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Abstract. We consider the problem of finding exact solutions of Einstein
equations describing gravitational fields generated by isolated sources in or-
der to provide theoretical models for astrophysical objects. To this aim, the
Newman-Janis Algorithm is described along with the main results obtained
through it and some ambiguities arising in dealing with the Newman-Janis
Algorithm are reviewed. Many issues related to the introduction of a cos-
mological constant term are also pointed out and some detailed examples are
discussed.

1. Introduction

General Relativity is a fundamental tool in the description of astrophysical system
ranging from the solar system scales to the cosmological ones. Thus one would
be able to describe, within this framework, compact isolated astrophysical objects
in stationary rotation like neutron stars and white dwarfs. A description of these
objects proves to be a very hard task requiring the use of both Quantum Mechanics
and Relativity.

To give the idea of how complex is the physics involved in such kind of systems,
let us shortly consider the internal structure of a neutron star. It consists of four
main shells, whose composition changes dramatically with the radial distance from
the center, because of the strong density gradient from the exterior to the interior
of the star: QOuter crust: a lattice of ionized nuclei and a degenerate relativistic
gas of electrons (e). Inner crust: composed of rich nuclei in S-equilibrium, de-
generate relativistic gas of e and a degenerate gas of neutrons (n) in the superfluid
phase. Outer core: consists of superfluid of n, superconducting protons (p) and a
mixture of degenerate e,p and possibly muons. Inner core: the last layer whose
composition is largely unknown.
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An accurate description of the internal structure of these systems and of the gravita-
tional field outside them, can be gained only through the use of numerical methods
with supercomputers. Nevertheless, many of the most important results concerning
the physics of stars were already acquired in the first half of the twentieth century
through the study of extremely simplified models.

For instance, the quantum statistic of identical particles, namely the Fermi-Dirac
distribution, was applied for the first time just to the description of an astrophysical
body, the White Dwarf Sirius B (Fowler, 1926). This model was non-relativistic,
as noticed by Chandrasekhar who, through relativistic kinematic corrections, pro-
vided a better description leading to the discovery of its famous limiting mass in
1934. A major improvement in the field was then gained with the study of spher-
ically symmetric body of isotropic matter in static gravitational equilibrium due
to Tolman, Oppenheimer and Volkoff. It led to the first model of neutron star, an
ideal mixture of nuclear particles in 1939. Since then, a plethora of interesting
discoveries was made which aim to provide a complete description of them that
seems to be a hopeless task. It is worth to stress the fact that most of the previous
analytical results were obtained under the hypothesis of spherical symmetry (that
is, non rotating bodies). The generalization to the (slowly or fast) rotating case is
quite complicate and only a few approximate analytical results being available and
it is usually approached via numerical techniques.

Here, we are mainly concerned with the problem of generating suitable exact solu-
tions of Einstein equations, in order to provide simple models capable to describe
the gravitational field generated by an isolated compact body in stationary rotation
with extremely simple internal structure.

The vacuum gravitational field, generated by an isolated star in stationary rotation,
should be axial symmetric and asymptotically flat. The prototype model for such
a gravitational field is the well known Kerr metric. One may think that the job
would be easily done just by extending the solution to the internal part of the star
considering a suitably chosen, very simple, matter fluid fulfilling the strong and
weak energy conditions. However, this is not at all an easy task and, as matter of
fact, the internal Kerr solution is still unknown. The problem of finding possible
Kerr sources is that, in order to obtain a physically sensible mass distribution, many
restrictions must be imposed. E.g., the metric must be joined smoothly to the Kerr
one on a reasonable surface for a rotating body and the hydrostatics pressure must
vanish on such a surface. The star has to be a non-radiating source and, in the
static limit, a reasonable Schwarzschild interior metric must be obtained. Finally,
the energy conditions must hold.

In recent years, many papers appeared concerning the possibility of facing this
problem through a combined employment of the Newman-Janis Algorithm (hence-
forth NJA), a generating technique which provides metrics of reduced symmetries
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from symmetric ones, and the Darmois-Israel junction conditions which, through
the continuity of the first fundamental form ([h,] = 0) and the second fundamen-
tal form ([K,5] = 0), ensure the correct smooth joining of the interior and the
exterior solutions at a chosen hypersurface ..

In this paper we focus on the NJA as a solution generating technique in General
Relativity capable to provide physically meaningful solutions of the Einstein equa-
tion in the presence of matter. The idea is to employ the NJA in order to find sen-
sible internal solutions for the gravitational field of isolated sources to be joined
with the known external one. Some ambiguities arising in dealing with the NJA,
related with the introduction of a cosmological constant term and the interpretation
of matter sources, are pointed out and some detailed examples are discussed.

The paper is structured as follows. In Section 2, we provide a brief historical intro-
duction to the NJA along with the main results obtained through it. In Section 3,
we describe in some detail the NJA by considering the first two exact solutions ob-
tained through it: a vacuum solution (Kerr) and an electro-vacuum solution (Kerr-
Newman). In Section 4, some specific examples are presented. In particular, in
subsection 4 the introduction of a cosmological constant term in the seed metric
is considered along with some remarks on various metrics dubbed rotating de Sit-
ter. In subection 4.1, further examples of the NJA are discussed, considering the
Schwarzschild-de Sitter solution and the Reissner-Nordstréom-de Sitter solution as
seed metrics. We show that in these cases the NJA does not provide the usual Kerr-
de Sitter solution and Kerr-Newman-de Sitter as one might have naively expected.
We also show that the new metrics do not allow for a simple interpretation of the
required sources, it can not be neither a simple cosmological constant, nor a perfect
fluid or an electromagnetic field.

2. The Newman-Janis Algorithm

After the discovery of the Kerr vacuum solution, describing the geometry of space-
time around a rotating massive body, Newman and Janis showed that this solution
of the Einstein equations can be straightforwardly derived by performing a suitable
complex coordinate transformation on the Schwarzschild vacuum solution [8]. In
a following paper, Newman and Janis applied the same method to the non rotat-
ing charged Reissner-Nordstrom solution, to get the rotating charged Reissner-
Nordstréom one, known as the Kerr-Newman solution [7].

UIf this condition is violated, then the spacetime is singular at hypersurface and a thin shell with
surface stress tensor Sap = —€/87([Kas| — [Khas) is present at hypersurface. We can see that
when [Kas] # 0, only the Ricci part of the Riemann tensor acquires a singularity, and it is this part
that can be associated with the matter. The remaining part of the Riemann tensor, the Weyl part, is
smooth even when the extrinsic curvature is discontinuous.
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In general, the NJA can be used to derive stationary and axially symmetric metrics
from static spherically symmetric ones, thus the method turns out to be suitable for
studying rotating systems in General Relativity. The NJA was used in the attempt
to obtain new possible sources for Kerr metric. In [4] the algorithm was indeed
applied to an interior spherically symmetric metric to describe an internal source
model for the Kerr exterior solution. The resulting metric was then matched to the
vacuum Kerr solution for the oblate spheroid. In [2] a further attempt to obtain
new possible sources for Kerr metric was made. Firstly, the NJA was applied to a
generic static spherically symmetric seed metric. The resulting class of metrics was
written in Boyer-Lindquist type coordinates. Then, the joining of any two station-
ary and axially symmetric metrics belonging to this class was performed consider-
ing a suitable separating hypersurface determined by imposing the Darmois-Israel
conditions, thus having a vanishing surface stress-energy tensor.

Subsequently, these results were considered as starting point to perform a general-
ization of the algorithm and to demonstrate why this method is successful. To do
this, is necessary to remove some of the ambiguities present in the original deriva-
tion, as shown in [1], where it was also shown that the only perfect fluid space-time
generated by applying the NJA to a static spherically symmetric seed metric, is the
Kerr metric and that the Kerr-Newman metric is the most general algebraically
special space-time which can be so obtained. The connection with [2] is in the fact
that, while the NJA is successful in generating interior space-times, which match
smoothly to the Kerr metric and are considered as perfect fluids in the non rotating
limit, this is not the case when rotation is included.

In a recent paper [10], a simple constructive approach was presented to get a class
of interior solutions that could act as physically reasonable Kerr sources starting
from the incompressible perfect fluid Schwarzschild metric. Furthermore, the per-
turbative expansion at the first order in the parameter a (Slowly Rotating Limit)
of the solutions previously obtained was discussed and some remarks on the en-
ergy conditions for these solutions were collected. Finally, the NJA was applied to
the static, anisotropic, conformally flat solutions found by Stewart [9], leading to
interior Kerr solutions with oblate spheroidal boundary surfaces.

The NJA was also used to obtain new metrics describing more general and com-
plicate systems. This is the case of [6, 11], where a rotating radiating charge mass
in a de Sitter cosmological background was studied. These new metrics may play
an important role in order to incorporate relativistic aspect of Hawking’s radia-
tion in GR, as noticed in [5] where an application of NJA to generate rotating
non-stationary metrics from spherically symmetric ones was considered. The seed
metric in [5] was written in terms of the functions M (u, r) and e(u, r), where u and
r are the coordinates of the space-time geometry, in particular the u-coordinate is
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related to the retarded time in flat space-time. After the transformation of the met-
ric through the NJA, these two functions depend on the three coordinates (u, r, ).
Then the Wang-Wu functions, which are an expansion of M (u, r) in powers of r,
were introduced in the rotating solution to generate new embedded rotating solu-
tions like Kerr-Newman-de Sitter.

Finally, we stress the fact that the solutions found in [6] are quite different from
those found in [5], as noticed by Ibohal himself. This is mainly due to the slightly
different approaches followed by the authors and is an example of the ambiguities
arising from the NJA already mentioned above. In both cases, the authors provide
with a full description of the energy-momentum tensor required by these metrics
in order for them to be solutions of the Einstein equations.

3. The Method

In this section we describe the NJA in details considering the two most famous re-
sults obtained through it [7,8]. This will give us the chance to set up the formalism
and stress some ambiguities in the method that will be further discussed in the next
section.

Following [8], we derive the Kerr solution from the Schwarzschild one through
the NJA. Let’s start by writing the Schwarzschild metric, considered as a static
spherically symmetric seed metric, in advanced Eddington-Finkelstein coordinates

2
ds? = (1 — _m) du? + 2dudr — r2(d¥? + sin? 9dp?).
r
The contravariant metric components can be written as

g’ = 1"n¥ + 1"n? — m*m” — m"mt (D)

where (I#,n”, m#, m") is the null tetrad defined by

o= o
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This complex null tetrad system is the starting point for the derivation of Kerr
space-time. Now, let the coordinate r takes complex values and ¥ denotes its com-
plex conjugate quantity

= o

Then it is possible to perform the following complex coordinate transformation on
the null vectors

r = r +iacos?
v = u—iacos?
V=9
¢ =9

where a is a real parameter. By requiring that 7' and ' are real (that is consider-
ing the transformations as a complex rotation of the 1, ¢ plane), one obtains the
following new tetrad

o= g
Y EY(E— AT

mi — ol +1ia g (ia sin 9(84 — 68) + &4 + Shil 05{;)
mh = i _1ia g (—ia sin 9(dly — 64) + 84 — 81;7955) :

The contravariant components of a new metric can be defined from the above null
vectors according to equation (1). This produces the promised Kerr solution in
advanced null coordinates.

The same procedure can be used to get the Kerr-Newmann metric from the Reissner-
Nordstrom one which, in advanced null coordinates, has the following form

9 2
ds? = (1 _am 6—2) du? + 2dudr — 'r'2(d192 + sin? 19dg02).
r r
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For this space-time the null tetrad is

o=
1 2m e?
Y H
n”—50—§ 1_7_7‘_2)51
1 i
b SH jz
m 2r(2+sm193>

Performing the complex coordinate transformation as above, one has

o= g

k= 8 - % (1 2 +2;7;7;3/os219> o

mt = Vo :ia po— (ia sin9(6f — &%) + 85 + ﬁdé‘)
- i _1ia — (—ia sin9(8f — &4') + &4 — Sirilﬁag) :

Replacing in equation (1) allows to recover usual the Kerr-Newmann solution in
advanced null coordinates.

The ambiguity underlining the NJA can be easily recognized by comparing the two
outlined procedures. Indeed, the complex coordinate transformation introduced in
[8], has no fundamental explanation or derivation. It should also be noted a certain
arbitrariness since the complexification procedure of the terms 1/7, 2m/r, €2 /72.
In [7], the authors just say that if the term e2/r? is replaced by 3(1/r? + 1/72), as
expected, one does not obtain a solution of Einstein-Maxwell equations.

This ambiguity in the complexification of the r coordinate will be even more evi-
dent in the next section, where some examples and some discording results, previ-
ously available in literature, are discussed.
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4. Examples

In this section we discuss the extension of the NJA to more general seed metrics.
When applied to seed metrics other than the two considered above, the NJA does
not provide their “standard” rotating generalization, as one might have naively
expected. Moreover, due to the arbitrariness in the application of the method, i.e.,
the complexification of the r coordinate, the algorithm provides discording results.

Firstly, we consider the application of the NJA to a seed de Sitter metric. This
is the simplest example allowing to discuss many interesting features of the NJA,
when a cosmological constant term is introduced. It turns out that, in order for the
new metric to be a solution of the Einstein equations, a suitable matter source is
required, which does not allow for a simple interpretation in terms of cosmolog-
ical constant or perfect fluid. Some comparison with similar results appearing in
literature is drawn.

Then, we discuss the application of the NJA to two slightly more general seed met-
rics: Schwarzschild-de Sitter and Reissner-Nordstrém-de Sitter. The new metrics
so obtained require suitable matter sources in order for them to be solutions of the
Einstein equations. A comparison with similar results in literature is drawn.

4.1. Rotating de Sitter Metrics

According to the NJA, we are able to construct a rotating de Sitter metric by apply-
ing the algorithm to the de Sitter solution. We start by writing the de Sitter metric
in terms of its null tetrad vectors

1
2
B Iz p
m (52 + sin1953>

po_ p
% sin1963> '
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The resulting tetrad can be written in the following way

" = 6
nt = 6 — 1 (1 — é(7“'2 + a? cos? ?9)) iy
2 3

1 i

mt = iasin V(6 — ) + 85 + — 5“)
V2(r" + ia cos 9) ( (% = 81) + 0 sing

1 1
—p iasin 9(sH — s* po_ an
" V2(r' — ia cos V) ( iasin9(0g —01) + & sin1953>

After the complex transformation, the metric becomes
ds? = [1 — %A (r* + a® cos® 19)1 dt? + dtdr — (72 + a? cos? 9)d?
+ l%aA(rQ + a? cos? 9) sin? 19] dtdp — asin? 9drdy (2)
— léaQA(TQ + a? cos? 9) sin* 9 + (r? + a®)sin? 9| d?.

This is not a solution of the Einstein equations with cosmological constant A, as
one could have expected recalling the fact that the well known Kerr-Newman-de
Sitter solution (cf. the Appendix), after setting ¢ = m = 0, is a solution of
the Einstein equations with cosmological constant, involving the two remaining
parameters a and A. This is the first indication that the actual Kerr-Newman-de
Sitter solution can not be recovered through the NJA, as further discussed in the
following.

The metric in equation (2) can be recovered as a particular case of metric presented
in [6] by setting Q(u) = M (u) = 0, while it does not agree with the one dubbed
Rotating de Sitter solution in [5]. This is due to the fact that in [5] the Wang-Wu
functions are introduced in an intermediate step of the NJA and the involved coor-
dinate r is dealt with in a different way in comparison with the complexification
scheme discussed above and applied in our example and in [6].

4.2. Schwarzschild-de Sitter and Kerr-Newman-de Sitter

Let’s consider the Schwarzschild-de Sitter solution as seed metric (cf. the Appen-
dix in the case a = ¢ = 0 ). Following the outlined procedure, that is, recasting
the metric in advanced null coordinates, considering its representation in terms of
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null tetrad vectors and applying the NJA, we get the new tetrad:

" = o

nt = of — % ll — %(r'2 + a® cos? ¥) — 2m (r’2 n aZcos%?)] o
R +1m - lia sin (8 — o) + 0% + - ﬁag]
mh = NS —1ia — [—m sin 9(df — of) + 05 — SiIil 1953] :

Now, it is possible to write the new line element using the above tetrad. The result
is strongly different from that expected for the analogy with the examples discussed
in Section 3. The metric obtained from this tetrad is not a solution of the Einstein
equations with cosmological constant while, as known, the actual Kerr-de Sitter
metric (cf. the Appendix in the case ¢ = 0) is indeed an exact solution.

The same reasoning about not intuitive results obtained through the NJA, can be
carried on in the case of Reissner-Nordstrdom-de Sitter seed metric (cf. the Appen-
dix in the case a = 0). Indeed, it does not provide a solution of the Einstein equa-
tion with cosmological constant and a suitable electromagnetic field. In both the
aforementioned cases, this can be easily observed by evaluating the corresponding
Ricci scalars.

Notice that both the aforementioned metrics can be derived from the metric pre-
sented in [6] with (Q(u) = 0, M(u) = const.) and (Q = const., M (u) = const.)
respectively. These metrics do not coincide with those presented in [5], as observed
by the author himself. This is due to the modification of the NJA introduced by
the author since he first applies the algorithm, then he makes use of the Wang-Wu
function without applying the complexification procedure of the r involved coor-
dinate. The author also provides a better interpretation of the sources in terms of
non-perfect fluids, which, in turn, is quite different from the expected interpretation
in terms of an electromagnetic field and a cosmological constant.

5. Conclusions

Motivated by the general problem of finding exact solutions of Einstein equations,
describing the gravitational field generated by rotating isolated sources, we have
discussed the Newman-Janis Algorithm. We have pointed out that, even in the
standard examples, some ambiguities arise in the complexification procedure for
the radial coordinate r. This ambiguity is even more evident when the NJA is
carried out using the Wang-Wu functions rather then applying the algorithm on a
specific explicit metric. We have considered various example in which the NJA
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does not provide a solution belonging to the family of Kerr-Newman-de Sitter so-
lutions as one may have expected.

Appendix: The Kerr-Newmann-de Sitter Metric

The most general form of the Kerr metric is [3]

A Ay sin?
ds? = —%(dt—asinQﬂdgo)z—i-% [adt—(TQ“‘aQ)d‘Pf
h) by
—dr? + —d9¥?
+AT T +Aﬁ
where
Ar2(r2 2
AT‘ e 7’2—2M'r+a’2_#+q2
A, — 1+Aa2c08279
3
Aa?
= =14+ —
* 3

Y = r? 1+ acos?d

for ¢ = 0, one obtains the Kerr-de Sitter metric

forq =0, A =0 onehasthe Kerr metric

fora =0, q=0 theresultisthe Schwarzschild-de Sitter metric
fora=0, ¢=0,A=0 the Schwarzschild metric

fora=0, ¢g=0,M =0 the de Sitter metric is obtained

for a = 0, one has the Newman-de Sitter metric.

Acknowledgements

This research is partially supported by the Agenzia Spaziale Italiana (ASI) and by
the Italian Ministero Istruzione Universita e Ricerca via the grant # PRIN2006.
One of the authors (RC) would like to thank N. Ibohal for useful discussions.

References

[1] Drake S. and Szekeres P., An Explanation of the Newman-Janis Algorithm, Gen. Rel.
Grav. 32 (2000) 445-458.

[2] Drake S. and Turolla R., The Application of the Newman-Janis Algorithm in Obtain-
ing Interior Solutions of the Kerr Metric, Class. Quantum Grav. 14 (1997) 1883.

[3] Ghezelbash A. and Mann R., Entropy and Mass Bounds of Kerr-de Sitter Spacetimes,
Phys. Rev. D 72 (2005) 064024.



96 Rosangela Canonico, Luca Parisi and Gaetano Vilasi

[4] Herrera L. and Jimenez J., The Complexification of a Nonrotating Sphere: An Exten-
sion of the Newman-Janis Algorithm, J. Math. Phys. 23 (1982) 2339-2345.
[5] Ibohal N., Rotating Metrics Admitting Non-perfect Fluids, Gen. Rel. Grav. 37 (2005)
19-51.
[6] Mallett R., Metric of a Rotating Radiating Charged Mass in a de Sitter Space, Phys.
Lett. A 126 (1987) 226-228.
[7] Newman E.,Couch E., Chinnapared K., Exton A., Prakash A. and Torrence R., Metric
of a Rotating, Charged Mass, ]. Math. Phys. 6 (1964) 918-919.
[8] Newman E. and Janis A., Note on the Kerr Spinning-Particle Metric, J. Math. Phys.
6 (1964) 915917.
[9] Stewart B., Conformally Flat, Anisotropic Spheres in General Relativity, J. Phys. A:
Math. & Gen. 15 (1982) 2419.
[10] Viaggiu S., Interior Kerr Solutions with the Newman-Janis Algorithm Starting with
Static Physically Reasonable Space-times, Int. . Mod. Phys. D 15 (2006) 1441-1453.
[11] Xu D., Radiating Metric, Retarded Time Coordinates of Kerr-Newman-de Sitter
Black Holes and Related Energy-momentum Tensor, Science in China 46 (1998) 663-
672.



Kerr-Newman solution, 73

Reissner-Nordstréom solution, 73
Rotating de Sitter solution, 79

SUBJECT INDEX

97



