPaBuiio — MOOABIISATH CJIOBO «CJIA00» IIPU UC-
II0JIb30BAHUN OOBEKTOB U CBOMCTB, CBS3AHHBIX CO CJAOBIMU TOIOJIOTHSI-
mu. Ormernm 37ech ke, uto B cuiay 10.3.9 npumep 10.3.4 (3) ucuep-
IIBIBAET, 110 CYTH JIeJIa, BCe BO3MOXKHbBIE JBONCTBEHHOCTH. B 3T0#l cBsIzn
B coorBercTBuH ¢ 5.1.11 B anbHeiineM (Kak U IpexJe) 9acTo UCIOJIb30-
BaHO obo3HaveHue (z, ¥):= (Z|y), HOCKOJIBKY ITO He JOJIZKHO IPUBECTH
K HejopasyMeHusiM. Ilo Tem »Ke npuyanHaM He Pa3/IMYAIOT JBOWCTBEHHOE
u cjab0 COMPSIKEHHOE IIPOCTPAHCTBa. JIpyruMu cjioBaMu, IPU PacCcMOT-
pernn (GUKCUPOBAHHON ABOMCTBeHHOCTH X > Y WHOI/A HE OTJIUIAIOT
X or (Y, o(Y, X)),aY or (X, o(X, Y)), uro n0o3BOIsIET IPUMEHATH
samuen X' =Y nY' = X.

10.4. TomoJiorumu, corjiacOBaHHbIE C
JBOUCTBEHHOCTBIO
10.4.1. OuPEAEJNEHUE. Ilycts X < Y u 7 — JIOKAJIBbHO BRIy KJIast
rorosiorust B X. [OBOPAT, 9TO T €024aC08aHG ¢ I8OUCTMEEHHOCMBIO, €C-
s (X, 7) = |Y). ToBop4r, 4To0 JIOKAJIBHO BBILyKJIask TONOJIOTUSA W B Y
corsyiacoBana ¢ jBoiicTBeHHOCTBIO (X < Y ecim w corsiacoBana ¢ J1BOii-
crBeHHOCTBIO Y < X, 1. e.) npu BeinosiHennn paeercTsa (Y, w) = (X|.

10.4.2. Ciabple TOIOJOIHH COIVIACOBAHBI C HABOSIICH HX ABOH-
CTBEHHOCTBIO.

< Cnenyer u3 10.3.9. >
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10.4.3. Ilycrs 7(X, Y) — Tounas BepxHsis I'DaHHUIIA MHOXKECTBA
BCEX JIOKAJBHO BBIILYKJIBIX TOIIOJIOTHE B X , COTJTACOBAHHBIX C JBOHCTBEH-
Hocrbio. Torga tonosorns 7(X, Y) tak:ke coryacoBaHa ¢ JBOHCTBEHHO-
CTBIO.

< Ilycre & — mHO)KecTBO Takux Tomosioruii. ITo Treopeme 10.2.13

(X, 7(X, V) = (X, sup&) =
=sup{(X, 7): Te&}=sup{|Y): €&} =1Y),
u6o & ue mycro mo 10.4.2. >

10.4.4. ONPEAENEHUE. Tonomoruio 7(X, Y), dburypupyromyo B
npemyioxkennn 10.4.3, T. e. CHJIBHEHTTYIO JIOKAJTBHO BBITYKJIYIO TOIOJIO-
ruio B X, COIVIACOBAHHYIO C JIBOMCTBEHHOCTHIO X <> Y, HA3bIBAIOT MO-
noaoeuetd Maxxu (B X, naBejenHoit jgsoiicrBennocTbio X < Y).

10.4.5. Teopema Makku — ApeHnca. JIokajabHO BBIIYKJIAas TO-
nojiorusi T B X corjiacoBaHa C JJBOHCTBEHHOCTBIO X < Y B TOM H TOJIBKO
B TOM CJIy9ae, ecjn

oX, V)<7<7(X,Y).

< ITo 10.2.13 orobpazkenue 7 +— (X, 7)' coxpaHsger TOYHbIE BEpX-
HUe TPAHUIBI U, CJIEI0BATEILHO, BO3pacTaeT. Takum oOpas3oM, Jjisd T,
JIeJKalieil B paccMaTpUBAEMOM TPOMEXKYTKE TOMOJIOIHH, HA OCHOBAHUN
10.4.2 u 10.4.3 cripaBeJTIBO

VY= (X, o(X, V) C(X, ) C(X, 7(X, Y)) =|Y).
OcraBiiasicsi 9aCTh TEOPEMbI OYEBUIHA. [>

10.4.6. Teopema Makku. OrpaHudeHHbIE MHOXKECTBA BO BCEX TO-
IIOJIOTHSIX, COIVIACOBAHHBIX C JIBOHCTBEHHOCTBIO, OJHHU U T€ JKe.

< [Ipu ycusreHU# TOIOJIOIMH KOJIMYECTBO OIPAHUYIEHHDBIX MHOXKECTB
yMenbinaercs. Ilostomy BBuay 10.4.5 HyKHO yOeIuTHCA JIUIIL B TOM,
g0 ecan MuOkecTBO U ciabo orpanundeno B X (= orpanudeno B Gpa-
TOIOJIOTUY ), TO U OrpaHudeHo B TOHoJ0run Makku.

BosbMmem mosryHOpMY p M3 3epKaJia TOMOJIOrur MakKu U IoKaskeM,
aro p(U) orpammdeno B R. Tlomoxmm Xo:= X/kerp u po = px/kerp-
YunrteiBasg 5.2.14, Bugum, 4T0 pg — 3T0 HOpMa. Ilycrs ¢ : X — Xg —
KaHOHNYeCKoe orobpaxkenue. BeccropHo, 4ro muoxecrso ¢(U) ciabo
orpanuuero B (Xo, po). U3 7.2.7 Beitekaer, uro ¢(U) orpanudeHo 1o
HOpMe pg. ITockonbKy pg © ¢ = p, To U orpanuueno B (X, p). >
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10.4.7. CiaenctBue. Ilyctb X — HOpMHPOBAHHOE IIPOCTPAHCTBO.
Tonosorust Makku 7(X, X') coBmagaer ¢ mexomHoit Tonosoruneti, 1o-
POXKIEHHOH HOpMOIT B MpocTpaHcTBe X .

< JocraTouno cociatbes Ha Kputepuit Koamoroposa 5.4.5, 1o Ko-
ropomy TonoJorust 7(X, X'), comepKamas UCXOIHYIO TONOJIOTUIO, HOD-
MEUpyeMa, U IPUBJEYDb IIpejoxkenue 5.3.4. >

10.4.8. Teopema crporoii oraeaunmoctu. Ilycrs (X, 1) — Jio-
KaJIbHO BBIILYKJIO€ MPOCTPaHcTBO, K u V — HelycTble BBIMYKJIbIE MHO-
skectBa B X, npuiem K kommaktao, V 3amkuyTo m K NV = &. Torxa
cymecrByer pynknuonasn f € (X, 7) rakoii, 4ro

supRe f(K) < infRe f(V).

<1 JlokaJabHO BBIMYKJIOE IIPOCTPAHCTBO, KOHEYHO K€, PEryJIsipHO.
Orciofa ¢ yaeToM KOMIAKTHOCTH K CIIeyeT, 9To JIsd TOAXOISIIEHl Bbl-
myKJoi okpectHocTH Hynda W muOXKecTBO U := K + W He mepecekaer-
e ¢ V' (mocrarodHo paccMoTperb 6a3uChl, IIOPOXKJECHHBIE MHOXKECTBA-
v suga K+ W u V + W, rie W — 3aMKHyTast OKPECTHOCTD HYJIsA).
Ha ocmoBanum 3.1.10 zakmowaem, yrto U Bwmyksiao. Ilomumo 3rtoro,
K C imtU = coreU. Ilo Teopeme ormeaumoctu Diimenbraiita 3.8.14
Hafiercss pyHKImoHag [ € (XR)# , 00JIAJIAOIIUIT T€M CBOMCTBOM, YTO
runepiiockocts {I = 1} B Xg pasgensier V u U u He COmEpXKUT TO-
aek sapa U. OqueBumno, uto | orpanuden ceepxy Ha W u, crajgo ObITH,
I € (Xg,7) 1o kpurepmio 7.5.1. Ecmu f:= Re~!l, To, B cBasm ¢ 3.7.5,
fe (X, 7). dcro, uro dyHKIMOHAT [ — UCKOMBIH. [>

10.4.9. Teopema Ma3zypa. BbiyKJible 3aMKHY Thle MHOKECTBa BO
BCEX COIVIACOBAHHBIX C JBOHCTBEHHOCTBHIO TOIOJIOTHSAX OJHH H Te JKe.

<1 IIpu ycuieHnn TOIOIOT NN KOJIMIECTBO 3aAMKHY ThIX MHOKECTB YBe-
JmauBaercsi. 3HauuT, BBuay 10.4.5 Hy>KHO yOeIUTBCS JIWIIb B TOM, 9TO
ecau U BBIyKJI0 U 3aMKHYTO B Tomosioruun Makku, To U c1abo 3aMKHY-
to. Ilocmennee mecomuenmo, n6o, mo reopeme 10.4.8, U ecTh nepecevenme
cnabo 3aMKHyTBIX MHOXKecTB Tuna {Re f < ¢}, tae f — (cinabo) Herpe-
PBIBHBIN JuHEHHBI dyHKIMoHAT, a t € R. >

10.5. Tloasipbl

10.5.1. ONPEAEJEHUE. Ilycte X, Y — HekoTOpble MHOXKECTBA
n FF C X XY — coorBercrBue. st muoxkectB U B X u V B Y mo-
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JlararmT

m(U):=np(U):={yeY: F ' (y) DU}
T (V)=ap (V)i={z € X: F(u) DV}

Ipu stom 7(U) HazwBator (npamoti) noaspoti U, a muoxectso 7 (V)
— (0bpammoti) noaspot V.

10.5.2. Hwmeror MecTO yTBEDKICHUS:
(1) w(w):=r({u}) = F(u), ©(U) = Nuevn(u);
(2) W(LféeEUs) = Neezm(Ue);
3) 7 (V) = mpa (V);
(4) U, cU; = 7T(U1) D ’/T(UQ),'
(5) UxVCF=Vcnr),Ucr V)
(6) UcCaHxn(U)). <>

10.5.3. Kpurepuii AxknsioBa. Muoxecrso U B X sBisiercs 1io-
JISIPDOH HEKOTOPOI'O MHOXKECTBa B Y B TOM H TOJIBKO B TOM CJIy4ae, €CJIH
Juist kaxxgoro ¢ € X \ U maiinercs y € Y, st Koroporo

Ucr y), z¢n '(y).

< =: Eem U = 77 Y(V), 1o 6yner U = Nyeym~ ! (v) na ocnosanum
10.5.2 (1).

<: Brnouenne U C 7 1(y) osmauaer, uro y € n(U). Wrak, no
yenosuo U = Nyeranm H(y) = (= (U)). >

10.5.4. Caexacrue. Muoxecrso = t(m(U)) — 310 HaumeHbImast
(o BrIIIOYEHHIO) HOJISIpa, colepxKalas MHoKecTBo U. <I>

10.5.5. OIIPEJEJEHUE. Muoxectso 5 (77 (U)) HasbBator 6uno-
Aaspoti MuOKecTBa U (OTHOCHTENBHO COOTBETCTBUA F).

10.5.6. IIPUMEPHIL.

(1) IIycrs (X, o) — yuopgiuodenHoe MHOXKeCTBO, a U —
nommuoKecTBO X . Torma 7, (U) — 9T0 COBOKYIHOCTB BCEX BEPXHUX I'pa-
mun U (cp. 1.2.7).

(2) Iycrs (H, (-, -)g) — ruabbepToOBO IIPOCTPAHCTBO U
F:={(z, y) € H®: (2, y)g = 0}. Torma mna seex U B H BbINON-
neno m(U) = 7~ Y(U) = Ut. Bunonspa U B 3TOM ciTydae COBHAIaeT c
3aMBbIKAHUEM JInHEHHO 00o0ukn U.



232 I'i1. 10. /IBoiicTBEHHOCTD U €e MPUJIOKEHHST

(3) IIycrs X — mHOpMHUpOBaHHOE TPOCTPAHCTBO U1 X' — Co-
npsiKeHHOoe npocrpadcTso. Ilyers F:= {(z, 2’) : a'(x) = 0}. Torma
m(Xo) = Xg u 7~ H(2y) = Y20 ana nommpocrpanctea Xo B X u mog-
npocrpanctea 2y B X' (em. 7.6.8). Ilpu srom 7~ 1(7(Xp)) = cl X
B cuty 7.5.14.

10.5.7. ONPEAEJNEHUE. Ilycts X < Y. Tlomoxum

pol:={(z, y) € X xY : Re(z|y) <1};
abspol := {(z, y) e X xY : |(z|y)| <1}

Jns mpsimoit u oOpaTHO MOJISIpP OTHOCUTEIHHO COOTBETCTBHSA pol mc-
HOJIB3YIOT €IMHOE Ha3BaHUe <«IOJApbl» U obosnadenns w(U) u m(V);
B CJIyYae COOTBETCTBHA abs pol ToBOPAT 00 abCOMOMHBLL NOAAPAT T TIHA-

myr U°u Ve (maUCXuVCY).

10.5.8. Teopema o 6umousipe. Bumnoaspa m(U):= n(n(U)) —
9TO HAUMEHbIIHH CJ1a00 3aMKHYThIil KOHHUeCKHIT OTPE30K, CoJqepKaliuii
mHoxkecTso U.

< Cnenyer u3 10.4.8 u xpurepusi Akujosa. >

10.5.9. Teopema 06 abcosroTHOI GuroJisipe. Ab6cosorHast 6u-
mosisipa U°° := (U°)° — sro HamMmenbiiee crabo 3aMKHYTOE abCOTIOTHO
BBIITYKJIOE MHOYKECTBO, coJiepkariee MHOXKecTBO U.

< JlocTaTouHO 3aMETHTDH, UTO IOJIPA YPABHOBEIIEHHOI'O MHOXKe-
CTBa COBIIQJIAET C €r0 aOCOJIIOTHON ToJIApoit, n mpuMeHuTh 10.5.8. >

10.6. C1ab0 KOMMOAKTHBIE BbIMYKJbIE MHOXKECTBA

10.6.1. Ilyctp X — BeriecTBeHHOE JIOKAJIBHO BBIITYKJIO€ IIPOCTPAH-
crBo u p : X — R — HenpepbwIBHDBIH cybmHeiHbIlH (DyHKIMOHAT Ha X .
Torga (Tomosioruyeckuii) cybnudpepernnan O(p) KOMIAKTEH B TOHOJIO-
run o(X', X).

< Tomoxnm Q= [[,c x[—p(—2), p(x)] n nagemmm Q THxoHOBCKOIM
roronoruei. fcuo, aro d(p) C @) U TUXOHOBCKAs TONOJIOTUS B () MHIY-
mupyer B O(p) Ty ke Tomosoruto, uto u o(X’, X). Hecommenno, aro
MHOXKeCTBO O(p) 3aMKHYTO B () U3-3a HEIPEPLIBHOCTU P. Y YUTHIBAs Te-
nepb Teopemy Tuxonosa 9.4.8 m 9.4.9, zakmouaem, uaro O(p) sBIsAETCSA
(X', X)-KOMIAKTHBIM MHOYKECTBOM. [>
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10.6.2. Cy6aupdepeniimas 060 HEIPEPBIBHOH TOJTYHOPMBI CJa-
60 KOMIaKTeH. <|[>

10.6.3. Teopema o crpoenuu cyboaucpgepenimana. Ilycre X
— BeljecTBeHHOe BEKTOPHOe npocrpancTso. Muoxecrso U B X7 apjis-
ercst cybnnugdepennuasoM (BCroLy OnpeseseHHOro 0 IPATOM €IHHCTBEH-
HOro) cybsmaeitHoro ¢yHknuorama sy : X — R B TOM H TOJIBKO B TOM
cayqae, ecmn U memycro, serrykao n o( X7, X )-koMmaxTHo.

< = Hycrs U = 9(sy) agist HEKOTOpOro sy. EAMHCTBEHHOCTH Sy
obecmreuena 3.6.6. B cBsasu ¢ 10.2.12 mOHATHO, 9TO 3ePKAJIO TOMOJOTUN
Makku 7(X, X#) — 310 cunbmeiimas myasTuropMa B X (eM. 5.1.10
(2)). Orcioma BeBOIM, uTO DYHKIMOHA Syy Henpepbiser B 7(X, X 7).
Ha ocnoannu 10.6.1 muoxectso U xommaktro B (X7, X). Bouryk-
JIOCTH U HerycToTa U OYeBHIHbL.

<: Ionoxum sy(x) := sup{l(z) : | € U}. Beccnopho, uro sy
— cyomuueitabiit dyukimonan u dom sy = X. Ilo onpenenenuro U C
O(sy). Ecmm ke l € O(sy) ul ¢ U, 10 10 TEOpeMe CTPOroit OT/IE/IIMOCTH
10.4.8 u teopeme o ayasmsaruax 10.3.9 ajsa nekoroporo r € X Oyuer
sy(x) < l(z). Hoxy4yaem nporusopeune. >

10.6.4. ONPEAEJIEHUE. CyOmuHefHbIl DYHKIIMOHAT Sy, TOCTPO-
ennbiii B Teopeme 10.6.3, HazbBaoT onoprotl dynkyuets muoxkecrsa U.

10.6.5. Teopema Kpetina — Mwniabmaaa. Kaxkigoe KoMIIaKTHOE
BBIITYKJIOE MHOXKECTBO B JIOKAJBHO BBIITYKJIOM IPOCTPAHCTBE SIBJISIETCS
3aMbIKAHUEM BBIILYKJIOH 0OOJIOYKH MHOXKECTBA CBOUX KPaHHHUX TOYEK.

< IIycts U — Takoe mHO)KecTBO B mpocrpancrse X. MoxHo cun-
TaTh, 4TO IpocrpaHcTBo X — BemecTtBenHoe u yro U # &. B cu-
ay 9.4.12, U komnakrao B Tonosoruu o(X, X'). Tockonbky o(X, X')
mntymupyercs B X tononorneii (X' X') 8 X'", 10 U = d(sy). 3necs
(em. 10.6.3) sy : X' — R medicryer o npasuiy sy (z'):= sup 2’ (U). To
teopeme Kpeitna — Munbmana st cybauddepennuaios 3.6.5 MmHOXKe-
cTBO Kpaitnux Touek ext(U) He mycTo. 3aMbIKaHUEe BBIILYKJIOH 060I09KY
muoxkecTBa ext(U) apisiercsa cybnuddepennuanom no reopeme 10.6.3.
Kpome Toro, aTo MHOXKeCcTBO MMeeT Sy CBOeil omopHoi dyHKImeil u,
cTano 6Tk, coBnagaer ¢ U (cp. 3.6.6). >

10.6.6. Ilycts X < Y u S — komwmveckuii orpezok B X. Ilycrs,
Jgastee, ps — ¢yuknuonas Munkosckoro S. Iosspa w(S) cayxur npo-
obpaszoM 1pu KeT-oTobpakeHnu (aarebpanmieckoro) cybauggeperuaia
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d(ps), T e.
w(S) = 9(ps) g -

Ecan S — abcoJmroTHO BBIITyKJI0€ MHOXKECTBO, TO abOCOTFOTHAST MOJIsIpa, S°
SABJIIETCS IPOOBPA30M IIPDH KeT-0TOOpazkKeHuu (ajarebpamdeckoro) cy6-
auggepentuaia nosyropmsr |0|(ps), T. e.

S° = [10l(ps)) ™"

< Eam y € Y raxos, uro y € |d(ps))g’s 1o |y)r BXOMMT B
O(ps). Buaunt, s x € S semonneno Re(z|y) = (z|y)r = |y)r(z) <
ps(x) <1, ubo S C {ps < 1} no Teopeme o dyrKIMOHATE MUHKOBCKO-
ro 3.8.7. CrenosarensHo, y € 7(S5).

Eciu, B cBoto ouepenp, y € w(S), To smement |y)r Bxogur B I(pg).
B camom gene, muis soGoro snemenTa ¢ u3 Xg npn « > pg(r) nmeem
1> ps(a™tz), . e. alz € {ps < 1} C S. Orciona (o 'z|y)r =
Re(a™lz|y) = a ! Re(x|y) < 1. Oxonuarensuo noayuaem |y)g(x) <
a. U3-3a npon3BoIbHOCTH BBIOODA (v IIOCJIEHEE HEPABEHCTBO O3HAYAET,
aro |y)r(z) < ps(x). Unaue rosops, y € |(ps))z - Tem cambiv pasen-
crBo (S) = | 9(ps))g " yeranosieno. OcraBmiascs HacTh yTBEPIKICHHs
cJielyer U3 CBOMCTB KomIiekcudukaropa 3.7.3 u 3.7.9. >

10.6.7. Teopema AJjaoriiy — Bypb6akwu. Iloaspa okpectHOCTH
HYJIST JTIOOOH COIVIAaCOBAHHOH C JIBOHCTBEHHOCTBHIO TOIIOJIOTHHU SIBJISIETCS
¢J1ab0 KOMITAKTHBIM BBIITYKJIBIM MHOXKECTBOM.

< Ilycre U — okpecraocts Hysst B upocrpanctee X u w(U) —
nonsipa U (B meoitcreernoctn X «— X'). Tak xak U D {p < 1}
JUTIsl HEKOTOPOH HeNpPEepBbIBHOI MOJIYHOPMBI p, Ha ocHoBanuu 10.5.2 (4),
m(U) C 7({p < 1}) = n(B,) = B;. lpusnexas 10.6.6 u yuurpisas,
410 p ecTb (ynkuuonan Mumkosckoro By, suaum, aro w(U) C |0|(p).
B cuy 10.6.2 Tomonornueckuit cyGauddepeniman moayHopmbl |0|(p)
sipyisiercst o (X', X )-komunaktabiM. Ilo onpenesernnto 7(U) — cnabo 3a-
MKHyTOe MHO2KecTBO. Ocraercs cociarbes Ha 9.4.9, aT0o0bI yOeuThes B
o(X’, X)-xomnaxraocru 7(U). Brmykiaocrs 7(U) necomuenna. o>

10.7. PedyreKcuBHBIE POCTPAHCTBA

10.7.1. Kpurepuii Kakyrauu. HopmupoBannoe mpocTpaHCTBO
pebIeKCHBHO B TOM H TOJIBKO B TOM CJIydae, €CJH €AHHUIHBIH II1ap B
HeM ¢cJ1a00 KOMIIAKTEH.
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< =: [Iyers X pedaekcusno, T. e. ”(X) = X”. Nnpivu cioBamu,
obpa3z X mpu apoiiHoM mTpuxoBaHuu cosmagaer ¢ X''. Tax kak map
Bx» — 310 nonsipa mapa By npu asoiicreennoctn X« X’ to Bxn
— 910 0(X”, X')-kKoMIakTHOE MHOKECTBO 10 Teopeme Anaoray — Byp-
6axku 10.6.7. Ocraerca samerutb, uro Bx.~ ecrb (06pa3 mpu IBOHHOM
mrpuxoBannn) Bx, a (X, X’) ects (mpoobpas npu JBOWHOM IITPUXO-
sauun) o(X", X').

<: Pacemorpum gBoiicteenrocts X« X', Tlo onpemenenuio map
Bx npezicrasisier coboii bunosisipy By (TouHee ropopst, GUIIOISPY MHO-
skectBa (Bx)”). Ilpusiiekas Teopemy o6 abconrorHoii Gunossipe 10.5.9
u yauThBag, Iro caabast ronomorust o(X, X') mamymmposana B X TO-
nosoruedt o(X”, X'), sakmouaem, uro Bx» = Bx (u3-3a GeccriopHoit
abCOJTIOTHON BBITYKJIOCTH M 3aMKHYTOCTH 3TOTO MHOYKECTBA, 00eCIedeH-
HOI1 yCJIOBEEM ero KOMIIaKTHOCTH). Takum obpaszom, X pedJiieKCuBHO. [>

10.7.2. Ciuencreue. HopmuposarHOe mpocTpaHcTBO OyeT peg.ie-
KCHBHBIM B TOM H TOJIBKO B TOM CJIydae, €CJIH JF000e OrPaHHIEHHOE 3a-
MKHYTO€ BBIILYKJI0€ MHOXKECTBO B HEM CJ1aO0 KOMIIAKTHO. <ID>

10.7.3. CiuencrBue. Kaxkioe 3aMKHYyTO€ IOJIPOCTPAHCTBO Peh-
JIEKCUBHOI'O IIPOCTPAHCTBA PE(DIEKCUBHO.

<1 ITo Teopeme Mazypa 10.4.9 paccmaTpuBaemoe MOAIIPOCTPAHCTBO,
a IIOTOMY MW HIap B HEM CJ'Ia6O 3aMKHYTbI. CTa..HO 6I)ITI)7 JO0CTATOYHO
JBaXKJIbl TPUMEHUTH KpuTepuit Kakyranu. >

10.7.4. Teopema Ilertrrca. BanaxoBo IpOCTPAHCTBO U COIIPSIKEH-
HOEe K HeMy IIPOCTPAHCTBO pedIeKCHBHBI (WM He DedIeKCHBHBI) OJHO-
BPEMEHHO.

< Eciiu X pedexcusno, to o(X', X) cosuamaer ¢ (X', X"),
craJjio ObITh, yunThiBas Teopemy Ajtaorsty — Bypbaku 10.6.7, 3ak/oua-
eM, 90 Bx/ — 310 0(X’, X")-kOMnakTHOE MHOXKECTBO. 3HAYMT, X'
pedutekcusno. Ecin ke pediekcusro X', To 1O yKe JOKa3aHHOMY pe-
duekcuprno X”. Ho X, Oymyunm 6aHaxXoBBIM HPOCTPAHCTBOM, SBJISIET-
¢ 3aMKHYTBIM TtommpocrpanctBom X'/, Urak, X pediekcusHo B cH-
ay 10.7.3. >

10.7.5. Teopema /I>xeiimca. BanaxoBo mnpocTpaHcTBO pegJiek-
CHBHO B TOM U TOJIBKO B TOM CJIy4ae, ecJi Jio60l HelnpepbIBHbLA (Berie-
CTBEHHO) JIMHEHHBIH (YHKIIHOHAJ IPUHUMAET HAHOOJIbIIIEe 3HAYCHHE Ha
€IMHIIHOM IIIape 3TOr0 MPOCTPAHCTBA.
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10.8. IIpocrpancteo C(Q, R)

10.8.1. 3BAMEYAHUE. Bciogy B Tekymem maparpade ) — Herry-
CTOIl KOMIIAKT (= HEIycTOoe KOMIIAKTHOE XayCAopdOBO IIPOCTPAHCTBO),
a C(Q, R) — 910 MHOKECTBO HEIIPEPBIBHBIX BEIECTBEHHBIX (DYHKIUT
Ha ). Muo)kectBO C(Q, R) 6€3 0cOOBIX Ha TO yKA3aHUH PacCMaTpUBA-
IOT C €CTECTBEHHBIMHU <«IOTOYEUHBIMHY» AJIreOPAnIeCKUME OEePAIHIME
U OTHOIIIEHUEM IIOPSIJIKA, a TakxKe ¢ Tonosorueil HopMsl || - [|:= || - [|co,
orsevaromeil Merprke Yeboiména (cM. 4.6.8). B aToM cMBbIcse TpakTy-
10T BoicKaszbiBanuda: «C(Q, R) — s10 BekTOpHAs perierkay, «C(Q, R)
— 9710 GanaxoBa ajarebpa» u um noxobunie. Ecau B C(Q, R) BBOmaT
Kakne-mb0 MHbIE CTPYKTYPBI, TO 3TO 00A3aTETbHO OrOBAPUBAIOT SIBHO.

10.8.2. OnPEAENEHUE. IMommuoxkecrso L B C(Q, R) masbiBator
nodpewemsot, ecmu mjs f1, fo € L Bemmosaeno f1V fa € L, fi A fa € L,
rIe, KaK OOBITHO,

1V fa(@):= fi(g) V f2(q),
fiNfa(q):= fi(@) A falg) (g € Q).

10.8.3. BAMEYAHUE. CiefyeT UMeTh B BHJLY, ITO OBITH HOAPEIIET-
koit B mpocrpancree C(Q, R) — 310 GosibIne, YeM GBITH PENIETKON OT-
HOCHUTEJIBHO HOPsiJIKa, nHymuposanHoro u3 C(Q, R).

10.8.4. IIPUMEPHI.

(1) o9; C(Q, R); 3aMblKaHue MOAPEIIETKH.

(2) Tlepeceuenne Jrr0GOrO MHOXKECTBA MOJPEIIETOK — CHOBA
HOJIPETTIETKA.

(3) IIycre L — mekoropasi mojpemneTka u (Jo — IOJMHOXKE-
crBo . Ilosmoxum

Lo,:={feC(Q, R): 3geL)glq) = flg) (q€Qo)}

Torna Lg, — noapemerka. IIpu stom L C Lg,.

4) Ilycrs Qo — KOMIAKTHOE HMOAMHOXKeCTBO Q. s mox-
Y
pemerku L B C(Q, R) momoxum

L|Q0:: {f|Q(J : fEL}.
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Takum 06pa30M, BHITTOJTHEHO
Lo, ={f€C@Q R): fl|, €L}

fcuo, aro L|Qo — nozperterka B C(Qo, R). Ecuu npu stom L —

sexmopras nodpewemxa B C(Q, R), T. e. BEKTOPHOE MOAIPOCTPAHCTBO
u opuospemenno nozpemerka C(Q, R), To L| Q, ~ BEKTODHasl IHOJpe-

metka B C(Qo, R) (pasymeercs, ecim Qo # ).
(5) Iycrs Q := {1,2}. Torma C(Q, R) ~ R?. Jlwobas

HeHyJIeBasl BeKTOpHAas mozpeinerka B R? 3amaercs B Bue
2. _
{(1‘1, .Z‘Q) eR*: oy = 042],‘2}

JIsE HEKOTOPBIX a1, (g € R

(6) Ilycte L — Bexropnasi noxpemerka C(Q, R). Ecuu
q € Q, To BOBHUKaeT anmbTepHaThBa; o0 Ligy = C(Q, R), mibo L, =
{feC@, R): f(q) =0} Ecuu xe q1, ¢o — JiBe Pa3IUIHbIE TOUKH
Qu L|{q1’q2} # 0, To B cuiy 10.8.4 (5) mafigyrca gucna ag, as € Ry
TaKHe, 9TO

Liggy =1 €C(@Q, R): a1f(q1) = aaf(q2)}. <>

10.8.5. Ilycrs L — nmoapemerka B npocrpancrse C(Q, R). @yuk-
must f € C(Q, R) Bxoxur B 3aMmplkaHme L B TOM H TOJBKO B TOM
caydae, ecmn g mobbix € > 0w (z, y) € Q cymectsyer ¢pynKIps

f= fey,e € L, yaopiersopsiomas ycaoBusaM

f@)—fl@)<e, fly) - fly) > =

< =: OuesnaHo.

<: Ha ocuoBanun 3.2.10 u 3.2.11 moxkHO cunrarh, 9to f = 0. Bo3b-
MeM € > 0. Baduxcupyem = € () u paccMOTpUM DYHKIHMIO Gy := [z y e €
L. Tycrs V= {q € Q : gy(q) > —¢}. Torma V,, — OTKpBITOE MHOZXKE-
ctBo 1 y € V. B cumy xommakTHOCTH () HaiimyTed yi,...,Yn € Q, Aad
Koropeix Q = V,,, U... UV, . Ilonoxum f,:= gy, V...V gy,. fcno,
qyro f, € L. Tlomumo sroro, f.(z) < e u fy(y) > —e upu Becex y € Q.
IMycrs Teneps U, := {q € Q : f.(q) < €}. MuoxkecrBo U, OTKpBITO U
x € U,. BHOBB UCHOIB3YsT KOMIIAKTHOCTD (), TIOIBIIIEM L1, ..., Tm € @
Takue, 9To () = Uy, U.. . UUy, . IlomoxkuMm, HakoHeN, [:= fou AL A fy, .
Hecomuenno, uto l € L u ||l <e. >



238 I'i1. 10. /IBoiicTBEHHOCTD U €e MPUJIOKEHHST

10.8.6. BAMEYAHUE. IIpemroxkenue 10.8.5 HaszbiBaoT 0606weHHol
meopemots JJunu (cp. 7.2.10).

10.8.7. Jlemma Kakyrauu. s mo6oii nonpemerku L B C(Q, R)

BBITIOTHEHO
AL= (1 d(Lge))-
(q1,92)€Q?
<1 Bxuntouenue cl L B cl(L{qlm}) JUIs Kaxkgoro (g1, ga) € Q2 Gec-

criopro. Ecim xe f € cl(L{ql,%}) pU BCEX TAKUX (1, 2, TO, B CHJIY
npeoxkenns 10.8.5, f € cl L. >

10.8.8. CaeacrBue. /[lis 0601 BekTOpHOI mogpernerku L B mpo-
crparctee C(Q, R) cupasemimso npejicrapieHne

cL = ﬂ L{qhqz}'
(q1,92)€Q?

< B mamnom ciytae MHOKECTBO Lyg, ¢,} 38MKHYyTO. [>

10.8.9. ONPEJAEIEHUE. [osopsr, uro muoxkectso U B F & pasdens-
em mouky (Q, ecau Jist JIIOOBIX TOYEK (1, g2 € () TAKUX, 9TO ¢1 7# G2, Cy-
mectByeT byukIws v € U, IpUHUMAIONIas Pa3IndHble 3HAYeHUsT B 3THX

roukax: u(q1) 7# u(gz).

10.8.10. Teopema Croyna. Counepzkalijasi HOCTOSIHHbIE (DYHKIUH,
paszessionias TOYKH BeKTopHas noaperierka B upocrpancrse C(Q, R)
miorra B C(Q, R).

< Eciu L — paccmarpuBaemasi IoIpeIerka, TO

L{417q2} - C(Q7 R){Qh‘h}

st Besikoit mapwt (qp, q2) € Q2 (em. 10.8.4 (6)). Ocranoch npusieds
10.8.8. >

10.8.11. Ilycrs p € C(Q, R)'. ITomoxmm

N ()= {f €C(Q, R): [0, |f]] € ker i},

Torza cymecTByeT, © HPUTOM €IHHCTBEHHOE, 3aMKHYTOEe ITOJMHOXKECTBO
supp(u) B Q rakoe, aro

feN(p e fl 0.

supp(n)
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< ITo semme o cymme mpoMeKyTKOB 3.2.15

[0, [ 410, lgll = [0, [f]+lgll-

Takum obpazom, f, g € A (u) = |f| + |g] € A (u). Hockombky A (1)
— nopaodkoswili udean, 1. e. (f € N (u) & 0 < |g| < |f| = g € A (),
3aKJ09aeM, 9To A ({1) — 3T0 BEKTOPHOE HOAIIPOCTPAHCTBO. Bostee Toro,
A (p) 3amkuyTo. B camom pnese, nycrs f, > 0, fn — f u fi, € A ().
Torma myst g € [0, f]| Boiosseno g A fr, = gu gA f, € [0, fr]. Orciona
cienyer, aro p(g) =0, . e. f € A (n).

B cuy 10.8.8, yuurbiBasi, 9r0o A ({1) — HOPSAKOBBIN €A, UMEeM

N (u) = ﬂ N (1) {q}-
q€Q

Oupeiesium MHOXKECTBO SUpP(ft) CJIeLyomuM 00pa3oM:

q € supp(p) & A () gy # C(Q, R) & (f € A (1) = f(q) = 0).

Hecomuenno, uro supp(p) — 3aMkHyTOE MHOXKecTBO. IIpu sTOM crpa-
BEJJIUBBI COOTHOIICHUST

A= () A=

g€supp(p)
={fec@, R): f}supp(u) =0}
VreepxKaenue 06 €IUHCTBEHHOCTH BBLITEKAET U3 HOPMaJbHOCTH ) (CM.
9.4.14) u teopembl Ypoicona 9.3.14. >

10.8.12. ONIPEAEJIEHUE. MHuoxkectBo supp(u), durypupyoiree B
npeoxernu 10.8.11, naseiBaror nocumenem p (cp. 10.9.4 (5)).

10.8.13. SAMEYAHUE. Ecin hyHKIMOHAN [ TIOJOXKUTEIEH, TO

A () ={f € C(Q, R): u(lf]) =0}

CnenoBaresbho, ecim npu 31oM i(fg) = 0 nuist Beex g € C(Q, R), To
/| G — 0 Ananorununo supp(p) = @ < A (u) = C(Q, R) &

supp
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p = 0. Takum obpazom, oOPAIATHCS C HOCUTEJSMH ITOJOKUTETbHBIX
bYHKIMOHAJIOB yI00HEe.

[Iycrs F' — 3amkayTOE opmuOXKecTBO (). ToBOpsit, uro F' Hecém
uim aro B X \ F nem p, ecau Jjisd BCAKOW HenpepblBHON dyHKImu f,
y xoropoii supp(f) C Q \ F, semonneno u(|f|) = 0. Hocurens supp(u)
HECET [1, TIPU ITOM JII000OE Hecylee [ 3aMKHYTOe MHOXKECTBO B () cojep-
kut supp(p). VabMU cioBamu, HOCHTENb f(f — 9TO JOIOJIHEHUE HaW-
6OJIBIIEr0 OTKPBITOr0 MHOXKECTBa, B KoTopoM Her 4 (cp. 10.10.5 (6)).

ITonesno yscuuth, uro B cuity 3.2.14 u 3.2.15 ¢ KaxKIpIM OrpaHU-
YeHHBIM (DYHKIMOHAJIOM (i MOXKHO CBS3aTh IIOJIOXKUTEJIbHbIE (& IOTO-
My W OrpaHuveHHble) (QYHKIMOHAIDBL [, [i_, ||, OmpemeseHHbIe M5t
f€C(Q, R), oueBupHbIMU PABEHCTBAMU:

p(f) =suppl0, fls p—(f) = —infpl0, fl; |pl = pe +p-.
Bonee Toro, C(Q, R)’ sisasercss K-upocrpancrsom (cp. 3.2.16). <i>

10.8.14. Hocwurenn p u |u| coBunamgaror.

< To onpenenennto A (1) = A (|p]). >

10.8.15. Ilyctb 0 < a < L map : f — plaf) opu f € C(Q, R)
up € C(Q, RY. Torga |ap| = aly|.

< Hna f € C(Q, R). ecrb onenka

(ap)(f) = sup{ulag) : 0<g < f} <supul0, af| =
= pr(af) = apr(f).

ITomumo 3Toro,

pr = (ap+ L —a)p)y < (ap)s + (L —a)p)+ < aps + (L —a)pr = pis.
Buauut, (ap) = afiy, OTKyJa U BbITeKaeT Tpebyemoe. >

10.8.16. Jlemma ge Bpan>ka. Ilycts A — cozepzkaliasi HOCTOSIH-
ubie Qynkiun nogarebpa C(Q, R) n p € ext(A* N Beg,ry). Torga
cy>kerne Jiobol pyHKIMY U3 A HA HOCUTEJIb I — MOCTOSTHHAST (DY HKIHSI.

< Ecim pp = 0, To supp(p) = @ ® JI0Ka3bIBATH HUYETO HE HAJO.
Ecin ke p # 0, 10, KOHEuHO, ||| = 1. BosbMmeMm a € A. TTockosbKy 1o-
nmanrebpa A comepKUT OCTOSTHHBIE (DYHKITUH, JOCTATOYHO PACCMOTPETH
ciay4qait, korma 0 < a < 1 u npu 3TOM

q € supp(p) = 0 < a(g) < 1.
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IMonoxum py := ap u po:= (L — a)pu. Scno, aro py + pa = p, upudem
GYHKIMOHABI 17 U 1o HEHyJIEeBbIe. BoJsee Toro,

Nl < Mgl + lp2ll =
= sup plaf)+ sup p((L—a)g) = sup  plaf+ (1 —a)g) < |pul,
IflI<1 lgl<1 IF1<1,llgll <1

nbo OYeBUIHbIM o6pa30M BbIIIOJIHEHO

aBC(Q,R) + (]l — Q)Bc(Q,R) C BC(Q,R)-

Uraxk, ||p|| = ||l + |lpz2ll. Caenosarensro, us upeacrasaeHns
M1 H2
= |l + 2l
[l (2|
YUUTBIBAs, 9TO fi1, f2 € AL, saxmouaem: py = [|pg]|pu- B cmry 10.8.15,

alpl = lap| = |p| = [lpa]l [ul. Braanr, |pl((a = [lp([1)g) = 0 ars Beex
g € C(Q, R). Ucnoubzya 10.8.13 u 10.8.14, BoiBoguM, uro QyHKIUI G
IIOCTOsTHHA Ha HOCHUTEJIE [4. >

10.8.17. Teopema Croyna — Beftiepirrpacca. Kaxxmnas conep-
JKalljasi HOCTOsIHHBbIE (QYHKIHHU pa3iesistiomast Touky rnogaarebpa C(Q, R)
mrorHa B aarebpe C(Q, R).

< ITo Teopeme 06 abcosroTHoit bumnosstpe 10.5.9 B cirydae, eciin pac-
cMmarpuBaeMas nogasrebpa A me mwiorna B C(Q, R), nommpocrpancTso
A+ (omo e — A°) B C(Q, R) memynesoe.

IIpusiexas Teopemy Anaoray — Bypbaku 10.6.7, Bugum, uto A+ N
Bc(q@,r)r — 3T0 HemycToe abeoIIOTHO BBITYKJI0e C1a00 KOMIIAKTHOE MHO-
2KeCTBO, a IIOTOMY Ha OCHOBaHUM TeopeMmbl Kpeitna — Muibmana 10.6.5
B HEM UMEETCsI KPailHsisl TOUKA, L.

Hecomuenno, aro ;1 — HenyseBoit hyHKIMOHAN. B TO Ke Bpems 110
JleMMe Jie Bpamika HOCHTEND [ HEe MOXKET COJIEP’KATh JBYX PA3JIMIHBIX
Touek, nubo A paznensier roukn (). Hocuressb p He sABJIsIETCS OTHOTO-
YEYHBIM MHOXKECTBOM, ITOCKOJIBKY (i OOpaIlaeTcs B HYyJIb Ha IIOCTOSH-
ubix byukmuax. Crano ObiTh, supp(p) — 910 mycroe MHOXKecTBO. Ilo-
ciiennee ozHadaer (cMm. 10.8.13), uro p — mysesoit dyuakuuonas. [losy-
YU TPOTUBOPEYNe, MOKA3bIBAIOIIEee, ITO MOJIIPOCTPAHCTBO A IIOTHO

B C(Q, R). >
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10.8.18. CuencrBme. 3ambikanue joboii nogaaredps B C(Q, R)
— BekropHas noapererka B C(Q, R).

<1 ITo Teopeme Croyna — BeifepmTpacca MOXKHO MOJBICKATH MHOTO-
qJIeH Py, TAKOH, 9To npu Beex t € [—1, 1] Gymer

1
t)— |t < —.
pult) — 1] < o
Torna |p,(0)| < 1/2n. IosToMy st MHOTOUJIEHA

Pn(t):= pu(t) — pn(0)

BemosiHeHo [P, (t) — |¢|| < 1/n opu —1 < t < 1. Tlo nmocrpoenuto y p,,
HeT CBOOOIHOTO |ieHa. Kciu Teneph QYyHKIMSA @ JIEKUAT B MOmaIreOpe

ABC(Q, R)ula| <1, o

(€ Q).

S|

P (alg)) = la(g)| | <

ITpu srom anement q — P, (a(q)), koneuno xe, cogepxurcs B A. >

10.8.19. 3AMEYAHUE. Caencrsue 10.8.18 (Bmecre ¢ 10.8.8) maer
HOJIHOE OIIMCaHUe BeeX 3aMKHYThIX nogarebp B C(Q, R). B csowo oue-
pesb, KaK BHJIHO U3 JIOKazaTebcTBa, 10.8.18 Jerko ycTaHOBUTH, HEIo-
CPEJICTBEHHO NPEIbAB/ISAA KaKylo-I10O0 IOCIeA0BATEILHOCTh MHOTOUIE-
HOB, PABHOMEDHO CXOJSINYIOCs K GyHKImu ¢ — [t| Ha orpeske [—1, 1].
BriBectn 10.8.17, onmpasics Ha 10.8.18, He cocTaBiseT TPyIa.

10.8.20. Teopema Twurme — YpsbicoHa. Ilycre Qg — KOMIAKT-
moe noamuoxkectBo @ u fo € C(Qo, R). Torma cymecryer ¢gyHKIms
f € C(Q, R) rakas, uro f|Q0 = fo.

< Iyers Qo # @ (mHaue Hewero J0Ka3bIBaTh). PaceMoTpuMm BIIO-
)kenue ¢ : Qg — () M BOSHUKAIONIUI OrpaHnYeHHbIN JTUHEHHBIH OlepaTop
v C(Q, R) - C(Qo, R), neitcrBytonmii 110 npaBuiLy Lf:= fou Tpe-
OyeTcs yCTaHOBHUTDH, UTO - saumopdusm. [lockoabKy HecOMHEHHO,

9TO im{ — 3TO paslessIoas TOUKH, COLepIKAIIas IOCTOSHHbIE (DyHK-
nuu nogasirebpa C(Qo, R), B cuiry 10.8.17 mocrarouno (u, pasymeercs,

. ©
HeO6XO,ZLI/IMO> IPOBEPUTH, YTO 1M ( — 3aMKHYTO€ IIOAIIPOCTPAHCTBO.
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— o .
Paccvorpum cumzkenne 7 omeparopa ¢ Ha COOCTBEHHBIH KOoOpas
. o o
coim¢:= C(Q, R)/ker ¢ n coorBercTByIOIEee KAHOHNIECKOE 0TOOpaKe-
uue p. Jua f € C(Q, R) nonoxum

g:= (f Asup|f(Qo)[1) V (= sup |f(Qo)[1).

ITo onpenenenuto f|Q0 = g’QO, T. €. ?:: (p(f) = so(g). Buauur, HQH >
|| £Il. Honmmmo sToro,

71 = w{ bl eom « S 1) =0} =
= inf{”h”C(QR) : h|Q0 = f|QO} 2
= inf{”h|QO”C(Q,R) : h}QO = f|QO} =
= sup | f(Qo)| = llgll = [IF]].

Taxmm 06pa3oM, BBITOJTHEHO

ZF11 = Nlegll = lleglle o =
= llg o tlle@or = suplg(Qo)l = llgll = I£1l,

T. e. ¢ — usoMerpus. lIpumenss nocienoparesbao 5.5.4 u 4.5.15, BbI-
. o

BOIUM CHa4aJia, 9TO coim ¢ — OAHAXOBO IPOCTPAHCTBO, & 3aTe€M — YTO

. — . o . —

im7 samkruyTO B C(Qp, R). Ocramsoch 3amernTsh, 4ro im ¢ = im7. >

10.9. Meps1 Pagona

10.9.1. OPEAEJEHME. Ilycrs {2 — 3T0 JI0KaIHHO KOMIAKTHOE TO-
noslormaeckoe mpocrpanctso. Ilomararor K () := K(Q, F) = {f €
C(Q, F) : supp(f) — xommakr}. Ecim @ — kommakr B ), To cuu-
rator K(Q) := Kq(Q) :== {f € K(Q) : supp(f) C Q}. IIpocrpan-
creo K(Q) nagensior HOpMOH || - |lo- Ilpum E € Op () nosarator
K(E):=U{K(Q): Q € E}. (Banucs @ € F s nonmuoxecrsa E B
Q) ozHayaer, 4TO () KOMIAKTHO U () JIEXKUT BO BHyTPEHHOCTH E, BbIYHUC-
JIHHOH B mpocrpaHcTse €).)

10.9.2. CupaBeyiuBbI Yy TBEPKCHUST:
(1) s Q €N u feC(Q, F) epro

Tloo =04 (B K@ gly = 1))
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ITpu srom K (Q)) — 6aHaxoBO IPOCTPAHCTBO;

(2) mycrs Q, @1, Q2 — KOMIAKTHBIE MHOXKeCTBa H () €
Q1 X Q2. Jlubeitnas obosouka B C(Q, F) cueqoB na
Q dynrnmii Buga uy - uz(qi, ¢2) = up @ ua(q1, q2) =
w1 (qr)u2(ge) st us € K(Qs) wrorna B C(Q, F);

(3) ecim Q — xommakt, To K(Q) = C(Q, F). Iycrs Q
He KOMIakTHO. Torja OpH eCTeCTBEHHOM BJIOXKCHHH B
C(, F), pge @ := QU {00} — asekcaHapoBcKasi KOM-
nakrupuranus §, npocrparcrso K () mwirorHo B rumep-
mwrockocru {f € C(Q, F): f(oo0) = 0};

(4) orobpazkenne E € Op () — K(E) € Lat (K(Q)) co-
XpaHAeT TOYHBIC BEPXHHE I'DAHHUIIBL;

(5) auna E', E"” € Op () Touna cegyommas moc1e/j0BaTe b
HOCTB:

L(E/,E//) U(E/,E//)
—_—

0— K(E'NE") K(E'") x K(E") K(E'UE")—0,
rae yg gy f= (f, —f);, o en(f, 9):=f+g

< (1) 'paruna 0Q — sro u rpanula sHemHocTH int(2 \ Q).

(2) Uccnenyemoe MHOXKECTBO — mojairebpa. 3aK/IIOUeHne CJIeyer
u3 9.3.13 u 10.8.17 (cp. 11.8.2).

(3) MoxHuo cuntars, uro F = R. YunrsiBas, aro K (€2) — nopsako-
BBI nyeast, B cuity 10.8.8 3akmodaem Tpebyemoe (nbo K (€2) pasnensier
trouku ') (cp. 10.8.11).

(4) dcuo, uro K(sup@) = K(@) = 0. Ecim & C Op() u &
dunbrpoBano 1o Bospacranuio, To jud f € K(U&) 6yumer: supp(f) C
E nua mekoroporo E € & (B cuny kommakraocru supp(f)). Orcioma
K(U&) = U{K(E): E € &}. Ilycrb, Hakonen, Eq,...,E, € Op () u
f € K(ELU...UE,). B coorsercreuu ¢ 9.4.18 nmetorcst o, € K(FEy)
takue, 9o y ., Y = 1. Ilpm srom f = Y7 ¥ f u supp(fx) C
Ek (k:: 1,... ,n).

(5) mHememenno cienyer u3s (4). o>

10.9.3. ONPEJEAEHUE. @yukmmonan yu € K(Q, F)¥ maspsaior
mepoti (6onee mosno, F-mepoti) Padona wa ) u numyr g € A (Q) =
A (2, F), ecin u|K(Q) € K(Q), xak tombko @ € . HUcnonbsyior
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0003HaYEHN A

[ tau= [ sau= [ @) du@)i= utr) (7 € K@),
Q

Benuauny p(f) naspiBator unmeezpasom f no mepe p. B a10il cBa3m
MepY [L UMEHYIOT UHMEZPALOM.

10.9.4. IIPUMEPHI.

(1) Oz g € Q wmepa Jupaxa 64 = f — f(q) (f € K(Q))
cayzkut Mepoit Pajiona. Ee yacro 0603Ha4aIoT CUMBOJIOM J4 U HA3BIBAIOT
deavma-gpyHryuet 8 movke q.

[Iycthb §2 JOMOJHATENBHO HAJIEICHO CTPYKTYPO TPYIIbI, TPUYEM
obpamenue ¢ € ) — ¢~ € Q u rpynmosoe ymuOKeHUE (8, t) € QX Q) —
st € ) HenpepbIBHBL, T. €. {) — A0KAALHO Komnakmuas epynna. CuMBO-
JIoM § 0603HaYAIOT O, Te e — exununa (. g abeseBbix (KOMMyTaTUB-
HBIX) IPYIII UCIOJIb3YETCS TAKXKE CUMBOJIUKA, CBSI3aHHAS CO CJIOKEHUEM.

B K(Q) pyist a € § uMeroTcs onepamopus (€020 u npasoeo) cosuz06

(an)(Q) = af(q) = f(a_1Q)7

(raf)(@):= fal@):= flga™")
(f € K(Q), ¢ € Q) (cupuraerca f B Q x F). deno, uro ,7, 7, €
ZL(K(Q)). BaxkubiM 1 riiyGOKUM OGCTOATENILCTBOM ABJISETCS HAJIUINE
HETPUBUAJIBHON MHBAPHAHTHONH OTHOCHTEJIBHO JIEBBIX (COOTBETCTBEHHO,
paBbIx) ¢aBUroB Mepbl u3 . (§2, R). (JIeBo)nunsapmanTtubie Mepbl Pa-
JloHa nporopionasbhbl. (Kaxayo) HeHy/IeByO (JIeBOMHBAPHAHTHYTO)
HOJIOXKHUTEIbHYI0 Mepy Pasiona HasbiBaioT (snesoti) mepoti Xaapa (pexe
unmezpasom Xaapa). B ciydae IpaBbIX CABUIOB UCHOJIB3YIOT TEPMUH
(npasas) mepa Xaapa. s abeseBBIX IPYII BCETAA TOBOPSIT O MEPAT
Xaapa. B npocrpancrse RY rtaxoit Mepoit ciry:kut obbranas mepa Jlebe-
2a. B cBasu ¢ atuM 1 0603HaYeHUs OOMUX Mep Xaapa U MHTErpaJjioB
M0 HAM WCTIOJB3YIOT CUMBOJIMKY, AHAJOTHIHYIO IPUHSITON 71 MephI Jle-
Gera. B gacTHOCTH, yCIOBUE JICBOMHBAPUAHTHOCTH 3AIUCLIBAIOT B BUJIE

/f(a_lx)dx:/f(x)dx (fe K(Q),aecN).
Q Q

(2) IIycere M(Q):= (K(Q), || [loo)’- Dmementer M () nHa-
3BIBAIOT KOHEWHbLMU WIH 02panuderHvmu mepamu Padona. ZcHo, 910
OrpaHuveHHbIEe Mepbl B3siThl 13 poctpanctea C'(Q7, F)' (em. 10.9.2 (2)).
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(3) Ml p € A(Q) nonarawor i (f) — u(f*)", vie f(q)i—
fl@* maqg € Qu f e K(Q). Mepy u* Ha3bIBAIOT 9pMUMOBO CONPsi-
orcennol  p. Pazmumume p* u p Bozumkaer jumb 1npu F = C. Ecinm
i = p*, To roBopar o sewecmeennoti C-mepe. fcuo, aro p = py + ipe,
rJie fi1, fl2 — €JMHCTBEHHBIM 06pa30M OIpejiesieHHble BemecTBeHHble C-
Mepbl. B cBow ouepenb, BemecrBeHHas C-Mepa MOPOXKIAETCS JBYMS
R-mepamu (sewecmeentvimu mepamu us A (Q, R)), nbo K(Q, C) —
s1o Komiutekcudukanua K (Q, R)®iK (2, R). Bemecrsenusie R-mepo,
04eBUIHO, cocTaBiAloT K-npocrpancTso. Ilpu 3TOM HHTErpas mo me-
pe ciyxkuT (Opej)MHTerpajioM U BO3HUKAET BO3MOXKHOCTH 0€3 0COOBIX
OrOBOPOK DaCcCMaTpPHBATh COOTBETCTBYIOIINE JIEGErOBBI PACIIMPEHUs U

CBsI3aHHBIE C HUMH IIPOCTPAHCTBA CyMMHUPYEMBIX (B TOM 4HCJIE BEKTOD-
HO3HauHbIX) dyHKIWMA (cp. 5.5.9 (4), 5.5.9 (5)).

C xax0it Mepoit PaJioHa [ CBA3BIBAIOT MOJOKATETBHYIO MEDY |ji],
onpenenennyio s f € K(Q, R), f > 0, coornommenuem

[ul(f) = sup{lu(g)] : g € K(Q, F), [g] < f}.

TacTo Mo CJI0BOM MEPbI TIOHAMAIOT MOJIOYKUTEIBHBIE MEPBI, IIPOIHE Me-
PBL B 9TOM CJIy4ae Ha3bIBAIOT 3aPAJAMU.

Mepsl @ 1 ¥ HA3BIBAIOT QU3BIOHKIMHOLMU HIIA HE3AGUCUMbIMU, ECIIH
|| Ayl = 0. Mepy v Ha3bIBAIOT aBCOMOMMHO HENPEPLISHOT OTMHOCU-
MEeABHO (1, €CJTA V HE 3aBUCAT OT Mep, HE3aBUCUMBIX OT f. Takyro mepy
v MOXKHO 3a1aThb B Buge v = fu, tne f € Lijoc(p) u Mepa fu (¢ naom-
nocmoto f ommocumenvro ) neficreyer no npasuiy (fu)(g) := p(fg)
(9 € K()) (= meopema Padona — Huroduma).

(4) Ecin ' € Op (Q) u u € A (), 10 oupenesneno cyoice-
HUe iy 1= “|K(Q/)' Onepamop oepanunenus b — gy u3 A (Q) B A ()
VIOBJIETBOPSIET YCA06Uut0 cozaacosanusd: mias Q' C Q' C Qu p € #(Q)
BepHO puor = (fqy )qr. DTY CUTYaluio BBIPAYKAIOT CJAOBAME: OTODpazKe-
e A : E € Op () — #(E) u oneparop orpanudenust (= ¢ynrmop
M) 3a1210T Npednyyor (BEKTOPHBIX IpOCTpaHcTB). IlosesHo ybenuThes,
9TO OTOOpazkeHne orpannderus Mep Pamora He 06s13aHO OBITH ITUMOP-
duzmom.

(5) IIycte E € Op () u p € #(2). Tosopsit, uro B E
nem p uin aro Q \ E necém p, eciin pp = 0. Ha ocnosanuu 10.9.2 (4)
CYIIECTBYeT HauMeHbIIee 3aMKHYTOe MHOYKECTBO Supp (i), HecyIree i, —
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HOCUMEAb MePbL (. YcTaHaBiuBaercs, 9To supp(p) = supp(|y|). Bse-
JleHHOe ompeJiesienne corsiacosano ¢ 10.8.12. Mepa /Impaka d, — eaun-
CTBEHHAsI ¢ TOYHOCTBIO JI0 MHOXKUTeJsT Mepa Panona ¢ nocurenem {q}.

(6) Ilycrs Q) — 10KAJIBHO KOMIIAKTHOE IIPOCTPAHCTBO U L), €
A Q) (k:=1,2). Ha npoussenennn )y X {ly CyIECTByeT, U IPUTOM
eTMHCTBEHHAS, MEpa /i Takas, 910 g ux € K () BeImOMHEHO

| w@uw iy ~ [a@dne [ o).

Q1 X0 Q1 Qo

Ucnounb3yior ob6o3uadenus iy X fg = 1 @pe:= p. Ipusiekas 10.9.2 (4),
BuyuM, 9ro s f € K(Qq X Qg) 3Havenne py X po(f) MOXKHO BBIYHCINTE
HOBTOPHBIM MHTerpupoBanueM (= meopema Pybunu 0is mep).

(7) Hycrs G — JIOKAJIBLHO KOMOAKTHAsI TPYIIIA U 3aJaHbI
w, v€ M(G). Ona f € K(G) dyuaxuus Fs, t):= f(st) nHeupepsiBHa u
[(e < )(A] < el vl flloo- Tem cambim onpenenena mMepa Pajona %
v(f):= (uxv)(H (f € K(Q)), nassiBaemast ceépmroti p u v. Vcmons3yst
BEKTODPHBIE MHTErPAJIBL, HOJLYIaEM [IPEICTABICHUSL:

Wk v = /55*5tdu(s)du(t):
GxXG

!55*ydu(s) G/M*fstdl/(t)-

[IpocTpaHCTBO OrpaHUIEHHBIX MEDP OTHOCUTETHHO CBEPTKY IIPEJICTa-
BJIsIeT co00il GaHaXOBY anredpy — ceépmounyio anzebpy M(G). Dra an-
rebpa KOMMYTaTHBHA B TOM U TOJIBKO B TOM Ciiydae, Korjga G — abeseBa
rpymnma. B HazeaHHOM ciry4dae npoctpancTBo Li(G), mocTpoeHHOE OTHO-
CUTEJILHO Mepbl Xaapa m, TakKe 00JIaJaeT eCTeCTBEHHOU CTPYKTYPOi
cBéprounoii anre6psr (momanarebper M (G)). Ee maswearor epynnosot
anzebpot G. Takum obpasom, mis f, g € L1(G) oupenesnenus cBEPTOK
dbyuxmit u Mep cormacosansl (cp. 9.6.17): (fxg)dm = fdm*gdm. Ana-
jorngHo omnpegensior ceépmry 4 € M(G) v f € Li1(G) coorHomennem
(= f)dm := p* (fdm), 1. e. Kak IJIOTHOCTb CBEPTKU OTHOCUTEIHHO
Mepbl Xaapa. [Ipu 3ToM, B 9acTHOCTH,

fw:/mwﬁmwwwi/n@ﬂ@%M)

G G
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Teopema Bengess. Ilycrs T € B(L1(G)). Torza skBuBaJIEHTHDL
CJTEYTONTHE YTBEPIKICHHST:
(i) cymecrByer mepa p € M(G) rakas, uro T'f = p* f upu
f € Li(G);
(ii) T mepecramosouen co c¢upuramm: TT, = 17,7 mist a €
G, rae 7, — €JUHCTBEHHOE OTPAHMIEHHOE IIPOJOJIXKEHTE
oneparopa ¢asura ¢ K(G) na L1(G);
(iii) T(f*g) = (Tf)*g npu f, g € L1(G);
(iv) T(f*xv)=Tf)*v gmmv € M(QG), f € L1(G).

10.9.5. ONPEAENEHUE. IIpocrpancrsa K (£2) u .#()) upusese-
HBl B JIBOHCTBEHHOCTb (MHJYIMPOBAaHHYIO JBOjicTBeHHOCTHIO K ()
K(Q)*). Tlpu srom mpocTpancTso . () HAIEISIOT JOKATBHO BBITYK-
ot Tonostorueit o (A (), K(2)), KoTopyio 0OBIYHO HA3LIBAIOT WUPO-
xot. Ipocrpancrso K () B cBo0 0uepenpb cHabxkaror Tomoorueii Mak-
Ki Tg ()= T(K(Q), .#(Q)) (mosromy, B wacruoctn, (K (), 1)) =
A (). Ilpocrpancrso orpanndeHabix Mep M (€)) paccMaTpuBaloT, Kak
upaBwio, ¢ coupsizkennoit nopmoii: ||p|l:= sup{|p(f)|: Ifllc <1, f €
K@)} (n € M(2).

10.9.6. Tonosiorus Ty () — CHJIbHEHIAs U3 TAKHX JIOKaJIbHO Bbl-
1mykJbIx TonoJioruii, aro sioxenne K (Q) B K () HenpeppiBHO npu Bcex
Q, s koTopeix Q € Q (T. e. Tg(q) — TOMOJOrHs HHYKTHBHOIO IpeE-
aesa (cp. 9.2.15)).

< Ecin 7 — ronosorust meAyKTHBHOTO Ipesena u u € (K (), 7)/,

TO 110 onpejenenuio (1 € A (§2), ubo i o Lk (@) HenpepsBHO MK Q € Q.
B cBoo ouepenp, mua p € () muoxecrso Vg = {f € K(Q) :
|(f)] < 1} — okpecrrocTs Hyas B K(Q)). YdaurbiBas OLpeJesICHHE T,
suguM, 9o U{Vp : Q € Q} ={f € K() : |u(f)| <1} — oxpecTHOCTSH
uyias B 7. Crano 6eith, € (K (), 7)' u 7 cormacosana ¢ asoiicTBeH-
nocreio. [losromy 7 < 7 (q).

C 1pyroif CTOPOHBI, €CM p — IOJYHOPMa U3 3€pKaJjia TOINOJIOTUH
Makku, To p — onopuas yukuus cyoauddepennnana B 4 (). Cie-
JIOBATEJIBHO, ee Cy’KeHne q:= p o Lk (g) Ha K (Q) Bo BeaKoM cirydae To-
syHenpepsiBHO cHu3y. ITo teopeme Tenbdanma 7.2.2 (u3-3a 6oueunoCTH
K(Q)) nomynopma g HempepbiBHA. 3HAYUT, BIOXKEHHE Lk (q) @ K (Q) —
(K(S2), Tk(q)) HENIPEPLIBHO U T > Tx (q) TIO ONPEJIETCHATO HHIYKTHBHOTO
npegesa. >
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10.9.7. Muoxkecrso A B K(RYN) orpammveno (B Tomosorun nayk-
THBHOIO 1pejiea), ecin sup ||Al|s < 400 u, Kpome Toro, HocuTesH dJ1e-
MEHTOB A JieskaT B 061eM KOMIIAKTe.

< Iycrs Bonpekn mokassisaeMoMy mis Q € RY me Bepro, uto A C
K(Q). Unaue rosops, mycts m1st n € N umerorcs ¢, € RN na,, € A, nia
KOTODBIX ap(qn) # 0 1 |gn| > n. Baas B:= {nla,(g,)| " 0y, : n € N},
BUJMM, 9TO 3TO MHOXKECTBO Mep PaJloHa MHMPOKO OrPAHHYEHO H, CTAJIO
6o, nosyuopma p(f) := sup{|p|(|f]) : w € B} meupepsisaa. Ilpu
atoM p(an) > nlan(qn)| ™ 04, (lan|) = n, uTo nporTHBOPEUnT Orpanuven-
moctu A. >

10.9.8. 3AMEYAHUE. [lycrs (f,) C K(RY). IMumyt f, — 0, ec-
m (3Q € RY)(Vn) supp(fn) C Q& || falloo — 0. W3 10.9.7 nemenmento
crenyer, uro pu € K(RN)” apaserca mepoit Panona, ecn p(f,) — 0,
Kak ToabKO fp, —» k0. OTMeTmM TakzKe, 9TO 9TO COXPAHSAETCS st
JEOBOro JIOKAIBHO KOMIIAKTHOIO §), C4emmo20 6 6eckoneunocmu, T. e.
IPEJICTABJIAIONIETO COB0H OObEJIMHEHNE CYETHOTO CeMeilcTBa KOMIIAKT-
HBIX TIPOCTPAHCTB.

10.9.9. SBAMEYAHUE. Ha R cymecTByoT mocsie10BaTeIbHOCTU Be-
[IECTBEHHDIX OJIOKUTEIbHBIX MHOTOUYIECHOB (P, ) TaKue, 9T0 Mepbl P, dx
IITIPOKO CXOMATCS K § IpH 1. — +00. PaccMmaTpuBasi Mpou3BeIeHnsT Mep,
IIPUXO/IUM K TaKuM TojimHoMaM P, #a npocrpancrse RY | uro P,dx mu-
POKO cxoidaTed K 0 (31ech, Kak 00braHo, dx:= dx1 X ... X dxy — Mepa
JleGera na RY).

ycrs teneps f € K(RY) u f npumamnesxut xmaccy C™) B nexo-
TOpOil OKpecTHOCTU KOoMIakTa @ (T. €. UMeeT TaM COOTBETCTBYIOIIUE
HelpepbIBHBIE TIPON3BOHbBIE). Pacemarpusast cBéprku (f * P,), BumnM,
YTO ITO IOCJIE/IOBATEIBHOCTh MHOTOMJIEHOB, PABHOMEPHO AIIPOKCHMHU-
pyfomas Ha () Kak f, Tak ¥ ee TPOU3BOJHBIE JIO MOPSJIKA 1M BKJIIOYH-
TEJIbHO.

Bo3moKHOCTE 110/TI00HOIT peryJisipu3aiiy IpUHATO Ha3bIBaTbh 00006-
wennoti meopemoti Betiepwmpacca 8 RY (cp 10.10.2 (4)).

10.9.10. Teopema o JokaabHOM 3agaHuu mepbl. 1lycre & —
orkpbiToe 1mokpbithe ) u (g)pes — cemeiicrBo mep Pajona: pp €
A (E), npuuem st siro6oit napbt (E', E") sgemeHTOB & Cy»KeHust Mep
we 1 pgr #Ha E' N E” conagaror. Torma cyiecTByeT, M IPATOM €IHH-
CcTBeHHAas1, Mepa (i Ha §2, cy>keHne KOTopoi Ha FE paBHO pp aist jgro60ro

Eecé.
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< Ilpusinekas 10.9.2 (5), TOCTPONM IIOCIIETOBATETEHOCTD

> K(E'NE") > Y K(E) % K(Q) -0,
{(EE"} Eeé&
E.E"c&E'#E"

rJie ¢ TIOPOK/JIEHO CYMMUPOBAaHUEM «KOODJUHATHBIX» BJIOXKEHUH L(p/ prry,
a 0 — obbraHoe ciokeHue. [IpsiMble CyMMBI 110 OOIIEMY TPABHUJLY TOIO-
JIOTM3UPOBAHBI KAK UHIYKTUBHBIE peaesnl (cp. 10.9.6).

V6enuMcst B TOYHOCTH [TOCTPOEHHOI TT0c1e/[oBaTeabHocTr. 11ocKombh-
Ky Boinosteno K () = UgeaK (Q), ¢ yuerom 10.9.2 (4), MOKHO orpanu-
YUTHCHA CJIyIaeM KOHEYHOI'O MMOKPBITUS U YCTAHOBUTH TOYHOCTH BO BTO-
POM dJIeHE.

Wrak, mycrsb jyist HOKpbITHI u3 1 1ementos {Eq, ..., E,} (n > 2)
JIOKA3aHO, ITO TOYHA [TOCJIEJ0BATEIHHOCTD

n
K, - HK(Ek)&K(Elu...UEn)HO,

k=1
rJe L, — «Cyx)eHue» ( Ha K,, a orobpakeHue ¢, — CyYMMUPOBaHUE U
K, :— H K(E,NE).
k<l
k,le{1,...,n}

ITo mouymenuio ime, = kero,. Ecmm an,l(]?, fns1) = 0, rue f::
(fis-osfn)ymoonf=—fni1 4 fni1 € K(E1U...UE,) N Epi1).

Ha ocnoanuu snumopdHOCTH 04, OBectieuennoii 10.9.2 (5), cyrue-
creyor 0, € K(Ex N E,+1) Takue, uro mug 0 := (0,...,0,) Gyner
0nb = — fni1. Orciona (f— 0) € ker o, u IO JOIIYIIEHUIO MOKHO TIOJI0-
6path » € K, IyId KOTOPOI'O Ly, = ]7— 0. dAcuo, uro

n
Kpi1 = Ky x H K(ExNE,.1)
k=1
(¢ TounocTbio 10 u30MOpbuU3Ma), 32:= (3¢, b1,...,60,) € Ky 1 Uty 113 =
(f7 fn+1)'
ITepexons K coupsizkenHoit guarpamme (cp. 7.6.13), umeem TOUHYIO
[OCJIEJIOBATELHOCTD

0.2 [l aE -~ [  #ENE".
Ee& {E',E"}
E/,E//Eéa,EliE//

910 1 TPebOBAIOCH YCTAHOBUTD. [>
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10.9.11. BAMEYAHUE. B romnosoruu mpemny ke, JOIyCKAOIIIe Ta~
KYI0O BO3MOXKHOCTH JIOKQJTBHOTO 3aJI[aHUsl CBOUX JIEMEHTOB, Ha3bIBAIOT
nyukamu. B 3sroil cBasu yreepxkienue 10.9.10 BBIpaXkaroT CJIOBaMMU:
upeznyuok mep Pagona  +— 4 () — 910 mywok wiu, Gojiee Kare-
ropuuHo, ¢pyHKTOp A — nyuox (cp. 10.9.4 (4)).

10.10. IIpocrpancra 2 () u 2'(")

10.10.1. OUPEAEJEHUE. OchosHol nan npobroli Ha3bIBAIOT pu-
HuTHYI0 riaakyio dyskmmo f : RY — F. Ilpum srom mumyr f €
PRY):= (RN, F). Ina Q € RY u Q € Op (RY) nomaraior 2(Q):=
{fe2@®RN): supp(f) CQ} n 2(Q):=U{2(Q): Q € Q}.

10.10.2. CupaBemyiuBbI yTBEPXKIACHUSI:

(1) 2Q) =0 intQ = o;
(2) mycrs Q € RN u

fllng:= > 110*flew) =

la|<n

> swl(0..0™ Q)

ae(@Z)N
a1 +...tany<n

JUTsI TIaiKoit (B okpectHOCTH Q) byHKnmu | (kak 06brd-
mo, Z, = NU {0}). Mymsrumopma Mg = {|| - ||ln.q :
n € N} npespamaer 2(Q) B npocrparcrso ®pernie;

(3) mpocrpancreo runaaknx dyaknuii Coo(2) := &(Q) Ha
Q € Op (RY) ¢ myapruropmoit Mo == {|| - |lno : n €
N, Q € Q} — npocrpancrso @pemnte. Ilpu srom Z(Q)
maoTHO B C (2);

(4) myers Q1 € RY, Q; € RM nw Q € Q1 x Qy. JIn-
Hefinass obosouka B 2(Q) caeqos Ha @ dynkuuii Bu-
aa fife(qr, @) = fi ® f2(qr, @2) = fi(q1)f2(q2), e
qr € Qk, fx € 2(Qr), wiorna B 2(Q);

(5) orobpazkenne E € Op () — Z(E) € Lat (2(2)) coxpa-

HAET TOYHBbIC BEePXHHUE I'DaHUIbI:
P(E'NE") = 9(E'Yn 2(E"),
G(E'UE") = 9(E') + D(E");
2(UE) = L(U{2(E): Ec&)) (£ Op()).
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IIpwm 5TOM TOUHOI SABASIETCS CICIYTOIIAsT TIOCIEI0BATE Th-

rocrs (cp. 10.9.2 (5)):

1‘(E’,E”) G'(E’,E”)

0—2(E'NE") 2(E') x 2(E") 2(E'UE") — 0.

< (1) u (2) oueBuHBL

(3) Boibupaem nocsiezoBaTesbHOCTD (@i )meN, A KOTOPOii @, €
Q, Qm € Qm+1; UnmenQm = Q. Ilpu stom mynsrumopma {|| - ||n.0,. :
n € N, m € N} cuerna u sxsusanentna M. Ccebuika na 5.4.2 06-
OCHOBBIBAET METPH3YeMOCTh. IlOJHOTa COMHEHMiI HE BBISBIBAET. JIjis
ycranoBierns wiotHocTH Z(§)) B Coo (€2) paccMOTpUM MHOMKECTBO Cpe-
sweamenet Tr () := {¢ € 2(Q) : 0 < < 1}. IIpespamaem Tr (€2) B
nanpasaerue, nojarag 1 < g < supp(yr) C int{eo = 1}. fcno, aro
st f € Coo(Q) cets (P f)yety () aNIpOKCHMUPYeT f HyKHBIM 06Pa30M.

(4) ycrs a(q’, ¢"):= d'(¢")a" ("), tne d’, a”" — ycpenusiiomue sinpa
B RY u 8 RM coorsercrsenno, a ¢ € RN u ¢’ € RM. Jlna f € 2(Q),
m € Nu e > 0 nogbepem x u3 ycsoBus || f — f*ay|lm,o < /2. Yaursr-
Basl PABHOCTEICHHYIO HEIPEPLIBHOCTL ceMedicrsa F = {0% f(q)1,4(ay) :
la] < m, ¢ € Q1 X Q2}, HaiimeMm KoHeuHble MHOkecTBa A’ C Q,
A" C Qo Tak, 9TOOBI MHTErpai KaxKa0il QyHKIUHA U3 % ¢ TOIHOCTHIO
10 1/2 (N + 1)™™e anupokcumuposaJics cymmoii PuMana, orBedarormeit
toukam u3 A’ x A”. Bosmmkaromas npu sroM dbyskimma f uz 2(Q)
tpebyemas, T. e. ||f — fllm.o < &.

(5) ycranasmusaror kak 10.9.2 (4) ¢ 3amenoii 9.4.18 ma 9.6.19 (2). >

10.10.3. BAMEYAHHUE. dus nposepku 10.10.2 (4) MoxKHO mpuMe-
HUTH 0600IIEHHYI0 TeopeMy BefiepmTpacca, COeIUHEHHYIO CO CPE3bIBa-
HUeM, 06ecIeunBaoNyUM (PUHATHOCTH KOHCTPYUPYEMBIX TPHOJINKEHHIA.

10.10.4. ONPEAEIEHUE. Pymkimonan u € 2(Q, F)” nasbisa-
10T 0606wennolt dynkyueld um pacnpedeseruesm (MHOTAA HTOOABJISIOT
CCBUIKY Ha 1pupody nojga F) u numyr u € 2'(Q) := 2'(Q, F), ecau
ulgQ) € 2'(Q):= 2', xak Tompko Q € Q. Vcnonbsyior obbranbie 06o-
snavenns (u, f):= (f|u):= u(f), a urorja n HauGoJIee BHIPA3UTEIHHbIIH
€JINHBIII CUMBOJL

/ f@yu(z) de:= u(f) (f € 2(Q)).
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10.10.5. IITPUMEPHI.

(1) Ilyets g € Ly joc(RY) — mekoTopas TOKaJILHO HHTETPH-
pyemas dyuknus. Torma orobparkeHne

uy(f) = / f@)g(@)dz (f € 2(Q)

3a/1a€T pacupejesenue uy. O600meHnbIe PYHKIMN TAKOIO BUIA HA3bIBa-
0T pe2ysaprumu. s 0bo3HadeHns PEryIapHOil 06001IeHHON hyHKITUN
Ug UCTIONB3YIOT GoJiee ymoOHBIN CUMBOMI g. B 9Toil ¢BA3H, B 9aCTHOCTH,
mumyT: 2(Q) C 2'(Q) u ug = | g).

(2) Kaxnas mepa Pajmona — pacnpezesnenne. Besikoe no-
aootcumenvroe pacnpedeaenue u (T. e. takoe, uro f > 0 = u(f) > 0)
3aJ1aHO IIOJIO?KUTEJIbHOU MEPOi.

(3) ToBopsr, 4To pacupejeeHue u 064a0aem nopaokom e
evuwe m, ecau jyuis Joboro @ € RY cymectsyer unciio tg Takoe, uro

[u(H)l <tollfllma (f € 2(Q)).

EcrecTBeHHBIM 06pa30M BBOJISAT HOHATUS NOPAJKG PACHPEOEAEHUA T PAC-
npedeaenus Koneunozo nopadka. Pasymeercs, He KaxkJ0e pacrpeieiie-
Hue 003aHO UMETh KOHEYHBIH TOPSJIOK.

(4) Ilyers a — mymbrumngexc: « € (Zy )N u u — pacnpese-
nerne: u € 2'(Q). s f € 2(Q) momarator (0%u)(f) = (—1)1*lu(d*f).
Bosuukaromee pacupezenenne 0%u Ha3bIBAIOT NPou3sodnol u (1opsi-
ka «). [oBopsT Takxke 06 0b6obwernom Judpepenyuposarus, o npous-
BOOHDIL 8 CMBICAE MEOPUU Pacnpedesenus M T. TI., TPUMEHsIsT OOBIIHbIE
CUMBOJIBI.

ITpoussopnas (HemyseBoro mopsizka) mepol Jupaka — 910 He Mepa.
B To xe Bpems § € 2'(R) cayxut npoussogHOl Pyrkuuu Xesucaiida
61 := H, tne H : R — R — xapakrepucruueckas dyukius R, . Ec-
JIU [IPOM3BOJHAS (peryssipHoil) 0606IeHHON (DYHKIMU U — PeryssipHoe
pacIIpe/ieJIeHne Uy, TO § HA3BIBAIOT NPoussodnoti u 6 cmuicae Cobonesa.
st ocHOBHOM (DYyHKIINM Takas MPOMU3BOIHAS COBIIAIAET C OOBITHOIM.

(5) g u € 2/'(Q) monmarator u*(f) := u(f*)*. Bosuuka-
Iollee pactpejiesieHue u* Ha3bIBAIOT (IPMUIMOG0) CONPANCEHHHIM K U.
Hasmmuue nHBoMIIONMK * MO3BOJIsieT, Kak o0baHO (cp. 10.9.3 (3)), roso-
PUTH O 6EULLCMEEHHDBIT PACIPEOCACHUAT U O TIOPOKJICHUH C UX TIOMOIIBIO
KOMNAEKCHBIT 0000ULeHHLT PYyHKuud.
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(6) Ilycte E € Op(Q) nuu e 2/(N). Ona f € Z(E), oue-
BuzHO, onpesesier ckasap u(f). Tem caMbiM BO3HUKAET pacipejiesieHue
ug € 2'(E), naseiBaemoe cyorcenuem u wa E. Ouebnmno, uro dbyHK-
TOp 9’ — 3TO Npe Ty oK.

IMpuu € 2'(Q) u E € Op () rosopar, uto B F nem u, ecm ug = 0.
B cuy 10.10.4 (5), pacupe/iesieHusi & HET U B OObEJINHEHAN T€X OTKPbI-
TBIX TIOIMHOYKECTB B {), B KOTOPBLIX u otcyTcTByeT. Jonommerne (10 RY)
HauOOJIBIIIErO OTKPBITOTO MHOYKECTBA, B KOTOPOM HET U, HA3BIBAIOT HOCU-
meaem u u 06o3HagaoT supp(u). Ormerum, uro supp(9®u) C supp(u).
Kpome Toro, pacnpejiesieHne ¢ KOMIAKTHBIM HOCUTEIEM UMEET KOHEUHbBIH
MOPSIJIOK.

(7) Hycts w € 2'(Q) u f € Coo(). Lz g € 2(Q) byner
fg € 2(Q). Homaraor (fu)(g):= u(fg). Bosuukaiomee pacupe/enemnue
fu naseBator npoussedenuem f na u. Ilycrs reneps Tr () — nanpas-
Jenne cpespiatesieil. Ecim cymecrsyer npegen limyery (o) u(f), To
FOBODPAT, UTO U Npumerumo ¥ dynrxuuu f. fcHo, uTo pacnpejgenenue u
¢ KOMIIAKTHBIM HOCHTEJIEM HPUMEHUMO K Jito00i dyukimu u3 Cuo ().
IIpu stom u € &'() := Coo (). B cBOWO 0uepeib, KasKIblil 3JIeMeHT
u € &'() (em. 10.10.2 (3)), 04EBUAHO, OAHOZHATHO OIPEIETISAET PAC-
upezenenne u € 2'(£)) ¢ KOMIIAKTHBIM HOCUTEJIEM.

Ecin f € Coo(Q) 1 8°‘f’5upp(u) = 0 pu Beex , Jyist KOTOPBIX |ar| <
m, TJIe U — PACIpeIe/IeHIe ¢ KOMITAKTHBIM HOCUTEJIEM TIOPSIIKA HE BBIIIE
™M, TO, KaK MOXKHO ymocroseputhbes, u(f) = 0. B wacrhocru, orcioma
CJIeJIyeT, 9TO TOYEeUHBIN HOCUTEIh MMEIOT TOJIBKO JTUHEHHbIe KOMOUHAIIN
Mepsl Jlupaka u ee MpOM3BOJAHBIX. <>

(8) Ilycts Qy, Q5 € Op(RY) u u, € 2'(). Ha mpous-
Begienun §); X (lo CyIIECTBYeT, M HPHUTOM eJIMHCTBEHHOE, paclipejeJe-
HUe u Takoe, 4T mist fr € P(Qy) Bomonneno u(f1fa) = ui(f1)ua(f2).
9T0 pacupemenrenne 0003HATAIOT U] X U WIH Ke Uy @ Us. lIpuBiekas
10.10.2 (4), Bumum, uro gust f € P(21 X Qo) 3Havenue u(f) MoxHO
HANTHU [TOCTIEI0BATE/ILHBIM IIPUMEHEHUEM U1 U Uz. LOUYHEE TOBOPSI,

u(f) = u2(y € Qo —ui(f(, v)) =
= ul(x S Ql [ UQ(f(IL', )))

B Gostee 06pasubix 0603HAUEHUSIX UMeeM meopemy Pyburu das pacnpe-
denerudi:

[ 16 v xuz)a, vy dody -

Ql XQQ



10.10. ITpocrpancrsa 2(2) u 2'(Q) 255

:/ /f(x, y)ui(z) dr | ua(y) dy =

Qo Q1

~ [ [ e vuwiy | w .

Q Qo

ITosteano ormMeTuTH, ITO

supp(uy X uz) = supp(u1) x supp(us).
(9) Iyers u, v € 2'(RY). Haa f € 2(RY) nonomum
+

+
f = fo+. dcuo, uro f € Coo(RYN x RN). Tosopar, uto pacmpe-
JIEJICHUST U U U CEEPMBLEALMDbL, KOHBOAOMUBHDL WITH CEOPAHUBLEMDbL, €CITH

npoudsederue U X v IPUMEHUMO K JII000i dDyHKIMN f C O (RN x RM)
s f € P2(RY). Jlerko sumers (cp. 10.10.10), ¥ro BosHEKAIOMME /-

Heitublil Gyukmuonan f — (u x v)( f) (f € 2(RY)) spastercs pactpe-
generneM. Ero HaswuBaioT ce€pmkot u u v U 0b03HAYAIOT U * v. Heco-
MHEeHHO, 9To cBEpTKH byrKkmmit (cm. 9.6.17) m mep ma RY (cm. 10.9.4
(7)) UpencTaBISIFOT YACTHBIE CIy9an CBEPTKU PaclpejeneHuii. B Hexko-
TOPBIX MHOXKECTBAX JII00as ITapa paclpeeleHnii ceopaansaema. Hampu-
mep, npocmparicmeo &' (RN) pacnpedeaenuti ¢ xomnaxmmvimu nocume-
AAMU C OIlepalleil CBEPTKH B KavecTBe YMHOXKEHHs IIPe/ICTaB/IsSeT CO-
6ol (accomMaTUBHYI0, KOMMYTATHBHYIO) agrebpy ¢ eIMHUTE — JeIbTa-
dyukuueii §. Ipu stom 0% = 0% * u, 0%(u *x v) = 0%u *x v = u * IVv.
Kpome Toro, umeer mecTo 3amedareibHOE PaBeHCTBO (= meopema Jlu-
OHCA 0 HOCUNEAAT):

co (supp(u * v)) = co (supp(u)) + co (supp(v)).

IMoguepkHeM, 9TO MoHapHAsi CBOPAYUBAEMOCTH PACIpeesieHuil He obec-
nednBaet, BOoOIIe ToBops, accormaruBHocTH cBEpTKE ((1%40')* (-1 =0
ulx (6 %60Y) =1, rae 1:= 1g).

Kaxxnoe pacmpenenenme u cBOpadHmBaeMO ¢ OCHOBHOH yHKImeH f
1o peryasipaoro pacupegenenust (uxf)(z) = u(r.(f7)), toe = f — om-
paoicenue f,T.e. flx):= f(—x) (x € RN). Oneparop u* : f — uxf neii-
creyer w3 Z2(RY) B O (RY), HemrpeprniBen n mepecTaHOBOYEH CO CBATA-
M (ux) Ty = Tpuk aas o € RY. Jlerko BujieTs, 9To Ha3BaHHbIE CBOHCTBA
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xapakrepuctuieckue, T. e. eciu oneparop 1 us L (Z(RY), Cx(RY))
HENPEPBIBEH U MEPECTAHOBOYEH CO CIBUTAMH, TO CYIIECTBYET, M HDH-
TOM €IUHCTBCHHOE, pacIpeleseHue U Takoe, 910 T = u% — HMMEHHO

u(f):= (T"8)(f) nna f € 2(RYN) (cp. ¢ Teopemoit Benens).

10.10.6. ONPEAENEHUE. IIpocrpancrea 2(Q) u 2'()) cuuraror
[PUBEEHHBIME B JIBOMCTBEHHOCTD (MH/LYIIMPOBAHHYIO JBOHCTBEHHOCTHIO
2(Q) < 2(Q2)7). Ipu stom npocrparctso Z’({)) magensor mono-
aoeuel npocmpancmea pacnpedeseruts — o(2'(Q), 2(Q)), a 2(Q) —
Monoao2ueti NPOCIPAHCMEa 0CHOBHUE PyHKyuld — Tonosorneli Makku

Tg = Ty = 7(2(Q), 2'(0)).

10.10.7. Iycrs Q € Op (RY). Torza

(1) romosorust T — cuibHeHIIAS U3 TAKUX JIOKAJIHHO BbI-
HyKJIBIX TomoJiorut, uro sioxkenne 2(Q) B P(Q) uernpe-
pbIBHO 1IpH Q) € §) (T. €. Ty — TOHOJIOTHsI HHYK THBHOTO
1pesesia);

(2) muOM)CECTBO A B P()) OrpaHHYEHO B TOM H TOJIBKO B TOM
cydae, ecyu Jjisi Hekoroporo () € ) MHOXKecTBO A 110-
magaer B 9(Q) u orpanndeno B 7(Q);

(3) mocrenoparenbrocts (fy) cxonures k f B (2(), T9)
B TOM U TOJIbKO B TOM CJjiy4dae, €C/IM UMeeTCd KOMIIaKT
Q € Q raxoit, aro supp(fn) C Q, supp(f) C Q m (0% fn)
paBHOMEPHO Ha ) cxomurcest K 0% f 1jist Bcex MyJIbTHUH-
JEKCOB (¢ (CHMBOJIMYCCKH: fr, — f);

(4) omeparop T € L(2(2), Y), e Y — J10KaJIbHO BBIITYK-
JIOe MPOCTPAHCTBO, HEIPEPBIBEH B TOM U TOJBKO B TOM
cay4qae, ecoiu T f,, — 0, Kak ToJIbKO [, — 0;

(5) kakmas geapTOOOpa3HAs TOCTETOBATEIBHOCTS (by) CIIy-
KUT (CBEPTOYHOM) alIPOKCUMATUBHON €JUHUIICH KAK B
D(RN), raxk u B 2'(RN), . e. gna f € IRY) u
u € 2'(RN) Bepro: by * f — f (B Z(RN)) m b, *u — u

(8 2'(RN)).
< (1) ycranasimsaercst Kak 10.9.6, a (2) — no anagoruu ¢ 10.9.7
¢ yuerom rnpejcrapierus () B Buje obbemuHerus ) = UpenQn, TIe

Qn € Qni1 msin € N.
(3) Ciremyer 3aMeTUTD, 9TO CXOIAIIALACS TIOCIEIOBATEILHOCTD OTrPa-
HUYeHa, a 3areM npusiedsb 10.10.7 (2) (cp. 10.9.8).
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(4) B cuiry 10.10.7 (1) meupepsiBaocTb T’ paBHOCHIIbHA HEIPEPHIB-
HOCTHU Cy KEHUI T|@(Q) misg Q € Q. B cuny 10.10.2 (2) upocrpancrso

2(Q) merpusyemo. Ocranocs cocnarbes Ha 10.10.7 (3).

(5) Hdcno, uro HOcuTermm supp(b, * f) JeKaT B HEKOTOPOH KOM-
nakTHO# okpectHocTH supp(f). ITommmo storo, aaa g € C(RY) oue-
BUJIHO, 9TO by, * ¢ — ¢ PABHOMEPHO HA KOMIIAKTHBIX IIOJ(MHOMKECTBAX
RY. Tlpumenss mocremiee yTsepxaenue K 0%f u yuntoisast (3), Bu-
gam: by, x f — f.

C yuerom 10.10.5 (9) m1sa f € 2(RY) umeem

u(f) = (wx £)(0) = lim(u * (by x f))(0) =
= lm((u * by) * £)(0) = lim(by * w)(f).

10.10.8. BAMEYAHUE. B cBasu ¢ 10.10.7 (3) sz Q € Op (RVY)
um € 7, 4acto Beyiensior mpocrpanctso 2™ (Q) = C’ém)(Q), co-
cTaBJIeHHOE U3 (PUHUTHBLIX (DYHKIMH f, BCE MPOU3BOIAHBIE KOTOPBIX 0% f
npu |a| < m menpepwieuel. [Ipocrpancreo 2 (Q):= {f € 2™ (Q) :
supp(f) C Q} mia Q € ) cuabxaoT HOPMOH || - ||, HpeBpaInast ero
B 6anaxoso. IIpu srom 2(™)(Q) majensaOT TOMOMOTHEH HHTyKTHBHOTO
npesena. Takum obpasom, 20 (Q) = K(Q) u 2(Q) = Npmen2™(Q).
Cxommocts B 2™ () nocneosarebHOCTH ( f,,) K HYJTIO O3HAYAET PaB-
HOMEPHYO CXOJIMMOCTD C IIPOU3BOJHBIMHA JI0 MOpsiyika m Ha Q € €, rye
supp(fn) C @ g Bcex jpocraTodHo Gosbmux n. IlogdepkHem, [To
2™ (Q) cocrasieno pacnpedeenuamu nopadxa ne eviwe m. Coorser-
CTBEHHO

2%(Q):= | 2t (@)

meN

— NPOCMPAHCMEO BCET 000OULEHHBT PYHKUUL, UMEIOWUT KOHEYHBIT NO-
PAJOK.

10.10.9. IIycrs Q € Op (RY). Torza
(1) mpocrpancrso 2(§)) 6ovedno, T. e. Kaxkuoe abCOJIOT-
HO BBIIYKJIO€ 3aMKHYTOE IOIVIOIIAIOIee MHOKECTBO (=
604Ka) B HEM — OKPECTHOCTb HYJIS;
(2) Jo6oe orpaHmueHHOE 3AMKHYTOE HOLMHOMXKECTBO P (1)
KOMIAKTHO, T. €. 9 (§)) — MOHTEJIEBO IPOCTPAHCTBO;
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(3) Besikoe abcomorHo BhIIyKJI0€ MHOXKECTBO B Z()), 1M0-
IIOIAIoIee KazKJ0e OrPAHHYCHHOE MHOYKECTBO, SIBJISIET-
¢sl OKPECTHOCTBIO HyJIsl, T. €. P(§) — 6opHOIOrHIecKOe
IIPOCTPAHCTBO;

(4) ocuoBuble pyHKIMU IJIOTHBI B IPOCTPAHCTBE 06OOIIECH-
HBIX (QYHKITUL.

< (1) Bouka V B 2(2) Taxosa, uro Vg := VNZ(Q) — 6ouxa B Z(Q)
npu @ € Q. Crazo 6birb, Vg — okpecTHOCTS Hy1d B 2(Q) (cMm. 7.1.8).

(2) Takoe MHOXKeCTBO J1exKUT B Z(Q) 115t HEKOTOpOro ) € ) B cuity
upenoxkernst 10.10.7 (2). Ha ocroBannu 10.10.2 (2), 2(Q) mMerpusyemo.
VYuureiBas 4.6.10 u 4.6.11, nocjiegoBaTeIbHO MPUXOIUM K TPeOyeMOMYy.

(3) cnemyer u3 Goprosornanoctn 2(Q) npu Q € .

(4) Iycrs g € | 2(02))°, e yKa3aHHAs MOJSAPA BBIYUCIAETCS JJIs
npoiicreennoctn Z(Q) — 2'(Q). dcno, uro nyst f € () BbimoIHEHO
ur(g) =0, r.e. [g(z)f(z)dx = 0. Urax, g = 0. Ocraercs cocnarbes
ma 10.5.9. >

10.10.10. Teopema IIlBapna. Ilycre (uk)ken — HOCIELOBATEN D
HOCTH pacipezeseHuii u aisi kaxiaoro [ € 2() umeercs cymma

u(f)i= > un(f):
k=1

Torma u — pacupesnenenue, IpaIeM
o0
0% = Z 8O‘uk
k=1
JIJIST BCSIKOTO MYJIBTHHHJIEKCA (L.
< Henpepsieaocts u obecnedena 10.10.9 (1). ITomumo sToro, npu
f € 2(Q) no onpenenenuio (cm. 10.10.5 (4))

%u(f) =
= ((—1)\0480‘]0) = i Uk ((_1)\04804]0) _
k=1

= Z@auk(f). >
k=1

10.10.11. Teopema. ®@ynxrop 9’ — my4ox.
< Ouesnzno (cp. 10.9.10 u 10.9.11). >
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10.10.12. 3AMEYAHUE. Bo3MOXHOCTH 3aJaHUs PACIpPEIeIeHus
JIOKAJIbHBIMU JIAHHBIMU, T. €. NPUHUUN A0KAAUIAUUY OAf% 0000ULEHHDIT
¢yrxyul, koacrarupoBansbiii 10.10.11, jgomyckaer yroyHeHre BBULY I1a-
pakommaxTHocT RY. UMenno, ecm & — OTKpBITOE HOKpBITHE ) 1
u € P'(}) — pacupeseieHne ¢ JIOKAJbHBIMU JAHHBIMU (Ug)pes, TO
MOXKHO B34Tb HOJYMHEHHOE & CYeTHOe (JOKAJbHO KOHEYHOe) pasbue-
Hue eauHuipl (Vg )gen. BuiHo, 4ro u = Zzozl Yruk, TIE U = Ug, #
supp(Yruk) C Ex (k € N).

10.10.13. Teopema. O606ieHHast pyHKIH U Ha ) HOpsiIKa He
BBIIIIE M, JIOIYCKAET IIPEJCTaBJCHHE B BHJE CYMMBbI IIPOHU3BOJHBIX MEp

Pasona:
- Y o

lal<m

e po € A(Q).

< IMycrs cuagana u 06aaJaeT KOMIAKTHBIM HOcATeneM supp(u)
u @ € ) — xomunakTHas okpectHocTh supp(u). Io yemaosuto 6yzer (cp.
10.10.5 (7) 1 10.10.8)

()<t > 110%flle (f € 2(Q))

laf<m

1pu HeKOTOpoM ¢ > 0.
ITpussekas 3.5.7 u 3.5.3, ¢ yuerom 10.9.4 (2) umeem

u=t Z Ve00% =t Z (—=1)llgy,

la|<m o] <m

JITST TTOJIXOJSAIIET0 CeMeicTBa (Vo )|a|<m, 1€ Va € [O|([| - [loo)-

Iepexons Temephb K 0O6IIeMy CJIydalo, PACCMOTPHM HEKOTOPOe pa3tu-
enne enmHATH (V) )ken, 0OpasoBanHoe Takumu Yy € 2(1), 9T0 OKpecT-
HocTH Q) HOCHUTeN et Supp(¢y) COCTABIIAIOT JIOKAJIHHO KOHEYHOE TOKPbI-
tue Q (em. 10.10.12). s pacupenesnenuit (¢pu),eN HA OCHOBAHUM yXKe
JIOKA3QHHOTO MMEEM

Yru = Z 8a,uk,ou

lo|<m

rae fg,o — Mepsl Pajgona Ha ), npudem supp(fik,o) C Q.
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IIpusnekas teopemy IIBapma 10.10.10, cpa3y Bumum, 4TO OIpe/ie-

JIEHA CyMMa,
o0
= Z Nk,oz(f)
k=1

st f € K(Q) n Bo3HUMKarIee paclpejiesieHne i, — Mepa Pajona.
Buoss amemmupys k 10.10.10, momygaem:

ufzwfz S e Y 8(?“) =Y 9

k=1 |a|<m la|<m lal<m
910 u TpeHOBAIOCH. >

10.10.14. 3AMEYAHUE. YtBepxkienue 10.10.13 gacTo Ha3bIBAIOT
meopemot, 06 obuiem sude pacnpedesenuti. OHa HOMyCKAaeT pa3sHOOOPa3-
Hble 0000ITeHNsT 1 yTouHennsa. HampumMep, MOXKHO yOeIUTHCS, ITO MEPa
Pajona ¢ KOMIAKTHBIM HOCUTEIEM CJIyXKUAT OOOOIIEHHON TPOU3BOIHOMN
(IIoAXOASIIEro MOpsijiKa) HEKOTOPOil HEeNPEPBIBHON (DYHKIWMM, YTO I103-
BOJISIET JIOKAJIbHO PaCCMaTPUBATH JIFOOYIO OOOOIIEHHYIO (DYHKIHIO Kak
pe3yabraTt 06001eHHOr0 AuddepeHImpPOBaHns OObITHON BDYHKIIAN.

10.11. IIpeobpasoBanmne Pypbe yMepeHHbBIX
pacrpeaejgeHuit

10.11.1. Ilycrs x — HeHy/IeBoH (DYHKITHOHAJ, 3aJaHHBIH Ha MpO-
crpancree L1(RY):= Li(RY, C). DxBuBasenTHb yTBEPHK IeHUS:
(1) x — xapakrep rpymmosoit are6psr (Li(RYN), *), T e.
X 70, x € Li(RY) u

X(f*9) =x(f)x(9) (f, g € Ly(RY))

(cumpomraeckn: x € X(Ly(RN)), cp. 11.6.4);
(2) cymectByer, m mpuToM eauHCTBeHHBIH, BekTOp t € RY
rakoil, aro st kaskaoro f € Ly(RY) semosmero

X(f) = Fit)y= (f + en)(0 / F@)eD da.

< (1) = (2): Iyers x(f)x(g) # 0. Ecim z € RY, 10
X(0z % f o g) = x(0z * f)x(g) = x (0 x g)x(f)-
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omoxum (x) := x(f) " 1x (0, * f). Tem caMBbIM KOPPEKTHO OTIPe/IesIeHo
HeIPEePhIBHOE OTOOpaKeHue 1 : RN — C. IIpu srom mist z, Yy € RN
Oymner

Y(r+y) =
X(f 9)” 1><( ey (f*9) =
= x(f) " "x(9) 7 X (8 f ¥ 0y % g) =
= x(£)"'x(6, *f) (9)"'x(0, % g) =
= ()Y(y),

T. e. 1 — Tpymmosoit (yEuTapmbIi) xapaktep: ¥ € X(RN). Anamms
MOKA3bIBAET, UTO ) = €; JJIsi HEKOTOPOro (OUeBHHO, €MHCTBEHHOTO)
t € RN, IIpu sToM ¢ yueToM cBoiicTB uHTerpasa BoxHepa

x(f)x(g) = x(f *g) = x ( /(695 xg)f(x) dx) =
]RN

- / X(6 % 9)f (z) dz = / F@)x(g)b(e) dz =
RN RN
(9) / F(@)o(x) dz
RN
Takum obpazom,

/f z)dx (f € Li(RN)).

(2) = (1): PaccmarpuBast f, g U f % g Kak pacupeesieHusl, s
t € RN BpommM:

—

fxg(t) = upg(er) =

://f(ac)g(y)et(x+y)d$dy:/f(l”)et(x)dx/g(y)et(y)dy:

RN RN RN RN

~

= ug(eug(er) = f()g(t). >
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10.11.2. BAMEYAHUE. IIpoBesieHHbIe pACCYKICHNUS B CYIIECTBEH-
HOM COXPaHSIOTCS JJIst JIF000# JIOKAJIbHO KOMITAKTHOH abeJsieBOil Ipyi-
bl G. Xapakrepsl rpymnosoii anre6psl n3 X(Li(G)) ogHO3HAYHO CBsi-
3aHBL C (YHUMAPHLMU) 2pYnnosumyu rapakmepamu G, T. €. ¢ HelpepbIB-
HbIME oTOOpaxkerusMu ¢ : G — C, 11 KOTOpPBIX

V(@) =1, Pz +y) =@l (v, yed).

OTHOCUTE/ILHO TIOTOUETHOTO yMHOKeHHs! MHOKecTBo G :— X(G) TaKix
XapaKTepOB IPeJICTAB/IAET KOMMYTATHBHYIO IpyIry. II0CKOIBKY 110 Teo-
peme Asaoriny — Byp6aku X(L;(G)) J0KaIbHO KOMIIAKTHO B CIa00M TO-
nonormn o((L1(G))', L1(G)), 1o G MOXKHO paccMaTpHBATH KAK JOKAJb-
HO KOMIIAKTHYIO abesieBy rpyiy. Ee HaseiBaior epynnot zapaxmepos G
win deoticmeennoti k¥ G epynnoti. Kaxaprit sslement ¢ € G onpejiesisier

xapakrep ¢ : ¢ € G — q(q) € C apoiicreennoit rpynnst G. Bosnukaro-
mee Biaoxkeane G B G — n30Mopdu3M JIOKAIBLHO KOMITAKTHBIX a6eIeBhIX

rpyutt G u G (= meopema deoticmsennocmu Honwmpsaezuna — ean Kam-
newna).

10.11.3. OnPEAEAEHUE. s dynxmuu f € Li(RY) orobpaske-
mue f: RN — C, onpenesennoe nmpasuiom

F&)= f(t):= (f *ex)(0),

HA3BIBAIOT npeobpasosaruem Pypve f.

10.11.4. BAMEYAHUE. Tepmun «upeodbpazoBanue Oypbes TpakTy-
IOT PaCIIUPHUTENBHO, JOMyCKas yI0OHYI0 BOJBHOCTBIO. BO-NEpBBIX, €ro
COXpaHAIOT Kak i omepaTopa .# : Li(RY) — (CRN, JIefiCcTBYIOTIIE-
ro 1o npasuity Zf :— f, Tak u 115 MOoAuUKAILMH 3TOTO ONEpaTOpa
(cp. 10.11.13). Bo-BTOpBIX, IpeobpasoBaHue & OTOKIECTBIISIFOT C Olle-
paropom Fy f := fo 0, rae 0 — asmomopdusm (= usomoppusm na ce-
65) RY. Ocobenno wacto ucnomsaytor dynknmn: 0(x) = (z) = —,
0(x):= 2.(2) = 27z m O(x) := _9n(x):= —27z (v € RY). Unpivu ciio-
Bamu, npeobpazosanne Oypbe BBOAAT OJHON U3 CIeAYIOMUX (hOpMyIT:

Ff(t) = | fla)e ™ da,
RK
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J27Tf / f 271'1 (z,t) dm

T 27rf /f 727r1(x t) dr.

[TockoabKY IpyIIIbI XapaKTepOB U30MOPMHBIX IPYIIT U30MOP(MHBI, €CThH
OCHOBaHUsI, JIOMYCKas BOJBLHOCTb, NPHUMEHSATH €JUHOE OOO3HAadeHHue f
Jutst, BOOOIIE ToBOpst, paziauaubix dyukuuit F f, F.f, Fionf. Boibop
cuMBoOJia | i Fon (Wnm F_on) MUKTYET HOIXOAsdIlee 0003HAUEHUE
Jtst F oy (cooTBeTCTBEHHO, IS Far) (cp. 10.11.12).

10.11.5. [IPUMEPHI.
(1) IIycrs f(x) =1mpu —1 <z <1wu f(z) =0 misa uHbIX
r € R. Tlpm satom f(t) = 2t 1sint. Ormernmm, uto mpm km > to > 0

OyeT
/ Flt) dt > / ()] dt — Z / )] dt >
[to,+o0) |k, +00) [n7r (n+1)7]
2| smt| = 1
> T
z / Lt Zk T = e

[n'/r (n+1)7]|

Takum 06pasom, fgé Ly (R).
(2) dms f € Li(RY) ¢pynxnusa fHereprBHa, IIpUYIEeM BbI-
mosieno HepaBeHCTBO || flleo < || fl1-

<1 HempepbiBHOCTH 0bectiedena Teopemoii Jlebera o npejiesibHOM Tie-
pexojie, a OTPaHUYEHHOCTh — OYE€BUJIHON OIEHKOI

o< [If@ldz =7l (¢eRY). >

(3) [ f € Ly(RY) mpu |t] — oo Gyaer |f(t)] — 0 (=
teopema Pumana — JleGera,).

<1 Tpebyemoe oueBuaHO jisi DUHUTHBIX CTYHEHYATHIX DYHKITHI.
Ocraerca cociarbes Ha 5.5.9 (6) u To, uro .# € B(Ly(RY), I (RV)). >
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R (4) Hycrs f € Li(RN), e > 0 u fo(x) = f(ez) (z € RY).
Torna fo(t) = N f(*/c) (t € RY).

< ﬁ(t) = /f(sx)et(:c) de —e N / f(ex)ey c(ex) dex —
RN RN

~(1
—e Ny <> >
€
(5) F(f5) = (Fuf)s (raf) = eaf, (eaf) =7,
(f € Ly(RY), x ¢ RN)
< IIposepum TosbKO nepsoe paBeHctso. Ilockosbky a*b = (ab*)*

st a, b € C, To, mpuBJiekasi Hy>KHbIE CBONCTBa COIPSIKEHUSI U WHTE-
rpama, 11 t € RY esoamm

(6) drs f, g € L1(RYN) Bpmrosmmero

(t+9 =F5 [Fo- [ 13
RN RN

<1 Ilepsoe pasencrBo oueBuaHO B cBsizu ¢ 10.11.1. Bropoe — «gop-
MYAL YMHOIAHCEHUA> — ODECIIEUIEHO CJIEYIONINM ITPUMEHEHIEM TEOPEMBbI

Oy6um:
/fgz//f(x)et(x)dxg(t)dt:

RN RN RN
/</g(t)et(x)dt)f(:c)dm/fﬁ. >
RN RN RN

(7) Ecmu f, f, g € Li(RN), 1o (fg) = f7*7.
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< Ilpu z € RN umeem

(Fo) () - / o(t) Ft)er() dt = / / o) F()ex(y)er(x) dydt —

//f (t)er(z +y) dtdy =

RN RN

/f 3o +1) dyf/f 23 dy = £ g(a). &

(8) Jus f € Z2(RY) wa € (Z,)N pomonneno

F0°f) =il f, 0T f) =il F (@ f);
Far(0°f) = 2mi)l* M For f, 0% (Far f) = (270)1| For (2 f)
(3TH paBeHCTBa UCIOJB3YIOT IMUPOKO PACIPOCTPAHEHHYIO BOJBHHOCTDH B

oboznadennsx = t:= () 1y € RN syt L yqh).
< Jocrarouno (cp. 10.11.4) ycranosuth hOpMyJIbl U3 [EPBOil CTPO-
ku. ITockobky 0%, = il*t%e;, To
F(0°f)(t) = (e x°f)(0) =
= (8% * £)(0) = i1t (e, % £)(0) = il*lee (1),

AH&J’IOI‘I/I‘{HO, gmcbcbepeﬁunpyﬂ 101 3BHAKOM HMHTEr'paJia, BbIBOOUM
a ’L z,t)
) dx =
oty a7 8t1 / f

:/ﬂmemmzymﬁwy>

(9) Ecan fn(z):= exp (—1/2|z|?) npu x € RY, 10 BbIIOI-

neno fn = (2m)NV/2fy.
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< fcno, aro

N

J/C\N(t) _ H /eitkmke—%hlﬁ dz, (te RN).

k*lR

CirenoBaresibHO, neyio ceogutcs K ciaydaio N = 1. Ilpu stom misg y € R
AMeeM

J/c\l(y) = /6_%x2€my dr = /e—%(f—iy)z—%(yz)dx _

R R

= f1(y)/e_%(m_iy)2 dx.

R

Jlo1st BBIMMC/IeHns MHTepecyomiero naterpaaa A pacemorpum B Cr ~ R?
(OIMHAKOBO OPHEHTUPOBAHHbBIE) HAPAJLIEIbHBIE BEIECTBEHHON OCH TIps-
MbIe A1 1 Ag. IIpumenss kimaccumaeckyio Teopemy Ko K rostoMopdHOit
by f(z):= exp (—2?/2) (2 € C) n npsMOyrobHIKAM C BepIIHHA-
MH Ha A| U \g U IPOU3BOMS ITOAXOMAIINI MIpeaeIbHbIA MTePeX0/I, 3aKJII0-
qaem: [, f(2)dz= [, f(2)dz. Orciona soisommm:

A= /e*%(“:*iy)2 dx = /e*%(”:z)dw: Vom. >

R R

10.11.6. OOPEAEJEHUE. [Ipocmpancmeom Illsapua mpunsaTO Ha-
3BIBATH MHOXKECTBO 0bicmpo youearow,ux (MHOTA TOBODPST YMEPEHHDLL,
cp. 10.11.17 (2)) Pymryud

y(RN)::
={f € Cu®Y): (Va,B € (Z:)V) || — +00 = 20" f(z) — 0}

(paccmaTpuBaemoe Kak snemenT permterkn dbynkmmit u3 RY B C) ¢ myss-
rinopyoit {pa,p 1 @, B € (Z4)N}, vae pa,s(f) = 2707 f -

10.11.7. CupaBemyiuBbI yTBEPXKICHUSI:
(1) .Z(RY) — mpocrpancrso ®perre;
(2) omeparopbl ymMHOMXKEHHsT Ha MHOTOYJIEH U JubbepeHiin-
poBamrmst — HenpepbiBHBIE dH10MopdusMbl . (RY);
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(3) Tronosoruio . (RN) zanaer cienyromas (sxsusanentaas
HCxXoqHOM) MysbTHHOPMa {p, © N € N}, e

pa(f)= D I+ )"0l (f € L RY))

lal<n

(xkax Bcerna, || — esxmroBa qmHHA BekTopa T € RY);
(4) npocrpancrso 2(RY) mrorro 5.7 (RY); mommmo sroro,
proxxerne P(RYN) 5 .7 (RY) menpeprsro u 7 (RN)' C
7' (RY);
(5) S (RN) C Li(RY).
< YcranosuM (4), m60 Npovne yTBEPKICHUS HPOIIE.
ycrs f € S (RY) u ¢ — cpespisarens w3 Z(RY) takoit, uto B C
{¢p =1}. Jna x € RN u € > 0 nomoxmm

Ye(a):= (&), fe = vef.
Ouesnipo, fe € Z2(RY). Bosbmem ¢ > 0 u o, 3 € (Z.)". Buano,
gro mpu 0 < ¢ < 1 Bemomueno sup{||07(¢Ye — 1)||eo : v < B, v €
(Z )N} < +o00. Yumrbsas, aro z40° f(z) — 0 npu |z| — + o0, Haitmem
r > 1 rakoe, uro |229°((¢¢(z) — 1)f(x))| < e, kak ToabKO |T| > T.
Kpowme Toro, fe(z) — f(z) = (¢(éx) — 1) f(z) = 0 nupu |z| < 1. Takum
obpasom, 1ipu € < r~! Gyner

Pap(fe—f) = suwp [290°((Ye(x) — 1) f(2))] <

|z|>€—1

< sup 2207 ((ve(x) — 1) f(2)| <.

lz|>r

Crano 6b1Tb, pos(fe — f) = Oupun &€ — 0, . e. fe — f B S (RY).
Tpebyemast HEIPEPHIBHOCTD BJIOXKeHUs OeccropHa. >

10.11.8. IIpeobpazopanme Pypbe — HEMPEPHIBHBIH SHIOMOPGU3M
S (RN).
< s f € 2(RY) B cumy 10.11.5 (8), 10.11.5 (2) u nepasencTsa
Fénbaepa 5.5.9 (4)
11 flloo = 1(0%F) loo < [0 fllx < K [0 floo-
CraJio OBITS,

[£9° flloo = [[t(2P ) oo < K'[[0%(2" f)] -

Orciona Bummo, uro f € .#(RN) u cyxemne .7 na 2(Q) npu Q € RY
nenpepoiBHO. Ocraercst cocmarbes Ha 10.10.7 (4) n 10.11.7 (4). >
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10.11.9. Teopema. IlosropHoe npeobpasoBarue Pypre, paccMar-
puBaemoe B ipocrpancrse Ipapna .7 (RN ), nponoprmonasmo oTpaske-
HHIO.

< Tyers f € Z(RY) u g(z):= fn(z) = exp (—1/2 \x|2) C yderom
10.11.8 m 10.11.7 BmmgmMm, dTO f, f, g € Li(RN) u, crano 6bITh, Ha

ocrosarnu 10.11.5 (7), (fg) = f~*g. Tonoxum ge(x) := g(ex) st
x € RY e > 0. Torma npu Tex e x uz-3a 10.11.5 (4)

[ steniwenaa -

_ siN /f(y _ m)ﬁ(%) dy = /f(sy — 2)g(y) dy.

Ucnonbays 10.11.5 (9) u npussekas: reopemy JleGera o IpeIebHOM I1e-
pexogie ipu € — (), moJrydaem:

4(0) / Ftyer(w) dt = f(~2) / G(y) dy =
RN

RN

— 0¥ @) [ do— 2m)Y f(-a)
RN
Oxonuarenvno F2f = 20)N 7 >

10.11.10. CuexacrBue. .73 — orpaxenne u (Fap) !t = F _or.
< Jna f € S(RY) ut € RY nmveem

f(=t)= (271')N / ei(x’t)f(x) dx = /eQWi(I’t)f(Qﬂm) dx =
RN RN
= (Z2n(F2n f)) (1)

VunreiBas, 9T0 For f = F_on f, mosydaem Tpebyemoe. >

10.11.11. Caeacreue. ./ (RY) — cpéprounas amrebpa (= amre6-
P& OTHOCHTEJIBHO CBEPTKH).

< Hna f, g € . (RY) npomssenenne fg — anement . (RYV) n, cramo
OBITD, fg € Z(RN). C yuerom 10.11.5 (6) Buamm, aro For(f * g) €
S (RY) u, snaqnr, ma ocaosanmn 10.11.10, f * g = F_o (For(f x g)) €
S (RN). >
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10.11.12. Teopema obparirnenus. IIpeobpaszoBanne Pyppe § :=
For CIYKHT TOMOJOIHICCKHM aBTOMOpgu3mMoM npocrpancrsa IllBap-
na .7 (RY). Ilpu srom cséprra nepexomur B npoussegerne. ObpaTHoe
npeobpazopanue §~ ' copmagaer ¢ F_o; H IEPeBOTUT MPOU3BEICHHe B
cBéprky. Kpome Toro, umeer mecro papercrso IlapceBajis:

[1o=[Fa (. ges@).
RN RN

< B cBasu ¢ 10.11.10 u 10.11.5 (5) Hy>KIAIOTCS B IIPOBEPKE JIHIIb
HCKOMBIe paBeHcTBa. IIpu sToM, Ha ocHoBanun 10.11.5 (7) n 10.11.7 (4),
(]?g) (0) = (f *9)(0) mst pacemarpuBaembix f u g. IIpubiekast yctaHoB-
sennoe B 10.11.5 (5), 3akimoqaem:

/ o = GE N 0) = (31f)*3g)(0) =

R
- / 3f(Eg") dz = / 378 (g") dz = / 3 @9). >
RN RN RN

10.11.13. BAMEYAHUE. B cBazu ¢ meopemot 10.11.9 o nosmoprom
npeobpasosanuy, Pypve, THOTIA HAPSALY C § PACCMATPUBAIOT CJIEIYIOIIIE
B3aMMHOOODATHBIE OIIEPATOPHI:

1 2ei@h) gy
Sf(t)(%)gRZ F)et ) du

5@ - oy [T
RN

IIpu sTom mmeer Mecto anasor 10.11.12 npu yc/ioBUE TIepeorpe/ie/IeHIsT
_ = =-1
ceéprrn f¥g:= (2n) "N 2fxg (f, g € Li(RN)). Yaobersa § u §
CBst3aHBI ¢ HeGobIMu yrpomerusivu dbopmya 10.11.5 (8). B caygae §F
AHAJIOTHYHYIO MeJb JOCTHTA0T BBegenneM ana o € (Z. )N ciemyiomero
muddepennuaabHOro oneparopa: D := (2m’)_‘a|8a.

10.11.14. Teopema IlnanmrepeJsi. Ilponokerne npeobpas3oBa-
mnsg Qypwe B .7 (RYN) 10 msomerpmieckoro asToMopgusMa HPOCTpaH-
crBa Lo(RYN) cymecrsyer, m mputom eqmacTBeHHO.

<1 O6ecrieueno 10.11.12, 4.5.10 u mnotHoctbio . (RY) B Ly(RY). >



270 I'i1. 10. /IBoiicTBEHHOCTD U €e MPUJIOKEHHST

10.11.15. BAMEYAHUE. 3a IpojoJIzKeHneM, 00eCIeIeHHBIM Teope-
moit 10.11.14, coxpaHSIOT TpeKHWE Ha3BaHUWE W OOO3HAdUeHUsI. Pexe
(Ipy 2KeJIAHWU TOMYEPKHYTh PA3JIMdus U TOHKOCTH) TOBODPAT O Npeod-
pasosanuy Pypve — Ilaanwepess nau xe 06 Lo-npeobpasosanuu Py-
pve W YTOUHSIOT IIOHUMAHHE HHTErPajbHBIX dopmyn mia §f u L f
npu f € Ly(RY) Kak pesyssraToB MOAXOIAIIEro MPEIeJbHOr0 HePexo/a
B LQ (RN)

10.11.16. ONPEAENEHUE. Ilycts u € %/(RY) := .Z(RV). Ha-
UMEHOBAHUE U — MeOAEHHO pacmywee pacnpedeaenue (BAPUAHTBL: 0606~
WeHHAHA PYHKUUS YMEPEHHO20 DOCTNA, YMEPEHHOE PACTPEJEAEHUE U T. I1. ).
IIpocrpanctso ./ (RY), cocraBiennoe n3 Beex yMepeHHBIX 0600IIEHHBIX
byukimii, Hajgensaior ciaaboit Tonosorueit o (' (RY), Z(RY)) u unorna
naspBalor npocmpancmeom Hleapya (xax u . (RY)).

10.11.17. IIPUMEPHI.
(1) L,(RY) c S'(RN) npu 1 < p < +c0.
<A Ilyers f € L,RY), v € S(RY), p < +oou 1/q+1/p = 1.

C momompio HepaseHcTBa [émbaepa 5.5.9 (4) misa nogxonamux K, K,
K" > 0 mocjienoBaTeIbHO BLIBOIYIM:

Il <
1/p 1/p
g( le”) +( |1+ 2N+ [2)?) N ()| da:) <
IB/ RZ\[B
/ 2\N dx p
<KWl 101 Pl [ o) S
RN\B
< K'pi(4).

Buosb nmpusniekasa mnepasenctso ['é€nbaepa, nmeem

lup (D) = [ 1) = ’ /fw q‘ < £l I19llg < Kpa().
RN

Ciyuaii p = +00 He BbI3BIBAET COMHEHWIA. [>
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(2) L RY) mwrorno 8 ' (RV).
< Creayer w3 10.11.7 (4), 10.11.17 (1), 10.11.7 (5) u 10.10.9 (4). &
(3) Iycts p € A4 (RN) — mepa Padona ymepennozo pocma,
T. €. Takas, 4TO JJIg HEKOTOPOro 1 € N BBIIOJIHEHO

dlu()
/u+mmn<“”
]RN

Mepa g — 310, BecciopHO, yMEPEHHOE PacIpeIeseHue.

(4) Ecmu € S'(RY), f e YRY)ua € (Z )N, 1o fue
S'RN) u 0%u € L' (RY) B cumy 10.11.7 (2). ITo moxosKuM IpuImHAM,
nomaras Du(f):= (—1)l*luD*f upn f € L (RY), Bumum, aro Du €
S (RN) u D = (27i) =19,

(5) Kaxxnoe pactpenesienue ¢ KOMIAKTHBIM HOCHTEJIEM YMe-
DEHHO.

< Takoe u € 2'(RY) B coorserctsum ¢ 10.10.5 (7) MOKHO OTOXK-
necteuTh ¢ snementom &' (RY). TlockobKy TOmOMOrNs B IPOCTPAHCTBE
S (RY) cunpree mnmymuposannoit BiaoxenneM B Co (RY), sakmmodaen:
u e S (RY). >

(6) Ilycrs u € ' (RY). Ecm f € #(RY), o u cBopaun-
Baemo ¢ f, mpmaem u * f € (RY). MoxKHo IpoBepuTh, 4TO U CBO-
paumBaeMo TakxKe U ¢ JmobbM pactpeesernem v w3 &' (RY), mpidem
uxv e S (RY).

(7) Oycrbu € 2'(RN), x € RN uru:= (7_,) 'u = uor_, —
coorBercTByOmmil cdeue u. PacupenesieHne u HA3BIBAIOT NEPUOOUYE-
ckum (C TEPHOJIOM ), €CIH T,U = u. llepuopndeckue pacrupejieieHnst
UMEROT yMepeHHbI poct. IlepuopnanocTs coxpansiercs npu quddepen-
[MPOBAHUY ¥ CBEPTHIBAHUHL.

(8) Ecimn u,, € ' (RY) (u € N) u moiza xasgoro f € . (RY)
umeercst cymma u(f):= > oo up(f), To u € . (RY) u npu srom 0%u =

oo 0%uy, (cp. 10.10.10).

10.11.18. Teopema. JIroboe ymepeHHOE pacHpeneeHne — CyMMa
IIPOU3BOAHDBIX YMEPEHHBIX Mep.

< Myers u € ' (RY). C yuerom 10.11.7 (3) u 5.3.7 1151 HEKOTOPBIX
n € Nu K > 0 umeem

(<K S+ Procfll, (f e SRY)).

la|<n
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[Ipusnexas 3.5.3 u 3.5.7, 1y HEKOTOPHIX i, € M(RN) momyaaem

u(f) = Y pa (A4 P)"0%f)  (f € ZRY)).

|| <n

ycrs vg = (—1)1(1 4+ |2)" to. Torma v, — ymepennas Mepa, mpueem

u = Z 0%vy. >

la|<n

10.11.19. OOPEAENEHUE. [Ipeobpasosaruem Pypve (wm, moimee,
Dypve — Illsapua) ymepennoro pacrpenesenns u u3 . (RY) mazpisaior
pacipeiesieHne §u, JefCTBYONee MO IPABUILY

(fI13u) = (Ff|u) (f €L RY)).

10.11.20. Teopema. IIpeobpazosanue Pypre — IlIBapra § — 310
eMHCTBEeHHOE TIpoio/IKerHe ipeobpasopanis Pypwe 5.7 (RN) 1o Tomo-
sormaeckoro apromoppusma . (RY). O6parnoe orobpaskenne F~1 —
€/INHCTBEHHOE HEIIPEPBIBHOE IPOJIOJIXKEHHE 00paTHOI'O IPeobpa30BAHHUS
®ypre 5.7 (RY).

<1 ITpeobpazosanne Pypoe — IlIBapiia npecrasiisieT coboil compsi-
JKEHHBI orepaTop K npeobpazoBanuio Pypoe B mpocrpancrse Bapria.
Ocraercsa Tosibko anemuposars K 10.11.7 (5), 10.11.12, 10.11.17 (2) u
4.5.10. >

YnpaxkHeHust

10.1. IIpuBecTy nIpuUMepHI JTUHENHBIX TOMOJOTHYECKUX ITPOCTPAHCTB U JIOKAJIb-
HO BBIIIYKJIBIX IIPOCTPAHCTB M KOHCTPYKIIUN, IIPUBOJSINNX K HUM.

10.2. [JokazaTb, 9TO XaycHopdOBO TOIIOJIOIMYECKOE BEKTOPHOE IPOCTPAHCTBO
KOHEYHOMEDHO B TOM M TOJIBKO B TOM CJIy4ae, €CJIM OHO JIOKAJIbHO KOMIIAKTHO.

10.3. OxapakrepusoBarh cj1ab0 HenpepbIBHbIE CyO/IMHENHbIE (DYHKIMOHAJIBI.

10.4. [Joka3arb, 4TO HOPMHUPYEMOCTb WJIM METPU3YEMOCTH CJIa0OM TOIOJIOIUU
JIOKAJIbHO BBIIIYKJIOTO IIPOCTPAHCTBA PABHOCHUJIbHA €0 KOHEYHOMEPHOCTH.

10.5. BoIaCHUTBH CMBICJ CJ1ab0H CXOAUMOCTH B KJIACCUYECKUX OaHAXOBBIX IIPO-
CTPAHCTBAX.

10.6. /lokasarb, 4TO HOPMUPOBAHHOE IIPOCTPAHCTBO KOHEYHOMEPHO B TOM U
TOJIBKO B TOM CJIy4ae, ecyiu cj1abo 3aMKHyTa eAuHuIHast cdepa (= cuibHas rpaHuana
EJIMHUYIHOTO Iapa).
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10.7. Ilycrb oneparop T nmepeBofuT cy1abo CXONANUECS CETH B CETU, CXOZSIIIM-
ecsa no HopMe. Jlokazarb, 94T0 T KOHETHOMEPEH.

10.8. Ilycrs X, Y — Gamaxosbl npocrpanctBa u T € £ (X, Y) — yuHelHbII
omneparop. Jlokasars, uro T OrpaHUYeH B TOM M TOJILKO B TOM ciy4ae, ecan T’ ciabo
HempepbiBeH (T. e. HempepbiBeH Kak oTobpaxenue (X, o(X, X)) B (Y, o(Y, Y'))).

10.9. Ilycrs || - ||1 u || - ||2 — &Be HOpMSBL, npeBpamatomme X B GaHAXOBO IIPO-
crpancrso, npuueM (X, || -[1) N (X, || - |l2)’ pasmenser Touku X. JokasaTb, 4TO
HCXOJHbIE HOPMbI 9KBHBAJICHTHBI.

10.10. Ilycts S geitcteyer u3 Y/ B X'. Korga S cily>KUT CONPSI?KEHHBIM OTIe-
paTopoM K HEKOTOpPOMY OToOpaxkeHuio X B Y7

10.11. Kakosa tomosorns Maxku 7(X, X#)?

10.12. IIycrs (X¢)eez — 9TO HEKOTOPOE CEMEHCTBO JIOKAJIBHO BBIILYKIIBIX IIPO-
crpamcts. Ilycts, manee, X :=
Be/IJTUBBI IIPE/ICTABJICHNUS

ces X¢ — ux npoussesienue. JlokasaTh, 9TO Cipa-

o(X, x) = [[ o(Xe, X0

£e=

(X, X') = [ rxe. x0).
£EE

10.13. Ilycrs X u Y — GanaxoBbl npocrpancrsa, I — snement B(X, Y)
u imT = Y. Jokazarb, 4T0 pedJieKCUBHOCTL X obecredynBaeT pedJIeKCUBHOCTH

Y.
10.14. oxkasars, uro npocrpanctea '/ (X’) u (" X)’ cosnanator.

10.15. Jloka3aTbh, YTO B IIPOCTPAHCTBE C) HET OECKOHEYHOMEDPHBIX pPedJIEKCUB-
HBIX [TOIIPOCTPAHCTB.

10.16. Ilycte p — HenpepbIBHBIM cyOianHedHBIN (yHKIHOHAT Ha Y, a T €
% (X, Y) — HeupepbIBHbIH JIMHEHHBIN OLEPATOP. YCTAHOBUTDH, UTO JJIs MHOYKECTB
KpaitHux Todek crpaseueo pitouenue ext(T’(0p)) C T (ext(dp)).

10.17. IlycTb p — HempepbiBHAs MOJYHOPMa Ha X U 2 — MOAIPOCTPAHCTBO X .
Hokazarb, uro f € ext(2 ° N Jp) B TOM U TOIBKO B TOM CJIy4ae, €CJIU CIPABEINBO
PaBEHCTBO

X=dZ+{p-f<1}-{p-f<1}

10.18. [loka3arb, 4TO abOCOJIIOTHO BBIIIyKJias 000JI0YKa BIIOJIHE OIPAHUYEHHOTO
IMOJMHOYKECTBA JIOKAJILHO BBIIIYKJIONO IIPOCTPAHCTBA TAK»Ke BIIOJIHE OIDAHUYEHA.

10.19. YcraHoBUTH, 9TO GOPHOJOIMYHOCTH COXPAHSIETCs] NP IHEPEXoje K UH-
AyKTUBHOMY npezieny. Kak o6CTOAT feia ¢ MHBIMY JIMHEHHO TOMOJIOrIIECKIMU CBOM-
cTBamn?
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BanaxoBbl ajaredopsbt

11.1. KanoHnuvdeckoe orepaTopHoe
npeacTaB/ieHUE

11.1.1. ONIPEJAEJEHUE. DJieMeHT € anreopbl A Ha3bIBaIOT eduHuy-
HoLM WTH edunuyed aiaredpsl, ecan e 7 0 U npu 3TOM ea = ae = a JJis
BCex a € A.

11.1.2. BAMEYAHUME. Kak npaBumio, 6e3 0coObIX HA TO yKa3aHWIA,
MBI OYJIEM PacCMaTpPUBATh TOJBKO ajredphl ¢ eUHUIAME HaJ[ OCHOBHBIM
mostem F. Ilpum sToM mpocToThl pasiu, eciu siBHO HE OrOBOPEHO IIPOTUB-
Hoe, Oynem cumrarh, 9yro F:= C. Ilpu usydyenun mnpeicraBieHuil TaKux
ajredp €CTeCTBEHHO YCJIOBUTBHCSI, 9TO €IMHUIILI COXPaHsoTCs. HbIMEI
CJI0BaMU, B JaJIbHEHIIeM mpejicTaBieHune aarebpsl A; B ajrebpe Ay —
9TO TaKOW MOpdU3M (: MYJIGTUILIAKATUBHBIA JIUHEHHbIH omepaTop) Ag
B Ay, KOTOPBIil euHuUIly aiaredpbl A; mepeBouT B euHUILY aareOps As.

st anredbpsl A 63 €IMHUIBI IPOBOISIT «NPOUECC MPUCOEOUHEHUA
edunuyvly. Vmenno, npocrpanctso &, := A x C npespaimaior B aaredpy
¢ enununeit, nomarag (a, A)(b, p) = (ab + pa + Ab, An), vae a, b €
Au ) p € C. B HOpMUDOBAHHOM CjIydae JIONOJHUTEJHHO CUUTAIOT

1@, M. = llalla + Al

11.1.3. OIPEJAEJIEHUE. DjeMeHT a, € A Ha3bIBAIOT Npasvim 00-
PAMHBIM K @, €CTTH A4, = €. DJIEMEHT a; € A HA3BIBAIOT AE6bLM 00pam-
HOLM K @, €CITTH 10 = €.

11.1.4. Ecjm y s/ileMeHTa ecTb JIEBbIe U IPaBble 0OPATHBIE, TO OHU
COBIAJIAIOT.

< a, = (ala)ar = al(aar) =aqe=a >
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11.1.5. ONUPEJAEJEHUE. DJieMeHT a aiaredopbl A HaszbIBaiOT 006pa-
mumvtm 1y T o € Inv(A), ecin y @ umeercs JeBbli U IpaBbLil 06-
parrbiit. Iomaraior a1 := a, = a;. DueMenT a~! HA3BIBAIOT 06PAMHBIM
K a. Ilomanrebpy (¢ enununeii) B anrebpol A HasbBaIOT cepganmmoll
(mnu wuemot, wmmn nanoarnennot) B A, ecom Inv(B) = Inv(A) N B.

11.1.6. Teopema. Ilyctrb A — 6anaxoBa aJurebpa. Jlmsti a € A
mosoxuM L, : x — ax (x € A). Torga orobpakerne

Ly=L:a— L, (a€A)

SIBJISIETCST TOYHBIM OIepaTOPHBIM IIpejctapaeHueM. IIpu srom L(A) —
cepBaHTHas 3aMKHyTast nogaarebpa B(A) u L : A — L(A) — ronosorn-
JeCKHIT H30MOPDHU3M.

< Hnst x, a, b € A umeeMm
L(ab) : x — Lgy(x) = abx = a(bx) = Ly(Lpx) = (La)(Lb)z,

T. e. L — npeacrasienne (ubo suHeinocTs L ouennna). Ecau La = 0,
to 0 = La(e) = ae = a, tak 910 L — To4HOe npejcrasienne. [
JIOKa3aTesIbCTBa 3aMKHyTOCTH 06pasa L(A) pacemorpum anrebpy A,
COBIQJIAIONILYIO ¢ A «KaK ¢ BEKTOPHBIM IIPOCTPAHCTBOM» U € IPOTUBOIIO-
JIOXKHBIM ymHO)KeHueM ab:= ba (a, b € A).

Ilycts R:= L4, , 1. e. Ry:= Ra:x — xa q1a a € A. Ilposepum,
qaro L(A) conasaer ¢ uyenmpaausamopom obpasa R(A) — ¢ 3aMKHYTON
ogaJIrebpoii

Z(imR):= {T € B(A): TR, = R,T (a € A)}.

B camom mene, eciu T € L(A), v e. T = L, jnyst HEKoTOporo a € A,
TO Ayt Kaxkaoro b € A 6yger L,Ry(x) = axb = Ry(Ly(x)) = RyLo(x)
uT € Z(R(A)). Ecau, B cBoto ouepenp, T € Z(R(A)), To upu a:= Te
HOJTy daeM

Loz = ax = (Te)x = Ry(Te) = (R,T)e = (TRy)e =
=T(Rze) =Tx

jutst Beex © € A. 3maunt, T = L, € L(A). Takum obpasom, L(A) —
Banaxosa nonairebpa B(A).
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Ilycts Teneps mia T = L, naiinerca T~ 8 B(A). Iz b:= T e
umeeM ab = Lgb = Tb = TT 'e = e. Kpome Toro, ab = e = aba =
a = T(ba) = Lyba = aba = a = Lse = Te. Orciona ba = e, u6o T —
monomopduam. Urak, L(A) — cepsanTHas mojasirebpa B A.

B cuity onpenenenns 6anaxoBoit aareOpsl 5.6.3 BBIIOTHEHO

IL|| = sup{|[La]| = la] < 1} = sup{flad]| : [laf] <1, [[bo] <1} <1.

IIpuBnexas Teopemy DBanaxa 00 m3omopdusme 7.4.5, 3aKyrodgaeM, UTO
L — Tononorudeckuii mzomMopdusm (T. e. L1 — HempepbIBHBI omlepaTop

u3z L(A) na A). >

11.1.7. ONPEAENEHUE. IIpencrasnenue L 4, mocrpoernoe B 11.1.6,
HA3BIBAIOT KAHOHUMECKUM (AE6IM) ONEPATNOPHBIM NPEOCTNABAEHUEM ATT-
rebpor A.

11.1.8. BAMEYAHUE. Kanouuweckoe omepaTopHOe IIPeICTaBIeHNe
[TO3BOJISIET OPPAHUIUTHCS B JAJIbHEHIIIEM PACCMOTPEHIEM DAHAXOBBIX AJI-
rebp, B KOTOPBIX eIMHUTHBIE JIEMEHTHI HODMUPOBAHBI — MMEIOT €IMHITI-
HyI0 POPMY.

Jns anrebpol A yKa3aHHOTO THIIA KAHOHUYIECKOE OTIEPATOPHOE MTPEJI-
craByienue L 4 ocyiectsiger uzomerpudeckoe Biaoxkenue A B B(A) niu,
KOpOYe roBOps, uzomempuueckoe npedcmasaerue A B B(A). B aroii
)Ke curyaruu L4 9acTO Ha3BIBAIOT U30MEMPUUECKUM U3OMOPPHUIMOM
anre6p A u L(A). Ty Ke eCTeCTBEHHYIO TEPMUHOJIOTHIO YIOTPEGIISIIOT
U TIPU PACCMOTPEHUH MIPEJCTABICHUI TPOU3BOJIBHBIX DAHAXOBBIX AJIredp.
OrMeruM 3/1eCh K€, YTO CYIIECTBOBAHNE KAHOHUIECKOIO OMEPATOPHOTO
npescraBienust Ly, B 9aCTHOCTH, ONPAB/BIBAET UCIIOJIB30BAHIE 0D03HA~
genus A BMecTo Ae wist A € C, rne e — eqununa A (cp. 5.6.5). Wubivu
cioBamu, B gasbHeitiem C oroxiectsieno ¢ noganredpoit Ce anrebpb
A TI0CPEICTBOM U30METPUYECKOrO TIPEJICTABICHUS A — €.

11.2. CoekTp 3jJeMeHTa ajaredopbl

11.2.1. ONPEAEJEHUE. Ilyctb A — GanaxoBa ajrebpa u a € A.
Cranap A € C Ha3BIBAIOT Pe30AbEEHMHBIM 3HAYEHUEM G (BAIHCHIBAIOT:
1. -1

A € res(a)), ecu cymecTByeT pesoaveenma R(a, N):= == (A—a)™".
Mmuozxkectso Sp(a) := C\res(a) HA3BIBAIOT CREKMPOM IAEMEHMA A, & TOU-
ki u3 Sp(a) — cnexmpasvhomy shavenuamy a. Ecan ecrb Heobxonu-

MOCTB, UCHOJIB3YIOT GoJtee OAPOGHBIE 0603HAUEHNs TUIa Sp 4 (a).
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11.2.2. /Jlns sjemenra a € A crpaBeJIaBO:

Spa(a) = SpL(A)(La) = Sp(La);
LR(a, A\) = R(Lg, A) (A €res(a) =res(L,)). <>

11.2.3. Teopema I'eabcpanga — Ma3zypa. Iloje KOMILIEKCHBIX
9HCeT — 9TO EUHCTBEHHOE (C TOYHOCTBIO JIO H30METPUIECKOTO H30MOD-
¢usma) 6aHaxoBO TesIO (T. €. KayKias KOMILUIEKCHas GaHaxXoBa aarebpa
C HOPDMHUPOBAHHOI €JIUHHIIEH, B KOTOPOH HEHYJIEBBIE 3JIEMEHThI 0OpaTu-
MbI, umeer uzoMerpudeckoe npegcrapienue B C).

< Hycts ¥ : XA — Xe, tie e — equanna A u A € C. dcro, uro
¥ — mpejcrasienne C B A. Bozbmem @ € A. B cuny 11.2.2 u 8.1.11,
Sp(a) # @. Buauur, Halinercsa ducao A € C raxoe, 4ro smement (A — a)
HeoOpaTuM, T. €. 0 yCJIoBUIO TeopeMbl a = Ae. Cienoarenbro, W —
saumopdusM. Ilpu stom ||[T(N)|| = || Xel| = |A]|le]| = |A|, Tak aro ¥ —
U30MeTpusi. >

11.2.4. Teopema IlInoBa. ITycte A — 6aHaxoBa ajrebpa u B —
saMKHyTas1 nojajirebpa A (c exuuuneii). [list ssementa b € B Bbiosr-
HEHO:

Spp(b) D Spa(b), 9Spa(b) D 0Spp(b).

< Ecm b:= X\ — b € Inv(B), To Tem 6omee b € Inv(A). Orciona
resp(b) C resa(b), T e.

Spg(b) = C\ rgs(b) D> C\ rgs(b) = Sp(b).

Ecm ke A € Spg(b), To b € dInv(B). Iostomy maitmercs mo-
caieioBaresbHocTb (by,), b, € Inv(B), cxongamasca K b. Ilosoxus ¢ :=
SupneNHb; ! {, MeeM COOTHOIIEHUe

b = b | = [}on (1 = babr )| =
= |65 (b = br)b || < 2]|bn — bim|-
UHbivu clioBaMu, ecyin t < +00, To B B cymmecTsyeT npejen a:= lim b, L.

YuuThiBasg O4YEBUIHYIO HEIPEPHIBHOCTH YMHOXKEHUs II0 COBOKYITHOCTU
[ePEMEHHBIX, BBIBOJUM, 9TO B 3TOM ciyudae ab = ba = 1, T. e. b € Inv(DB).
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IMockonbky Inv(B) orkpeiTo 110 Teopeme Banaxa 06 00paTuMbIX oepa-
topax u 11.1.6, mpuxosmM K IpoTHBOpeUHIo ¢ BxoXK1eHueM b € 9 Inv(B).
Takum 06pa3oM, MOXKHO CYMTATH ([IEPEXOJisl, €CJIM HYXKHO, K I10-

—1
1 —1
[

CJIEIOBATENILHOCT] ), YTO ||b,‘L 1H — +o00. Ilosoxum a,, := ||b,‘L
Torma

[Bacll = 165~ boJan + bua | <
< 5= bl ol = 157 | = 0.

Orciofia BeITEKAET, ITO djieMeHT b HeobpaTtuM. B caMom fieire, B IpOTUB-

HOM CJIyvae JJId o= b MOy III0CH OB
1=an| = HaganH < |la|l HganH — 0.

OKOHYATEIFHO 3aKJII0YaeM, ITO JIEMEHT A — b He JieskuT B Inv(A),
T. €. A € Spy(b). TTockonbKy A — rpaHudHAs TOUKA GOJIBIIENO MHOZKE-
crBa Spg(b), npuxoauMm K coorHomenuo A € 0 Sp 4 (b). >

11.2.5. Caezncreue. Ecsu Spg(b) He nMeeT BHYTPEHHHX TOYEK, TO
Spp(b) = Sp4(b).

< Spp(b) = 9Spp(b) C ISpp(b) C ISpa(b) C Spa(b) C Spy(b) >

11.2.6. 3AMEYAHUE. Teopemy IIInyioBa 4acTo Ha3bIBAIOT Meope-
MOT 0 NOCMOAHCINGE 2PAHUYDBL CNEKMPA N BBHIPAXKAIOT CJIOBAMU: <«I'Da-

HUYHOE CIIEKTPaJIbHOE 3HaYCHUE — HEYCTPpaHHMad CIEeKTpPaJibHad TOYI-
Ka».

11.3. TonomopdHOe DYyHKIIMOHATIBHOE
HCYNCJIeHEe B ajiredpax

11.3.1. OIPEAENEHUE. IlycTh a — s1emenT 6anaxoBoit agredbpor A
u h € #(Sp(a)) — pocrok rosomopdHoil hyHKIMHU Ha criekTpe a. ITo-

JIO2KUM 1 h
Roh: }{ (2) 4.

2mi zZ—a

QuiemenT X h 3 A mazpBaor unmezpasom Pucca — Jangopda poct-
ka h. Ecmm, B wacrnocrn, f € H(Sp(a)) — dynkmus, romomopdHas
B OKPECTHOCTH CIIEKTPa a, To nojaraior f(a):= %, f.
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11.3.2. Teopema I'enbgpanga — Jarngopaa aasa aarebp. Hn-
rerpaJj Pucca — /langopaa £, siBiasieTcst npecTaBIeHueM aaredpbl pOCT-
KOB I0JIOMOP(HBIX (DYHKIIHEH Ha CIIEKTpe 3JieMeHTa a u3 A B ajreb-
pe A. Ilpu srom ecmn f(z) := Y o0 cy2™ (B okpecraocru Sp(a)), To
J(a)= Y2 cna.

<1 U3 onpenenennit 11.2.3 u 8.2.1, npusyiekas 11.2.2, umeem

1

(LZh)(b) = Lgp,nb = (Z,h)b = =g h(z)R(a,z)dzb =
1
ZQZ%h()R(azbdz——j{ z)bdz =
= fh 2)dzb — %1 h(b)

Juist Beex b € A. B uacrHocTH, nosrydaem, uro obpas Zr., (€ (Sp(a)))
gexut B im L. Takum ob6pa3oMm, u3 yxke JOKA3aHHON KOMMYTATHBHOCTU
JIHArPaMMBI

Ocraercs npusniedsb 11.1.6 u Teopemy lenbdanma — Handopaa 8.2.3. >

11.3.3. BAMEYAHUE. B jasbHeiliiieM B CHIIy yKe yCTAHOBJIEHHO-
IO B IIPOU3BOJIbHBIX ODAHAXOBBIX ajarebpax MOXKHO UCIOJIb30BaTh (PAKTBHI
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roJoMopdHOro GYHKIMOHAIBHOTO MCUUC/ICHN, JOKA3AHHbIE B 8.2 JJIs
anre6per B(X), rime X — 6aHAXOBO IIPOCTPAHCTBO.

11.4. Ineasbl B KOMMYTATUBHBIX ajiredopax

11.4.1. OUPEAEJEHUE. Ilyctb A — HekoTOpass KOMMYyTaTHBHAsI
asiredpa. [lomgmpocrpancrso J B A HasbiBatoT udeansom A u tumyt J <
A, ecm AJ C J.

11.4.2. Muoxecro J(A) Bcex mueanoB B A, yHOpPsZOYEHHOE MO
BKJIIOYEHHIO, IIPeJICTaBJIseT coboki oaHyo pemterky. Ilpu arom mis jtio-
6oro muoxecrsa & B J(A) BbimosHeHo

SUp j(a) & = SUPpLag(a) €, infja) & = infraea) &,

T. e. J(A) BroxkeHo B nosHyto pemerky nomnpocrparcts Lat(A) ¢ co-
XpaHeHHeM TOYHBIX BEPXHHX U TOYHBIX HHXKHUX I'DAHHIL TPOU3BOJIHHBIX
MHOXKECTB.

< Scno, uro 0 — 310 HAaUMeHbIINH, & A — 3TO HAUOOILIIUI UAeaIbI.
Ilomumo 3TOTO, TIepecedeHre WAeaT0B U CyMMa KOHETHOIO MHOXKECTBA
naeanos — uueas. Ocraercsa cocnarbea Ha 2.1.5 u 2.1.6. >

11.4.3. IIycrs Jo < A. Ilycrs, nanee, p : A — A/Jy — kanonuwe-
ckoe orobpazkenne A na axrop-anrebpy A:= A/Jy. Torma

J<aA=p(J) <4
J<aA= e HJ) <A
< IMockombKy 110 onpeiesenio ab:= (o~ (@)p =1 (b)) niaa, b € A,

TO omeparop ¢ MysnbrumaukaruseH: o(ab) = @(a)p(b) ana a, b € A.
BHauuT, MoJIy9IaeM MoCIeI0BaTELHO

e(J) C Ap(J) = p(A)p(J) C p(AJ) C @(J);
e M (J) C Ap N (T) C o (p(A)) = o H(AT) C o (). >

11.4.4. Ilycre J << A u J # 0. DKBUBAJIEHTHDBI yTBEPIK ICHUSL:
(1) A#J;
(2) 1¢J;

(3) ssremenThr M3 J HE HMEIOT JIEBBIX OOPATHBIX. <I[>



11.5. U neansr B airebpe C(Q,C) 281

11.4.5. OUPEJAEJEHUE. Unean J B A Ha3bIBAOT coOCMEEHHbIM,
eciiu J ornmuen or A. MakcumasbHbIE 3JIEMEHTHI B MHOXKECTBE COD-
CTBEHHBIX WJIEAJIOB, YIIOPSIOYEHHOM 10 BKJIIOUEHUIO, HA3BIBAIOT MAKCU-
MAAOHOMU UOCAAAMU.

11.4.6. KomMmyTrarusHas ajaredpa siBJIS€TCs IOJIEM B TOM H TOJIBKO
B TOM cJIydae, €CJH B HE HeT COOCTBEHHBIX HJIEAJIOB KPOME HYJIeBO-
ro. <p

11.4.7. Ilycrs J — cobersennsii upean B A. Torma (J — makcn-
MmaJjien) < (A/J — moJe).

< = Hyers J < A/J. Torma, mo 11.4.3, ¢~ 1(J) < A. Tax
Kax, Hecomnenno, J C ¢~ (J), To mibo J = o 1(J) u 0 = ¢(J) =
p(e='(I)) = J, mbo A = o (J) u J = p(¢p~!(J)) = p(A) = A/J B
cuiry 1.1.6. 3uauur, B A/J Her OTJIMYHBIX OT HyJisl COBCTBEHHBIX HJI€a-
jioB. Ocrajochk npusieds 11.4.6.

«: Ilycrs Jy < A u Jy C J. Torma, mo 11.4.3, o(Jy) < A/J.
Ha ocuosanuu 11.4.6 muto ¢(Jp) = 0, smbo ¢(Jy) = A/J. B nepsom
ciayuaae Jog C ¢ o p(Jy) C o 1(0) = J u J = Jy. Bo Bropom ciyuae
o(Jo) = p(A), me. A=Jy+J C Jy+Jy=Jy C A Urak, J —

MaKCUMaJIbHBII njeas. >

11.4.8. Teopema Kpysas. Kazxiprii cobCcTBeHHBIIH Heas coaep-
JKUTCS B HEKOTOPOM MaKCHMAJILHOM HJIeaJIe.

< Ilycres Jy — coberBennsiii upeas ajiredbper A. Ilycrs, nasee, &
COCTOWUT W3 COOCTBEHHBIX HyeasioB J anredper A takux, aro Jy C J.
Besikast iens 8y B & umeer B cuity 11.4.2 TOYHYIO BEPXHIOK I'DAHUILY:
sup& = U{J: J € &}. o 11.4.4 unean sup &y cobcrBennbiii. Takum
obpasom, & WHIYKTUBHO U TpebyeMoe obeciieueHo jemmoii KyparoBcko-
ro — opnua 1.2.20. >

11.5. Upeasnnt B anrebpe C(Q, C)

11.5.1. Teopema o muHUMAaJIbHOM HAeaJse. Ilycry J — npous-
BoutbHbI upeas B airebpe C(Q, C) HenpepbIBHbIX KOMILIEKCHO3HATHBIX
¢yuarnuii Ha komnakre Q. Ilycrb, nasee,

Qo:=n{f10): feJ}
Jo:={feC(@, C): int f~1(0) D Qo}.
Torga Jy < C(Q, C), npuuem Jy C J.
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< Iyers Qp := cl(Q \ f71(0)) mna bynxuun f € Jo. Ilpubiekas
yeJIoBUs, BUIAM, 9T0 Q1 N Qo = . [ljis 10Ka3aTeIbCTBa BXOXKICHUS
f € J meobxomumo (u, pasymeercsi, JOCTATOYHO) MOCTPOUTH (DYHKIHIO
u € J rakyro, uro u(q) = 1 miusa Beex ¢ € Q1. eiicrBuresibHO, B 9TOM
ciaydae uf = f.

Jng nocrpoenuss (byHKIMHM ¥ 3aMETHM CHA4YaJa, 9To JUisd ¢ € @y
naitnerca bynknus f, € J, aia xoropoit f(q) # 0. Homaras g,:= f7 fy,
e, Kax obbrano, fy @ x +— fy(x)* — KommekcHo conpsKennas K fq
dbyukuus, umeeM g, > 0 u, kpome T0ro, g,(¢) > 0. fcHo Takxke, 4TO
gq € J ns g € Qr. Cemeiictso (Uy)geq,, tae Ug:={z € Q1 : g4(x) >
0}, obpasyer orkpbiToe mOKpbiTHe (1. Vcmosb3ysi KOMIAKTHOCTD @1,
BbIGEPEM KOHEUHOE MHOXKECTBO {q1,. .., ¢, } B Q1 Takoe, uro Q1 C U, U
...UU,,. ObosHaunM g:= gq, + ...+ gq,. Hecomnenno, g € J, npuyem
g(q) > 0 g q € Q1. Homowum ho(q) = g(q)~! mma ¢ € Q;. Tlo
reopeme Turie — Ypeicona 10.8.20 naiinercs dyukuus h € C(Q, R),
JIJIsI KOTOPOit h’Ql = hg. Ilycrb, HakoHen, u:= hg. DTa QYHKIMSA U —
UCKOMAS.

Wrak, ycramosneno, uro Jy C J. Kpome Toro, Jy — wmmean B
C(Q, C) mo 04eBHIHBIM 0GCTOATEILCTBAM. [>

11.5.2. /Ins kaxzgoro 3amkHyToro uieaja J B aarebpe C(Q, C)
HaljieTcs1, 1 IPATOM €IUHCTBEHHOE, KOMIIAKTHOE HOAMHOXKECTBO Qo Ta-
KOe, 4To

J=J(Qo):={f€C(@Q, C): g€ Qo= flg) =0}

< EpmacrBennocTs obecrievena teopemoii Ypbicona 9.3.14. Ompe-
JesM Qo Tak ke, kak u 11.5.1. Torma 3aemomo J C J(Qp). Bozbmenm
f € J(Qo) u nist n € N nosoxxnm

1 1
Ui {If1< 5} Vo {12 2]

BHoBB npuBiekasi Teopemy Ypbicona 9.3.14, maiinem h, € C(Q, R) Taxk,
aro 0 < h, < 1m hn|U =0, hy, = 1. Paccmorpum f, := fhy,.
ITockombKy

v,
int £, 1(0) D int U,, D Qo,

to B cuty 11.5.1 cipaseyiuBo f, € J. Ocranock 3amerutsh, 9aro f, — f
II0 IIOCTPOEHUIO. >
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11.5.3. Teopema o MakcuMaJIbHOM ujeasie. Kaxkibiii Mmakcu-
masbubld iaeas B aarebpe C(Q, C) umeer Buz

J(q):=J({q}) ={f €CQ, C): f(q) =0},

e ¢ — HeKoTopas Todka (.

< Cnenyer w3 11.5.2, ubo 3aMblkaHue ujeajia — ujea. >

11.6. IIpeo6paszoBanue l'eabdanga

11.6.1. Ilycrs A — komMyTaTuBHas GaHaxoBa aarebpa, a J <1 A —
9T0 3aMKHYThIT nieaJ, He pasubli A. Torna ¢axrop-anrebpa A/J, Ha-
JleJIeHHasT (paKTOp-HOPMOH, sIBIseTCss baHaxoBoit anarebpoit. Ecmm npm
sroM ¢ : A — A/J — KaHOHHYecKoe orobpaxkenue, 1o p(1) — equHHUIA
B A/J, oneparop @ Mmyasrumimmkatuses u ||| = 1.

< g a, b € A mveem, yamresas 5.1.10 (5),

le(@)p)llays = inf{[la’d'[|a: w(a’) = p(a), p(b) = @(b)} <
< inf{[la'[|allt'[|a = w(a’) = p(a), p(b) = @(b)} =
= [le(a)llayslle®)la) -

Wubivu cioBamu, vopma B A/J cybmynpruininkarusaa. CiiegoBareiib-
Ho, Oyzer ||¢(1)]| > 1. Tlomumo 3ToTO,

le(llays = inf{llalla : ¢(a) = e(1)} <14 =1,

T e. |lp(1)|| = 1. Iocuennee, B 9acTHOCTH, 00ECIIEUNBAET PABEHCTBO
llell = 1. Ocrapimecs yTBepxKieHnst HECOMHEHHBI. >

11.6.2. 3AMEYAHUE. Ilpemnoxkenue 11.6.1 ocraercss BepHBIM st
HEKOMMYTATUBHON 6aHaxoBO# ajrebpsl A IpU JAONOJHUTEIHLHOM JIOILY-
menun, aro J — deycmoponnudl udeas A, 1. e. J — MOAMPOCTPAHCTBO
A, ynosnerBopsitotee yciaopuio AJA C J.

11.6.3. Ilyctp x : A — C — HeHys1eBOii MyJIbTHIIHKATHBHBIH JIU-
weiinpiii ynkiponan na A. Torga x wmenpepbiBer u ||x|| = x(1) = 1
(B wacrHOCTH, X — Hpecrapienane A B C).

< TMockombky x # 0, To jyist HeKoToporo a € A Boimosaeno 0 #
x(a) = x(al) = x(a)x(1). 3wmauur, x(1) = 1. Ecuu renepp a € A u
A € C rakoBbl, uto |A| > ||lall, To A — a € Inv(A) (cm. 5.6.15). Vmeem
1= x()x(A —a)x((A—a)™1). Orcrioma x(A —a) # 0, 7. e. x(a) # A\
Crato Gmirs, [x(a)] < lall w |ix]| < 1. Yemrsmas, <o || — x|l 1] >
[x(1)| = 1, zakurouaem: |x|| = 1. >



284 I'm. 11. BanaxoBbr ajredbpor

11.6.4. ONIPEAEJIEHUE. HenysieBble MyJIbTHILIMKATUBHBIE JIMHEH-
Hble (PYHKIMOHAJIBI Ha ajrebpe A HazpBaioT xapakmepamu A. Muo-
JKeCTBO Bcex xapakrepoB A obosnauaor X(A), cHabKaioT TOIOJIOrHEi
noTo4YevHol cxoaumocTu (uuayruposanuoii B X(A) ciaboit Tomosorueit
o(A’, A)) n HABBIBAIOT NPOCTMPAHCMEOM TAPAKMEPOS ANTeOpLT A.

11.6.5. IIpocTtpaHCTBO XapaKTE€POB — KOMITAKT.

< Xaycaopdosocrb X(A) me Bo3biBaer comuenuii. B cuty 11.6.3,
X(A) — ato o(A’, A)-zamxuayTOE ToMMHOKECTBO mapa Ba/. Toceaamit
o(A’, A)-komnakren mo reopeme Ayaorsy — Byp6aku 10.6.7. Ocrasoch
cociatbea Ha 9.4.9. >

11.6.6. Teopema 06 maeasiax m xapakrepax. MakcuMmajbHbIe
nJieasIbl KOMMYTaTHBHOH 6aHax0BOI aire6psr A CyTh B TOYHOCTH sijIpa ee
xapakTepoB. Ilpu 3ToMm oTobpazkeHue X — ker x, aeficTByromniee u3 npo-
crpaHcTBa xapakTepoB X(A) Ha mHOXKecTBO M (A) Beex MakCHMAaJIbHBIX
njeasiop A, sIBIsIeTCsl B3AUMHO OJJHO3HATHBIM.

< Iycers x € X(A) — sro xapakrep anrebper A. OueBnaHo, 9TO
ker y <t A. U3 2.3.11 Boitekaer, uro camxkenue Y : A/ ker y — C — mo-
HoMopdusM. B ceszu ¢ 11.6.1, X(1) = x(1) = 1, T. e. X — usomopdusm
A/ker x u C. CunenoBarennuo, A/ ker y — sro mosie. Ilpusnekas 11.4.7,
JleJiaeM BBIBOJI, UTO miead ker y MakcumasteH, T. e. ker y € M (A). Ilycrs
rerepb m € M(A) — Kakoh-HUOYIb MAKCUMAJILHBIA uzean ajreOpor A.
Scuo, uto m C clm, clm < A u upu stom 1 ¢ clm (ubo 1 € Inv(A4), a
MOCJIeJTHEee MHOXKECTBO OTKPBITO IO TeopeMme Banaxa 06 o6paTuMbIx orme-
paropax 5.6.12 u 11.1.6). Takum o6paszom, umeasn m 3aMkuyT. Paccmor-
puM daxrop-aaredbpy A/m u Kanonuueckoe orobpazkenue ¢ : A — A/m.
Ha ocrnosanuu 11.4.7 u 11.6.1 daxrop-anrebpa A/m — 310 6aHAXOBO 1O~
se. ITo Teopeme l'esbdanma — Mazypa 11.2.3 umeercst n3oMeTpruYecKoe
upezcrasienue ¥ : A/m — C. Ilomoxum x := 1 o . Bumno, uro
X € X(A) u npu srom ker x = x1(0) = =1 (xp71(0)) = ¢=1(0) = m.

Il 3aBepiieHust JOKa3aTeIbCTBA OCTAJIOCH ITPOBEPUTH B3AUMHYIO
OJ/IHO3HAYHOCTH OoTOOpazkeHus X — ker y. Urak, myctb ker x1 = ker xo
s x1, X2 € X(A). B cuny 2.3.12 miua mekoroporo A € C Bblmodite-
HO X1 = Axz2. Hommmo storo, mo 11.6.3, 1 = x1(1) = Ax2(1) = A
OkoHYaTeIbHO X1 = X2. >

11.6.7. BAMEYAHUE. B cBsasu ¢ Teopemoii 11.6.6 muO)kecTBO M (A)
YacTO HAJEJSIOT Tomosorueil, nepenecenuoit 8 M (A) nz X(A) ykazan-
HBIM OTOOpasKEeHUEM X — Ker ', U FOBOPAT O KOMIIAKTHOM NPOCMpPAHCMeEe
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MAKCUMANOHOLT Udeanos A. VIHBIMHU ClIOBaMM, IIPOCTPAHCTBO XapakKTe-
POB M MPOCTPAHCTBO MAKCHUMAJIbHBIX UJICAJIOB OTOXKJIECTBIISIOT TaK, KaK
910 caesano B 11.6.6.

11.6.8. ONNPEAEJEHUE. Ilycrs A — KoMMyTaTHBHasI HaHAXOBA, AJI-
rebpa u X(A) — ee upocrpancrso xapakrepoB. s a € A u x € X(A)
nosioxkuM a(y):= x(a). Bosuukaronyio dyuknumio a : x — a(x), oupe-
nenennyio Ha X(A), HazsBaioT npeobpasosaruem Leavdanda ssemenma
a. OrobpaxkeHue a — a, Tje a € A, Ha3bIBAIOT npeobpasosaruem Ienv-
ganda anzebpo. A u obo3navaor Y4 (mmm ).

11.6.9. Teopema o mnpeobpazoBauumn I'esnbcanma. IIpeobpa-
sopanme lenbganna G4 : a — G eCTh IPEJCTABJIEHHE KOMMYTATHBHOM
6anaxoBoii anrebpor A B anrebpe C(X(A), C). Ilpu sTom

Sp(a) = Sp(a) = a(X(A)),
[all = r(a),

rze r(a) — CHeKTpaJbHBIH PaJHyC JIeMeHTa a aarebpel A.

9 To,uroa € A=ae CX(A), C),1=1ua be A= ab=
a& obecrieueno onpepenennsiMu u 11.6.3. JluneitHocTh ¥4 He BBI3bIBAET
comuennii. CiemoBaTesbHO, OTOOparkeHne ¥4 AeHCTBUTENBHO SBIISETCS
PEJICTABICHUEM.

ITycte A € Sp(a). Torma snement A — a HeoGpaTum, a IOTOMY
unean Jy_q := A(A — a) — coberBennniit B cuiry 11.4.4. Ilo reopeme
Kpymns 11.4.8 cymecTByeT MakCUMAJBHBIN uaead m <I A, yIOBJIE€TBO-
psromumii ycsioBuio m DO Jy_,. 1lo Teopeme 11.6.6 jyis momxoismiero
xapakrepa x Oygmer m = kery. B wacrmoctu, x(A —a) = 0, T. e.
A= 2x(1) = x(\) = x(a) = a(x). 3uauur, A € Sp(a).

Eciu, B cBoto ouepesp, A € Sp(a), o (A — a) — HeoOpaTUMbI
ssemenT npocrpancTea C'(X(A), C), 1. e. Haifimercs xapakrep x € X(A),
Jutst KoToporo A = a(y). Mueivu cioBamu, x(A —a) = 0. Crano ObiTh,
nonyrieane A — a € Inv(A) upuBoauT K HPOTHBOPEUUIO:

Urak, A € Sp(a). Okonvaresnbho Sp(a) = Sp(a).
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ITpusiekast popmysy Bépaunra — lenbdanna (em. 11.3.3 u 8.1.12),
BUJMM:

r(a) =sup{|A|: A € Sp(a)} =sup{|\|: A€ Spa)} =
=sup{[Al: A € a(X(A))} =sup{la(x)|: x € X(4)} = |[all,

9TO U HY2KHO. >

11.6.10. IIpeobpaszoBanne I'enbghanna KOMMyTaTHBHOH OAHAXOBOH
ayreOpbl A SIBJISIETCSI HBOMETPHIECKHM BJIOXKEHHEM B TOM H TOJIBKO B TOM
cayaae, ecmn ||a?|| = ||al|? s Besixoro a € A.

< =: YunThBag, 4TO OTOGparXkeHue t > 12, paccMarpuBaeMoe Ha
R, Bo3pacraer u uMeeT Bo3pacrarolnee oOpaTHoe, onpejesentoe Ha R,
B cury 10.6.9 momydyaem

la®]] = la*lcx(ay,c) = sup [a*(x)| = sup [x(a)|
XEX(A) XEX(A)

= sup [x(a)x(a)] = sup |x(a)]® =
XEX(A) X€X(4)

2 —~
= ( suwp |x(a)])” = [[al* = lla]*.
X€X(A)

«: Tlo dbopmyne Temsdanna 5.6.8, r(a) = lim [la™|'/". Hwmeen,
B wacrnocry, ||a®”"|| = |lal|?", r. e. r(a) = ||a||. TIo 10.6.9, momumo sToTO,
r(a) = |[al]. >

11.6.11. SAMEYAHUE. MHorja MHTEPECYIOTCS HEe CBOHCTBOM H30-
METPUIHOCTH IpeobpasoBanus | ebdania, a ero TOYHOCThIO. apo mpe-
obpazopanust Lenbdanma 44 — 9TO IepecedeHne BCeX MaKCUMAaJbHBIX
uaeanoB, T. e. padukas anredbpor A. Takum obpasom, ycjioBue TOY-
HOCTH mpejcTaBienus ¥4 amrebper A B anrebpe C(X(A), C) moxno
dopmysuposars cioBamu: «anrebpa A noaynpocma (T. e. pamukan A
TPHUBHUAJIEH) ».

11.6.12. Teopema. las saemeHTa a KOMMYTATHBHOH OaHAXOBOIH
arebpel A KOMMYTaTHBHA CJIEAYIOMAS JUATPDAMMA [MPEJICTABJIECHHI:
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A (Sp(a)) = A (Sp(a))

R, e

9
A A

ITpu srom f(a) = foa = f(a) gz f € H(Sp(a)).
< Bosbmewm x € X(A). st kaxa0ro z € res(a) BBIIOTHEHO

(sta) = 1ox(0) - oma -

NubivMu cmoBamu,

C(X(4),C)

Rla, )00 = 720 = 7505 = 7500 = K@ 2.

Taxum o6pasoM, yunThiBas cBoiicTBa nHTerpaita Boxuepa (cm. 5.5.9 (6)),
ms f € H(Sp(a)) noxygaem

ff@%o%f%(l.ffz}za, 2) dz)
27”7{f J9a(Rla, 2) 2m%f

~ o1 PIORG. 2)dz = B~ 1(@.

IToMuMO 3TOrO, MPHBJIEKasd KIACCHYECKYIO TeopeMy Ko, BuamM, 9To
st x € X(A) cripaBe isIMBBI COOTHOIIEHUST

foa ) flalx )):f(x(a)):
e () e
(f

f )dz) @00 = F@). &

zZ—aQ

1
o -X
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11.6.13. 3AMEYAHUE. Teoputo npeobpazoBanus lenndanma oue-
BUIHBIM 00Pa30M MOXKHO PACIPOCTPAHUTDH Ha CJIyYall KOMMYTATHUBHBIX
GanaxoBbix aaredp A 6es3 eqununnl. Oupenenenns 11.6.4 u 11.6.8 coxpa-
HuM JociaoBHO. Xapakrep X € X(A) nopoxpaer xapakrep X. € X (<)
o npasmwiy: Xe(a, A):= x(a) + A (a € A, X € C). Muoxkecrso X () \
{xe : x € X(A)} cocrour n3 eUHCTBEHHOIO JTEMEHTA Xoo(@, A):= A
(a € A, A € C). Takum 06pazom, npocTpaHcTBO X(A) JIOKAIBHO KOM-
naxkTHO (cp. 9.4.19), ubo orobpaxkenne x € X(A) — xe € X() \ {Xoo}
apjisiercss romeomopdusmom. I[Ipu srom ker xoo = A x 0. Curenosa-
TeJbHO, mpeobpasoBanne [erbdaria KOMMYyTaTHBHON OAHAXOBOI ared-
pBI 6€3 eIMHUIBI CIIYXKAT ee MPEeJICTABICHIEM B ajredpe OrpeesIeHHbIX
HA JIOKAJIBHO KOMIIAKTHOM IIPOCTPAHCTBE HEIPEPBIBHLIX KOMILJIEKCHBIX
QYHRIHHA, «CMPeMAWUTCA K HYMO Ha beckonewnocmuy. st rpymmo-
Boit amre6psr (L1 (RY), %) ma ocmosammm 10.11.1 m 10.11.3 mpeoGpaso-
Banne Pypbe coBmamaeT ¢ mpeobpasoBannem [enbdanga u IpUBEICHHOE
YTBEPIKJIEHNUE COIEPKUT Kak Teopemy Pumana — JleGera 10.11.5 (3), Tak
u opmyny ymaOKenusi 10.11.6 (3).

11.7. Coektp saemeHTa C*-anreGpbl

11.7.1. ONIPEAEJIEHUE. DJIeMEHT a HHBOJIIOTUBHON aareopsr A Ha-
3BIBAIOT 2PMUMOBHLM, ECITA ¢ = a. DJIEMEHT a U3 A HA3BIBAIOT HOPMAAD-
HoLM, ecin a*a = aa®. HakoHell, 3/IeMEHT G HA3BIBAIOT YHUMAPHVIM,
ecm aa* = a*a=1 (1. e. a, a* € nv(A) u a™! = a*, a*~! = a).

11.7.2. DpMHUTOBBI 3JIeMEHTHI HHBOJIOTHBHOIH aJjrebpbl A obpasy-
10T BelrjecTBeHHOE 1oimpocTpancto A. Ilpu sTom mis smoboro a € A
CYIECTBYIOT, U IPUTOM €IHHCTBEHHBIC, SPMUTOBBI JIEMEHTHI T, Y € A
Takue, 9T0 a = T + iy. UmenHo,

1 1
z=glata), y=gla-a’).
Ilpm sTom a* = x — 1y.

<1 Cuieryer mpoBEpUTH TOJBKO yTBEPXKJIeHUE 00 €JIMHCTBEHHOCTH.
Eciu a = x1+iy;, To B cuity cBoiicts unsostonuu (cu. 6.4.13) Beinosneno
a* =+ (iy1)* = 27 —iy] = x1 —iy1. Crano ObiTh, T1 =T U Yy = Y. >

11.7.3. Eaunwuiia — 3pMUTOB 3JIEMEHT.

< 1F =171 = 1*1*"* = (1*1)* =1"=1 >
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11.7.4. a € Inv(A4) © a* € Inv(A). IIpu srom naBOJIIONHS H 00pa-
MeHne — KOMMYTHPYIOIIHE OIE€DAIHH.

< Umeem aa™t = a7 la = 1 yia a € Inv(A). 3Bnauur, o *a* =
a*a™* = 1*. Vuwrssag 11.7.3, sumum, uro a* € Inv(A) u a*~ 1 =
a~'*. TloBTopss TpHBedeHHOEe paccyXKIeHHe IPH @ = a°, IOIydaeM

Tpebyemoe. >

11.7.5. Sp(a*) = Sp(a)*. <>
11.7.6. Cuektp yuurapuoro sjementa C™*-ajare6pbl — HOJMHOMKE-
CTBO €IUHUYIHOH OKPY>KHOCTH.

< B cuny onpenieniennst 6.4.13 jiist TpOU3BOIBLHOTO 3JIEMEHTA G TMeE-

em |[a?]] = |la*a|| < ||a*| ||la]|. Unaue rosops, |ja|| < |la*|. Taxum o6pa-
30M, MOCKOJILKY @ = a**, zaxmouaem: |la|| = ||a*||. Ecim a* = a™ !, 1. e.
a — yHuTapHbI 371eMent, To ||al|? = ||a*a|| = |la~tal| = 1. Crenosaremns-
o, |lal| = |la*|| = |[a7!|| = 1. Orcroma BbITekaet, arto Sp(a) u Sp(a™1)

JIexKaT B euHnaHOM Kpyre. [lomumo storo, Sp(a™!) = Sp(a)~!. >

11.7.7. Cuekrp spmuroBa sjgemenTa C*-ajirebpbl BelleCTBEH.

< Ilycte a € A. Tlo Teopeme lenmbdanga — Jlandopaa s aj-
redp 11.3.2 BBLITOJIHEHO

exp(a)* _ (Z C:::) _ Z (a:')* _ Z (an*')n _ exp(a*).

n=0 n=0 n=0

Ecyin terteps h = h* — 3pMuToB 371eMeHT A, TO [JIs1 SJeMEHTa, @ :=
exp(ih), BHOBb IpuBJeKast roJoMopdHoe GYHKIMOHATIBHOE NCIUCIIEHNE,
MOJTY 48eM

a* = exp(ih)* = exp((ih)*) = exp(—ih*) = exp(—ih) = a™*.
Suaunt, a — yHuTapHbli s1ement C*-anredbpsr A, u o 11.7.6 cnekrp
Sp(a) — aro mommHOXKecTBO enuHUUHON OkpyxkHOCcTH T. Ecmm A €
Sp(h), To mo Teopeme 06 oTobparkenuu crekTpa 8.2.5 (M. Takxke 11.3.3)
exp(iA) € Sp(a) C T. Urak, 1 = |exp(i)\)| = |exp(iRe X — Im )| =
exp(—Im ). Oxomuaressro ImA =0, . e. A€ R. >

11.7.8. ONPEAENEHUE. [lycrs A — mekoropas C*-anredpa. [lo-

nanrebpy B anreopsr A mazeiBator C*-nodaszebpoti A, ecru b € B =
b* € B. Ilpu sTom B paccMaTpuBaioT ¢ HOPMOI, MHIYIMPOBAHHON u3 A.
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11.7.9. Teopema. Kaxxjas zamkrayrtas C*-noganrebpa C*-aireb-
Dbl CePBAHTHA.

< IMyers B — 3o s3amkuyTas C*-moganrebpa (¢ emununeit) C*-
anrebpol A u b € B. Eciu b € Inv(B), o necomuenno, uro b € Inv(A).
ITycre remeps b € Inv(A). Ha ocHoBanum 11.7.4 umeem: b* € Inv(A).
Buaunt, b*b € Inv(A) u npu sTom snement (b*b)~1b* aBasieTcs eBbIM
obparueiM K b. B cumy 11.1.4 310 oznauaer, uro b~ = (b*b)~1b*. Cie-
JIOBATEJILHO, JJIsl 3aBEPIICHHs JOKA3ATEIbCTBA HY?KHO YCTAHOBUTD TOJIb-
ko, gro smement (b*b)~! Bxomur B B. Tak Kak sieMeHT b*h spMuUTOB B
B, To Bbinosneno coorromenue Spp(b*0) C R (em. 11.7.7). Ilpusie-
kas 11.2.5, Buaum, aro Sp4(b*b) = Spp(b*b). ITockonbky 0 ¢ Sp 4(b*b),
to b*b € Inv(B). Okonuarensuo b € Inv(B). >

11.7.10. CaeacrBue. Ilycrs b — snement C*-amrebper A w B —
Kakasi-HHOyIb 3aMKkHyTast C*-mojgairebpa A, npuyem b € B. Torna

Spp(b) = Spa(b). <>

11.7.11. BAMEYAHUE. B cBsi3u ¢ 11.7.10 Teopemy 11.7.9 yacro Ha-
3BIBAIOT TEOPEMOil «0 mocTOosHCTBE cuekTpa B C*-ajnrebpax». Mmeercs
B BHJIy TO, 9TO MOHSTHE CIEKTpa 3djaemerTa C*-aaredpbl «abCOTIOTHOY,
T. €. He 3aBUCUT OT BbiOOpa C*-momaredpsl, cojepKalieil JaHHbBINH dJj1e-
MeHT paccMmarpuBaemMoit C*-aaredpsi.

11.8. KomMmyTaTuBHAsI TeopeMa
Teabdanma — Haiimapka
11.8.1. Banaxosa asarebpa C(Q, C) ¢ ecrectBeHHOI HHBOJIOIHEH
[ f* rme f*(q):= f(q)* aust q € Q, saBasiercss C*-anrebpoii.

< Nl = sup{lf(@)* f(@)l : g € QF =sup{|f(@)]*: ¢ €Q} =
(sup [f(@)* = IfI* & >

11.8.2. Teopema Croyna — Beiiepmrpacca ams C(Q, C).
JTrobast C*-noganrebpa (¢ eauanueii) B C*-aarebpe C(Q, C), pasnenus-
fomast rouku @, wiorna B C(Q, C).

< Iycrs A — takasi nomanrebpa. Ilockosnbky f € A = f* € A,
o f € A = Ref € A u, crano 6birb, mHOXKeCTBO Re A := {Re f :
f € A} mpencrasusier coboit BemecTseHHyo nojaarebpy B C(Q, R).
Hecomuenno, uro Re A comepKuT mocrostHable (OYHKIAA U Pas3lesiser
toukn (). Ilo teopeme Croyma — Beitepmrrpacca 10.8.17 momanrebpa
Re A wiorna B C(Q, R). Ocranocs npusyeus 11.7.2. >



11.8. Kommyrarusrast reopema lensganga — Hatimapka 291

11.8.3. ONIPEAEJEHUE. IlpesncraBienne x-ajarebp, COrIaCOBAHHOE
€ MHBOJIIOIUEH %, HA3BIBAIOT *-npedcmasieruem. VIHBIMU CJIOBAME, €CJIN
(A, *) u (B, *) — unBosrorusHbie ajrebpol u R : A — B — MyabTUILIN-
KATUBHBIN JIMHEHHBIN OIepaTop, TO A HA3BIBAIOT *-NpedcmasieHuem B
cIydae KOMMYTATHBHOCTH JIMArDAMMBI

A% B
* ] 1 *

A-Z.B

Eciu npu aToM R — nzomopdusm, 10 R HABBIBAIOT *-u30MopPusmom A
u B. llpu Hajuuuum HOPM B PacCMATPUBAEMBIX aJrebpax HMCIOJb3yIOT
TaKKe TEPMUHBI «UBOMEMPUYECKOE *-NPEICTasAeHUE> T <USOMEMPU-
Yeckull *-u30MopPusmy, BKIAIbIBas B HUX OUYEBUTHOE COJIECPIKAHUE.

11.8.4. KomMmyTatuBHasi Teopema lenbgpanmga — Hatimap-
ka. IlpeobpaszoBanue lenbganiga kommyrarupaoii C*-amarebpber A ocy-
mecrJsteT n3oMerpudecknii x-uzomoppuzm A u C(X(A4), C).

< Has a € A nveem
la?|| = [|(a®)*a?]| "/ = |a*aa*a]| /> = a*a]| = ||a]|*.

Ha ocnosanuu 11.6.10 npeobpasosanue Lenbdbania &4 — 910 nzomerpus
anrebpel A u 3amkuyTOi nogasnrebpsl A B C(X(A4), C). HecomuerHo,
aro A pasiensier TOUKH X(A) u conepkuT nOCTOSIHHBIE DYHKIUN.
 Beuny 11.6.9 u 11.7.7 nyia spuuTosa sinementa b = h* B A umeem
h(X(A)) = Sp(h) C R. Ilycrb Tenepb ¢ — HPOM3BOJBHBIN ds1eMeHT A.
IIpuBnekas 11.7.2, 3anummem: a = x + 1y, TJ€ JIEMEHTHI X, Y SPMUTOBBI.
VuaurbiBag, 4T0 JJisi TPOU3BOJIBLHOIO Xapakrepa Y u3 X(A) BbIIOJHEHO
x(z) € R, x(y) € R, nocienoBaresibHO 101y 9aeM

Taxum obpazom, nmpeobpaszosanue [enbdania G4 spisteTcs *-npejcras-
JleHueM u, B yactaocTH, A — 1o C*-nonanrebpa C(X(A), C). Ocramocs
npussiedsb 11.8.2; urobsr 3akmounts: A = C(X(A4), C). >
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11.8.5. Ilyctb R : A — B — s10 *-nipescrapienne C*-aarebpor A
B C*-amrebpe B. Torna ||Ral|| < ||a|| a1 a € A.

< Iockoseky R(1) = 1, To R(Inv(A4)) C Inv(B). 3unauwt, g
a € A cupasejymso Brioderne Spp(R(a)) C Spy(a). Orcrona B cuiry
dbopmynbr Bépimara — Tenbdania 1S CIEKTPAIBHBIX PAJILyCOB BbITE-
kaet, 910 1 4(a) > rp(R(a)). Ecim a — spmuros saement A, o R(a) —
spmuToB steMenT B, n6o R(a)* = R(a*) = R(a). Ecam remeps Ay —
HauMeHbIas 3aMkHyTasg C*-noganrebpa, comepxamas a, 1 By — aHa-
JIOTUYHBIM 06pa30M IOCTPOeHHas! ojairedpa, cogepxaiast R(a), To Ag
u By — kommyrarusabie C*-ajrebpol. Takum obpaszom, u3 reopem 11.8.4
u 11.6.9 monygyaem

1R (a)]| = 19R(a)ll By = 195, (R(a))l] = 7B, (R(a)) =
=rp(R(a)) <rala) =ra,(a) = [|%a, (a)[| = all.

71t TpOU3BOJILHOTO 3JIEMEHTa @ € A BHJIHO, ITO 3JIEMEHT @G SPMUTOB.
Crajio ObITh, C YI€TOM yIKe JIOKA3aHHOIO UMEEM

1%(a)]* = [|%(a) R(a)]| = [R(a*a)|| < [la*al| = [al*. >

11.8.6. Teopema o HempepbIBHOM (DYHKIIHOHAJIbBHOM HCYHC-
gerun. Ilycrs a — Hopmasbubli sjaement C*-amrebper A u Sp(a) ero
cextp. CymiecTByeT, U IPUTOM €HHCTBEHHOE, H30METPHIECKOE *-IIPEJI-
crapnenne R, anreoper C(Sp(a), C) B A takoe, uro a = Ry (Igp(a))-

< Ilycts B — mammvenbinas 3avmkuyTas C*-niomanredpa A, couep-
Kamag a. lcHo, uro anrebpa B KOMMyTaTUBHA B CUJLy HOPMAJIBHOCTH G
(sTa anrebpa upejcraBiseT coboii 3aMbIKaHue aarebpbl MHOIOYIEHOB OT
a n a*). IIpu sToM Ha ocroBanuu 11.7.10 Bemosaeno Sp(a) = Spy(a) =
Spg(a). Ipeobpazosanue Lenbdanna a:= ¥ (a) snementa a geficrByer
u3 X(B) ua Sp(a) B cuity 11.6.9 1, HECOMHEHHO, B3aUMHO OJTHO3HATHO.
IMockonbky X(B) n Sp(a) — xommakTsl, npubsiekas 9.4.11, saxmoga-
eM, 9T0 @ — 910 romeomopdnsm. OTCIO7a HEMOCPEJICTEEHHO BBITEKAET,

o
gTo orobpaxkenue R : f +— f oG OCYIIECTBISET U30METPUIECKUN *-
uzomopduam anre6pst C(Sp(a), C) u anrebpsr C(X(B), C).
Ucnonssyss Teopemy 11.3.2 u cBsi3p mpeobpasoBanus [enbdania
n nnrerpasa Pucca — Handopna, ycranosiennyio B 11.6.12, s Tox-
JIECTBEHHOT'O OTOOPAYKEHUS [TOJIyIaeM
a=Hylc = Icoa = I(C|a(X(B)) oa=

= It|gp() ©@ = Isp(a) © @ = R(Isp(a))-
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ITosoxkum Temepn
1 o
Re:=95 oA

Bugro, uro R, — 3TO M30METPUUECKOE BJIOYKEHHE U *-IIPEJICTABJIEHNUE.
Kpowme Toro,

Raspa)) = 95" 0 Rsp)) = Y5 (@) = a.

Enunacreennocts Takoro mpepcrasiienust R, obecrmedena 11.8.5 u Tem,
qr0, 110 TeopeMe 11.8.2, C*-anrebpa C(Sp(a), C) — 310 cBOsI HaMMeHB-
nras 3aMKHyTag C*-nofanredpa (¢ equnmmeit), conepxammas Igyq). >

11.8.7. ONPEAENEHUE. IIpeacrasnenne R, : C(Sp(a), C) — A,
mocrpoernHoe B 11.8.6, HA3BIBAIOT HENPEPLIEHLIM PYHKUUOHANLHBIM UC-
wucaeruem (st HOpMAJIBHOTO JIEMEHTa a aareGpsr A).

Eciu npu srom f € C(Sp(a), C), to smement R,(f) obosnada-

ot f(a).

11.8.8. SAMEYAHUE. Ilycts f — romomopduas dbyHKIHMS B OKpe-
CTHOCTH CIIEKTPa HOPMAJLHOTO 3JIEMEHTa a4 HeKOTopoi C*-anarebpbr A,
T. e. f € H(Sp(a)). Torma ¢ nomomuipio roaomMopdHoro GbyHKIMOHATb-
HOI'O MCYHCJICHUS OlpesieseH syieMenT f(a) aurebper A.

Eciu coxpanuth cuMBos f 3a cyxkeHueM (QpyHKIUH f HA MHOXKE-
cTBO Sp(a), TO ¢ MOMONIBIO HENPEPBIBHOIO (DyHKIMOHAIBHOIO UCIUCIIE
HUs onpesesieH syeMeHT R, (f) := R, ( f }Sp(a)) asrebper A. Tlocsemamit

9JIEMEHT, KaK oTMedeHo B 11.8.7, obosnavator f(a). Vcmonp3oBanue onu-
HAKOBBIX 0DO3HAYEHUIT 3/1eCh HE CIy4YaiiHO U KOppeKTHO B cumiy 11.6.12
u 11.8.6. B camom pnese, crpaHHO OBLIO OBl 00s3aTEIBHO 0OO3HAYATH
PA3HBIMH CUMBOJIAMU OJIMH U TOT XK€ JIEMEHT. YKa3aHHOe 00CTOSATEIb-
CTBO MOKHO BBIPA3UTh B HAIIAMHON dopme. Vmenuo, mycrs - | Sp(a)
orobpazkenue, corocrasisioniee poctky h uz S (Sp(a)) ero cyxkenue ua
Sp(a), T. e. mycThb h‘Sp(a) B TOYKE 2 — 9TO 3HAUEHNE POCTKA h B TOUKE 2

(cm. 8.1.21). fcHo, uToO - |Sp(a) : #(Sp(a)) — C(Sp(a), C).
OTMe4YeHHYIO BBIIIE CBA3b HENPEPBIBHOTO M FOJIOMOPMHOTO PyHKIHU-

OHAJIbHBIX MCYMCJIEHUTH AJI HOPMAJHLHOTO 3JIEMEeHTa 4 PAaCCMAaTPUBAEMO
C*-aJiredpbl G MOXKHO BBIPA3UTh TAK: <«CJIEIYIOMAs JUATPAMMA,
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KOMMYTaTUBHa».

11.9. OmeparopHble *-npeacraBiaeHus C*-aaredbp

11.9.1. ONPEAENEHUE. IIycte A — Ganaxosa asrefpa (¢ equHU-
neit). Duement s € A’ maspBaor cocmosnuem A (numyr s € S(A)),
ecin ||s|| = s(1) = 1. st snemenra a € A muoxkecrso N(a):= {s(a) :
s € S(A)} Ha3BIBAIOT “UCAOBVIM 06PA3OM a.

11.9.2. Yucnooit obpas nomoxurenbrort ¢yakmun 3 C(Q, C)
gexutr B R .

< IIyers a > 0 u ||s|| = s(1) = 1. Hyxkuo nokazars, aro s(a) > 0.
Bosbmem z € C u e > 0 takume, uro kpyr B.(z):= z + D coxepxkur
a(Q). Torma |la — z|| < e u, cregosarensho, |s(a — z)| < . 3uadnrt,
[s(a) — z| = |s(a) — s(2)| < e, 1. e. s(a) € Be(2).

Samerum, 4TO

N{B:(z): B:(2z) Da(@)} =clco(a(Q)) C Ry.

Takum obpasoM, s(a) € R,. >

11.9.3. Jlemma o yncsioBoM obpasze 3pMHATOBA 3jeMeHTa. [Lis
9PMHTOBa dJIeMeHTa a B Jitoboit C*-aarebpe HMEIOT MECTO Yy TBEDIK ICHHS:
(1) Sp(a) C N(a);
(2) Sp(a) CR; & N(a) CR,.
< Ilycte B — mamMenbinas 3amrayTas C*-mogaiaredbpa paccMar-
puBaeMoii ayrebpel A, comepKainasi 3jeMeHT a. BujgHo, 4ro ajred-
pa B xommyrtatuBHa. B cuiny 11.6.9 juia npeobpazoanusa lenndamia
a = 9p(a) semomueno a(X(B)) = Spg(a). Ha ocmoBanum 11.7.10,
Spg(a) = Sp(a). Wuage rosops, mig A € Sp(a) uMeercsa xapakrep X
anrebpel B, ynosnersopsitomuit yeiosuio x(a) = A. Ilo 11.6.3, ||x|| =
x(1) = 1. Tlpusnekas 7.5.11, Haiimem upogjoszkeHue s (yHKIMOHA-
ga x Ha A c coxpamenmem HOpMmbI. Torma s — cocrosiume A u npu
stoM s(a) = A. Oxonuaressro Sp(a) C N(a) (B wacTHOCTH, ecin
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N(a) € Ry, 1o Sp(a) C Ry). Ilycrs Temepb s — IpOU3BOJIbHOE CO-
crosinue ayiredpel A. fcHo, 9To cyKeHue s| p — cocrosiHue anredpsr B.
Hecsto2KHO yCTaHOBUTH, UTO @ B3aMMHO OJIHO3HAUHO oTOOpaxkaer X(B)
Ha Sp(a). CrenoBaresnbHo, anredbpy B MOXKHO paccMarpuBaTh Kak adl-
re6py C(Sp(a), C). 13 11.9.2 BeBomuM: s(a) = s|B(a) >0 upu a > 0.
Nrak, Sp(a) C Ry = N(a) C R, 9ro u 3aBepimaer J0Ka3aTeabCTBO. >

11.9.4. ONIPEAEJEHUE. DjiementT a B C*-ajrebpe A HA3bIBAIOT NO-
A0dHCUMENbHUIM, ecan a 3pMuToB 1 Sp(a) C R, . MHoxkecTBO Beex 110-
JIOXKUTEJIbHBIX 9JIeMEeHTOB B A obo3nagaor A, .

11.9.5. MuoxecrBo Ay — 310 ynopsprounBaommii koayc B C*-
asrebpe A.

< HMownsitao, uro N(a +b) C N(a) + N(b) u N(awa) = aN(a) upn
a, be Au o€ Ry. Ilosromy 11.9.3 obecrieunBaer BkodeHne oy AL +
agAy C Ay mag ag, ag € Ry, Crano 6bith, A, — Komyc. Ecmn
a€ A, N(—A;), o Sp(a) = 0. YuuTsiBas, 4TO JEMEHT @ SPMUTOB, 11O
teopeme 11.8.6 saxkmouaem: ||af = 0. >

11.9.6. /[ist siroboro spmurosa sjementa a u3z C*-ajarebper A cy-
IMECTBYIOT 9JIEMEHTHI 4., a_ u3 A Takue, 4TO

a=ay —a—; aja_ —a_ay —0.

< Bce HeMeIIeHHO clleIyeT u3 TeOPEeMbl O HEMMPEPHIBHOM (DYHKITHO-
HaJLHOM ucuncjenun 11.8.6. >

11.9.7. Jlemma Kamianckoro — @ykamusi. DjeMeHT G MTPOU3-
BoJibHOIT C*-a/rebppl A MOJOXKUTE/ICH B TOM H TOJBHKO B TOM CJIydae,
ecin a = b*b jy1st HeKoToporo b € A.

<d=:Ilycrba € A, 1 e. a=a*uSp(a) C R;. Torga (cm. 11.8.6)
umeercst KopeHb b:= y/a. Ilpu arom b = b* u b*b = a.

<: Ecau a = b*b, TO 3/1eMeHT a SpMHUTOB U ¢ OMOIIbI0 11.9.6 MoxK-
HO 3anucarb: b*bh = u — v, e uwv = vu = 0w u > 0, v > 0 (B yno-
pagodeHHOM BekTOpHOM TpocTpancTse (Ag, A.)). IIpocroit mojcuer
[OKA3bIBAET:

(bv)*bv = v*b*bv = vb*bv = v(u — v)v = (vu — v¥)v = —v3.
[Mockombky v > 0, To v3 > 0, . e. (bv)*bv < 0. Ilo Teopeme o crex-

Tpe npousBenenns 5.6.22 muoxkecrsa Sp((bv)*bv) u Sp(bu(bv)*) moryr
OTJIMYATHCs JuIIb HysteM. 1lostomy bu(bv)* < 0.
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Ha ocmoBanum 11.7.2, bv = ay + i AjI TOAXOIANINX SPMUTOBBIX
3/JeMEHTOB a1 U az. Ouesngno, uto a3, a3 € A, u (bv)* = a; — ias.
HBaxk el ucosib3yd 11.9.5, npuxoauM K OIEHKAM:

0> (bv)*bv + bv(bv)* = 2 (af + a3) > 0.

Io 11.9.5, a1 = az = 0, T. e. bv = 0. 3maunt, —v> = (bv)*bv = 0.
Bropruunast anennsnus xk 11.9.5 naer v = 0. Haxomner, a = b*b = u—v =
u>0,1e a€ A, >

11.9.8. B C*-ajarebpe A KaxKjo0e COCTOSIHHE S 9PMUTOBO, T. €.
s(a*) =s(a)* (a€ A).

< TTo nemmam 11.9.7 u 11.9.3 upu Bcex a € A 6yzner s(a*a) > 0.
[Monarag a:= a + 1 1 a:= a + 4, NOCJIEJOBATETLHO TIOJLY9aeM

0<s((a+1)*(a+1))=s@a+a+a" +1)=

= s(a) + s(a”) € R;
0<s((a+i)*(a+1)) =s(a*a—ia+ia" +1)=
= i(—s(a) + s(a”)) € R.

WNabivu citoBaMu,
Im s(a) + Im s(a*) = 0;

Re(—s(a)) + Res(a®) = 0.
Orcrozma BBITEKAET

s(a*) =Res(a*) +ilms(a*) = Res(a) —ilms(a) = s(a)*. >

11.9.9. Ilycre s — cocrossaue C*-aqrebpor A. s a, b € A o6o-
suaguM (a, b)s:= s(b*a). Torma (-, -)s — ckassipHOE HpOU3BEJEHHE B A.

< W3 11.9.8 BBIBOIUM

(a, b)s = s(b*a) = s((a*b)*) = s(a™b)* = (b, a).

CaenroBaresibho, (-, -)s — 910 spmuToBa opma. Tak Kak s a € A,
B cuiy 11.9.7, a*a > 0, 1o, mo 11.9.3, (a, a)s = s(a*a) > 0. 3nauwmr,
(-, -)s — mosoKHUTEIBHAS dpMuUTOBa hopma. >
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11.9.10. Teopema o cocrosauu C™*-ajre6pbl. Jljisi KaxKjaoro
cocrosiaust § npou3BosbHOH C™*-ajarebppl A uMeroTcst rHIb6EepTOBO MMPO-
crpanctBo (Hg, (-, *)s), 271eMeHT 25 € Hg u x-npesicrapienne Ry : A —
B(H;) rakme, 9ro s(a) = (Rs(a)rs, Ts)s I Bcex a € A 0 MHOXKECTBO
{Rs(a)xs : a € A} miorno B Hy.

< Ha ocuoBanun 11.9.9, nomarasi (a, b)s := s(b*a) jyst a, b € A,
noJsiydaeM mpearmibbepToso npocrpanctso (A, (-, -)s). Hycrs ps(a):=

(a, a)s — HoOJIyHOpMA B 9TOM IIPOCTPAHCTBE, & s : A — A/kerp, —
KaHOHMYeCcKoe orobpakenne A Ha xaycaopdoBO MPeArniboepTOBO MPO-
crparcTBo A/ ker ps, acconuuposanuoe ¢ stum A. Ilycrs, nanee, tg :
A/kerps — Hy — Biioxkenue (Haupumep, ¢ HOMOIIBIO JIBOHHOIO IITPU-
xoBaHusl) upocrpancTsa A/ ker ps B KauecTBe BCIOMY IJIOTHOTO IIOJIIPO-
CTpaHCTBa B I'MJILOEPTOBO IMPOCTPAHCTBO H,, accomuMpoBaHHOE C IIPO-
crpauctBoM (A, (-, -)s) (cm. mpumep 6.1.10 (4)). Cransproe mponsse-
Jenue B npocrpancTse Hg 0003HAYMM HIPEKHUM CUMBOJIOM (-, +)s. Ta-
KUM 00pa3oM, B YaCTHOCTH,

(LSQDS% Ls@sb)s - (aa b)s - S(b*a) (az be A)

s snementa a € A pacemorpum (06pa3 IpU KAHOHMYECKOM Olle-
paTopHOM mpezicTaBienun) L, : b — ab (b € A). YcranoBuM npex/e
BCero, ITO CyNIECTBYIOT, U IPUTOM €IHHCTBEHHBIE, OTDAHUIEHHbBIE OIIe-
paropsl L, u fR,(a), npespamaronye B KOMMYTATUBHYIO CJIE/LYIOLYTO
JIMarpaMMy:

A5 A ker p—H
La | | La | Ry(a)
AL5 A ker py - H

Wckowmpbrit oneparop L, ciayKut perenneM ypaBaeHus X, = @gL,.
[Tpusnekas 2.3.8, BuauM, 9T0 HEOOXOIUMOE U JIOCTATOYHOE YCJIOBUE pa3-
PEIIMMOCTH YKa3aHHOTO yPaBHEHMS B KJIaCCe JIMHEHHBIX OlEPATOPOB CO-
CTOWUT B MHBAPUAHTHOCTH IIOJIIIPOCTPAHCTBA Ker ps OTHOCUTENBHO L.

Urak, nposepum Briodenue L,(kerps) C ker ps. s 3roro Bo3b-
MeM 3emeHT b u3 kerpg, T. e. ps(b) = 0. Vcnmonb3ys omnpeneseHus
u uepasenctBo Komm — Bymskosckoro 6.1.5, mosygyaem

0 < (Lgb, Lab)s = (ab, ab)s = s((ab)*ab) =
= s(b*a*ab) = (a*ab, b)s < ps(b)ps(a™adb) = 0,

T. e. Lg,b € kerps. Emumncreennocts L, obecmeuena 2.3.9, ubo g —
snumopduzm. OTMETHM TaKKe, 9TO Qg — ITO OTKPHITOE OTOOPasKeHUe
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(cp. 5.1.3). Otcrona HeMeIJIEHHO CJIe/yeT HEelPEepPbIBHOCTH OIepaTopa
L,. Taxmm o6pasoM, B city 5.3.8 cooTBeTcTBHE Lg 0 L, 0 (15) ™! MoxHO
paccMaTpUBAThL KaK OrPAHMYEHHBIH JIMHEHHbIH onepaTop u3 ts( A/ ker py)
B banaxoBo nmpoctpaHcTBo H,. B cBs3u ¢ 4.5.10 Takoii omepaTop Jomyc-

KaeT, U IPUTOM €JIUHCTBEHHOE, IPOJIOJKeHNe JI0 oneparopa Rg(a) u3s

B(Hy).

VeranosBuMm renepb, 4to Ry @ a — R(a) — sro Tpebyemoe mpe-
craBiaerne. B cumiy 11.1.6 Bemmonneno: Lo, = LoLp nasa a, b € A.
Suauwr, o -

L)OsLazb - (PsLaLb - La@sLb - La Lb(ps-
ITockonbky Lgp — eAMHCTBEHHOE pellleHue ypabHeHHd X@, = @sLqgp,
IpuXOaAuM K cooTHOmmeHuo L., = L, Ly, obecrieanBaroniemMy MyabTH-

WMKaTUBHOCTE Rg. To, uTo Ry — JIMHENHBI ONEepaTop, MPOBEPSIETCI
anayiorndno. [Tomumo 3Toro,

Lips = psL1 = psla = s = Lo/ kerp,Ps = 1Ps,

T. e. R(1) = 1.

Ob6o3HauuM 1Jis1 yI00CTBa Vs := Ls@s. TOra ¢ y4eToM OIpeiesIeHnii
ckasisipHoro npoussenennst B Hy (em. 6.1.10 (4)) u nuBosmonuu B B(Hy)
(cm. 6.4.14 u 6.4.5) mag smementos a, b, y € A umeem

(mS(a*)'L/}sxv wsy)s = (wsLa*x» 1/sz)s =
= (Lo, y)s = (a2, y)s = s(y"a"z) = s((ay)*w) = (z, ay)s =
- (.13, Lay)s = (¢s$7 wsLay)s - (%967 E)[{s(a)'(/)s:'-/)s =
- (ms(a)*wsxa wsy)&
Orcrona u3-3a wiorHoctn im s B Hg BhITeKaer, uto Ry(a*) = Rs(a)*

JUTST KQXKJI0T0 a € A, T. e. Ry — 9TO *-TIPEJICTABJICHUE.
ITosoxkum Teneps xs:= s1. Torna

Rs(a)rs = Rs(a)psl = Ys Lol = Psa (a € A).

CnenoBaresnbro, MHOXKecTBO {R;(a)zs : a € A} wiorHo B Hy. TTommumo
3TOTO,

Rs(@)zs, x5)s = (Ysa, ¥sl)s = (a, 1)s = s(1%a) = s(a). >

11.9.11. BAMEYAHUE. [locrpoenue u3 j0Ka3aTeIbCTBA TEOPEMBI
11.9.10 nazwiBator THC-Kkoncmpyryued (mim pasBepHyTO: KOHCMPYKYU-
et Teavganda — Hatimapra — Cuzana).
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11.9.12. Teopema TI'eapgpanga — Hatimapka. Kaxgas C*-aj-
rebpa mMeeT m3oMeTpHIecKoe x-npeacrapiacane B C*-amrebpe sHgoMOp-
pU3MOB TOIXOJSIINEr0 rUJIbOEPTOBA MPOCTPAHCTBA.

< Ilycts A — pacemarpuBaemast C*-asrebpa. Cireyer HARTH THIb-
6epToBO NMpocTpaHCcTBO H U M30METpUYECKoe *-TIpejicTasienue R aared-
pot A B C*-amnrebpe B(H). C 3T0i 1ENbI0 PACCMOTPUM THILOEPTOBY
cymmy H cemeficTBa rutb6epToBBIX TPOCTPAHCTB (H) e g(4), CYTIECTBO-
BaHME KOTOPBIA rapaHTUPOBAHO TeOpeMoii 0 cocrosiauu C*-ayrebphl, T. €.

H—=— & H,—
seS(A)

=< h:= (hs)SES(A) S H H,: Z Hhs”%{s < +00
s€S(A) s€S(A)

Ormernnm, 9TO CKaJIApHOE IIpou3BefieHue cemeiicrs h := (
g:= (9s)ses(a) B H Boraucnserca no npasuiy (cp. 6.1.10 (5

(h, 9) = Z (hs, gs)s-

seS(A)

IIycrs, manee, Ry — 310 *-mupexcrasienue A B npocrpancrse Hy,
coorBercryomee cocrosiHuio s u3 S(A). Tak kak B cury 11.8.5 mus
Kazk10ro a € A Bemonnena onenka ||Rq(a)||pa,) < llall, To mia h € H
CIIpaBe/INBO

SR @bsld, < D0 IR(@ B hslF, < llall? > Ikl
)

s€S(A) seS(A s€S(A)

Orciofa BeITEKaeT, uTo coornomenue R(a)h : s — Rs(a)hs oupe-
neinster snemerT R(a)h u3 H. BosHukarommii omeparop R(a) : h —
R(a)h — snement npocrpancrsa B(H). Bosee Toro, orobparkenue R :
a — R(a) (a € A) — 970 UCKOMOE U30OMETPHYECKOE *-IIPEJICTABJICHUE
ayirebper A.

B camom zieste, u3 onpesieserns R u csoiicts R, 1uist s € S(A) serko
BbIBeCTH, 4TO SR — 310 *-1upezcrasienune A B B(H). Y6enumcsi, Harpu-
Mep, 4To R corIacoBaHo ¢ uHBOJONHUE. Jljist 9T0ro BO3bMEM JIEMEHTHI
a€Auh, ge H. Torna

(m(a*)hv g) - Z (ms(a*)ha gs)s =

seS(A)



300 I'n. 11. BanaxoBbl ajredpbl

- Z (%s(a)*hsv gs)s - Z (hsa iy’is(a)gs)s -

sES(A) s€S(A)

- (h7 m(a’)g) - (m(a)*h, g)'

W3-3a npoussosbrocTH h, g € H monysaem R(a*) = R(a)*, 4r0 u HyXK-
HO.

OcTanocs IpoOBEPUTDH TOIBKO H30METPUIHOCTD *-IIpecTaBaeHns R,
T. e. paseHcrBa ||P(a)| = |la| npu Bcex a € A. Ilycrs mns Havasda
@ — 9TO MNOJIOKUTENBHBIN 3J1eMeHT. VI3 HeIpephIBHOrO (DYHKIMOHAIBHO-
ro ncuucyIeHnss u reopeMsl Beitepmirpacca 9.4.5 cienyer: ||a|| € Sp(a).
Ha ocrosanuu 11.9.3 (1) cymecrByer cocrosinne s € S(A), mas KoTo-
poro s(a) = |la||. YuursBas CBOHCTBA BEKTOPA Ts, COOTBETCTBYIOIIETO
s-ripeicraBiiennto Ry (em. 11.9.10), u nupusiekas nepaBencTso Komm —
Bynaxosckoro 6.1.5, momyTaem

lal| = s(a) = (Rs(a)zs, z5)s < [|Rs(a)as|m,

stHS S

< HmS(a)HB(Hs) ISH%S = HmS(a>||B(Hs)(x57$S>s =
= [[Rs(a)l| ) (Rs(Dzs, z5)s = [|Rs(a)l|pa,)s(1) = [[Rs(a)l| pa,).-

Uenomssys onenkn [|R(a)|| > [[Rs(a)l|pa,) u llall = [R(a)], nep-
Bas M3 KOTOPBIX OYEBHJIHA, & BTOpas ykaszaHa B 11.8.5, BBIBO/IIM:

llall = [R(@)ll = [Rs(a)l[ B,y = llall-

BosbMmem, HakoHerr, mpon3BosibHb aement a u3 A. ITo nemme Karmran-
ckoro — Pykamust 11.9.7 atement a*a mosoxurenen. Takum obpasom,
MOXKHO 3aKJIIOYUTh:

19(a)]* = [%(a) R(a)|| = [R(a*)R(a)]| = [|R(a*a)]| = [la*al| = [lal|*.
Hanbueiiee He TpedyeT 0COOBIX pa3bsCHEHMH. [>

YnpakHeHust
11.1. IIpuBecTu npumepbl 6GaHAXOBBIX ajarebp U He GaHAXOBBIX AJreop.

11.2. Tycrs A — Ganaxosa anreGpa u Y € A% Takos, uto (1) = 1 u npu sTOM
X(Inv(A)) C Inv(C). JokazaTb, 9TO X MyJIbTUIUIMKATUBEH U HENIPEPBIBEH.

11.3. Ilycrs cexTp Sp(a) semenTa a 6aHax0BOH anre6pbl A JIEXKUT B OTKPBI-
Tom muO)kecTBe U. [lokasars, uro mMeercsa ducyo € > 0 takoe, uro Sp(a + b) C U
npu Bcex b € A, st koropsix ||b]] < e.
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11.4. Onucarb npocTpaHCTBa MaKCHUMAJIbHBIX uzaeasoB B ajnrebpax C(Q, C),
¢ ([0, 1], C) ¢ moToYeUHBIM yMHOKEHHEM, B aareGpe JBYCTOPOHHEX CyMMHPYEMbIX
nocsieoBareabHocTeit 11(Z) co CBEPTOYHBIM yMHOKEHHEM

(a*b)(n):= Z an b

11.5. YcranoBuTb, uTo B GanaxoBoil anrebpe B(X) snement T umeer JieBbIi
OOpaTHBII B TOM U TOJBKO B TOM cjydae, Korga 1 — moHomMopdusm u obpas T’
moroHsieM B X .

11.6. YcranoBuTb, uTo B GaHaxoBoit anrebpe B(X) snement T nmeer npasblit
OOpaTHBINM B TOM U TOJIBKO B TOM cjydae, eciau 1 — snumopdusm u sinpo T’ moros-
HsieMO B X.

11.7. B 6anaxoBoii aiarebpe A eCTb 3JIEMEHT C HECBSAA3HBIM CIeKTpoM. JlokazaTh,
qT0 B A Hal[|eTCs HETPUBHUAJIBHBINA HUJIEMIIOTEHT.

11.8. Ilycts A — KOMMyTaTHBHas baHaxoBa ajrebpa c equHuled u £ — Heko-
TOPOE MHOXKECTBO €€ MaKCHMAJIbHBIX HAeaoB. MuoxkecTBo E HaA3bIBAaIOT 2panuyed
A, ecu JIs1 BCSIKOTO @ € A BBIIOJIHEHO

lalloe = sup |a(E)].

Jloka3aThb, 9TO MepecevdeHne BCeX 3aMKHYTBIX TPAHUI] A TakzKe CIIy»KUT rpaHuneil A.
Ee masbiBator epanuueti [unrosa anredbpor A.

11.9. Ilycts A, B — KOMMyTaTUBHBIE GAHAXOBBI AJIreOPBI C eAUMHUIEH, TpUIeM
B C Aulp =1,4. lokazaTb, 94TO BCAKUN MaKCUMAaJIbHbIN ujeas rpanuibl [unmosa
asre6psl B COmepKUTCSI B HEKOTOPOM MAaKCHMAaJIbHOM Hjeaje A.

11.10. Hycre A u B — ase C*-anrebpsl (¢ enqununeit) u T — mopdusm A B
B. Ilycrs, manee, a — HOpPMaJIbHBIN veMeHT A u f — HempepblBHas (QyHKIUs Ha

Sp 4 (a). Yeranosurs, uro Spg(Ta) C Spy(a) u T'f(a) = f(Ta).

11.11. Tlycrs f € A’, rne A — xommyTarusHas C*-anrebpa. YCTaHOBUTH, 9TO
f — nonoxurenbHas dopma, 1. e. f(a*a) > 0 qus a € A, B TOM ¥ TOJBKO B TOM
cay4qae, eca || f|| = f(1).

11.12. Omnucarp KpaiiHue JIydn MHOXKECTBA ITOJIOXKUTEIBHBIX (DOPM B KOMMY-
TaTupHO#M C*-asrebpe.

11.13. Jokasarb, uro anre6bpsl C(Q1, C) nu C(Q2, C) nzomopdusr B TOM u
TOJIBKO B TOM CJIy9ae, €CJIM KOMIAaKTBl (1 U Q2 TOMEOMOPQHBEL.

11.14. IlycTs HEKOTOPBIH HOPMAJILHBIH ds1IeMeHT C™*-anrebpbl UMeeT BeleCTBEeH-
HBI criekTp. Jloka3aTb, 9TO OH SPMUTOB.

11.15. Pa3BuTh CIEKTPAJIBHYIO TEOPHUIO HOPMAaJIbHBIX OIIEPATOPOB B T'MJILOEPTO-
BOM IIPOCTPAHCTBE C ITIOMOIIBIO HEIIPEPBHIBHOIO (DYHKIMOHAJIBLHOIO ucyucjienus. Omu-
caThb KOMIIAaKTHbIE HOPMAaJIbHBIE OLIEPATOPHI.
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11.16. Ilycrs T — anrebpauueckuit Mmopdusm C*-anrebp, npudem ||T]] < 1.
Torna T'(a*) = (Ta)* mas Beex a.

11.17. Ilycre T — HOpMAJIBHBIN OIEPATOP Ha IMILOEPTOBOM IpocTpaHcTse H.
V6enurbcsi, 4TO CyIIECTBYIOT SPMHUTOB oneparop S Ha H u HenpepbiBHAsI (DYHKIUS

f :Sp(S) — C rakue, uro T = f(S). CupaBeianBo Ju aHAJIOTUYHOE yTBEPKICHUE B
C*-anrebpax?

11.18. Ilycre A, B — nBe C™*-anrebpsl u p — 910 *-MoHOMOphU3M u3 A B B.
Jloka3aThb, 9TO p — M30METpUUIecKoe Biaoxkenue A B B.

11.19. Ilycrb a, b — spmuToBbI 351eMenThl C™*-anrebpsr A, npudem ab = ba u,

kpome toro, a < b. okasarb, uro f(a) < f(b) I mogxomsammx cy»KeHuit aro6oit
BO3pAacCTaloOIIell HellPePbIBHON CKaJIstpHOil dyukmuu f Ha R.
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distribution applies to a function,
10.10.5 (7)

Distribution Localization
Principle, 10.10.12

distribution of finite order,
10.10.5 (3)

distribution size at most m,
10.10.5 (3)

distribution of slow growth,
10.11.16

distributions admitting
convolution, 10.10.5 (9)

distributions convolute, 10.10.5 (9)

division algebra, 11.2.3

domain, 1.1.2

Dominated Extension Theorem,
3.5.4

Double Prime Lemma, 7.6.6

double prime mapping, 5.1.10 (8)

double sharp, Ex. 2.7

downward-filtered set, 1.2.15

dual diagram, 7.6.5

dual group, 10.11.2

dual norm of a functional,
5.1.10 (8)

dual of a locally convex space,
10.2.11

dual of an operator, 7.6.2

duality bracket, 10.3.3

duality pair, 10.3.3

dualization, 10.3.3

Dualization Theorem, 10.3.9

Dunford—Hille Theorem, 8.1.3

Dunford Theorem, 8.2.7 (2)

Dvoretzky—Rogers Theorem,
5.5.9(7)

dyadic-rational point, 9.3.13

effective domain of definition,
3.4.2
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Eidelheit Separation Theorem,
3.8.14
eigenvalue, 6.6.3 (4)
eigenvector, 6.6.3
element of a set, 1.1.3 (4)
elementary compactum, 4.8.5
endomorphism, 2.2.1, 12; 8.2.1
endomorphism algebra, 2.2.8,
13; 5.6.5
endomorphism space, 2.2.8
Enflo counterexample, 8.3.12
entourage, 4.1.5
envelope, Ex. 1.11
epigraph, 3.4.2
epimorphism, 2.3.1
e-net, 8.3.2
e-perpendicular, 8.4.1
e-Perpendicular Lemma, 8.4.1
Equicontinuity Principle, 7.2.4
equicontinuous set, 4.2.8
equivalence, 1.2.2
equivalence class, 1.2.3 (4)
equivalent multinorms, 5.3.1
equivalent seminorms, 5.3.3
estimate for the diameter of
a spherical layer, 6.2.1
Euler identity, 8.5.17
evaluation mapping, 10.3.4 (3)
everywhere-defined operator, 2.2.1
everywhere dense set, 4.7.3 (3)
exact sequence, 2.3.4
exact sequence at a term, 2.3.4
exclave, 8.2.9
expanding mapping, Ex. 4.14
extended function, 3.4.2
extended real axis, 3.8.1
extended reals, 3.8.1
extension of an operator, 2.3.6
exterior of a set, 4.1.13
exterior point, 4.1.13
Extreme and Discrete Lemma,
3.6.4
extreme point, 3.6.1

extreme set, 3.6.

face, 3.6.1

factor set, 1.2.3 (4)

faithful representation, 8.2.2

family, 1.1.3 (4)

filter, 1.3.3

filterbase, 1.3.1

finer cover, 9.6.1

finer filter, 1.3.6

finer multinorm, 5.3.1

finer pretopology, 9.1.2

finer seminorm, 5.3.3

finest multinorm, 5.1.10 (2)

finite complement filter, 5.5.9 (3)

finite descent, Ex. 8.10

finite-rank operator, 6.6.8,
97; 8.3.6

finite-valued function, 5.5.9 (6)

first category set, 4.7.1

first element, 1.2.6

fixed point, Ex. 1.11

flat, 3.1.2 (5)

formal duality, 2.3.15

Fourier coefficient family, 6.3.15

Fourier—Plancherel transform,
10.11.15

Fourier-Schwartz transform,
10.11.19

Fourier series, 6.3.16

Fourier transform
of a distribution, 10.11.19

Fourier transform of a function,
10.11.3

Fourier transform relative to
a basis, 6.3.15

Fréchet space, 5.5.2

Fredholm Alternative, 8.5.6

Fredholm index, 8.5.1

Fredholm operator, 8.5.1

Fredholm Theorem, 8.5.8

frontier of a set, 4.1.13

from A into/to B, 1.1.1
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Fubini Theorem for distributions,
10.10.5 (8)

Fubini Theorem for measures,
10.9.4 (6)

full subalgebra, 11.1.5

fully norming set, 8.1.1

Function Comparison Lemma,
3.8.3

function of class C™, 10.9.9

function of compact support, 9.6.4

Function Recovery Lemma, 3.8.2

functor, 10.9.4 (4)

fundamental net, 4.5.2

fundamental sequence, 4.5.2

fundamentally summable family
of vectors, 5.5.9 (7

gauge, 3.8.6

gauge function, 3.8.6

Gauge Theorem, 3.8.7

I"-correspondence, 3.1.6

T-hull, 3.1.11

I'-set, 3.1.1

Gelfand—-Dunford Theorem in
an operator setting, 8.2.3

Gelfand-Dunford Theorem
in an algebraic setting, 11.3.2

Gelfand formula, 5.6.8

Gelfand—Mazur Theorem, 11.2.3

Gelfand—Naimark—Segal
construction, 11.9.11

Gelfand Theorem, 7.2.2

Gelfand transform of an algebra,
11.6.8

Gelfand transform of an element,
11.6.8

Gelfand Transform Theorem,
11.6.9

general form of a compact
operator in Hilbert space,
6.6.9

general form of a linear functional
in Hilbert space, 6.4.2

general form of a weakly
continuous functional,
10.3.10

general position, Ex. 3.10

generalized derivative in the
Sobolev sense, 10.10.5 (4)

Generalized Dini Theorem, 10.8.6

generalized function, 10.10.4

Generalized Riesz—Schauder
Theorem, 8.4.10

generalized sequence, 1.2.16

Generalized Weierstrass Theorem,
10.9.9

germ, 8.1.14

GNS-construction, 11.9.11

GNS-Construction Theorem,
11.9.10

gradient mapping, 6.4.2

Gram-—Schmidt orthogonalization
process, 6.3.14

graph norm, 7.4.17

Graph Norm Principle, 7.4.17

greatest element, 1.2.6

greatest lower bound, 1.2.9

Grothendieck Criterion, 8.3.11

Grothendieck Theorem, 8.3.9

ground field, 2.1.3

ground ring, 2.1.1

group algebra, 10.9.4 (7)

group character, 10.11.1

Haar integral, 10.9.4 (1)
Hahn-Banach Theorem, 3.5.3
Hahn—Banach Theorem

in analytical form, 3.5.4
Hahn-Banach Theorem

in geometric form, 3.8.12
Hahn-Banach Theorem

in subdifferential form, 3.5.4
Hamel basis, 2.2.9 (5)
Hausdorff Completion Theorem,

4.5.12
Hausdorff Criterion, 4.6.7
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Hausdorff metric, Ex. 4.8
Hausdorff multinorm, 5.1.8
Hausdorff multinormed space,
5.1.8
Hausdorff space, 9.3.5
Hausdorff Theorem, 7.6.12
Hausdorff topology, 9.3.5
H-closed space, Ex. 9.10
Heaviside function, 10.10.5 (4)
Hellinger—Toeplitz Theorem, 6.5.3
hermitian element, 11.7.1
hermitian form, 6.1.1
hermitian operator, 6.5.1
hermitian state, 11.9.8
Hilbert basis, 6.3.8
Hilbert cube, 9.2.17 (2)
Hilbert dimension, 6.3.13
Hilbert identity, 5.6.19
Hilbert isomorphy, 6.3.17
Hilbert—Schmidt norm, Ex. 8.9
Hilbert—Schmidt operator,
Ex. 8.9
Hilbert—Schmidt Theorem, 6.6.7
Hilbert space, 6.1.7
Hilbert-space isomorphism, 6.3.17
Hilbert sum, 6.1.10 (5)
Holder inequality, 5.5.9 (4)
holey disk, 4.8.5
holomorphic function, 8.1.4
Holomorphy Theorem, 8.1.5
homeomorphism, 9.2.4
homomorphism, 7.4.1
Hormander transform, Ex. 3.19
hyperplane, 3.8.9
hypersubspace, 3.8.

ideal, 11.4.1

Ideal and Character Theorem,
11.6.6

ideal correspondence, 7.3.3

Ideal Correspondence Lemma,
7.3.4

Ideal Correspondence Principle,
7.3.5
Ideal Hahn—-Banach Theorem,
7.5.9
ideally convex function, 7.5.4
ideally convex set, 7.1.3
idempotent operator, 2.2.9 (4)
identical embedding, 1.1.3 (3)
identity, 10.9.4
identity element, 11.1.1
identity mapping, 1.1.3 (3)
identity relation, 1.1.3 (3)
image, 1.1.2
image of a filterbase, 1.3.5 (1)
image of a set, 1.1.3 (5)
image of a topology, 9.2.12
image topology, 9.2.12
Image Topology Theorem,
9.2.11
imaginary part of a function,
5.5.9 (4)
increasing mapping, 1.2.3 (5)
independent measure, 10.9.4 (3)
index, 8.5.1
indicator function, 3.4.8 (2)
indiscrete topology, 9.1.8 (3)
induced relation, 1.2.3 (1)
induced topology, 9.2.17 (1)
inductive limit topology, 10.9.6
inductive set, 1.2.19
infimum, 1.2.9
infinite-rank operator, 6.6.8
infinite set, 5.5.9 (3)
inner product, 6.1.4
integrable function, 5.5.9 (4)
integral, 5.5.9 (4)
integral with respect to
a measure, 10.9.3
interior of a set, 4.1.13
interior point, 4.1.13
intersection of topologies, 9.1.14
interval, 3.2.15
Interval Addition Lemma, 3.2.15
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invariant subspace, 2.2.9 (4)
inverse-closed subalgebra, 11.1.5
inverse image of a multinorm,
5.1.10 (3)
inverse image of a preorder,
1.2.3 (3)
inverse image of a seminorm, 5.1.4
inverse image of a set, 1.1.3 (5)
inverse image of a topology, 9.2.9
inverse image of a uniformity,
9.5.5(3)
inverse image topology, 9.2.9
Inverse Image Topology Theorem,
9.2.8
inverse of a correspondence,
1.1.3(1)
inverse of an element
in an algebra, 11.1.5
Inversion Theorem, 10.11.12
invertible element, 11.1.5
invertible operator, 5.6.10
involution, 6.4.13
involutive algebra, 6.4.13
irreducible representation, 8.2.2
irreflexive space, 5.1.10 (8)
isolated part of a spectrum, 8.2.9
isolated point, 8.4.7
isometric embedding, 4.5.11
isometric isomorphism of algebras,
11.1.8
isometric mapping, 4.5.11
isometric representation, 11.1.8
isometric *-isomorphism, 11.8.3
isometric *-representation, 11.8.3
isometry into, 4.5.11
isometry onto, 4.5.11
isomorphism, 2.2.5
isotone mapping, 1.2

James Theorem, 10.7.5
Jensen inequality, 3.4.5
join, 1.2.12

Jordan arc, 4.8.2

Jordan Curve Theorem, 4.8.3
juxtaposition, 2.2.

Kakutani Criterion, 10.7.1
Kakutani Lemma, 10.8.7
Kakutani Theorem, 7.4.11 (3)
Kantorovich space, 3.2.8
Kantorovich Theorem, 3.3.4
Kaplansky—Fukamija Lemma,
11.9.7
Kato Criterion, 7.4.19
kernel of an operator, 2.3.1
ket-mapping, 10.3.1
ket-topology, 10.3.5
Kolmogorov Normability
Criterion, 5.4.5
Krein—Milman Theorem, 10.6.5
Krein—Milman Theorem
in subdifferential form, 3.6.5
Krein—-Rutman Theorem, 3.3.5
Krull Theorem, 11.4.8
Kuratowski-Zorn Lemma, 1.2.20
K-space, 3.2.8
K-ultrametric, 9.5.13

last element, 1.2.6
lattice, 1.2.12
lear trap map, 3.7.4
least element, 1.2.6
Lebesgue measure, 10.9.4 (1)
Lebesgue set, 3.8.1
Lefschetz Lemma, 9.6.3
left approximate inverse, 8.5.9
left Haar measure, 10.9.4 (1)
left inverse of an element
in an algebra, 11.1.3
lemma on continuity of a convex
function, 7.5.1
lemma on the numeric range
of a hermitian element,
11.9.3
level set, 3.8.1
Levy Projection Theorem, 6.2.2
limit of a filterbase, 4.1.16
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Lindenstrauss space, 5.5.9 (5)

Lindenstrauss—Tzafriri Theorem,
7.4.11 (3)

linear change of a variable under
the subdifferential sign, 3.5.4

linear combination, 2.3.12

linear correspondence, 2.2.1,
12; 3.1.7

linear functional, 2.2.4

linear operator, 2.2.1

linear representation, 8.2.2

linear set, 2.1.4 (3)

linear space, 2.1.4 (3)

linear span, 3.1.14

linear topological space, 10.1.3

linear topology, 10.1.3

linearly independent set, 2.2.9 (5)

linearly-ordered set, 1.2.19

Lions Theorem of Supports,
10.10.5 (9)

Liouville Theorem, 8.1.10

local data, 10.9.11

locally compact group, 10.9.4 (1)

locally compact space, 9.4.20

locally compact topology, 9.4.20

locally convex space, 10.2.9

locally convex topology, 10.2.1

locally finite cover, 9.6.2

locally integrable function, 9.6.17

locally Lipschitz function, 7.5.6

loop, 4.8.2

lower bound, 1.2.4

lower limit, 4.3.5

lower right Dini derivative, 4.7.7

lower semicontinuous, 4.3.3

Lo-Fourier transform, 10.11.15

Mackey—Arens Theorem, 10.4.5
Mackey Theorem, 10.4.6
Mackey topology, 10.4.4
mapping, 1.1.3 (3)

massive subspace, 3.3.2

matrix form, 2.2.9 (4)

maximal element, 1.2.10
maximal ideal, 11.4.5
maximal ideal space, 11.6.7
Maximal Ideal Theorem, 11.5.3
Magzur Theorem, 10.4.9
meager set, 4.7.1
measure, 10.9.3
Measure Localization Principle,
10.9.10
measure space, 5.5.9 (4)
meet, 1.2.12
member of a set, 1.1.3 (4)
metric, 4.1.1
metric space, 4.1.1
metric topology, 4.1.9
metric uniformity, 4.1.5
Metrizability Criterion, 5.4.2
metrizable multinormed space,
5.4.1
minimal element, 1.2.10
Minimal Ideal Theorem, 11.5.1
Minkowski—Ascoli-Mazur
Theorem, 3.8.12
Minkowski functional, 3.8.6
Minkowski inequality, 5.5.9 (4)
minorizing set, 3.3.2
mirror, 10.2.7
module, 2.1.1
modulus of a scalar, 5.1.10 (4)
modulus of a vector, 3.2.12
mollifier, 9.6.14
mollifying kernel, 9.6.14
monomorphism, 2.3.1
monoquotient, 2.3.11
Montel space, 10.10.9 (2)
Moore subnet, 1.3.5 (2)
morphism, 8.2.2, 126; 11.1.2
morphism representing
an algebra, 8.2.2
Motzkin formula, 3.1.13 (5)
multimetric, 9.5.9
multimetric space, 9.5.9
multimetric uniformity, 9.5.9
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multimetrizable topological
space, 9.5.10
multimetrizable uniform space,
9.5.10
multinorm, 5.1.6
Multinorm Comparison Theorem,
5.3.2
multinorm summable family
of vectors, 5.5.9 (7)
multinormed space, 5.1.6
multiplication formula, 10.11.5
multiplication of a germ
by a complex number, 8.1.16
multiplicative linear operator,
8.2.2

natural order, 3.2.6 (1)

negative part, 3.2.12

neighborhood about a point,
9.1.1(2)

neighborhood about a point
in a metric space, 4.1.9

neighborhood filter, 4.1.10

neighborhood filter of a set, 9.3.7

neighborhood of a set, 8.1.13 (2),
124; 9.3.7

Nested Ball Theorem, 4.5.7

nested sequence, 4.5.7

net, 1.2.16

net having a subnet, 1.3.5 (2)

net lacking a subnet, 1.3.5 (2)

Neumann series, 5.6.9

Neumann Series Expansion
Theorem, 5.6.9

neutral element, 2.1.4 (3), 11;
10.9.4

Nikol skii Criterion, 8.5.22

Noether Criterion, 8.5.14

nonarchimedean element,
5.5.9(5)

nonconvex cone, 3.1.2 (4)

Nonempty Subdifferential
Theorem, 3.5.8

non-everywhere-defined operator,
2.2.1

nonmeager set, 4.7.1

nonpointed cone, 3.1.2 (4)

nonreflexive space, 5.1.10 (8)

norm, 5.1.9

norm convergence, 5.5.9 (7)

normable multinormed space,
5.4.1

normal element, 11.7.1

normal operator, Ex. 8.17

normal space, 9.3.11

normalized element, 6.3.5

normally solvable operator, 7.6.9

normative inequality, 5.1.10 (7)

normed algebra, 5.6.3

normed dual, 5.1.10 (8)

normed space, 5.1.9

normed space of bounded
elements, 5.5.9 (5)

norming set, 8.1.1

norm-one element, 5.5.6

nowhere dense set, 4.7.1

nullity, 8.5.1

numeric family, 1.1.3 (4)

numeric function, 9.6.4

numeric range, 11.9.1

numeric set, 1.1.3 (

one-point compactification, 9.4.22

one-to-one correspondence,
1.1.3(3)

open ball, 4.1.3

open ball of RV, 9.6.16

open correspondence, 7.3.12

Open Correspondence Principle,
7.3.13

open cylinder, 4.1.3

open half-space, Ex. 3.3

Open Mapping Theorem, 7.4.6

open segment, 3.6.1

open set, 9.1.4

open set in a metric space, 4.1.11
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openness at a point, 7.3.6

operator, 2.2.1

operator ideal, 8.3.3

operator norm, 5.1.10 (7)

operator representation, 8.2.2

order, 1.2.2

order by inclusion, 1.3.1

order compatible with vector
structure, 3.2.1

order ideal, 10.8.11

order of a distribution, 10.10.5 (3)

ordered set, 1.2.2

ordered vector space, 3.2.1

ordering, 1.2.2

ordering cone, 3.2.4

oriented envelope, 4.8.8

orthocomplement, 6.2.5

orthogonal complement, 6.2.5

orthogonal family, 6.3.1

orthogonal orthoprojections,
6.2.12

orthogonal set, 6.3.1

orthogonal vectors, 6.2.5

orthonormal family, 6.3.6

orthonormal set, 6.3.6

orthonormalized family, 6.3.6

orthoprojection, 6.2.7

Orthoprojection Summation
Theorem, 6.3.3

Orthoprojection Theorem, 6.2.10

Osgood Theorem, 4.7.

pair-dual space, 10.3.3

pairing, 10.3.3

pairwise orthogonality of finitely
many orthoprojections,
6.2.14

paracompact space, 9.6.9

Parallelogram Law, 6.1.8

Parseval identity, 6.3.16, 89;
10.11.12

part of an operator, 2.2.9 (4)

partial correspondence, 1.1.3 (6)

partial operator, 2.2.1

partial order, 1.2.2

partial sum, 5.5.9 (7)

partition of unity, 9.6.6

partition of unity subordinate
to a cover, 9.6.7

patch, 10.9.11

perforated disk, 4.8.5

periodic distribution, 10.11.17 (7)

Pettis Theorem, 10.7.4

Phillips Theorem, 7.4.13

Plancherel Theorem, 10.11.14

point finite cover, 9.6.2

point in a metric space, 4.1.1

point in a space, 2.1.4 (3)

point in a vector space, 2.1.3

pointwise convergence, 9.5.5 (6)

pointwise operation, 2.1.4 (4)

polar, 7.6.8, 116; 10.5.1

Polar Lemma, 7.6.11

polarization identity, 6.1.3

Pontryagin—van Kampen Duality
Theorem, 10.11.2

poset, 1.2.2

positive cone, 3.2.5

positive definite inner product,
6.1.4

positive distribution, 10.10.5 (2)

positive element of a C*-algebra,
11.9.4

positive form on a C™*-algebra,
Ex. 11.11

positive hermitian form, 6.1.4

positive matrix, Ex. 3.13

positive operator, 3.2.6 (3)

positive part, 3.2.12

positive semidefinite hermitian
form, 6.1.4

positively homogeneous
functional, 3.4.7 (2)

powerset, 1.2.3 (4)

precompact set, Ex. 9.16

pre-Hilbert space, 6.1.7
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preimage of a multinorm,
5.1.10 (3)

preimage of a seminorm, 5.1.4

preimage of a set, 1.1.3 (5)

preintegral, 5.5.9 (4)

preneighborhood, 9.1.1 (2)

preorder, 1.2.2

preordered set, 1.2.2

preordered vector space, 3.2.1

presheaf, 10.9.4 (4)

pretopological space, 9.1.1 (2)

pretopology, 9.1.1

primary Banach space, Ex. 7.17

prime mapping, 6.4.1

Prime Theorem, 10.2.13

Principal Theorem of the
Holomorphic Functional
Calculus, 8.2.4

product, 4.3.2

product of a distribution and
a function, 10.10.5 (7)

product of germs, 8.1.16

product of sets, 1.1.1, 1; 2.1.4 (4)

product of topologies, 9.2.17 (2)

product of vector spaces, 2.1.4 (4)

product topology, 4.3.2, 44;
9.2.17 (2)

projection onto X; along X,
2.2.9(4)

projection to a set, 6.2.3

proper ideal, 11.4.5

pseudometric, 9.5.7

p-sum, 5.5.9 (6)

p-summable family, 5.5.9 (4)

punctured compactum, 9.4.21

pure subalgebra, 11.1.5

Pythagoras Lemma, 6.2.8

Pythagoras Theorem, 6.3.

quasinilpotent, Ex. 8.18
quotient mapping, 1.2.3 (4)
quotient multinorm, 5.3.11
quotient of a mapping, 1.2.3 (4)

quotient of a seminormed space,
5.1.10 (5)

quotient seminorm, 5.1.10 (5)

quotient set, 1.2.3 (4)

quotient space of a multinormed
space, 5.3.11

quotient vector space, 2.1.4 (6

radical, 11.6.11

Radon F-measure, 10.9.3

Radon—-Nikodym Theorem,
10.9.4 (3)

range of a correspondence, 1.1.2

rank, 8.5.7 (2)

rare set, 4.7.1

Rayleigh Theorem, 6.5.2

real axis, 2.1.2

real carrier, 3.7.1

real C-measure, 10.9.4 (3)

real distribution, 10.10.5 (5)

real hyperplane, 3.8.9

real measure, 10.9.4

real part map, 3.7.2

real part of a function, 5.5.9 (4)

real part of a number, 2.1.2

real subspace, 3.1.2 (3)

real vector space, 2.1.3

realification, 3.7.1

realification of a pre-Hilbert
space, 6.1.10 (2)

realifier, 3.7.2

reducible representation, 8.2.2

refinement, 9.6.1

reflection of a function, 10.10.5

reflexive relation, 1.2.1

reflexive space, 5.1.10 (8)

regular distribution, 10.10.5 (1)

regular operator, 3.2.6 (3)

regular space, 9.3.9

regular value of an operator,
5.6.13

relation, 1.1.3 (2)

relative topology, 9.2.17 (1)



340

I'noccapmit

relatively compact set, 4.4.4

removable singularity, 8.2.5 (2)

representation, 8.2.2

representation space, 8.2.2

reproducing cone, Ex. 7.12

residual set, 4.7.4

resolvent of an element
of an algebra, 11.2.1

resolvent of an operator, 5.6.13

resolvent set of an operator,
5.6.13

resolvent value of an element
of an algebra, 11.2.1

resolvent value of an operator,
5.6.13

restriction, 1.1.3 (5)

restriction of a distribution,
10.10.5 (6)

restriction of a measure,
10.9.4 (4)

restriction operator, 10.9.4 (4)

reversal, 1.2.5

reverse order, 1.2.3 (2)

reverse polar, 7.6.8, 116; 10.5.1

reversed multiplication, 11.1.6

Riemann function, 4.7.7

Riemann—Lebesgue Lemma,
10.11.5 (3)

Riemann Theorem on Series,
5.5.9(7)

Riesz Criterion, 8.4.2

Riesz Decomposition Property,
3.2.16

Riesz—Dunford integral, 8.2.1

Riesz—Dunford Integral
Decomposition Theorem,
8.2.13

Riesz—Dunford integral
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Riesz—Fisher Completeness
Theorem, 5.5.9 (4)

Riesz—Fisher Isomorphism
Theorem, 6.3.16
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3.2.17
Riesz operator, Ex. 8.15
Riesz Prime Theorem, 6.4.1
Riesz projection, 8.2.11
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Ex. 8.11
Riesz—Schauder Theorem, 8.4.8
Riesz space, 3.2.7
Riesz Theorem, 5.3.5
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R-measure, 10.9.4 (3)
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salient cone, 3.2.4
Sard Theorem, 7.4.12
scalar, 2.1.3
scalar field, 2.1.3
scalar multiplication, 2.1.3
scalar product, 6.1.4
scalar-valued function, 9.6.4
Schauder Theorem, 8.4.6
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10.11.16
Schwartz space of functions,
10.11.6
Schwartz Theorem, 10.10.10
second dual, 5.1.10 (8)
selfadjoint operator, 6.5.1
semi-extended real axis, 3.4.1
semi-Fredholm operator,
Ex. 8.13
semi-inner product, 6.1.4
semimetric, 9.5.7
semimetric space, 9.5.7
seminorm, 3.7.6
seminorm associated with
a positive element, 5.5.9 (5)
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semisimple algebra, 11.6.11
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5.1.8
separated topological space, 9.3.2
separated topology, 9.3.2
separating hyperplane, 3.8.13
Separation Theorem, 3.8.11
Sequence Prime Principle, 7.6.13
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Sequence Star Principle, 6.4.12
series sum, 5.5.9 (7)
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set absorbing another set, 3.4.9
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10.10.5 (6)
set lacking a functional, 10.8.13
set lacking a measure, 10.9.4 (5)
set of arrival, 1.1.1
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10.10.5 (6)
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11.7.11
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5.6.6
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strong uniformity, 9.5.5 (6)
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subdifferential, 3.5.1
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sublinear functional, 3.4.6
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subrepresentation, 8.2.2
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of Ly, 5.5.9 (6)
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summable family of vectors,
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symmetric relation, 1.2.1

symmetric set, 3.1.2 (7)

system with integration, 5.5.9 (4)

Szankowski Counterexample,
8.3.13
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tail filter, 1.3.5 (2)

7-dual of a locally convex space,
10.2.11

Taylor Series Expansion Theorem,
8.1.9

tempered distribution, 10.11.16

tempered function, 5.1.10 (6),
58; 10.11.6

tempered Radon measure,
10.11.17 (3)

test function, 10.10.1

test function space, 10.10.1

theorem on Hilbert isomorphy,

6.3.17

theorem on the equation A2 = B,
2.3.13

theorem on the equation Z°A= B,
2.3.8

theorem on the general form
of a distribution, 10.10.14
theorem on the inverse image
of a vector topology, 10.1.6
theorem on the repeated Fourier
transform, 10.11.13
theorem on the structure
of a locally convex topology,
10.2.2
theorem on the structure
of a vector topology, 10.1.4
theorem on topologizing
by a family of mappings,
9.2.16
Tietze-Urysohn Theorem,
10.8.20
topological isomorphism, 9.2.4
topological mapping, 9.2.4
Topological Separation Theorem,
7.5.12
topological space, 9.1.7
topological structure of a convex
set, 7.1.1
topological subdifferential, 7.5.8
topological vector space, 10.1.1

topologically complemented
subspace, 7.4.9

topology, 9.1.7

topology compatible with
duality, 10.4.1

topology compatible with vector
structure, 10.1.1

topology given by open sets,
9.1.12

topology of a multinormed
space, 5.2.8

topology of a uniform space, 9.5.3

topology of the distribution
space, 10.10.6

topology of the test function
space, 10.10.6

total operator, 2.2.1

total set of functionals, 7.4.11 (2)

totally bounded, 4.6.3

transitive relation, 1.2.1

translation, 10.9.4 (1)

translation of a distribution,
10.11.17 (7)

transpose of an operator, 7.6.2

trivial topology, 9.1.8 (3)

truncator, 9.6.19 (1)

truncator direction, 10.10.2 (5)

truncator set, 10.10.2

twin of a Hilbert space, 6.1.10 (3)

twin of a vector space, 2.1.4 (2)

Two Norm Principle, 7.4.16

two-sided ideal, 8.3.3, 132; 11.6.2

Tychonoff cube, 9.2.17 (2)

Tychonoff product, 9.2.17 (2)

Tychonoff space, 9.3.15

Tychonoff Theorem, 9.4.8

Tychonoff topology, 9.2.17 (2)

Tychonoff uniformity, 9.5.5 (4)

Ti-space, 9.3.2

Ti-topology, 9.3.2

Te-space, 9.3.5

Ts-space, 9.3.9

Ts1,-space, 9.3.15
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Ty-space, 9.3.11

ultrafilter, 1.3.9

ultrametric inequality, 9.5.14

ultranet, 9.4.4

unconditionally summable family
of vectors, 5.5.9 (7)

unconditionally summable
sequence, 5.5.9 (7)

underlying set, 2.1.3

Uniform Boundedness Principle,
7.2.5

uniform convergence, 7.2.10,
105; 9.5.5 (6)

uniform space, 9.5.1

uniformity, 9.5.1

uniformity of a multinormed
space, 5.2.4

uniformity of a seminormed
space, 5.2.2

uniformity of a topological vector
space, 10.1.10

uniformity of the empty set, 9.5.1

uniformizable space, 9.5.4

uniformly continuous mapping,
4.2.5

unit, 10.9.4

unit ball, 5.2.11

unit circle, 8.1.3

unit disk, 8.1.3

unit element, 11.1.1

unit sphere, Ex. 10.6

unit vector, 6.3.5

unital algebra, 11.1.1

unitary element, 11.7.1

unitary operator, 6.3.17

unitization, 11.1.2

unity, 11.1.1

unity of a group, 10.9.4 (1)

unity of an algebra, 11.1.1

unordered sum, 5.5.9 (7)

unorderly summable sequence,
5.5.9(7)

Unremovable Spectral Boundary
Theorem, 11.2.6

upper bound, 1.2.4

upper envelope, 3.4.8 (3)

upper right Dini derivative, 4.7.7
upward-filtered set, 1.2.15
Urysohn Great Lemma, 9.3.13
Urysohn Little Lemma, 9.3.10
Urysohn Theorem, 9.3.14
2-Ultrametric Lemma, 9.5.15

vague topology, 10.9.5

value of a germ at a point, 8.1.21

van der Waerden function, 4.7.7

vector, 2.1.3

vector addition, 2.1.3

vector field, 5.5.9 (6)

vector lattice, 3.2.7

vector space, 2.1.3

vector sublattice, 10.8.4 (4)

vector topology, 10.1.1

Volterra operator, Ex. 5.12

von Neumann—Jordan Theorem,
6.1.9

V-net, 4.6.2

V-small, 4.5.

weak derivative, 10.10.5 (4)
weak multinorm, 5.1.10 (4)
weak topology, 10.3.5
weak™ topology, 10.3.11
weak uniformity, 9.5.5 (6)
weaker pretopology, 9.1.2
weakly holomorphic function,
8.1.5
weakly operator holomorphic
function, 8.1.5
Weierstrass function, 4.7.7
Weierstrass Theorem, 4.4.5,
46; 9.4.5
Well-Posedness Principle, 7.4.6
Wendel Theorem, 10.9.4 (7)
Weyl Criterion, 6.5.4

X-valued function, 5.5.9 (6)
Young inequality, 5.5.9 (4)

zero of a vector space, 2.1.4 (3)
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Ornommenne 1.1.3 (2)

— anTucummerpuyanoe 1.2.1

— nopsaaka 1.2.2

— npennopsiaka 1.2.2

— — COIVIACOBaHHOE C BEKTOPHOM
crpyKTypoit 3.2.1

— npomuckyurera 1.1.3 (3)

— pedaekcuBnoe 1.2.1

— cummeTrpudnoe 1.2.1

— roxaecrBenHoe 1.1.3 (3)

— 9KBHBaJIeHTHOCTH 1.2.2

Orobpaxkernne 1.1.3 (3)

— Bospacratomee 1.2.3 (5)

— KaHoHH4Yeckoe 1.2.3 (4)

— HenpepsbiBHOE 9.2.4, 4.2.2

— paBHOMEepHO HemnpepbiBHOE 4.2.5

Orpazxenne 10.10.5 (9)

Iletns 4.8.2

Tlomanrebpa cepanTHas 11.1.5

C*-noganrebpa 11.7.8

IToamokprerrue 4.4.2

TToanpocTpaHCTBO BEKTOPHOTO
npocrpancrsa 2.1.4 (3)

— — — ynopsgogersoro 3.2.6 (2)

— — — — maccuBHoOe 3.3.2

— TOIIOJIOTUYIECKOrO IIPOCTPAHCTBA
9.2.17 (1)

IToxcers 1.3.5 (2)

ITokprrTue 9.6.1

— JIOKaJIbHO KOHe4Hoe 9.6.2

— orkpsiToe 4.4.2

— TO4Ye4YHO KOHe4dHoe 9.6.2

ITomymerpuxa 9.5.7

ITonynopma 3.7.6

ITons ocuoBHbIE 2.1.2

ITonstpa mommpocrpancrea 7.6.8

— obparnas 10.5.1

— mpsamasa 10.5.1

ITonosinenne 4.5.13

Ilopsimox 1.2.2

— nporusononoxusli 1.2.3 (2)

— pacnpegenenus 10.10.5 (3)

ITocenosarensuocts 1.2.16

— Jesibroobpasnast 9.6.15

— kaHoHn4eckasi 2.3.5 (6)

koporkas 2.3.5 (5)
nonyrognas 2.3.5 (1)
cyeTHas 1.2.16

TouHad 2.3.4
dyunamenranbuas 4.5.2

IIpenen 6asuca duasrpa 4.1.16

nocjiegoBaresibHoctu 4.1.17

IpenuaTerpan 5.5.9 (4)
IIpemoxkpectrocTts 9.1.1
IIpeanopsiok 1.2.2

IPOTHBONOIOXKHLIA 1.2.3 (2)

Ipemmyqok 10.9.4 (4)
IIpencrasnenune 8.2.2

kaHonmdeckoe 11.1.7
onepaTopHoe 8.2.2
To4yHOEe 8.2.2

*-mipegcrasienune 11.8.3
IIpearonosnorus 9.1.1
IIpeo6pazoBanne l'enbdanga 11.6.8

®ypse 10.11.3

— oTHOCHUTEeJILHO Oasuca 6.3.16
— — Ilnanmepens 10.11.15

— — IIsapua 10.11.19

IIpyuHnun aBTOMAaTHYECKOI

HernpepbIBHOCTH 7.5.5
Banaxa ocuosnoit 7.1.5
aByxX HOpM 7.4.17
nornoausiemoctu 7.4.10
UJIeaJIbHOTO COOTBeTCTBUSA 7.3.5
KOppekTHOCTH 7.4.6
nokasm3anuu mep 10.9.10
— pacupegenennit 10.10.11
HEIPEPBIBHOTO MTPOJIOJI>KEHUST
7.5.11
HOpMBI rpaduka 7.4.18
oTKpbITOCTH 7.3.13
PaBHOMEDHOI OIDaHUYEHHOCTHU
7.2.5
PaBHOCTEIIEHHOW HENPEPBIBHOCTH
7.2.4
crymenusi ocobexrocreit 7.2.12
dukcanun ocobennoctu 7.2.11
ITPUXOBaHUA auarpamm 7.6.7
— 1mocJie/ioBaTebHOCTER 7.6.13
3PMUTOBA CONPSIXKEHUsI IUArDAMM
6.4.9

— — mocjenoBaTeabHocTeit 6.4.12

IIpucoenuuenne enmuunmer 11.1.2
IpoexTop 2.2.9 (4)

KoopauHaTHBIH 2.2.9 (3)
Pucca 8.2.11
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IIpoekiusi Ha MHOXKecTBO 6.2.3

IIpoussenenne BEKTOPHBIX
npocrpascTs 2.1.4 (4)

— PaBHOMEPHBIX IIPOCTPAHCTB
9.5.5 (4)

— craJisipaoe 6.1.4

— TuxoHoBCKoe 9.2.17 (2)

— Tomnoutoruit 9.3.2, 9.2.17 (2)

IIponsBommas pacupenesreHus
10.10.5 (4)

— B cmbicaie Cobosesa 10.10.5 (4)

IIpoo6pas momysopmsr 5.1.4

— upezanopsiaka 1.2.3 (3)

— pasromepuocTH 9.5.5 (3)

— rtonosorun 9.2.9

IIpocras kapruna 4.8.8

IIpocrpancrBo 6anaxoso 5.5.1

— — kJjaccuueckoe 5.5.9 (5)

— 6opnosiornyeckoe 10.10.9 (3)

— 6oueunoe 7.1.8

— 63poBckoe 4.7.2

— BekTOpHOE 2.1.3

— — ynopsagodenHoe 3.2.2

— russbeproBo 6.1.7

— — acconuuposantoe 6.1.10 (4)

— nyaubHoe 2.1.4 (2)

— KanToposuua 3.2.8

— KomnakTHoe 9.4.4

— Jluagenmrpaycca 5.5.9 (5)

— JIOKaJIBHO BhIIMyKJjoe 10.2.9

— MaKCHUMaJIbHBIX #jeajos 11.6.7

— Mmetrpudeckoe 4.1.1

— — mnoJsHoe 4.5.5

— wmonTeseso 10.10.9 (2)

— MyasTEMerpusyemoe 9.5.10

— MyJbTHMeTpudeckoe 9.5.9

— MYJIbTUHOpMHpOBaHHOE 5.1.6

— — acconuupoBanHoe 10.2.7

— — MeTpusyeMoe 5.4.1

— — moJiHoe 5.2.13

— HOpMHpOBaHHOe 5.1.9

— — pedurexcusHoe 5.1.10 (8)

— — conpsikenroe 5.1.10 (8)

— "HOpMHpyeMoe 5.4.1

— mapaxoMIakTHoe 9.6.9

— IIOJIyHOpMHUpOBaHHOE 5.1.5

— npearuiasbeproso 6.1.7

— — nyassHoe 6.1.10 (3)

— npearonosioruydeckoe 9.1.1

— paBHOMepHOe 9.5.1

— cenapabenbHoe 6.3.14

conpsizkennoe 10.2.11

CO CBOMCTBOM aIIPOKCUMAIIUN
8.3.10

cyeTHOHOpMHpYyeMoe 5.4.1

TonoJsiorndeckoe 9.1.7

— BekTOopHOe 10.1.1

— BrioJiHe perysspaoe 9.3.15

— Jmnueinoe 10.1.3

— JIOKaJIbHO KoMmmnakTHoe 9.4.20

— HopMaJibHOe 9.3.11

— oraenumoe 9.3.2

— peryJssipaoe 9.3.9

— TuxoHOBCcKoe 9.3.15

— xaycmopdoso 9.3.5

xapakTepoB 11.6.5

ODperre 5.5.2

[ITsapna pacnpenenennit 10.11.16

— dyukmuit 10.11.6

K-npocrpancrtso 3.2.8
ITywok 10.9.11

PasencrBo Ilapcesass 6.3.16,

10.11.12

Pasuomepnocts 9.5.1

MeTpudeckas 4.1.5

MYJIBTUMETPHIECKOTO
npocrpancTBa 9.5.9

MYJIBTUHOPMHUPOBAHHOI'O
npocrpaHcTBa 5.2.4

IIOJTy HOPMUPOBAHHOIO
IIpOCTPaHCTBa 5.2.2

PaBHOMEDPHOU CXOZUMOCTH
9.5.5 (6)

cunbHas 9.5.5 (6)

cnabas 9.5.5 (6)

TUXOHOBCKas 9.5.5 (4)

TOIIOJIOTUIECKOI'0 BEKTOPHOI'O
npocrpancrsa 10.1.10

Pamgukan 11.6.11

Pannyc cnekrpa 5.6.16
Paszbuenue eaununn: 9.6.6
Pacnpenenenune 10.10.4

KoHeuHoro nopsazaka 10.10.5 (3)

meieHHO pactyinee 10.11.16

nepuoguaeckoe 10.11.17 (7)

nosioxkurensHoe 10.10.5 (2)

perynsipaoe 10.10.5 (1)

C KOMITAKTHBIM HOCHUTEJIEM
10.10.5 (9)

ymepennoe 10.11.16
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— 3PMHTOBO COIIPSI?)KEHHOE
10.10.5 (5)

Perynsipusarop snesbiit 8.5.9

— mpaBblil 8.5.9

PesosibBenTa oneparopa 5.6.13

— aJteMeHTa anrebper 11.2.1

Pemerka 1.2.12

— BekTOpHas 3.2.7

— nosaas 1.2.13

Pan Heitmana 5.6.9 (1)

Ceéprka mep 10.9.4 (7)

— pacupegesnernit 10.10.5 (9)
— dyukmuit 9.6.17

— — u mep 10.9.4 (7)

— — — pacnpegeneanii 10.10.5 (9)

Cewmeiictso 1.1.3 (4)

— cymmupyemoe 5.5.9 (7)

— — abcourorHo 5.5.9 (7)
5.5.

— — HEyIOPsIZ0YEeHHO 9 (7)
Cers 1.2.16

— Kommu 4.5.2

— dyunamenransuaas 4.5.2
V-cers 4.6.2

e-ceThb 8.3.2

CucreMa ¢ MHTErPUPOBAHUEM
5.5.9 (4)

Cumxenue 1.2.3 (4)

CoberBennoe uyucio 6.6.3

CoorsercrBue 1.1.1

— BbIIykKJI0€e 3.1.7

— 3amMkHyTOE 7.3.8

— wuneasabHoe 7.3.3

— JuHeltHOE 2.2.1

— obparroe 1.1.3 (1)

— opnosnaunoe 1.1.3 (3)

Cocrostane 11.9.1

Cuekrp omneparopa 5.6.13

— sjeMeHTa aarebpsr 11.2.1

Croekrpansubiit paguyc 5.6.6

CpessbiBarens 9.6.19 (1)

Cy6muddepennman 3.5.1

— IOJIyHOPMBI 3.7.8

— TOIOJIOTHYeCKnit 7.5.8

Cyxenne 1.1.3 (5)

CyMMa BEKTOPHBIX IIPOCTPAHCTB
2.1.4 (5)

— runsbGeprosa 6.1.10 (5)

— meynopsgodeHnas 5.5.9 (7)

— mo tumy p 5.5.9 (6)

— pazga 5.5.9 (7)

CyMMupoBanue OOLIKHOBEHHOE
5.5.9 (4)

Teopema Anaorimy — Byp6aku 10.6.7

— Ackomu — Apuena 4.6.10

— Arkuncona 8.5.18

— Banaxa o romomopdusme 7.4.4

— — 0 3aMKHyTOM rpaduke 7.4.7

— — 06 usomopdusme 7.4.5

— — 006 obpaTuMbIX olepaTropax
5.6.12

— Banaxa — Illreitaraysa 7.2.9

— Bupkroda 9.2.2, 4.1.19

— Boapa 4.7.6

— Beitepmirpacca 4.4.5, 9.4.5

— — o0b6obmennas 10.9.9

— Bengens 10.9.4 (7)

— Tenbdanga 7.2.2

— Tlenbdanga — Hdaundopga 8.2.3

— — — — nans anrebp 11.3.2

— Tlenbdanga — Mazypa 11.2.3

— Tlenbdanna — Haitmapka 11.9.12

— — — — KoMMmyTaTuBHas 11.8.4

— T'mabbepra — IlImugra 6.6.7

— I'porenguka 8.3.9

— Haudopaa o cIoKHON DyHKIIH
8.2.7

— Haudopma — Xwuute 8.1.3

— npoiicrBenHoctu IlonTparuna —
Ban Kammena 10.11.2

— JIBopenkoro — Pojkepca
5.5.9 (7)

— xeitmca 10.7.5

— Huan 7.2.10

— — obobmennas 10.8.6

— 2Koppana 4.8.3

— Kakyranun 7.4.11 (2)

— Kasnkuna 8.3.4

— Kanropa 4.4.9

— Kanroposuua 3.3.4

— Komu — Bunepa 8.1.7

— Kpeitha — Munsmana 10.6.5

— — — — g cyoauddepennuaaon

3.6.5

— Kpeitna — Pyrmana 3.3.8

— Kpymna 11.4.8

— JleBu o mpoeknuu 6.2.2

— Jlungenmrrpaycca — Ladpupn
7.4.11

— JInonca o mocuresnax 10.10.5 (9)

— JInyBunana 8.1.10
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— Masypa 10.4.9

— Maxkku 10.4.6

— Maxkku — Apenca 10.4.5

— MunkosBckoro — Ackomn —

Maszypa 3.8.11

6umnossipe 10.5.8

rpaHmiax cunekrpa 6.5.5

nyanmu3anusx 10.3.9

KOMITAKTHBIX BO3MYIIEHUSIX

8.5.20

— O JIOKAJIbHOM 3aJ[aHUU MEPbI
10.9.10

— — — — pacupegenenus: 10.10.11

— 0 MakcuMaJbHOM ugeasie 11.5.3

— 0 MuHUMaJIbHOM uaease 11.5.1

— O HEIPEPBIBHOM (PYHKIMOHAJIHEHOM
ucuuciaennu 11.8.6

— O MOBTOPHOM IPeOOPa30BaHUM
Dypoe 10.11.9

— o mocTrosiHCTBe criekTpa 11.7.9

— o npeobpazoBanuu [enbdanga
11.6.9

— o npoobpa3se Tomosoruu 9.2.8

— — — — BekTOpHOI1 10.1.6

— 0 pa3buenun cruekTpa 8.2.12

— 0 pasbuenun eguHuIbl 9.6.20

— O PAa3JIOKEHUU UHTErpaJia
Pucca — Haundopna 8.2.13

— — — Teiopa 8.1.9

— O Pa3perImMOCTH yPABHEHUS
AZ = B 2.3.13

—— — — ZA=DB 2338

— o cocrosanu C*-amrebper 11.9.10

— O CHeKTpe IpousBesieHus 5.6.22

— O CTPOEHUM BEKTOPHOM TOIIOJIOrUU
10.1.4

— — — JIOKaJIbHO BBIIIYKJIOH
TomnoJsioruu 10.2.2

— — — cybmuddepenrmana 10.6.3

— O CpaBHEHUM MYJILTUHOPM 5.3.2

— O CyMMHPOBAHUU OPTOIIPOEKTOPOB
6.3.3

— o cxonumocTu psiga Heiimana
5.6.9

— o dyskimonajse MUHKOBCKOrO
3.8.7

— 00 abcoJsiroTHO# OunoJisipe 10.5.9

— 06 umeanmax u xapakrepax 11.6.6

— 06 obpasze Tomosiorun 9.2.11

— 006 ob1reM BuAe KOMIIAKTHOI'O
oneparopa 6.6.9

o 00 o

— 06 ob1eM BH/jle paclpeieseHnit
10.10.13

————— yMmepennbix 10.11.18

— 06 OrpaHUYEHHBIX BO3MYIIEHUIX
8.5.21

— 06 oprompoekTope 6.2.10

— 006 orobpazkenuu criekrpa 8.2.5

— obparmenus 10.11.12

— Ocryna 4.7.5

— ornenumoctu 3.8.11

— — B TOIOJIOTUYECKOM BapPUAHTE
7.5.12

— — crporoit 10.4.8

— — Diigenbraiira 3.8.14

— IlerTuca 10.7.4

— Iludaropa 6.3.2

— Ilnanmepens 10.11.14

— Panona — Hukomuma 10.9.4 (3)

— Pumana — JleGera 10.11.5 (3)

— Pumana o pagax 5.5.9 (7)

— Pucca 5.3.5

— — o mrpuxoBanuu 6.4.1

— Pucca — Kanroposuua 3.2.16

— Pucca — ®umepa 5.5.9 (4)

— — — — 06 usomopdusme 6.3.16

— Pucca — Ilayznepa 8.4.8

— Poanes 6.5.2

— crnekTpaJsbHada 11.8.6

— Cappa 06 ypasuenuu ZA=B
7.4.12

— Crexkunosa 6.3.11

— Croyna 10.8.10

— Croyna — Beitepmrpacca 10.8.17

— — — — qa C(Q, C) 11.8.2

— CyxomnunoBa — Bonenbiiocra
— Cobunka 3.7.11

— Twure — Ypbicona 10.8.20

— Tuxonosa 9.4.8

— ymHOXKeHus 10.11.5 (6)

— VYpsicona 9.3.14

— @uunca 06 ypaBHEHHH
AZ = B 74.14

— ¢on Heiimana — Mopnana 6.1.9

— @pearosbma 8.5.8

— Oy6unn ays mep 10.9.4 (6)

— — — pacupegesernit 10.10.5 (8)

— Xana — Banaxa 3.5.3

— — — — B aHAJUTHIECKON
dbopwme 3.5.4

— — — — B I'€eOMETPHUYECKOI

dopme 3.8.12



352

IIpeamernprii ykazaTesn

— — — — B cybnuddepeHiuaibHOK
dopme 3.5.3

— — — — st GaHAXOBBIX
mpocTpaHcTs 7.5.9

— — — — JjIsl OJIyHOPMBI 3.7.13

—————— HenpepblBHON 7.5.10

— Xaycnopda 7.6.12

— — o nonoinenuun 4.5.12

— IMayznepa 8.4.6

— IIsapma 10.10.10

— IMunosa 11.2.4

Toxnecrso 'mibbepra 5.6.19

— nosgpusaruonsoe 6.1.3

— Diyiepa 8.5.17

Tonosorusa 9.1.7

— anTuauckpernas 9.1.8 (3)

— BexkTopHas 10.1.11

— auckperHas 9.1.8 (4)

— MHIAYKTHBHOrO mpezesia 10.9.6

— JmHeitnasa 10.1.3

— JIOKaJIbHO BeIIyKjaag 10.2.1

— Maxkxku 10.4.4

— Merpudeckad 4.1.9

— MYJIBTHHOPMUPOBAHHOT'O
nmpocrpaHcTsa 5.2.8

— noroveuHoit cxogumoctu 9.5.5 (6)

— IIPOCTPAHCTBa OCHOBHBIX (DYHKIUH
10.10.6

— — pacnpegenennit 10.10.6

— — — ymepennbix 10.11.6

— — dyukiuit ymepenssix 10.11.6

— paBHOMepHas 9.5.3

— pPaBHOMEDHOU CXOIMMOCTHU
9.5.5 (6)

— caabas 10.3.5

— COIVIacOBaHHAsA C
nporicrBeHHOCTHIO 10.4.1

— mmpokas 10.9.5

— T1 9.3.2

— T3 9.3.5

— T3 9.3.9

— T31, 9.3.15

— Ty 9.3.11

Touka Buemnssa 4.1.13

— BHyTpeHHaAa 4.1.13

— — ajrebpandeckn 3.4.11

— rpanuvHasa 4.1.13

— Kpaitaaa 3.6.1

— IPUKOCHOBeHMs MHOkecTBa 4.1.13

— — ¢dunsrpa 9.4.1

VYiubrpamerpuka 9.5.13
VYabrpaduasrp 1.3.9
VYenosue Creknosa 6.3.10

®akrop-anrebpa 11.4.3

Dakrop-MHOXKecTBO 1.2.3 (4)

®PaxTop-MynbTuHOpMa 5.3.11

Pakrop-noiayHopma 5.1.10 (5)

DakTop-npocrpancTso 2.1.4 (6)

Ounprp 1.3.3

— Kommwu 4.5.2

— xBocros 1.3.5 (2)

Dopma 6bununeitnas 6.1.2

— mojoxkurespHag 6.1.4

— noJsyTopaJsuHeitnaa 6.1.2

— spmuToBa 6.1.1

®opmyna Bépnunra — lenpdanna
8.1.12

— lenbdanga 5.6.8

— Mouxkwunua 3.1.13

— Xana — Banaxa 3.5.5

— — — — JJ1d HoJiyHOpMBI 3.7.10

Dyukrop 10.9.4 (4)

OyHKIMOHAJ JIMHEHHbIN 2.2.4

— *-JINHeHHbIN 2.2.4

— Munkosckoro 3.8.6

— IIOJIOYKUTEJIBHO OJHOPOIHBIH
3.4.7 (2)

— TOJIOXKUTENbHBIH 3.2.6 (3)

— cybanaurussbni 3.4.7 (4)

— cybunnetinbiit 3.4.6

DyHKIMOHAIBHOE UCIUCIICHIE
rosiomopdHoe 8.2, 11.3

— — HenpepsiBHOe 11.8.7

Oyukiusa adbdunnas 3.1.7

— O6bIcTpo ybbIBaromasa 10.11.6

— BbINyKIad 3.4.4

— rnagakas 9.6.13

— rosomopdHas 8.1.4

— unnukaropHas 3.4.8 (2)

— uHTerpupyemas 5.5.9 (4)

— — JiIoKauibHO 9.6.17

— obobmennasa 10.10.4

— — KoHe4HOro nopsiaka 10.10.5 (3)

— — MezgyieHHO pacTtymasa 10.11.16

— — nepuoamueckas 10.11.17 (7)

— — nosnoxkurensHas 10.10.5 (2)

— — perynspras 10.10.5 (1)

— — C KOMIIAKTHBIM HOCHTEJIEM
10.10.5 (9)

— omopuas 10.6.4
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— ocuosHasg 10.10.1

— nonyHenpepbiBHas 4.3.3
— npobuas 10.10.1

— npocras 5.5.9 (6)

— ckaJisipHas 9.6.4

— cpesbiBatomas 9.6.19 (1)
— yMepennas 10.11.6

— ¢dunutHas 9.6.4

— Xesucaiiga 10.10.5 (4)
— unciyioBas 9.6.4

XapakTep 11.6.4
— rpynmnosoit 10.11.1

Ilens 1.2.19
Hunuaap 4.1.3

Yacts oneparopa 2.2.9 (4)

— 3JIEMEHTa OTpullaTebHas 3.2.12

— — moJioxkuTebHasg 3.2.12

IMTanka 3.6.3 (4)
Ilap 4.1.3

— eauHUYHBIA 5.2.11

IlITpuxosarue nsoitroe 5.1.10 (8)

— aumarpaMmbl 7.6.5

— omeparopa 7.6.3
— tonojiorun 10.2.13
— ssieMenTa 6.4.1

DeMeHT AUCKpeTHBIH 3.3.6
— enmunynbrii 11.1.1

— JeBblit obparubiit 11.1.3
— MakcuMaJbHbIi 1.2.10
— MuHUMAJbHBIA 1.2.10

— naubosbimit 1.2.6

— HauMeHbIUi 1.2.6

— HOpMaJibHBIH 11.7.1

— obparumbrii 11.1.5

— OpPTOroHAJbHBIH 6.2.5

— noJsiokuTeabHbIi 3.2.5, 11.9.4

— mnpaBbiit obparabiit 11.1.3
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