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Stiffness Matrix for Collocation
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Stiffness Matrix for Local Fourier
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 ¡ZV�VGAFla)abF>W]K:^OwxNAK:UXM\ZV^\I$FTdYW]Fla)M\FTNJRTFcI+W3FlR{Q)a/Z7^JRTKVNx�VFla)�:FTNJRTF®K:NA^\w¨L`K:a@I+K:^OGAQ)M\KVNJI¬QbEJZ[Q1_YFlRlZew�Q)K
³TFla)K|F{dYW3KVNAFlNjQ)MhZ7^\^Ow�� �1K[wYÐjÑ:}JÔnZVabÐxÑT©Cy
qSF�I+WAMOQ)F Q)EAF�I+F _AabZe�H�JZ:R/ÓYIT}� ¡ZV�VGAFla)abF�W]K:^OwxNAK:UXM\ZV^\I�KVi3Fla�ZÊI)MOUXWA^\F Z7N]_ÂFl^OFl�:ZVN:Q

M\U|WJ^OFlU|FlNjQbZ[QbMOK:N�L`KVanQbEAF�ZVWAWAabKedxM\UvZ[QbMOK:N�KVLHI)KV^\GYQbMOK:NJIn�HEAMhR/E�_YFlRlZew�Q)K�³TFTabK~L½ZVI+Q¨FTNJKVGA�:E
� Á�ZV_AÐj¥�©ªy"zAK:a¨FTdYZVUXWA^OF:}µL`KVa|Z«I+W3FlR{Q)a/Z7^®FT^\FTUXFTNjQ¨UXF{QbEAKY_µ}¬I+FlU|MO°ªMONYP]NAM�QbF�_YK:UXZVMON]I�RTZVN��]F
ZVRlR{K:U|UXKY_AZ7Q)Fl_�Q)EJa)K:GA�VE�Q)EAF�L`K:^O^\K[�HMONJ�|�]ZVI)M\I1L`GAN]R�Q)M\KVN]IT´V jxm`¼gt º c ¼ jb½j m½¼3t�¾ a ·�É _ ¾ mp¢:tV W m`¼gt º Ê c ¼ j½Ë m½¼3t�¿dc ¼ j½Ë a�[ m½¼3t�Ì�¾ a ·�É _ ¾ `�e £JÉ mªÑ7t
� �[ZVa)MhZ[QbMOK:NJZ7^�ZVWAWAabKedxM\UvZ[QbMOK:N�RlZ7N��3F�R{K:NJI+Q)abGJR�QbFl_�abFlI)GA^�QbMONJ��MON�I)wxUXU|FTQ)abM\RV}�Qba)Mh_YMhZ7�VK:NJZ7^
UvZVIbI�Z7N]_�I�QbM�igNAFlIbI�UvZ7Q)abM\RTFlIly¡D>EAMhI�WAabKYR{FlIbInMhI�UvZV_AF�FlZ:I+M\FTa�I)MON]R{FV}(ZVI�_AF{PJNAF�_µ}"Q)EAF��]ZVI)M\I
L`GANJR{Q)M\KVNJISI)Z7Q)MhI�L`wvQbEAF�L`KV^\^\K[�HMONA�XMh_YFTNjQbM�QbMOF�IT}V�j m½£:t º ÅV¾ mpÐ:tV W m½£:t º £A¾ `fe £A¾ mp�:tc ¼ jb½j m½¼3t º ÅV¾ m+Ål£:t²²:¼ Ê c3¼ j½W m`¼gt$¿°c3¼ jb½W a�[ m`¼3t Ì º ¿2c3¼ j½W a�[ m`¼gt�¾ `&e £AÉ m+ÅVÅ�t
D>EAFn�JZ:I+MhI1L`GANJR{Q)M\KVNJISI)Z7Q)MhI�L`w~I+M\UXMO^hZ7aH�3KVGAN]_AZ7abw�R{K:NJ_YMOQ)M\KVNJISZVI1Q)EJF�Q)EAF��]ZVI)M\I1L`GAN]R�Q)M\KVN]I>L`KVa
Q)EJFXPJNAMOQ)F�I)GA�3_AKVUvZ7M\NJIly�¿®KVNjQ)M\NxGAM�Q�w�Z[Q�Q)EAFXM\NjQ)FTa)L½ZVRTFXM\I�EJZVNJ_Y^\Fl_�Q)EJa)K:GA�VE�Q)EAFXPJa/I+Q��]ZVI)M\I
L`GANJR{Q)M\KVN�} V j m`¼gt�}]MON~Q)EJF�I)ZVU|F�UvZ7NJNAFTacZ:I1L`KVa>Q)EJF�PJNAMOQ)F�I)GA�3_AKVUvZ7M\NJIly
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Q)K¨UXZVÓVFHGJI)FcKVLgZVN�Z7^\�VFT�JabZVM\R1UvZ7WAWJMONA�]y:�1w¨UvZVWAWAM\NA�nQ)EJFSI+FlUXM�°ªMONAPJNAMOQ)FcM\NjQ)FTab�[Z7^C}]� £A¾�À�t{}7Q)K
ZfPJNAMOQ)F�M\NjQ)Fla)�[Z7^C}��O¿nÅV¾TÅT©Cy�:a)Q)EAK:�VK:NJZ7^gW3KV^\wjNJKVUXM\ZV^µUXF{Q)EJKx_JIcRTZVN±�3FnGYQ)M\^\MO³lFl_±Q)K�RTKVNJI+Q)abGJR�Q
Z7NuZ7WJWAa)KedYM\UvZ[Q)M\KVN±KVN±Q)EAFnabFlI)GA^OQ)M\NA�|PJNAMOQ)FnM\NjQ)FTab�[Z7^Cy
¦�FnWAabKVW3K:I)FQ)K�ZV_JZ7WYQ>Q)EJFnUXZVWAWAM\NA�XWAabKVW3K:I)Fl_±�jw±�®K[wY_�� �1K[wYÐjÑT©ª´

Ô º Õ Å ¸ ¼ÅH¿�¼ ¾ m+Å�PVt
¼ º Ô ¿ ÕÔ�¸ÖÕ É m+Ål§:t

¦
EAM\^OF�QbEAF�UXF{QbEAKY_�E]ZVI~�]FlFTN�FTUXWA^\K[wVF�_
L`K:a~Q)EAF�I)MONJ�V^\F�_AKVUvZ7M\N�RlZVI)FV}>�1F�WJa)K:W]KjI+F�Q)K
F{dxQbFTNJ_�M�Q/IvGJI)F~Q)K�Q)EAFuUfGA^�QbM\_AKVUvZ7M\NÄZ7WAWAabK:Z:R/E�M\NÃZ�UvZ7NANJFTa�I)MOUXM\^\ZVafQbK�Q)EJZ7Q�WAa)K:W]KjI+F�_
�xw�ÔnZ7a/Z7�:FTK:a)�:EAM\I®Z7NJ_~o�EJMO^\^OM\WJI�� ÔnZ7a/ÐjÑT©ªy
zAKVanFTdAZ7UXWA^\FV}g�VM\�VFlN�Z~I+M\UXWA^\F«Ålq�²cFl^OUXEAK:^�Qb³XFlkjGJZ[QbMOK:N�}gQ)EJFXZVa)F�Z�NJFlZ7asQbEAFvKVabMO�:MON�RTZVN

�3FXZVWAWAabKedYMOUvZ[QbFl_uQbEAabKVGA�:E«Q)EAFXGJI)FXK7L�P]NAM�QbFvI+GA�g_YK:UXZVMON]ITy � �>ZewuL`abKVU�Q)EJFfK:a)M\�VM\N�}µI+FlUXM�°
M\NYPJNAMOQ)FnI)GA�3_AKVUvZ7M\NJIHRTZVN��3F�FTUXWA^\K[wVFl_�yjzJKVa1Q)EAFnI)FTUXMO°CM\NYPJNAMOQ)FnI)GA�g_YKVUvZ7M\NJIl}xQ)EAFsL`K:^O^\K[�HMONJ�
L`GANJR{Q)M\KVNJISZ7abF�_AF{PJNAF�_�m`Q)EAF¨NAK7Q/Z[Q)M\KVN~M\N:Qba)KY_YG]R{Fl_±�xw��1K[wY_�� �1K[wxÐxÑT©¡MhI>FTUXWA^\K[wVFl_±EAFla)Fet�}

c Õ Ë m Ô t º c Ë�× Ô ¿ ÕÔ�¸ÖÕ\Ø ¾ m+ÅT�jt
º c Ë m`¼gt�¾

�HEAFla)FRc Ë m`¼3tHM\I>QbEAFRÙ�Ú¯Û� �FT�:FTNJ_Aa)F�W3KV^\wjNJKVUXM\ZV^py]D¡KXQ/Z7ÓVF�Z:_Y�[Z7NjQbZV�VF�K7L(Q)EJF�KVa)Q)EAK:�VK:NJZ7^\M�Q�wK7L(Q)EJF� �FT�:FTNJ_Aa)FsW]K:^OwxNAK:UXM\ZV^\Il}AZ|�®FlMO�:E:Q>L`GAN]R�Q)M\KVNuMhIHabFlkjGAM\a)F�_µ}

® Çj c Õ Ë m Ô t�c ÕÝÜ m Ô t P Õ _
m Ô�¸ÖÕ t _ ² Ô º Õ P ®*[a$[ c Ë m½¼3t^c Ü m½¼3t�²V¼"¾ m+Å�¥Vt

º ÕPÞÙ ¸ Å ¶ Ë Ü É
D>EAF�Q)F�I�QHL`GAN]R�Q)M\KVN]IHZ7abF�R/EJK:I)FTN±Q)KXa)FlUvZ7M\N~RTKVNJI)M\I+Q)FlNjQ>�HMOQ)E~QbEAK:I)F�L`KVGAN]_±M\N«¤xFlR{Q)M\KVN1PY´

V Õ ´ m Ô t º
XY Zß[^] ·_ ³ º £A¾[ba ·_ ³ º ÅV¾c ´ m`¼gt$¿°c ´ a _ m`¼gtà³ e ÅVÉ m+Ål¢:t

D>EAF�RTKVNjQ)M\NxGAMOQ�w�R{K:NJ_YMOQ)M\KVNJI�a)FlUXZVMON�Mh_YFTNjQbM\RlZ7^$QbKuQ)EAKjI+FvL`K:GANJ_�L`KVa�Q)EAFvP]NAM�QbF±I)GA�g_YKVUvZ7M\N�}
Z7N]_|Q)EAFSR/EJKVMhR{FcKVLg�]ZVI)M\I¬L`GJNJR�QbMOK:NJI�^\FlZ:_AI$QbK¨ZnUvZVIbI$UvZ[Qba)MOdfQbEJZ[Q®M\I@M\_YFlNjQ)MhRTZ7^JQ)KnQbEJZ[Q@L`KVGANJ_
L`KVafZuPJNAMOQ)F�I)GA�g_YKVUvZVMON�y(D>EAF�I+Q)MOi3NJFlIbI�UvZ[Qba)MOd�MhI�NAKVQfZVI�FT^\FT�:ZVNjQl}µQbEAKVGA�:E�y¡D>EAF±I�QbM�igNAFlIbI
UvZ[Qba)MOdµ}��HEAM\^OF�NJK7Qf_YMhZ7�:KVNJZV^p}¡M\I�Z��JZ7NJ_AFl_�UvZ[Q)abMOdg}"�HM�QbE��JZ7N]_��HM\_xQbE�¥Yy¡¦
EAMO^\FvQbEAF�NAFl�
I+Q)MOi3NAF�I)I@UvZ[Q)abMOd|MhI@NJK7Q®I)wxU|UXFTQ)abM\RV}7Q)EJFSNAFl�ÎZVWAWAabKedYMOUvZ[QbMOK:NvRTZ7Nv�3FcFlU|WJ^OK[w:Fl_|L`KVa1ZnU¨G]R/E
�HMh_YFTa$R{K:^O^\FlR{Q)M\KVNfK7LJ�3KVGAN]_AZ7abw�R{K:NJ_YMOQ)M\KVNJI¬Z[Q$M\NYPJNAMOQ�wVy�9ÞN¨L½ZVR{Ql}eQ)EJF1�3KVGJNJ_AZ7abM\FlI¬Z7abF@FlNYL`KVa/R{F�_
M\N~FTdAZVR�Qb^Ow�Q)EAF�IbZ7UXF��1Zew�Z:I>M\IS_YKVNAFsL`K:acZ¨P]NAM�QbF�_YKVUvZVMON�y
D>EAFvI�QbM�igNAFlIbI�UvZ[Qba)MOd«L`KVa�QbEAFvI+FlU|MO°ªMONYP]NAM�QbFvI+GA�g_YK:UXZVMON�MhIsL`KVGANJ_�M\N�QbEAF�I)ZVUXFfUvZ7NJNAFTa
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Comparison between Laguerre and Mapping Method − Exponential Decay

ZVI1QbEJZ[QHL`K:acZfPJNAMOQ)F�I)GA�3_AKVUvZ7M\N�}

m¥è�é�t Ü ´ º ¿S® Çj ²² Ô m V Õ ´:m Ô t)t ²² Ô × V Õ Ü m Ô t P Õ _
m Ô�¸êÕ t _ Ø ² Ô ¾ m+ÅeÑ7t

º ¿ Õ P ®*[a$[ V ±´ m`¼gt m�ÅS¿�¼gt _P Õ V ±Ü m`¼gt m+ÅS¿�¼3t _P Õ ²:¼¡¾
¸ Õ P ® [a$[ V ±´ m`¼gt V Ü m`¼3t m�Å¿�¼gt^ëP Õ _ ²:¼¡É

ÍcKVQ)FQ)EJZ7Q>Q)EAF��1FTM\�VEjQ®L`GJNJR�QbMOK:N±MhI>I+M\UXMO^hZ7a1Q)KfQ)E]Z[QHWAabKVW3K:I)Fl_v�xw��1K[wY_�� �®K[wYÐxÑT©��AGYQc_YMOi3FlabI
I)^OM\�VEjQ)^\wVy$D>EAFu�1FTM\�VEjQXL`GANJR{Q)M\KVNÃMONJRT^OG]_YFlI|QbEAF«I)kjGJZVa)F~K7LQ)EAFuUvZ7WAWJMONA��WJZVabZVUXF{Q)FlafM\N�Q)EAF
NxGAUXFTa/Z[QbKVa�QbK�M\NJI)GAabF�Q)E]Z[Q~Q)EAF��®FlMO�:EjQ�L`GANJR{Q)M\KVN�M\IuR{K:NjQ)M\NjGJKVGJI~ZVRTa)KjI)IXQbEAF�I+GJ�3_YK:UvZ7M\N
M\N:QbFTa)L½ZVRTFVyYD>EAMhIHR/EAKVMhR{FsL`KVa1QbEAFn�®FlMO�:EjQ®L`GAN]R�Q)M\KVNuM\NJI)GAa)F�I®Q)EJZ7Q>K:NA^\wÅm j R{KVNjQbMONxGAMOQ�w�NAFlFl_±�]F
FTNAL`KVa/R{Fl_~ZVRTa)KjI)I®QbEAF�I+GJ�3_YK:UvZ7M\N±M\NjQ)FTa)L½ZVRTF�MON~Q)EJFna)F�I+GA^OQ)M\NA�X�[Z7abM\Z7Q)M\KVNJZV^3L`KVabU¨GA^hZ[QbMOK:N�y
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Comparison between Laguerre and Mapping Method − Algebraic Decay

í&î�ïµðMñÞò�óôpî�õnî^öh÷�øMù�ú�ûfî©üSùp÷¥ø�î7ý�ô
� R{KVUXWJZVa)MhI)KVN�K7LHQbEAF±Q��®K�U|FTQ)EAKY_AI¨L`KVafQ��1K�I)M�QbGJZ[QbMOK:NJI¨MhIfF{dAZ7UXM\NAFl_µy!9ÞN��3K7QbE�KVLHQ)EAF�I+F
F{dAZVU|WJ^OF�IT}xZvÅlq�²cFl^OUXEAK:^�Qb³F�kjGJZ[QbMOK:N�m½r®k:G]Z[Q)M\KVN«Ået$MhI@FTdAZ7UXMONJFl_�m½�HM�QbE�³TFla)K¨�]K:GANJ_AZVa)M\FlI/t�}
Z7N]_�MON��3K7QbE�RTZ:I+F�I ¹�º PYy�9ÞN�Q)EAF�PJabI+Q¨FTdYZVUXWA^OF�Q)EAFvQba)GJF�I+K:^OGAQ)M\KVN�MhIÇ¾ a ·�þ }"ZVNJ_�M\N�Q)EAFI)FlR{K:NJ_±F{dAZ7UXWA^\FsQ)EAF�Qba)GAF�I)KV^\GYQbMOK:N±MhI [[^] · þ yD>EAFM\NjQ)Fla)�[Z7^$�O¿S¥Y¾/¥e©gM\I>_YM\�xM\_YF�_�M\NjQ)KfL`KVGAa>F�k:G]Z7^3PJNAMOQ)FnI)GA�3_AKVUvZ7M\NJIl}xZVNJ_vQbEAFsa)FlUXZVMONJMONA�
Q��1KÃI)GA�g_YKVUvZ7M\NJI«ZVa)FÎm�¿À
¾b¥[©nZVNJ_Ï� ¥A¾/À�t�y39ÞN�Q)EAMhI«I+MOQ)G]Z[Q)M\KVN¡}>Q)EAF��JZ:I+MhI~L`GANJR{Q)M\KVNJIuK:N
I)GA�3_AKVUvZ7M\N"Ù$} V ËW m`¼gt�}:KVNA^\wfE]Ze�VFHI+GJWAW]K:a+Q�K:N�I+GJ�3_YK:UvZ7M\N(Ù~L`K:a ` º P>ÉTÉlÉ�T�y:D>EJF>L`GANJR�QbMOK:NJIV Ëj m`¼gt�ZVNJ_ V Ë [ m`¼3t¨Z7abFvGJI)Fl_�Q)K�R{KVN]I�Qba)GJR{Q��JZVI)MhInL`GANJR{Q)M\KVNJI¨�HEAK:I)F�I)GAWAW3KVa)Q¨KVNA^\w�M\NJRT^OGJ_AFlIZV_�k+ZVR{FlNjQHI)GA�g_YKVUvZVMONJIly
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