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Àííîòàöèÿ.

Â ðàáîòå äàåòñÿ êëàññèôèêàöèÿ èíâàðèàíòíûõ ìåòðèê Ýéí-
øòåéíà íà ïðîñòðàíñòâàõ Àëîôôà-Óîëëà÷à.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà êëàññèôèêàöèè èíâàðèàíòíûõ ýéí-
øòåéíîâûõ ìåòðèê íà ïðîñòðàíñòâàõ SU(3)/SO(2). Êàæäîå âëîæå-
íèå îêðóæíîñòè SO(2) = S1 â SU(3) ñ òî÷íîñòüþ äî ñîïðÿæåíèÿ â
SU(3) èìååò âèä

e2πiθ 7→ diag(e2πikθ, e2πilθ, e2πimθ),

ãäå k, l, m � öåëûå ÷èñëà ñ íàèáîëüøèì îáùèì äåëèòåëåì 1, ñâÿ-
çàííûå ñîîòíîøåíèåì k + l + m = 0. Îáîçíà÷èì ñîîòâåòñòâóþùåå
îäíîðîäíîå ïðîñòðàíñòâî Mk,l. Ýòè ïðîñòðàíñòâà áûëè èññëåäîâàíû
Ñ. Àëîôôîì è Í. Óîëëà÷åì â [5]. Â öèòèðóåìîé ðàáîòå áûëî ïîêà-
çàíî, ÷òî ðàññìàòðèâàåìûå îäíîðîäíûå ïðîñòðàíñòâà äîïóñêàþò ìåò-
ðèêè ïîëîæèòåëüíîé ñåêöèîííîé êðèâèçíû. Êðîìå òîãî,H4(Mk,l;Z) =
Z/|k2+l2+kl|Z, òî åñòü ñðåäè ýòèõ ïðîñòðàíñòâ ñóùåñòâóþò áåñêîíå÷-
íûå ñåðèè ñ ðàçëè÷íûìè ãîìîòîïè÷åñêèìè òèïàìè. Ïîçäíåå Ì. Êðåê
è Ñ. Øòîëüö â [6] ïîêàçàëè, ÷òî ñðåäè Mk,l ñóùåñòâóþò ãîìåîìîðô-
íûå, íî íå äèôôåîìîðôíûå ïðîñòðàíñòâà. Ýéíøòåíîâû ìåòðèêè íà
ýòèõ ïðîñòðàíñòâàõ áûëè èññëåäîâàíû Ì. Âàíîì [3], Î. Êîâàëüñêèì
è Ç. Âëàøåêîì [4]. Â ðàáîòå [3] ïîêàçàíî, ÷òî â ñëó÷àå, êîãäà k è l
íåñðàâíèìû ïî mod3, ïðîñòðàíñòâî Mk,l äîïóñêàåò ïî êðàéíåé ìåðå
îäíó èíâàðèàíòíóþ ìåòðèêó Ýéíøòåéíà. Â ñòàòüå [4] äîêàçàíî, ÷òî
ïðè k 6= ±l, k 6= ±m, l 6= ±m ïðîñòðàíñòâî Mk,l äîïóñêàåò ðîâíî
äâå ñ òî÷íîñòüþ äî èçîìåòðèè è ãîìîòåòèè èíâàðèàíòíûå ìåòðèêè

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóí-
äàìåíòàëüíûõ èññëåäîâàíèé (êîäû ïðîåêòîâ 00-15-96165, 99-01-00543, 96-15-
96291). Äàííûå èññëåäîâàíèÿ ïîääåðæàíû ãðàíòîâûì öåíòðîì ïðè Ñàíêò-
Ïåòåðáóðãñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå (êîä ïðîåêòà 97-0-1.3-63)
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Ýéíøòåéíà. Â ðàáîòå àâòîðà [7] àíîíñèðîâàíà êëàññèôèêàöèîííàÿ
òåîðåìà äëÿ èíâàðèàíòíûõ ýéíøòåéíîâûõ ìåòðèê íà ñåìèìåðíûõ
êîìïàêòíûõ îäíîðîäíûõ ïðîñòðàíñòâàõ. Ïîçæå [8] ïîÿâèëàñü ðàçâåð-
íóòàÿ ïóáëèêàöèÿ íà ýòó òåìó. Èññëåäîâàíèå ïðîñòðàíñòâ Àëîôôà-
Óîëëà÷à â öèòèðóåìîé ðàáîòå áûëî ïðîâåäåíî ñõåìàòè÷íî è îò÷àñòè
îïèðàëîñü íà êîìïüþòåðíûå ðàñ÷åòû. Öåëüþ íàñòîÿùåé ñòàòüè ÿâ-
ëÿåòñÿ óñòðàíåíèå óêàçàííûõ ïðîáåëîâ â äîêàçàòåëüñòâå êëàññèôè-
êàöèîííîé òåîðåìû. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà. Êàæäîå ïðîñòðàíñòâî Àëîôôà-Óîëëà÷à Mk,l äîïóñêà-
åò ðîâíî äâå, ñ òî÷íîñòüþ äî èçîìåòðèè è ïðîïîðöèîíàëüíîñòè,
èíâàðèàíòíûå ìåòðèêè Ýéíøòåéíà.

Ó÷èòûâàÿ öèòèðîâàííûé ðåçóëüòàò Î. Êîâàëüñêîãî è Ç. Âëàøå-
êà, íàì äîñòàòî÷íî ðàññìîòðåòü ëèøü íåèññëåäîâàííûå â ðàáîòå [4]
âëîæåíèÿ.

Ïðåäñòàâèì àëãåáðó Ëè su(3) êàê àëãåáðó êîñîýðìèòîâûõ ìàòðèö
ñ íóëåâûì ñëåäîì. Çàôèêñèðóåì ìåòðèêó (X, Y ) = −1

2
Re tr(XY ) íà

ýòîé àëãåáðå. Ïóñòü h = hk,l � àëãåáðà Ëè ãðóïïû Ëè ik,l(S1) = Hk,l,
à t � àëãåáðà Ëè ñòàíäàðòíîãî ìàêñèìàëüíîãî òîðà T â SU(2).

Ïóñòü L = k2 + l2 +m2, íåòðóäíî ïîêàçàòü, ÷òî k2 + l2 +m2− kl−
km−ml = 3L/2. Ðàññìîòðèì âåêòîðû

Z = i

 k 0 0
0 l 0
0 0 m

 è X0 =

√
2i√
3L

 l −m 0 0
0 m− k 0
0 0 k − l

 ,

X1 =

 0 1 0
−1 0 0
0 0 0

 , X2 =

 0 i 0
i 0 0
0 0 0

 , X3 =

 0 0 1
0 0 0
−1 0 0

 ,

X4 =

 0 0 i
0 0 0
i 0 0

 , X5 =

 0 0 0
0 0 1
0 −1 0

 , X6 =

 0 0 0
0 0 i
0 i 0


â àëãåáðå su(3). Îòìåòèì, ÷òî ïîäàëãåáðà h îïðåäåëÿåòñÿ âåêòîðîì
Z. Êðîìå òîãî, âñå âåêòîðû Xi èìåþò åäèíè÷íóþ äëèíó îòíîñèòåëü-
íî âûáðàííîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ, ïîïàðíî îðòîãîíàëüíû è
îðòîãîíàëüíû ïîäàëãåáðå h. Ðàññìîòðèì ìîäóëè p1 = Lin(X1, X2),
p2 = Lin(X3, X4), p3 = Lin(X5, X6), p4 = Lin(X0).

Èìåþò ìåñòî ñëåäóþùèå ðàçëîæåíèÿ

g = t⊕ p1 ⊕ p2 ⊕ p3 = h⊕ p4 ⊕ p1 ⊕ p2 ⊕ p3,

òî åñòü p4 � îðòîãîíàëüíîå äîïîëíåíèå ê h = hk,l â àëãåáðå t, à p =
p1⊕p2⊕p3⊕p4 � îðòîãîíàëüíîå äîïîëíåíèå ê àëãåáðå h = hk,l â su(3).
Ïðÿìûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî [Z,X0] = 0, [Z,X1] = (k− l)X2,
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[Z,X2] = (l−k)X1, [Z,X3] = (k−m)X4, [Z,X4] = (m−k)X3, [Z,X5] =
(l−m)X6, [Z,X6] = (m− l)X5. Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî ìîäóëè
pi ÿâëÿþòñÿ adh-èíâàðèàíòíûìè è ïðè ïîïàðíî ðàçëè÷íûõ k, l, m
adh-íåïðèâîäèìû.

Âûÿñíèì óñëîâèå ïîïàðíîé èçîìîðôíîñòè adh-ìîäóëåé pi. Ïóñòü
ëèíåéíûé èçîìîðôèçì ϕ : p1 → p2 óäîâëåòâîðÿåò óñëîâèþ ϕ([Z,X]) =
[Z,ϕ(X)] äëÿ ëþáîãî X ∈ p1. Äëÿ íåêîòîðûõ ÷èñåë a, b, c, d âûïîë-
íÿþòñÿ ðàâåíñòâà ϕ(X1) = aX3 + bX4, ϕ(X2) = cX3 + dX4. Ïîñêîëüêó
ϕ([Z,X1]) = [Z,ϕ(X1)], ϕ([Z,X2]) = [Z,ϕ(X2)], òî äîëæíû âûïîë-
íÿòüñÿ ðàâåíñòâà (k − l)c = (m− k)b, (k − l)d = (k −m)a, (k − l)a =
(k − m)d, (l − k)b = (k − m)c. Òàêèì îáðàçîì, äëÿ ñóùåñòâîâàíèÿ
íóæíîãî îòîáðàæåíèÿ íåîáõîäèìî âûïîëíåíèå ðàâåíñòâà (k − l)2 =
(m− k)2, èëè ýêâèâàëåíòíîãî åìó ðàâåíñòâà (l −m)(2k − l −m) = 0,
êîòîðîå, â ñâîþ î÷åðåäü, âëå÷åò ëèáî l = m, ëèáî k = 0 è l = −m.
Ñëåäîâàòåëüíî, |l| = |m|.

Òåïåðü íàïîìíèì íåêîòîðûå ôàêòû, êîòîðûå íàì ïîòðåáóþòñÿ
ïðè äîêàçàòåëüñòâå ñôîðìóëèðîâàííîé òåîðåìû.

Ðàññìîòðèì ïðîèçâîëüíîå adh-èíâàðèàíòíîå ñêàëÿðíîå ïðîèçâå-
äåíèå 〈·, ·〉 íà p. Åñëè ïðèâåñòè îäíîâðåìåííî ôîðìû 〈·, ·〉 è (·, ·) íà
ìîäóëå p ê äèàãîíàëüíîìó âèäó, ñëåäóÿ ðàáîòå [2], ìû ïîëó÷èì, ÷òî

〈·, ·〉 = x1 · (·, ·)|p1 + x2 · (·, ·)|p2 + ...+ xs · (·, ·)|ps

äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ xi è adh-íåïðèâîäèìûõ ìîäóëåé pi,
ïðè÷åì ìîäóëè pi è pj ïðè ðàçëè÷íûõ èíäåêñàõ âçàèìíî îðòîãîíàëü-
íû îòíîñèòåëüíî îáîèõ ñêàëÿðíûõ ïðîèçâåäåíèé, à p = p1⊕p2⊕...⊕ps.
Â ñëó÷àå îòñóòñòâèÿ ñðåäè adh-ìîäóëåé pi ïîïàðíî èçîìîðôíûõ, ýòè
ìîäóëè îïðåäåëÿþòñÿ îäíîçíà÷íî. Â ïðîòèâíîì ñëó÷àå ôèêñèðîâàí-
íûì ÿâëÿåòñÿ èõ êîëè÷åñòâî è íàáîð ðàçìåðíîñòåé di = dim(pi) [2].

Ñëåäóÿ öèòèðîâàííîé ðàáîòå Ì. Âàíà è Â. Öèëëåðà, äëÿ ïðî-
èçâîëüíîé òðîéêè èíäåêñîâ i, j, k ∈ {1, 2, ..., s} îïðåäåëèì ñèìâîëû[
k
i j

]
ðàâåíñòâîì [

k
i j

]
=

∑
α,β,γ

([eiα, e
j
β], e

k
γ)

2,

ãäå eiα, e
j
β, e

k
γ îáîçíà÷àþò âåêòîðû îðòîíîðìèðîâàííîãî áàçèñà â ìîäó-

ëÿõ pi, pj, pk ñîîòâåòñòâåííî. Èç áèèíâàðèàíòíîñòè ñêàëÿðíîãî ïðîèç-
âåäåíèÿ ñëåäóåò ñèììåòðè÷íîñòü ââåäåííûõ ñèìâîëîâ îòíîñèòåëüíî
âñåõ òðåõ èíäåêñîâ. Ïóñòü äëÿ 1 ≤ i ≤ s di = dim(pi), à ÷èñëà bi
îïðåäåëÿþòñÿ ðàâåíñòâîì −B(X, Y )|pi = bi · (X, Y ), ãäå ÷åðåç B îáî-
çíà÷åíà ôîðìà Êèëëèíãà àëãåáðû g. Îòìåòèì ÷òî â íàøåì ñëó÷àå
ñïðàâåäëèâî ðàâåíñòâî bi = 12 äëÿ âñåõ i. Â ðàáîòå [2] âûâåäåíà ôîð-
ìóëà äëÿ âû÷èñëåíèÿ ñêàëÿðíîé êðèâèçíû S ìåòðèêè âèäà 〈·, ·〉, à
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èìåííî

S(〈·, ·〉) =
1

2

s∑
i=1

dibi
xi

− 1

4

∑
i,j,k

[
k
i j

]
xk
xixj

.

Â äîêàçàòåëüñòâå òåîðåìû ìû áóäåì èñïîëüçîâàòü òàê íàçûâàåìûé
âàðèàöèîííûé ïðèíöèï äëÿ èíâàðèàíòíûõ ìåòðèê Ýéíøòåéíà, ñóòü
êîòîðîãî ñîñòîèò â òîì, ÷òî ýéíøòåéíîâû G-èíâàðèàíòíûå ìåòðèêè
íà îäíîðîäíîì êîìïàêòíîì ïðîñòðàíñòâå G/H ÿâëÿþòñÿ â òî÷íîñòè
êðèòè÷åñêèìè òî÷êàìè ôóíêöèîíàëà ñêàëÿðíîé êðèâèçíû S, îãðà-
íè÷åííîãî íà ìíîæåñòâî ìåòðèê îáúåìà 1 îòíîñèòåëüíî íåêîòîðîé
âûäåëåííîé ìåòðèêè [1, 2].

Êàê ïîêàçûâàþò ïðåäûäóùèå ðàññóæäåíèÿ, äëÿ ïðîñòðàíñòâàMk,l

ïðè |k| 6= |l| 6= |m| 6= |k|, íåïðèâîäèìûå adh-ìîäóëè pi áóäóò ïîïàðíî
íåèçîìîðôíûìè. Åñëè 〈·, ·〉 � ïðîèçâîëüíîå ñêàëÿðíîå ïðîèçâåäåíèå
íà p (ïîðîæäàþùåå èíâàðèàíòíóþ ìåòðèêó íà Mk,l), òî â ñèëó ðå-
çóëüòàòîâ [2] èìååì ðàâåíñòâî

〈·, ·〉 = x1(·, ·)|p1 + x2(·, ·)|p2 + x3(·, ·)|p3 + x4(·, ·)|p4 .

Êàê ïîêàçàíî â [3], óðàâíåíèÿ Ýéíøòåéíà â ýòîì ñëó÷àå ïðèíèìàþò
âèä 

6
x1

+ x1

x2x3
− x2

x1x3
− x3

x1x2
− 3m2

L
x4

x2
1

= λ
6
x2

+ x2

x1x3
− x1

x2x3
− x3

x1x2
− 3l2

L
x4

x2
2

= λ
6
x3

+ x3

x1x2
− x1

x2x3
− x2

x1x3
− 3k2

L
x4

x2
3

= λ

3x4

L

(
m2

x2
1

+ l2

x2
2

+ k2

x2
3

)
= λ

.

Îòìåòèì, ÷òî ìû èñïîëüçóåì èíûå îáîçíà÷åíèÿ. Â ðàáîòå [4] ïîêàçà-
íî, ÷òî ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé ïðè ëþáûõ öåëî÷èñëåííûõ k è
l òàêèõ, ÷òî k2+l2 6= 0, èìååò äâà ðàçëè÷íûõ (ñ òî÷íîñòüþ äî ïðîïîð-
öèîíàëüíîñòè) ðåøåíèÿ. Òåì ñàìûì ñîîòâåòñòâóþùåå ïðîñòðàíñòâî
Mk,l äîïóñêàåò äâå èíâàðèàíòíûå ìåòðèêè Ýéíøòåéíà.

Òàêèì îáðàçîì, íàì ñ ó÷åòîì óñëîâèé íà ÷èñëà k, l è m îñòà-
ëîñü ðàçîáðàòü äâà ñëó÷àÿ: 1) (k, l,m) = (0, 1,−1) è 2) (k, l,m) =
(2,−1,−1). Îòìåòèì, ÷òî âî âòîðîì ñëó÷àå adh-ìîäóëü p3 ÿâëÿåòñÿ
ïðèâîäèìûì, ïîñêîëüêó [Z, p3] = 0.

Ëåììà 1. Îäíîðîäíîå ïðîñòðàíñòâîMk,l ïðè (k, l) = (0, 1) äîïóñ-
êàåò ðîâíî äâå, ñ òî÷íîñòüþ äî èçîìåòðèè è ïðîïîðöèîíàëüíîñòè,
èíâàðèàíòíûå ìåòðèêè Ýéíøòåéíà.

Äîêàçàòåëüñòâî. Ïóñòü (k, l,m) = (0, 1,−1). Â ýòîì ñëó÷àå ìî-
äóëè p1 è p2 ÿâëÿþòñÿ èçîìîðôíûìè. Íåòðóäíî ïîêàçàòü ñ ïîìîùüþ
âûøåïðèâåäåííûõ ðàññóæäåíèé, ÷òî ëþáîé èçîìîðôèçì èìååò âèä

ϕ(aX1 + bX2) = a(αX3 + βX4) + b(−βX3 + αX4).
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Ïóñòü 〈·, ·〉 � ïðîèçâîëüíîå ñêàëÿðíîå ïðîèçâåäåíèå íà p. Äèàãîíà-
ëèçóÿ åãî îäíîâðåìåííî ñ (·, ·), ïîëó÷àåì ÷òî

〈·, ·〉 = x1(·, ·)|p̃1 + x2(·, ·)|p̃2 + x3(·, ·)|p3 + x4(·, ·)|p4

äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ xi è adh-èíâàðèàíòíûõ è adh-íåïðè-
âîäèìûõ âçàèìíî îðòîãîíàëüíûõ äâóìåðíûõ ìîäóëåé p̃1, p̃2 ñî ñâîé-
ñòâîì p̃1 ⊕ p̃2 = p1 ⊕ p2.

Ïóñòü ìîäóëü p̃1 ñîäåðæàùèé âåêòîð

U =

 0 cos(α)eφi sin(α)eψi

− cos(α)e−φi 0 0
− sin(α)e−ψi 0 0


åäèíè÷íîé äëèíû îòíîñèòåëüíî (·, ·). Ðàññìîòðèì ýëåìåíò ãðóïïû
SU(3)

V = diag(e−
φ+ψ

3
i, e

2φ−ψ
3

i, e
2ψ−φ

3
i).

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî AdV (U) = cos(α)X1 + sin(α)X3. Ïî-
íÿòíî, ÷òî ìîäóëü p̃1 ïðè ðàññìàòðèâàåìîì àâòîìîðôèçìå àëãåáðû
su(3) ïåðåõîäèò â ìîäóëü q1, íàòÿíóòûé íà âåêòîðû Y1 = cos(α)X1 +
sin(α)X3 è Y2 = − cos(α)X2+sin(α)X4. Â ñâîþ î÷åðåäü ìîäóëü p̃2 ïåðå-
õîäèò â ìîäóëü q2, íàòÿíóòûé íà âåêòîðû Y3 = − sin(α)X1 +cos(α)X3

è Y4 = sin(α)X2 + cos(α)X4.
Îòìåòèì òàêæå, ÷òî àâòîìîðôèçì AdV ñîõðàíÿåò ïîäàëãåáðó h è

ìîäóëè p3 è p4. Òàêèì îáðàçîì, ñ òî÷íîñòüþ äî èçîìåòðèè, ìíîæåñòâî
èíâàðèàíòíûõ ìåòðèê èìååò âèä

〈·, ·〉 = x1(·, ·)|q1 + x2(·, ·)|q2 + x3(·, ·)|q3 + x4(·, ·)|q4 ,

ãäå q3 = p3, q4 = p4.
Òåïåðü ìû âû÷èñëèì ôóíêöèîíàë ñêàëÿðíîé êðèâèçíû äëÿ ðàñ-

ñìàòðèâàåìûõ ìåòðèê è âîñïîëüçóåìñÿ âàðèàöèîííûì ïðèíöèïîì äëÿ
ïîèñêà ñðåäè íèõ ýéíøòåéíîâûõ. Íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâî-
ñòè ðàâåíñòâ [X1, X2] =

√
3X0−Z, [X3, X4] =

√
3X0+Z, [X5, X6] = 2Z,

[Z,X1] = −X2, [Z,X2] = X1, [Z,X3] = X4, [Z,X5] = 2X6, [Z,X6] =
−2X5, [X0, X1] =

√
3X2, [X0, X2]=−

√
3X1, [X0, X3]=

√
3X4, [X0, X4] =

−
√

3X3, [X0, X5] = [X0, X6] = 0. Ñ ïîìîùüþ ïðèâåäåííûõ ñîîòíîøå-
íèé ëåãêî òàêæå ïîëó÷èòü, ÷òî [Y1, Y2] = Z −

√
3 cos(2α)X0, [Y1, Y3] =

−X5, [Y1, Y4] =
√

3 sin(2α)X0 − X6, [Y2, Y3] = −
√

3 sin(2α)X0 − X6,
[Y2, Y4] = X5, [Y3, Y4] = Z +

√
3 cos(2α)X0.

Òåïåðü íåòðóäíî âû÷èñëèòü çíà÷åíèÿ âåëè÷èí

[
k
i j

]
, ñîîòâåò-

ñòâóþùèì ìîäóëÿì qi, qj è qk. Ïîñêîëüêó [q3 ⊕ q4, q1 ⊕ q2] ⊂ q1 ⊕ q2
è [q3, q4] = 0, òî ñ òî÷íîñòüþ äî ïåðåñòàíîâêè èíäåêñîâ, íåíóëåâûìè
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ÿâëÿþòñÿ ëèøü

[
4

1 1

]
=

[
4

2 2

]
= 6 cos2(2α),

[
4

1 2

]
= 6 sin2(2α),[

3
1 2

]
= 4.

Ïîñëå ýòèõ ïðåäâàðèòåëüíûõ ðàññìîòðåíèé ìû ìîæåì âûïèñàòü
çíà÷åíèå ôóíêöèîíàëà ñêàëÿðíîé êðèâèçíû äëÿ ìåòðèêè 〈·, ·〉:

S(〈·, ·〉) =
12

x1

+
12

x2

+
12

x3

+
6a

x4

− 3− 3a

2

(
x4

x2
1

+
x4

x2
2

)
−

−2

(
x1

x2x3

+
x2

x1x3

+
x3

x1x2

)
− 3a

(
x1

x2x4

+
x2

x1x4

+
x4

x1x2

)
,

ãäå a = sin2(2α). Óñëîâèå ôèêñèðîâàííîñòè îáúåìà âûðàæàåòñÿ ðà-
âåíñòâîì x2

1x
2
2x

2
3x4 = 1. Îïðåäåëèì ôóíêöèþ Ëàãðàíæà ðàâåíñòâîì

L = L(x1, x2, x3, x4, a, λ) = S(〈·, ·〉)− λ(x2
1x

2
2x

2
3x4 − 1) .

Ñîãëàñíî âàðèàöèîííîìó ïðèíöèïó äëÿ èíâàðèàíòíûõ ýéíøòåéíî-
âûõ ìåòðèê [2, 1], êðèòè÷åñêèå òî÷êè ýòîé ôóíêöèè êàê ðàç è ÿâëÿ-
þòñÿ ìåòðèêàìè Ýéíøòåéíà. Îòìåòèì, ÷òî ñóùåñòâåííî ðàçëè÷àþò-
ñÿ ñëó÷àè a = 0, a = 1 è 0 < a < 1. Â ïåðâûõ äâóõ èç íèõ, â îòëè÷èè
îò ïîñëåäíåãî, óñëîâèå êðèòè÷íîñòè ïî ïåðåìåííîé α âûïîëíÿåòñÿ
àâòîìàòè÷åñêè, ïîñêîëüêó a = sin2(2α).

Âûïèøåì óñëîâèÿ êðèòè÷íîñòè òî÷êè äëÿ ôóíêöèè Ëàãðàíæà ïî
ïåðåìåííûì xi.

−S ′x1
x1 =

12

x1

−3(1− a)x4

x2
1

−2

(
x2

x1x3

+
x3

x1x2

− x1

x2x3

)
−

−3a

(
x2

x1x4

+
x4

x1x2

− x1

x2x4

)
= −2λ.

−S ′x2
x2 =

12

x2

−3(1− a)x4

x2
2

−2

(
x1

x2x3

+
x3

x1x2

− x2

x1x3

)
−

−3a

(
x1

x2x4

+
x4

x1x2

− x2

x1x4

)
= −2λ.

−S ′x3
x3 =

6

x3

−
(

x1

x2x3

+
x2

x1x3

− x3

x1x2

)
= −λ.

−S ′x4
x4 =

6a

x4

+
3(1− a)

2

(
x4

x2
1

+
x4

x2
2

)
−3a

(
x1

x2x4

+
x2

x1x4

− x4

x1x2

)
= −λ.
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Îñîáåííîñòü ïðîñòðàíñòâà M0,1 çàêëþ÷àåòñÿ â òîì, ÷òî âìåñòå ñ
ëþáîé ýéíøòåéíîâîé ìåòðèêîé, çàäàâàåìîé ïàðàìåòðàìè (x1, x2, x3,
x4, a) áóäåò òàêæå ýéíøòåéíîâîé ìåòðèêà ñ ïàðàìåòðàìè (x2, x1, x3,
x4, a), ïðè÷åì ýòè ìåòðèêè èçîìåòðè÷íû. Îáóñëîâëåíî ýòî íàëè÷èåì
âíóòðåííåãî àâòîìîðôèçìà àëãåáðû su(3), ïîðîæäàåìîãî ýëåìåíòîì

A =

 1 0 0
0 0 1
0 −1 0


ãðóïïû SU(3). Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî àâòîìîðôèçì AdA ïå-
ðåâîäèò äðóã â äðóãà ìîäóëè q1 è q2, îñòàâëÿÿ íåïîäâèæíûìè ìîäóëè
q3, q4 è ïîäàëãåáðó h. Ñ äðóãîé ñòîðîíû, íà ïðîñòðàíñòâå M0,1 íå ñó-
ùåñòâóåò ýéíøòåéíîâûõ ìåòðèê ñ óñëîâèåì x1 = x2. Äåéñòâèòåëüíî,
ïðåäïîëîæèâ ïðîòèâíîå, ìû ïîëó÷èì ñèñòåìó óðàâíåíèé

12
t
− 2x3

t2
− 3x4

t2
= −2λ

4
x3

+ x3

t2
= −λ

3x4

t2
= −λ

,

ãäå t = x1 = x2. Ñêëàäûâàÿ ïåðâîå óðàâíåíèå ñ òðåòüèì è âû÷èòàÿ
óòðîåííîå âòîðîå óðàâíåíèå, ïîëó÷àåì ðàâåíñòâî

12

t
− 5

x3

t2
− 12

x3

= 0,

êîòîðîå ýêâèâàëåíòíî óðàâíåíèþ

5
(x3

t

)2

− 12
x3

t
+ 12 = 0,

íå èìåþùåìó âåùåñòâåííûõ ðåøåíèé. Òàêèì îáðàçîì, äàëåå ìîæíî
ñ÷èòàòü, ÷òî x1 6= x2.

Ðàññìîòðèì ñëó÷àé a = 0. Ñèñòåìà óðàâíåíèé ïðèíèìàåò âèä
6
x1

+ x1

x2x3
− x2

x1x3
− x3

x1x2
− 3

2
x4

x2
1

= −λ
6
x2

+ x2

x1x3
− x1

x2x3
− x3

x1x2
− 3

2
x4

x2
2

= −λ
6
x3

+ x3

x1x2
− x1

x2x3
− x2

x1x3
= −λ

3x4

2

(
1
x2
1

+ 1
x2
2

)
= −λ

Òàêèì îáðàçîì, ìû ïîëó÷èëè òàêóþ æå ñèñòåìó óðàâíåíèé, ÷òî è ïðè
íåîñîáûõ âëîæåíèÿõ. Ïîëüçóÿñü ðåçóëüòàòàìè ðàáîòû [4], çàêëþ÷à-
åì, ÷òî îíà èìååò äâà, ñ òî÷íîñòü äî ïðîïîðöèîíàëüíîñòè, ðåøåíèÿ.
Ñëåäîâàòåëüíî, ìû ïîëó÷àåì äâå ìåòðèêè Ýéíøòåéíà, êîòîðûå îáÿ-
çàíû áûòü èçîìåòðè÷íûìè (ïîñêîëüêó îäíà ïîëó÷àåòñÿ èç äðóãîé
ïåðåñòàíîâêîé x1 è x2).
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Ðàçáåðåì òåïåðü ñëó÷àé a = 1. Ñèñòåìà óðàâíåíèé Ýéíøòåéíà
ïðèíèìàåò âèä

6
x1

+ x1

x2x3
− x2

x1x3
− x3

x1x2
+ 3

2

(
x1

x2x4
− x2

x1x4
− x4

x1x2

)
= −λ

6
x2

+ x2

x1x3
− x1

x2x3
− x3

x1x2
+ 3

2

(
x2

x1x4
− x1

x2x4
− x4

x1x2

)
= −λ

6
x3

+ x3

x1x2
− x1

x2x3
− x2

x1x3
= −λ

6
x4

+ 3
(

x4

x1x2
− x1

x2x4
− x2

x1x4

)
= −λ

Âû÷èòàÿ èç ïåðâîãî óðàâíåíèÿ âòîðîå, ïîëó÷àåì

6

(
1

x1

− 1

x2

)
+

2

x3

(
x1

x2

− x2

x1

)
+

3

x4

(
x1

x2

− x2

x1

)
=

=
x2 − x1

x1x2

(
6−

(
2

x3

+
3

x4

)
(x1 + x2)

)
= 0.

Ïîñêîëüêó x1 6= x2, òî ïîëó÷àåì ðàâåíñòâî

(x1 + x2)(3x3 + 2x4) = 6x3x4.

Óìíîæàÿ ñóììó ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû íà x1x2, ïðèõîäèì
ê ðàâåíñòâó

6(x1 + x2)− 2x3 − 3x4 = −2λx1x2.

Òðåòüå è ÷åòâåðòîå óðàâíåíèå ñèñòåìû ïðåîáðàçóþòñÿ ê âèäó

8x1x2 + x2
3 − (x1 + x2)

2 = −λx1x2x3,

12x1x2 + 3x2
4 − 3(x1 + x2)

2 = −λx1x2x4

ñîîòâåòñòâåííî. Èñêëþ÷àÿ ïàðàìåòð λ èç òðåõ ïîñëåäíèõ óðàâíåíèé,
ïîëó÷àåì ñèñòåìó óðàâíåíèé

(x1 + x2)(3x3 + 2x4) = 6x3x4

6(x1 + x2)
2 + 6(x1 + x2)x4 − 2x3x4 − 9x2

4 = 24x1x2

2(x1 + x2)
2 − 4x2

3 − 3x3x4 + 6(x1 + x2)x3 = 16x1x2

.

Ââåäåì íîâûå ïåðåìåííûå ïî ôîðìóëàì x1 + x2 = u
√
x1x2, x3 =

v
√
x1x2, x4 = w

√
x1x2. Ïîñëåäíÿÿ ñèñòåìà óðàâíåíèé ïðåîáðàçóåòñÿ

ê âèäó 
3uv + 2uw − 6vw = 0
6u2 − 9w2 + 6uw − 2vw − 24 = 0
2u2 − 4v2 + 6uv − 3vw − 16 = 0

.

Åñëè ïîëîæèòü t = u/w è s = v/w, òî èç ïåðâîãî óðàâíåíèÿ íàõîäèì,
÷òî t = 6s

3s+2
. Èç äâóõ ïîñëåäíèõ óðàâíåíèé ïîëó÷àåì, ÷òî

6u2 + 12v2 − 18w2 − 18uv + 12uw + 5vw = 0.

135



Ïåðåõîäÿ ê ïåðåìåííûì t è s, ïðèõîäèì ê ðàâåíñòâó 6t2+12s2−18ts+
12t+ 5s− 18 = 0. Ïîñëå ïîäñòàíîâêè t = 6s

3s+2
ïîëó÷àåì, ÷òî

108s4 − 135s3 + 162s2 − 52s− 72 = 0.

Ïîñêîëüêó ôóíêöèÿ f(s) = 108s4 − 135s3 + 162s2 − 52s − 72 âîçðàñ-
òàåò ïðè s > 1/4 è îòðèöàòåëüíà ïðè 0 < s < 1/4, çàêëþ÷àåì, ÷òî
ñóùåñòâóåò åäèíñòâåííîå ïîëîæèòåëüíîå s, óäîâëåòâîðÿþùåå óñëî-
âèþ f(s) = 0. Èñõîäÿ èç íåãî íàõîäÿòñÿ åäèíñòâåííûì îáðàçîì u,
v è w, ïîñëå ÷åãî íàõîäÿòñÿ äâà ðåøåíèÿ èñõîäíîé ñèñòåìû óðàâíå-
íèÿ (îòëè÷àþùèåñÿ ïåðåñòàíîâêîé x1 è x2), îïðåäåëÿþùèå äâå èçî-
ìåòðè÷íûå èíâàðèàíòíûå ìåòðèêè Ýéíøòåéíà íà ïðîñòðàíñòâåM0,1.
Ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ âåëè÷èí òàêîâû:

s=0.96123..., t=1.18094..., u=2.71792..., v = 2.21224..., w=2.30147...

Îòìåòèì, ÷òî íàéäåííûå ìåòðèêè íå èçîìåòðè÷íû ìåòðèêàì, ïîëó-
÷åííûì ïðè a = 0. Äåéñòâèòåëüíî, åñëè áû èìåëà ìåñòî èçîìåòðèÿ, òî
ñîáñòâåííûå ÷èñëà ýòèõ ìåòðèê îòíîñèòåëüíî áèèíâàðèàíòíîé ìåò-
ðèêè äîëæíû áûëè áû ñîâïàäàòü. Çíà÷èò, äîëæíî áûëî áû ñóùåñòâî-
âàòü ñîâìåñòíîå ðåøåíèå ñèñòåì óðàâíåíèé ïðè a = 0 è a = 1 (âîç-
ìîæíî, ïðè ïåðåñòàíîâêå ïåðåìåííûõ â îäíîé èç ñèñòåì). Íåòðóäíî
óáåäèòüñÿ, ÷òî òàêîãî ðåøåíèÿ áûòü íå ìîæåò.

Íàì îñòàëîñü ðàçîáðàòü ëèøü ñëó÷àé 0 < a < 1. Ê óðàâíåíèÿì,
âûïèñàííûì ðàíåå, äîáàâëÿåòñÿ ðàâåíñòâî S ′a = 0. Ñîîòâåòñòâóþùèå
âû÷èñëåíèÿ ïðèâîäÿò ê ñëåäóþùåìó ðåçóëüòàòó.

0 = S ′a =
6

x4

+
3x4

2

(
1

x2
1

+
1

x2
2

)
− 3

(
x1

x2x4

+
x2

x1x4

+
x4

x1x2

)
=

= − 3

x4

(
x1

x2

− 2 +
x2

x1

)
+

3x4

2

(
1

x2
1

− 2

x1x2

+
1

x2
2

)
=

=
3

x1x2x4

(x2 − x1)
2

(
x2

4

2x1x2

− 1

)
.

Ïîñêîëüêó x1 6= x2, ïîëó÷àåì ðàâåíñòâî x2
4 = 2x1x2. Âûïèøåì òåïåðü

îñòàëüíûå óðàâíåíèÿ Ýéíøòåéíà.

6
x1
− 3−3a

2
x4

x2
1

+ x1

x2x3
− x2

x1x3
− x3

x1x2
+ 3a

2

(
x1

x2x4
− x2

x1x4
− x4

x1x2

)
= −λ

6
x2
− 3−3a

2
x4

x2
2

+ x2

x1x3
− x1

x2x3
− x3

x1x2
+ 3a

2

(
x2

x1x4
− x1

x2x4
− x4

x1x2

)
= −λ

6
x3

+ x3

x1x2
− x1

x2x3
− x2

x1x3
= −λ

6a
x4

+ 3−3a
2

(
x4

x2
1

+ x4

x2
2

)
+ 3a

(
x4

x1x2
− x1

x2x4
− x2

x1x4

)
= −λ

.
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Ïî àíàëîãèè ñ ïðåäûäóùèì ñëó÷àåì ðàññìîòðèì ðàçíîñòü ìåæäó
ïåðâûì è âòîðûì óðàâíåíèåì ñèñòåìû.

6
x2−x1

x1x2

+
3(1−a)x4

2

(x1−x2)(x1+x2)

x2
1x

2
2

+

(
2

x3

+
3a

x4

)
(x1−x2)(x1+x2)

x1x2

= 0.

Ïîñêîëüêó x1 6= x2, òî(
3

2
(1− a)x4 +

(
2

x3

+
3a

x4

)
x1x2

)
(x1 + x2) = 6x1x2.

Òàê êàê x2
4 = 2x1x2, òî èç ïîñëåäíåãî ðàâåíñòâà âûâîäèì(
3(1− a)x1x2

x4

+

(
2

x3

+
3a

x4

)
x1x2

)
(x1 + x2)− 6x1x2 =

x1x2

((
2

x3

+
3

x4

)
(x1 + x2)− 6

)
= 0.

Ñëåäîâàòåëüíî, êàê è â ïðåäûäóùåì ñëó÷àå, (x1 + x2)(3x3 + 2x4) =
6x3x4. Äàëåå, ðàññìîòðèì ëèíåéíóþ êîìáèíàöèþ óðàâíåíèé ñèñòåìû
ñ êîýôôèöèåíòàìè 1, 1, −3 è 1 ñîîòâåòñòâåííî.

6

x1

+
6

x2

− 24

x3

+
12a

x4

− 5x3

x1x2

+

(
3

x3

− 3a

x4

)
(x1 + x2)

2

x1x2

=

=
6

x1

+
6

x2

− 24

x3

− 5x3

x1x2

+
3

x3

(x1 + x2)
2

x1x2

− 3a

x1x2x4

(x2 − x1)
2 = 0.

Òàêèì îáðàçîì,

=
6

x1

+
6

x2

− 24

x3

− 5x3

x1x2

+
3

x3

(x1 + x2)
2

x1x2

> 0.

Ââåäåì íîâûå ïåðåìåííûå ïî ôîðìóëàì x1 + x2 = u
√
x1x2, x1 + x2 =

vx3. Â ýòèõ ïåðåìåííûõ ïîëó÷åííîå íåðàâåíñòâî ïðèíèìàåò âèä

6u− 24
v

u
− 5

u

v
+ 3uv > 0.

Èç óðàâíåíèÿ (x1 + x2)(3x3 + 2x4) = 6x3x4 ñ ó÷åòîì òîãî, ÷òî x2
4 =

2x1x2, ïîëó÷àåì 4v+ 3
√

2u = 12 è u = (12− 4v)/(3
√

2). Îòìåòèì, ÷òî
ïîëó÷åííîå íàìè íåðàâåíñòâî ýêâèâàëåíòíî íåðàâåíñòâó

(3v2 + 6v − 5)u2 − 24v2 > 0,

êîòîðîå ïîñëå ïîäñòàíîâêè u = (12−4v)/(3
√

2) ïðèíèìàåò âèä (3v2 +
6v − 5)(3− v)2 − 27v2 > 0. Ïîñêîëüêó âåëè÷èíû u è v ïîëîæèòåëüíû
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è ñâÿçàíû óñëîâèåì 4v + 3
√

2u = 12, òî äîëæíî âûïîëíÿòüñÿ íåðà-
âåíñòâî 0 < v < 3. Îñòàëîñü çàìåòèòü, ÷òî ôóíêöèÿ

g(v) = (3v2 + 6v − 5)(3− v)2 − 27v2 = 3v3(v − 4)− (41v2 − 84v + 45)

íå ïðèíèìàåò ïîëîæèòåëüíûõ çíà÷åíèé ïðè 0 < v < 3. Òàêèì îá-
ðàçîì, ïðè 0 < a < 1 ñèñòåìà óðàâíåíèé ðåøåíèé íå èìååò. Çíà÷èò,
ïðîñòðàíñòâî M0,1 äîïóñêàåò, ñ òî÷íîñòüþ äî ïðîïîðöèîíàëüíîñòè è
èçîìåòðèè, ðîâíî äâå ìåòðèêè Ýéíøòåéíà. Ëåììà äîêàçàíà.

Ëåììà 2. Îäíîðîäíîå ïðîñòðàíñòâî Mk,l ïðè (k, l) = (2,−1) äî-
ïóñêàåò ðîâíî äâå, ñ òî÷íîñòüþ äî èçîìåòðèè è ïðîïîðöèîíàëüíî-
ñòè, èíâàðèàíòíûå ìåòðèêè Ýéíøòåéíà.

Äîêàçàòåëüñòâî. Ïóñòü (k, l,m) = (2,−1,−1). Â ýòîì ñëó÷àå
[h, p3⊕ p4] = 0, è ïîýòîìó îãðàíè÷åíèå èíâàðèàíòíîé ìåòðèêè íà ìî-
äóëü p3 ⊕ p4 ìîæåò áûòü ïðîèçâîëüíûì ñêàëÿðíûì ïðîèçâåäåíèåì.
Êàê è â ïðåäûäóùåì ñëó÷àå, adh-ìîäóëè p1 è p2 ÿâëÿþòñÿ èçîìîðô-
íûìè. Ëþáîé èçîìîðôèçì èìååò âèä

ϕ(aX1 + bX2) = a(αX3 + βX4) + b(βX3 − αX4).

Ïóñòü 〈·, ·〉 � ïðîèçâîëüíîå ñêàëÿðíîå ïðîèçâåäåíèå íà p. Ïðèâîäÿ
åãî îäíîâðåìåííî ñ (·, ·) íà p ê äèàãîíàëüíîìó âèäó, ïîëó÷àåì

〈·, ·〉 = x1(·, ·)|p̃1 + x2(·, ·)|p̃2 + U |p3⊕p4
äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ xi, íåïðèâîäèìûõ âçàèìíî îðòîãî-
íàëüíûõ äâóìåðíûõ ìîäóëåé p̃1, p̃2 ñî ñâîéñòâîì p̃1 ⊕ p̃2 = p1 ⊕ p2

è íåêîòîðîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ U íà p3 ⊕ p4. Ðàññóæäàÿ àíà-
ëîãè÷íî ïðåäûäóùåìó ñëó÷àþ, ìîæíî ïîêàçàòü ñóùåñòâîâàíèå âíóò-
ðåííåãî àâòîìîðôèçìà àëãåáðû Ëè su(3), îñòàâëÿþùåãî íà ìåñòå ìî-
äóëü p3 ⊕ p4 è ïîäàëãåáðó h è ïåðåâîäÿùåãî p̃1 â p1 è p̃2 â p2. Äåé-
ñòâèòåëüíî, ïóñòü q ⊂ p1 ⊕ p2 � ïðîèçâîëüíûé adh-èíâàðèàíòíûé è
adh-íåïðèâîäèìûé ìîäóëü, ñîäåðæàùèé âåêòîð

U1 =

 0 cos(α)eφi sin(α)eψi

− cos(α)e−φi 0 0
− sin(α)e−ψi 0 0


åäèíè÷íîé äëèíû îòíîñèòåëüíî (·, ·). Ðàññìîòðèì ýëåìåíò ãðóïïû
SU(3)

V1 = diag(e−
φ+ψ

3
i, e

2φ−ψ
3

i, e
2ψ−φ

3
i).

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî V2 = AdV1(U1) = cos(α)X1 + sin(α)X3.
Òåïåðü ðàññìîòðèì

V2 =

 1 0 0
0 cos(α) sin(α)
0 − sin(α) cos(α)

 ∈ SU(3).
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Ïðÿìûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî AdV2(U2) = X1. Òàêèì îáðà-
çîì, AdV (U1) = X1 äëÿ V = V2V1. Îòìåòèì, ÷òî AdV � âíóòðåííèé
àâòîìîðôèçì àëãåáðû su(3), ñîõðàíÿþùèé ïîäàëãåáðó h è ìîäóëü
p3 ⊕ p4. Ïîñêîëüêó îáðàç adh-èíâàðèàíòíîãî ìîäóëÿ q ïðè ýòîì àâ-
òîìîðôèçìå òàêæå ÿâëÿåòñÿ adh-èíâàðèàíòíûì ìîäóëåì è ñîäåðæèò
âåêòîð X1, òî AdV (q) = p1. Åñëè òåïåðü âçÿòü â êà÷åñòâå q ìîäóëü p̃1,
íåòðóäíî ïîíÿòü, ÷òî AdV (p̃2) = p2, ïîñêîëüêó âíóòðåííèé àâòîìîð-
ôèçì ñîõðàíÿåò ñêàëÿðíîå ïðîèçâåäåíèå (·, ·).

Òàêèì îáðàçîì, ñ òî÷íîñòüþ äî èçîìåòðèè, ìíîæåñòâî èíâàðè-
àíòíûõ ìåòðèê èìååò âèä

〈·, ·〉 = x1(·, ·)|p1 + x2(·, ·)|p2 + U |p3⊕p4 .

Ïðèâîäÿ îäíîâðåìåííî êâàäðàòè÷íûå ôîðìû U è (·, ·) íà ìîäóëå
p3 ⊕ p4 ê äèàãîíàëüíîìó âèäó, ìû ïîëó÷èì îðòîíîðìèðîâàííûé îò-
íîñèòåëüíî (·, ·) áàçèñ èç âåêòîðîâ Y1, Y2, Y3 òàêèõ, ÷òî âåêòîðû x3Y1,
x4Y2, x5Y3 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ îòíîñèòåëüíî U ïðè
íåêîòîðûõ ïîëîæèòåëüíûõ xi (3 ≤ i ≤ 5).

Ïóñòü âåêòîð Y3 èìååò ñëåäóþùåå ðàçëîæåíèå Y3 = aX0+bX5+cX6

â áàçèñå (X0, X5, X6). Ïîêàæåì, ÷òî áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî
ïîëàãàòü b = 0. Äåéñòâèòåëüíî, ïóñòü b 6= 0. Ðàññìîòðèì âíóòðåííèé
àâòîìîðôèçì AdA àëãåáðû Ëè g = su(3), ãäå

A =

 1 0 0
0 eiθ 0
0 0 e−iθ

 ,

äåéñòâóþùèé ïîâîðîòàìè â ìîäóëÿõ p1, p2, p3, è îñòàâëÿþùèé íåïî-
äâèæíûì ìîäóëü p4 ⊕ h. Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî

AdA(Y3) = aX0 + (b cos(2θ)− c sin(2θ))X5 + (b sin(2θ) + c cos(2θ))X6.

Òàêèì îáðàçîì, âûáèðàÿ ïîäõîäÿùåå çíà÷åíèå θ, ìîæíî äîáèòüñÿ çà-
íóëåíèÿ êîýôôèöèåíòà ïðè X5. Ïîñêîëüêó ïîä äåéñòâèåì àâòîìîð-
ôèçìà ñêàëÿðíîå ïðîèçâåäåíèå ïåðåõîäèò â èçîìåòðè÷íîå ñêàëÿðíîå
ïðîèçâåäåíèå, òî ìîæíî áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàòü, ÷òî ìàò-
ðèöà ïåðåõîäà îò áàçèñà (X0, X5, X6) ê áàçèñó (Y1, Y2, Y3) èìååò âèä − sinϕ sinψ

Q
cosϕ cosψ

Q
cosϕ sinψ

Q
− sinϕ cosϕ cosψ

Q
− sinψ

Q
cos2ϕ cosψ

Q

cosϕ 0 sinϕ

 ,

ãäå Q =
√

cos2ϕ+ sin2ϕsin2ψ, ϕ � óãîë ìåæäó âåêòîðàìè Y3 è X0,
ψ � óãîë ìåæäó âåêòîðîì X5 è îðòîãîíàëüíîé ïðîåêöèåé âåêòîðà
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Y1 íà ïëîñêîñòü X5X6. Êðîìå òîãî, î÷åâèäíî, ìîæíî ñ÷èòàòü, ÷òî
0 ≤ ϕ ≤ π/4 è 0 ≤ ψ ≤ π/4.

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî â íàøåì ñëó÷àå âûïîëíÿþòñÿ ñëå-
äóþùèå ðàâåíñòâà: [X0, Xi] = ±Xj (i 6= j, i, j ∈ {1, 2} èëè i, j ∈
{3, 4}); [X0, Xi] = ±2Xj (i 6= j, i, j ∈ {5, 6}); [X1, X3] = −X5, [X1, X4] =
−X6, [X2, X4] = −X5, [X2, X3] = X6.

Ïóñòü ìîäóëü p1 îïðåäåëÿåòñÿ âåêòîðàìè X1 è X2, ìîäóëü p2 �
âåêòîðàìè X3 è X4, îäíîìåðíûå ìîäóëè p3, p4, p5 íàòÿíóòû ñîîòâåò-
ñòâåííî íà âåêòîðû Y1, Y2 è Y3.

Ïîíÿòíî, ÷òî [p1, p1] ⊂ h⊕X0, [p2, p2] ⊂ h⊕X0, [p1, p2] ⊂ p3 ⊕ p4 ⊕

p5. Òàêèì îáðàçîì, èç ñèìâîëîâ

[
k
i j

]
íå çàíóëÿþòñÿ ëèøü

[
1

3 1

]
,[

2
3 1

]
,

[
2

3 2

]
,

[
1

4 1

]
,

[
2

4 1

]
,

[
2

4 2

]
,

[
1

5 1

]
,

[
2

5 1

]
,

[
2

5 2

]
,

[
5

3 4

]
,

è òå, ÷òî ïîëó÷àþòñÿ èç íèõ ïåðåñòàíîâêîé èíäåêñîâ.
Èñïîëüçóÿ êîììóòàöèîííûå ñîîòíîøåíèÿ íåòðóäíî ïîëó÷èòü, ÷òî[
1

3 1

]
=

[
2

3 2

]
= 2sin2ϕsin2ψ

Q2 ,

[
2

3 1

]
= 2cos2ϕ

Q2 ,

[
1

4 1

]
=

[
2

4 2

]
=

2cos2ϕsin2ϕcos2ψ
Q2 ,

[
2

4 1

]
= 2(sin2ψ+cos4ϕcos2ψ)

Q2 ,

[
1

5 1

]
=

[
2

5 2

]
= 2cos2ϕ,[

2
5 1

]
= 2sin2ϕ,

[
5

3 4

]
= 4.

Îòìåòèì, ÷òî äëÿ ϕ = 0 ïðè ëþáîì çíà÷åíèè ψ ïîëó÷àþòñÿ èçî-
ìåòðè÷íûå ìåòðèêè. Ñäåëàåì òåïåðü çàìåíó ïåðåìåííûõ ïî ôîðìó-
ëàì a = cosϕ, b = cosϕ/Q. Íåòðóäíî ïîíÿòü, ÷òî a2 ≤ b2 ≤ 1 è
ðàâåíñòâî a = 1 âëå÷åò b = 1. Ïîñëå ïðîâåäåííîé çàìåíû ïîëó÷à-

åì ðàâåíñòâà

[
1

3 1

]
=

[
2

3 2

]
= 2(1 − b2),

[
2

3 1

]
= 2b2,

[
1

4 1

]
=[

2
4 2

]
= 2(b2 − a2),

[
2

4 1

]
= 2(1 + a2 − b2),

[
1

5 1

]
=

[
2

5 2

]
= 2a2,[

2
5 1

]
= 2(1− a2),

Ïîñëå ýòèõ ïðåäâàðèòåëüíûõ ðàññìîòðåíèé ìû ìîæåì âûïèñàòü
çíà÷åíèå ôóíêöèîíàëà ñêàëÿðíîé êðèâèçíû äëÿ ìåòðèêè 〈·, ·〉:

S(〈·, ·〉) = 6

(
2

x1

+
2

x2

+
1

x3

+
1

x4

+
1

x5

)
− 2

(
x3

x4x5

+
x4

x3x5

+
x5

x3x4

)
−

−1− b2

2

(
4

x3

+
x3

x2
1

+
x3

x2
2

)
− b2 − a2

2

(
4

x4

+
x4

x2
1

+
x4

x2
2

)
−

−a
2

2

(
4

x5

+
x5

x2
1

+
x5

x2
2

)
− b2

(
x3

x1x2

+
x1

x2x3

+
x2

x1x3

)
−
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−(1+a2−b2)
(

x4

x1x2

+
x1

x2x4

+
x2

x1x4

)
−(1−a2)

(
x5

x1x2

+
x1

x2x5

+
x2

x1x5

)
.

Îòìåòèì, ÷òî óñëîâèå ôèêñèðîâàííîñòè îáúåìà âûðàæàåòñÿ ðàâåí-
ñòâîì x2

1x
2
2x3x4x5 = 1. Îïðåäåëèì ôóíêöèþ Ëàãðàíæà ðàâåíñòâîì

L = L(x1, x2, x3, x4, x5, a, b, λ) = S(〈·, ·〉)− λ(x2
1x

2
2x3x4x5 − 1) .

Ñîãëàñíî âàðèàöèîííîìó ïðèíöèïó äëÿ èíâàðèàíòíûõ ýéíøòåéíî-
âûõ ìåòðèê [2, 1], êðèòè÷åñêèå òî÷êè ýòîé ôóíêöèè êàê ðàç è ÿâëÿ-
þòñÿ ìåòðèêàìè Ýéíøòåéíà. Íåòðóäíî íåïîñðåäñòâåííî óáåäèòüñÿ â
òîì, ÷òî òî÷êè x1 = x2 = t, x3 = x4 = x5 = s, a = b = 1, ãäå

5
(s
t

)2

− 12
s

t
+ 4 = 0,

ÿâëÿþòñÿ êðèòè÷åñêèìè. Ðåøàÿ ïîñëåäíåå óðàâíåíèå, ïîëó÷àåì, ÷òî
ëèáî s = 2t, ëèáî 5s = 2t, è ìû èìååì äâå íåèçîìåòðè÷íûå è íåãî-
ìîòåòè÷íûå ìåòðèêè Ýéíøòåéíà. Íàì îñòàëîñü ïîêàçàòü, ÷òî äðóãèõ
ýéíøòåéíîâûõ ìåòðèê â äàííîì ñëó÷àå íåò.

Ðàçáåðåì îòäåëüíî ñëó÷àè, êîãäà a = b = 1; b = 1, a 6= 0 è a 6= 1,
b 6= 1. Â ïåðâîì ñëó÷àå ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ ñêàëÿð-
íîé êðèâèçíû:

S(〈·, ·〉) = 6

(
2

x1

+
2

x2

+
1

x3

+
1

x4

+
1

x5

)
− 2

(
x3

x4x5

+
x4

x3x5

+
x5

x3x4

)
−

−1

2

(
4

x5

+
x5

x2
1

+
x5

x2
2

)
−

(
x3

x1x2

+
x1

x2x3

+
x2

x1x3

)
−

(
x4

x1x2

+
x1

x2x4

+
x2

x1x4

)
.

Âûïèøåì óñëîâèÿ êðèòè÷íîñòè òî÷êè.

−S ′x1
x1 =

12

x1

−
(

x2

x1x3

+
x3

x1x2

− x1

x2x3

)
−

(
x2

x1x4

+
x4

x1x2

− x1

x2x4

)
−x5

x2
1

= −2λ.

−S ′x2
x2 =

12

x2

−
(

x1

x2x3

+
x3

x1x2

− x2

x1x3

)
−

(
x1

x2x4

+
x4

x1x2

− x2

x1x4

)
−x5

x2
2

= −2λ.

−S ′x3
x3 =

6

x3

−
(

x1

x2x3

+
x2

x1x3

− x3

x1x2

)
−2

(
x4

x3x5

+
x5

x3x4

− x3

x4x5

)
= −λ.

−S ′x4
x4 =

6

x4

−
(

x1

x2x4

+
x2

x1x4

− x4

x1x2

)
−2

(
x3

x4x5

+
x5

x3x4

− x4

x3x5

)
= −λ.
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−S ′x5
x5 =

4

x5

+
x5

2

(
1

x2
1

+
1

x2
2

)
− 2

(
x3

x4x5

+
x4

x3x5

− x5

x3x4

)
= −λ.

Íàøà áëèæàéøàÿ öåëü � ïîêàçàòü, ÷òî èç âûøåïðèâåäåííîé ñè-
ñòåìû ðàâåíñòâ ñëåäóåò x4 = x5. Óáåäèìñÿ ñíà÷àëà â òîì, ÷òî x5 <
x3 +x4. Äåéñòâèòåëüíî, åñëè ïðåäïîëîæèòü ïðîòèâíîå (x5 ≥ x3 +x4),
òî èç óðàâíåíèÿ íà x5 ïîëó÷àåì

−λ =
4

x5

+
x5

2

(
1

x2
1

+
1

x2
2

)
− 2

x2
3 + x2

4 − x2
5

x3x4x5

=
8

x5

+
x5

2

(
1

x2
1

+
1

x2
2

)
−

−2
(x3 + x4)

2 − x2
5

x3x4x5

≥ 8

x5

+
x5

2

(
1

x2
1

+
1

x2
2

)
.

Ñ äðóãîé ñòîðîíû

−4λ = −S ′x1
x1−S ′x2x2 = 12

(
1

x1

+
1

x2

)
− 2(x3 + x4)

x1x2

−x5

(
1

x2
1

+
1

x2
2

)
<

< 12

(
1

x1

+
1

x2

)
− x5

(
1

x2
1

+
1

x2
2

)
.

Ñ ó÷åòîì äâóõ ïðåäûäóùèõ âûêëàäîê ïîëó÷àåì

8

x5

+
x5

2

(
1

x2
1

+
1

x2
2

)
≤ −λ < 3

(
1

x1

+
1

x2

)
− x5

4

(
1

x2
1

+
1

x2
2

)
.

Çíà÷èò,

3

(
1

x1

+
1

x2

)
>

8

x5

+
3x5

4

(
1

x2
1

+
1

x2
2

)
≥ 2

√
6

√(
1

x2
1

+
1

x2
2

)
.

Â ïîñëåäíåì ïåðåõîäå ìû âîñïîëüçîâàëèñü íåðàâåíñòâîì ìåæäó ñðåä-
íèì àðèôìåòè÷åñêèì è ñðåäíèì ãåîìåòðè÷åñêèì. Ðàññìàòðèâàÿ êðàé-
íèå ÷ëåíû â ïîñëåäíåì íåðàâåíñòâå, ïîëó÷àåì, ÷òî

15(x1)
2 − 18x1x2 + 15(x2)

2 < 0,

÷òî íåâîçìîæíî. Òàêèì îáðàçîì, íåðàâåíñòâî x3+x4 > x5 îáîñíîâàíî.
Òåïåðü ðàññìîòðèì

0 = −Sx3x3 + Sx4x4 = 6

(
1

x3

− 1

x4

)
+
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+

(
1

x4

− 1

x3

) (
x1

x2

+
x2

x1

)
+
x3 − x4

x1x2

+
4

x5

(
x3

x4

− x4

x3

)
=

2

(
1

x3

− 1

x4

)
+

(
1

x4

− 1

x3

) (
x1

x2

+
x2

x1

)
+
x3 − x4

x1x2

+
4(x2

3 − x2
4)

x3x4x5

+
4(x4 − x3)

x3x4

=

1

x3

(
2−x1

x2

−x2

x1

)
+

x3

x1x2

− 1

x4

(
2−x1

x2

−x2

x1

)
− x4

x1x2

+
4(x3−x4)

x3x4x5

(x3+x4−x5) =

= f(x3)− f(x4) + 4
(x4 − x3)(x5 − x3 − x4)

x3x4x5

,

ãäå

f(x) =

(
2− x1

x2

− x2

x1

)
1

x
+

x

x1x2

.

Ïîñêîëüêó 2− x1

x2
− x2

x1
≤ 0, ôóíêöèÿ f ÿâëÿåòñÿ ñòðîãî âîçðàñòàþùåé.

Åñëè x3 > x4 (x3 < x4), òî

f(x3)− f(x4) + 4
(x4 − x3)(x5 − x3 − x4)

x3x4x5

> (<) 0,

÷åãî íå ìîæåò áûòü. Ñëåäîâàòåëüíî, x3 = x4. Òàêèì îáðàçîì, íàøà
ñèñòåìà óðàâíåíèé ïðèíèìàåò âèä

6
y1

+ y1
y2y3

− y2
y1y3

− y3
y1y2

− 1
2
y4
y21

= µ
6
y2

+ y2
y1y3

− y1
y2y3

− y3
y1y2

− 1
2
y4
y22

= µ
6
y3

+ y3
y1y2

− y1
y2y3

− y2
y1y3

− 2 y4
y23

= µ

y4
2

(
1
y21

+ 1
y22

+ 4
y23

)
= µ

,

ãäå y1 = x1, y2 = x2, y3 = x3 = x4, y4 = x5. Òî åñòü ìû ïðèõîäèì ê
òîé æå ñèñòåìå, ÷òî è ïðè íåîñîáîì âëîæåíèè. Ïîñêîëüêó â ðàáîòå [4]
ïîêàçàíî, ÷òî òàêàÿ ñèñòåìà èìååò ðîâíî äâà ðåøåíèÿ ñ òî÷íîñòüþ
äî ïðîïîðöèîíàëüíîñòè, òî åäèíñòâåííûìè åå ðåøåíèÿìè ÿâëÿþòñÿ
òå, ÷òî ìû óêàçàëè â íà÷àëå äîêàçàòåëüñòâà.

Íàì îñòàëîñü ðàññìîòðåòü ñëó÷àé, êîãäà a 6= 1. Ïðèðàâíèâàÿ ïðî-
èçâîäíóþ S ′a ê 0, ïîëó÷àåì(

4

x4

+
x4

x2
1

+
x4

x2
2

)
− 2

(
x1

x2x4

+
x2

x1x4

+
x4

x1x2

)
=

=

(
4

x5

+
x5

x2
1

+
x5

x2
2

)
− 2

(
x1

x2x5

+
x2

x1x5

+
x5

x1x2

)
,

îòêóäà âûâîäèì, ÷òî

0 = 4

(
1

x4

− 1

x5

)
+ (x4 − x5)

(
1

x2
1

+
1

x2
2

)
+ 2

(
1

x5

− 1

x4

) (
x1

x2

+
x2

x1

)
+
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+
2(x5 − x4)

x1x2

= 2

(
2− x1

x2

− x2

x1

)
1

x4

+ x4

(
1

x2
1

− 2

x1x2

+
1

x2
2

)
−

−2

(
2− x1

x2

− x2

x1

)
1

x5

− x5

(
1

x2
1

− 2

x1x2

+
1

x2
2

)
=

=
(x1 − x2)

2

x1x2

(
x4

x1x2

− 2

x4

)
− (x1 − x2)

2

x1x2

(
x5

x1x2

− 2

x5

)
,

òî åñòü h(x4) = h(x5), ãäå

h(x) =
(x2 − x1)

2

x1x2

(
x

x1x2

− 2

x

)
.

Çàìåòèì, ÷òî ïðè x1 = x2 ðàññìàòðèâàåìîå ðàâåíñòâî âûïîëíÿåò-
ñÿ àâòîìàòè÷åñêè. Åñëè æå x2 6= x1, òî ôóíêöèÿ h ÿâëÿåòñÿ ñòðîãî
âîçðàñòàþùåé, è ðàâåíñòâî h(x4) = h(x5) âëå÷åò ðàâåíñòâî x4 = x5.
Çíà÷èò, íàì îñòàëîñü èññëåäîâàòü äâà âàðèàíòà: x1 = x2 è x4 = x5.

Â ïåðâîì ñëó÷àå ìû ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ ôóíê-
öèîíàëà ñêàëÿðíîé êðèâèçíû:

S(〈·, ·〉) =
24

x1

+
4

x3

+
4

x4

+
4

x5

−2

(
x3

x4x5

+
x4

x3x5

+
x5

x3x4

)
− x3 + x4 + x5

x2
1

.

Íåòðóäíî ïîíÿòü, ÷òî ýòî âûðàæåíèå ñîâïàäàåò ñ âûðàæåíèåì äëÿ
ôóíêöèîíàëà ñêàëÿðíîé êðèâèçíû ïðè a = b = 1, x2 = x1. Òàêèì
îáðàçîì, â ýòîì ñëó÷àå íîâûõ ýéíøòåéíîâûõ ìåòðèê íå ïîëó÷àåòñÿ.

Ïóñòü òåïåðü x1 6= x2, òîãäà x5 = x4. Åñëè ê òîìó æå b = 1, òî

S(〈·, ·〉) =
12

x1

+
12

x2

+
6

x3

+
12

x4

− 2

(
x3

x2
4

+
2

x3

)
− 1

2

(
4

x4

+
x4

x2
1

+
x4

x2
2

)
−

−
(

x3

x1x2

+
x1

x2x3

+
x2

x1x3

)
−

(
x5

x1x2

+
x1

x2x5

+
x2

x1x5

)
.

Îòìåòèì, ÷òî ïîëó÷åííîå âûðàæåíèå ñîâïàäàåò ñ âûðàæåíèåì
äëÿ ñêàëÿðíîé êðèâèçíû ïðè a = b = 1 è x5 = x4. Çíà÷èò, â ýòîì
ñëó÷àå ïîëó÷àþòñÿ óæå èçâåñòíûå ìåòðèêè Ýéíøòåéíà.

Åñëè æå b 6= 1, òî äèôôåðåíöèðóÿ S ïî b è ïðèðàâíèâàÿ ê 0, ïîëó-
÷èì x3 = x4 = x5. Ýòîò ðåçóëüòàò ïîëó÷àåòñÿ àíàëîãè÷íî ðåçóëüòàòó
îòíîñèòåëüíî ïðîèçâîäíîé ïî a. Äëÿ ýòîãî äîñòàòî÷íî îòìåòèòü, ÷òî
âûðàæåíèå äëÿ S íå èçìåíèòñÿ ïðè îäíîâðåìåííîé ïåðåñòàíîâêå a2

è 1− b2, x3 è x5. Çíà÷èò, ïîëó÷àåòñÿ ñëåäóþùåå âûðàæåíèå:

S(〈·, ·〉) =
12

x1

+
12

x2

+
10

x3

− x3

2

(
1

x2
1

+
1

x2
2

)
−

−2

(
x3

x1x2

+
x1

x2x3

+
x2

x1x3

)
,
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÷òî ñîâïàäàåò ñ âûðàæåíèåì äëÿ S ïðè a = b = 1, x5 = x4 = x3. Ñëå-
äîâàòåëüíî, è â ýòîì ñëó÷àå íîâûõ ìåòðèê Ýéíøòåéíà íå ïîëó÷àåòñÿ.
Ëåììà äîêàçàíà.

Î÷åâèäíî, ÷òî èç ðåçóëüòàòîâ ðàáîòû [4] è èç ïðèâåäåííûõ ëåìì
ïîëó÷àåòñÿ äîêàçàòåëüñòâî ñôîðìóëèðîâàííîé òåîðåìû.
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