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Abstract. The fundamental properties of the multi-component nonlinear
Schrodinger (MNLS) type models related to symmetric spaces are analyzed.
New types of reductions of these systems are constructed. The Lax operators
L and the corresponding recursion operators A are used to formulate some
of the fundamental properties of the MNLS-type equations. The results are
illustrated by specific examples of MNLS-type systems related to the D.III
symmetric space for the so(8)-algebra. The effect of the reductions on their
soliton solutions is outlined.

1. Introduction

The (scalar) nonlinear Schrodinger (NLS) equation [26]
g 4 Upe + 2ulfu =0, u=u(x,t) (1)

has numerous applications in a wide variety of physical problems [8,24]. Its com-
plete integrability has been proven at the very early stage of the inverse scattering
method (ISM). Indeed, equation (1) allows Lax representation using as Lax opera-
tor the 2 x 2 Zakharov—Shabat system related to s[(2)-algebra

L()\)?/J(ﬂ% t, /\) - (lam + Q(ZB’ t) - )‘03)'(!}(373 t /\) =0 (2)
B 0 u(z,t) (10
q(=,1) = (—u*(x,t) 0 ) ’ A (O —1)
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and that it is a Hamiltonian system described by the Hamiltonian
o0
H= [ du(-lal+ ") ©
—0

The first multi-component NLS type model with applications to physics is the so-
called vector NLS equation (Manakov model) [2,22]

| vilx,t
witvasalvtv =0, ve (200), @

It obviously allows generalization to n-component vectors.

The applications of the differential geometric and Lie algebraic methods to soli-
ton type equations lead to the discovery of close relationship between the multi-
component (matrix) NLS equations and the homogeneous and symmetric spaces
[9]. It was shown that the integrable MNLS systems have Lax representation with
the generalized Zakharov—Shabat system as the L.ax operator

dy

Lip(x, t,\) = ia +(Q(z,t) — A)Y(z, t,A) =0 (5)

where J is a constant element of the Cartan subalgebra f) C g of the simple Lie
algebra g, Q(z,t) = [J,Q(z,t)] € g/go and gy is the subalgebra of the elements
commuting with J. In other words Q(z, t) belongs to the co-adjoint orbit M ; of
g passing through .J.

The choice of J determines the dimension of M ; which can be viewed as the
phase space of the relevant nonlinear evolution equations (NLEE). It is is equal to
the number of roots of g such that a(J) # 0. Taking into account that if « is a
root, then —a is also a root of g then dim M j is always even.

We concentrate on those most degenerate choices of J for which ad ; has just two
non-vanishing eigenvalues +2a; in this case J2 = a%1. Such choices of J are
compatible with several types of symmetric spaces [9, 18]: A.IIT ~ SU(p +
q)/S(U(p) ® U(q)), C.I ~ Sp(2p)/U(p) and D.IIT ~ SO(2p)/U(p). The
construction of soliton solutions proposed in [2, 22] is valid for A.IIl symmetric
spaces; its extension to C.I and D.III is proposed in [25], see also [15].

The interpretation of the ISM as a generalized Fourier transforms and the expan-
sion over the so-called squared solutions (see [17] for regular and [11] for non-
regular J) allow one to study all the fundamental properties of the corresponding
NLEE’s. These include: 1) the description of the class of NLEE related to a given
Lax operator L(\) and solvable by the ISM; ii) derivation of the infinite family of
integrals of motion; and iii) their hierarchy of Hamiltonian structures.

The present article is organized as follows. In Section 2 we give some preliminaries
about the simple Lie algebras. In Section 3 we describe the general form of the
MNLS models and the relevant recursion operators. In Section 4 we briefly discuss
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the scattering data and the Hamiltonian properties of the considered systems. The
soliton solutions are discussed in Section 5. In Section 6 are derived few examples
of NLS equations by applying the reduction group [23] action. In the same section
the reductions of the soliton solutions are analyzed.

2. Preliminaries. Simple Lie Algebras

Here we fix the notations and the normalization conditions for the Cartan—Weyl
generators {hy, E,} of g (r = rank g) with root system A. We introduce hy € b,
k =1,...,r as the Cartan elements dual to the orthonormal basis {e;, } in the root
space E" and the Weyl generators F,, @ € A. Their commutation relations
2 T
bk, Ba] = (2, €x)Bay  [EayE—a] = 7 > _(a, ex)hi

Na,,@EoH-ﬂ for o + ,8 e A

0 fora+ 5 ¢ AU {0}. ©

[Eon Eﬂ] = {

Here @ = }}._, arey is a r-dimensional vector dual to J € h and (-, -) is the scalar
product in E". The normalization of the basis is determined by

FE_,=ET (F_o, E,) = . N_o_g=—Nug (7)

(e’ ’ (a’ OZ) ) 3 ’

where N, 3 = £(p + 1) and the integer p > 0 is such that a + s3 € A for all
s=1,....p,a+ (p+1)8 ¢ Aand (-, -) is the Killing form of g, see [18]. The
root system A of g is invariant with respect to the group W of Weyl reflections S,
2(ev, %)
(a,q)
With each reflection S, one can relate an internal automorphism of the algebra
Ad 4, € Autg g which act in a natural way on the Cartan—Weyl basis, namely

Sa(Hﬂ) = AaHgA;1 = Hgy, ﬂ/ = Saf3
Sa(Eg) = AnEgALt = ny By, Nag = 1. ©)

Say =9y — o, a e A. (8)

Since S% = 1 we must have A2 = £11.

As we already mentioned in the Introduction the MNLS equations correspond to
Lax operator (5) with non-regular (constant) Cartan elements J € h. If J is aregu-
lar element of the Cartan subalgebra of g then ad ; has as many different eigenval-
ues as is the number of the roots of the algebra and they are given by a; = «;(J),
a;j € A. Such J’s can be used to introduce an ordering in the root system by
assuming that & > 0 if a(J) > 0. In what follows we will assume that all roots
for which a(J) > 0 are positive.
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Obviously we can consider the eigensubspaces of ad y as grading of the algebra g.
In what follows we will consider symmetric spaces related to maximally degener-
ated J, i.e. ad ; has only two non-vanishing eigenvalues =2a. Then g is split into
a direct sum of the subalgebra gg and the linear subspaces g

g=00® g+ Dg- g+ = Lo {Xy;; [J, Xs] = £2aX: }.
The subalgebra gg contains the Cartan subalgebra fj and also all root vectors F., €
g corresponding to the roots « such that (d, ) = 0. The root system A is split into
subsets of roots A = 0y U0, U (—04), where
bp = {a e A; aJ) =0} 0 ={a€eA;a(J)=a>0}. (10)

We can use the gauge transformation commuting with J to simplify Q); in particular
we can remove all components of () in go; effectively this means that our Q(z, t) =
Q+(z, t)+Q_(x,t) € g+ Ug_ can be viewed as a local coordinate in the co-adjoint
orbit My ~ g\ go

Q+(7,t) Z @a(T,1) Eq, Q-(z.1) = Z Pa(z,t)E_o.  (11)

a€cly acly

Obviously )+ € g+ and

ad1Q = 11,Q] = 2a(Q+ — Q1) (@)@ = 5-(Qs Q) (12

besides [E,, Eg] = 0 for any pair of roots «, 3 € 6. This simplifies solving the
recursion relations and the explicit calculation of the recursion operator A.

3. The MNLS Type Models

3.1. Lax Representation and General Form of the NLEE

The operator (5) together with the corresponding operator M (\)

M\ = (i% —[Q,ad 7'Q] + 2iad ' Q. + 20Q — 2)\2J) Pz, t,\) =0

(13)
where @ = Q(z,t), provide the Lax representation for the MNLS type systems.
The compatibility condition [L(A), M(\)] = 0 of (5) and (13) gives the general
form of the MNLS equations on symmetric spaces
d
5 lJ dﬂ + d—Q —2a*[ad 7'Q, [ad 7'Q, Q]] = 0. (14)

Following [1] one can consider more general M -operators of the form

dv N " .
MM\ = 15 + (Z Vie(z, t)\ ) U(z,t,A) =0, f(A)= ml{r:ll;loo V(z,t,\).
k=1
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The Lax representation [L(\), M (A)] = 0 leads to a recurrent relations between

V];7f+1($,t) = WJ(VIC‘Fl) - Aﬂ:ka(.’L',t) _ ad }l[cka Q(fﬂ,t)], k = 13 e aN
Vi@t = (- m)(A) = Ce+1 [ dylQlut), Vi(y.0) 13)

where 7; = ad ;' oad ; and Cy = (1l — 7;)Cy are block-diagonal integration
constants, for details see, e.g. [1,9]. These relations are resolved by the recursion
operators (16)

rez= (1 +ilew, [ wiew.zwl]) e

where we assume that Z = n;Z € M. As aresult we obtain that the class of
(generically nonlocal) NLEE solvable by the ISM have the form

d N +
iad ;1d—cf + ];)Ag—k Cr,ad 7Q(z, 1) =0, f()) = (f O(A) f_o( A)) (17)
where f(\) = Z}fzo CypAN~F determines their dispersion law. The NLEE (17)
become local if f(A\) = fo(\)J, where fo()\) is a scalar function. In particular,
if f(A\) = —2A%J we get the MNLS equation (14). If the dispersion law f()\) is
non-degenerate then the corresponding NLEE allows solutions of “boomeron” and
“trappon” types [4—6] whose velocities are time-dependent.

3.2. A Basic Example: The Symmetric Space D.I11

We choose g = D, ~ so(8). It has 4 simple roots, namely a; = e; — eg,
ap = eg9 —e3, az = ez — e4 and ay = e3 + e4. We fix up the Catran element

J = diag(a,a,a,a,—a,—a, —a,—a), J? = a?1 (18)

which means that the subset 6, = {e; +¢e;} with 1 < ¢ < j < 4. Then the
corresponding potential () € D.III (11) takes the form

( 0 0 0 0 qu i3 g2 0 )
0 0 0 0 g24 23 0  qi2
0 0 0 0 g32 0 go3 —qi3
0 0 0 0 0 0 g3a —q24 qua
pa pa pza 0 0 0 O 0
pig p2s 0 p3g O O O 0
pi2 0 pes —p2g O O O 0
K 0 pi2 —p13 pu 0 0O O 0

Here by ¢;;(x,t) and p;;(z,t) where 7, j belong to the set of indices J = {(i7);
1 < i < j < 4} denote the coefficients of the generators F, and F_, with

(19)
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a = e; + e;. Then the NLEE (14) becomes a system of 12 equations described by
following Hamiltonian and symplectic form

H = Hkin —+ Hinta Hkln - __/ d aq’LJ ang
- Oxr Ox

(4 )67
1
Hint = 5/ ( Z ngqz])

(i))eT

(20)

— = / dz (p12pss + p13p2a — P1ap23)(q13924 + 12934 — G14G23) (21)

0O = 1/ dx Z 0g;ii(z.t) A opij(z,t).
tj)ed

4. Scattering Data and Hamiltonian Properties of the MNLS Models

Here we will start with a brief sketch of the direct scattering problem for (5), (18),
(19). It is based on the Jost solutions [8,24] defined by their asymptotics

mlirgow(x,t,/\)eﬂ‘]m =1, lim qb(x,t,)\)em‘]m =1

T——00

and the scattering matrix 7(¢, \) = (¢(z, t, \)) " 1é(z, t, A) and its inverse T'(\, t)

at(t,\) —=b=(t, ) - c(t,\) d=(t, )
Ed ) = (WM) a‘(t,)\))’ G = (—d+(t,)\) c+(t,A)) (22)

where a® (t, \) and b= (¢, \) are 4 x 4 block matrices. The fundamental analytic
solutions (FAS) x*(x,t, \) of L(\) are analytic functions of A for Im A = 0 and
are related to the Jost solutions by

X (.1, A) = ¢z, t,\) ST (£, ) = ¢z, t, NTT (£, ). (23)

Here S ?, Tjt denote upper- and lower- block-triangular matrices
n (1 d(t,N) _ (N 0
Syt A) = (o it N)) SrN ={_arg,n) 1) @Y
1 —b=(t,A) _ at(t,\) 0
+ —_ 9 _ )
e = (o k) ) 170 = (Gn 1) @

satisfy Tjt (t, )\)5’3E (t,A\) = T(t,\) and can be viewed as the factors of a gener-
alized Gauss decompositions of 1'(t, A) [11]. If Q(x,t) evolves according to (17)
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then
dbi + + +
1+ STOODE(EA) = BE(E ) () = 0
(26)

ldiﬂfi(/\) a* (£, )] =

On the real axis in the complex A-plane both FAS y*(z,t, \) are linearly depen-
dent

Xz, t,N) = x (2.1, \)Go (t, \) (27)

and Go(t, \) can be considered as a minimal set of scattering data in the case of
absence of discrete eigenvalues for the Lax operator (5), see [13].

The MNLS equations possess hierarchies of Hamiltonian structures. The phase
space M ; of the MNLS equations is the co-adjoint orbit of the g ~ D, deter-
mined by J. In addition we assume that the matrix elements of Q(z, t) are smooth
functions tending to zero fast enough for |z| — oo.

On the D.ITI-type symmetric spaces the Hamiltonian of (14) is given by

0 > - - L. _ .
HRRE™ = a [~ do {20051 Qu a0 1000 + 510310, Q1. 1 '@, QD }.
—00
The hierarchies of symplectic structures defined on M ; are generated by the corre-
sponding recursion operators and are given by the following families of compatible
two-forms

o0
g\]/il)\ILS = —1a/ dx <5Q(x,t) /I\Akad jléQ(m,t)> )
—0

For f(\) = —2A2J equation (26) gives da®/dt = 0 and a®(\) can be viewed
as generating functionals of integrals of motion whose number 272 is larger than
the rank r of g. This is obviously due to the degeneracy of the dispersion law.
For generic f(\) from (26) there follows that only the eigenvalues of a™(\) will
be conserved. So for MNLS we have extra integrals of motion but one can check
that they are not all in involution. Indeed, it follows from the classical R-matrix
approach [8]

{T()\a t) @ T(/M’ t)} - [R()‘ - ,LL), T()‘a t) ® T(:ua t)] (28)

where {-, -} is the Poisson bracket and the R-matrix equals [9]

Fo® E_
R(A - p) (Z hi ® hy, + Z E®E_ >> (29)

where hy, are introduced in (6) and (h;, hg) = &;%.
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The principal series of integrals of motion C'*) is generated by

>0

log det a®(t, \) = Z CEINE,

k=1
From (28) it follows that the first integrals C' (%) from this series are in involution.
Due to the special degenerate choice of the dispersion law f(\) = —2\2J, any
matrix elements of the blocks a®(\) will generate integrals of motion, which how-
ever will not be in involution, see (28). The Hamiltonian for the MNLS models is
proportional to C' @), je. belongs to the principal series. If we choose a generic
(i.e., non-degenerate) dispersion law then the Hamiltonian of the corresponding
NLEE will not be in involution with C'®). Such are the dispersion laws for the
NLEE’s that allow “boomeron” and “trappon” type solutions [4—6]. This is the
reason why their velocities become time-dependent.

5. Dressing Factors and Soliton Solutions

The main idea of the dressing method is starting from a FAS X(io)(:v, A) of L(A)
with potential g(g) to construct a new singular solution X?:U (z, A) of the Riemann—

Hilbert Problem (27) with singularities located at prescribed positions /\f Then
the new solutions X(il)(:v, A) will correspond to a potential gy of L()\) with two

discrete eigenvalues )\f. It is related to the regular one by the dressing factors
u(x, \)

X?El)(:v, A) = u(z, )\)X(io)(:n, MuZt(N), u_(A) = mli)r_noou(:zz, A (30)
If g ~ B,, D, the dressing factors take the form [15]
u(z,\) = 1+ (c;(\) = D)Pi(z)+ (PN —1)P_1(x), P =SPLS™! (31)
where the rank 1 projector P;(z) and the function ¢1(\) are given by

_ In)m(@) A
PO = o @)inte) ==
n(z)) = x3 (@ AT o) (m(z)| = (mol¥s (= AT).  (32)

|ng) and (mg| are constant vectors and

4
S=) (-1)"*"YEz+FEp), k=9-k.
k=1

Here Ej,, is an 8 x 8 matrix whose matrix elements are (Ej,,)i; = 0;z0n;. Then
the “dressed” potential have the form

Q(l)(mat) - Q(O)(x’t) - ()‘-f - /\I)[J,p(m,t)], p(l‘,t) - Pl(xat) - P—l(x3t)
(33)
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where
9 4
plz,t) = Tl S hi(z,)He, + Y (Pa(z,t)Ea + P_a(z,t)E_q)
k=1 CIEA+
4
(m‘n> — Z (nOkmOke2aV1x+16aM1V1t + nozmoze—Qaylx—lﬁaplvlt)
k=1

2av1x+16api1v1t —2avix—16apivt

hi(x,t) = noxmoge NoEMoRe

and
- L2 2
Po(z,t) = (nOkm0§ - (—1)5+kn05moz> e~ 2iap1 z—8ia(uy —v7)t
_ s+k Qiap: x+8ia(u2—v2)t
P_a(l',t) - (n()gm()k - (_1) ’I’LOETI’LOS) e la(py—vy)

for « = e, + €5, and

2avi1z+16api1t (_1)s-|—k —2av1z—16ap vt

Po(z,t) = nogmose NgsMgre

(34)

—2aviz—16apivit (_1)s+k 2av1x+16api vt

P_o(z,t) = nggmgse NosMoke

fora=e; —eg, k < s.
Let us consider now the purely solitonic case, i.e. Q)(z) = 0 and XZ)) (z,t,A])
= exp(—iA] Jx — 4iA\]2.Jt). Thus the 1-soliton solution is

. . o e w3
2iav, (nojmoz — (_1)J+kn0kmoj__) o~ 2iap z—8ia(uy —vy )t

VP12 ch (walx + 16av ut + %ln %)

ik = — (35)

where (ij) € J and

4 4
Y1 = Z’nojmoj, Yo = Z TLO;mOF’ )\it = M1 + il/l. (36)

6. New Reductions of MNLS Equations

6.1. The Reduction Group

The reduction group G'r introduced by Mikhailov [23] provides a powerful tool
for constructing new integrable equations [7,15,16,20,21,25] starting from known
ones. It is a finite group which preserves the Lax representation, i.e. it ensures
that the reduction constrains are automatically compatible with the evolution. The
main idea of the reduction group is to impose an invariance condition on the Lax
operators (5) and (13). In particular this means that the dispersion law fynrs(A) =
—2)2J must also be compatible with the reduction group action.
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Here we consider two types of Gr ~ Zs reductions and we will embed them as
subgroup of W

Typel: B 'U'(z,t,\")B = Ul(z,t,\), B 'JB=J

(37)
B~ WT(z, t, \")B = V(a,t,\)

TypeIl: C7'U*(z,t, \*)C = —U(x,t,\), clyc=-J
CIV*(z, t, \)C = =V (x,t,\) &
where
Uz, t,\) = Qz,t) — AJ
Viz,t,\) = —[Q,ad ;'Q] + 2iad ;' Q. (z,t) + 2AQ(x,t) — 2)\%J

and the automorphisms C' and B must be of even order.

6.2. Examples of Z>-Reductions.
Type B1: Let us impose on the potential U(x, ¢, \) of the Lax operator the follow-
ing Zo-reduction
BrY UMz, t, \*))By = U(x, t, \), Uz, t,\) = Q(z, t) — \J
Bl :wel—ega B]?: 11

where we, —; are the Weyl reflection with respect to the roots e; — e;, 7 < j of the
s0(8)-algebra. The corresponding constraints on the potential U(x, ¢, \) are given
by B1(J) = J and

p2(z,t) = —qip(z,t), pis(x,t) = q§3(m,t), p1a(z,t) = —gay(z, 1)

ps(z,t) = q3(z.t),  paulz,t) = —qua(z.t), pa(z,t) = —gz(z,1).

Thus one gets a six component NLS type system described by the following Hamil-
tonian and symplectic form in the terms of the independent fields g;;(z, t)

(39)

H = %/_o:o dx (|q12,gg|2 + g30.0> + Qa2BGrz + GroP02
- ql3,mQ§3,m - qTS,mQQ?),m)
Hi! = 2/_0:0 dz {(—lqu2l® — g34]* — qrag5s — gia2a + Q13653 + ¢i3023)°
— 2|qu4go3 — Q13024 — q12q34]7} (40)
Q0).red _ i/oo dx (8gi2 A 0q7s + 0g34 A 6gzy — 0q1a A 8gzy
_o

— dq24 A 0qi4 + 0q13 A Ogas + dqa3 A dgis).
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Type B2: Let us impose another Zs-reduction
By YU (z,t, \*))By = U(x,t,)),  Ulx,t,)\) = Q(x,t) —
By = We ey - Weg—ey, 322 =1.
Then again By(J) = J and for the matrix elements of Q(x, ) we have
pi2(z,t) =  dia(z.1), p13(z.t) = gaalz,t),  pralz,t) = —ga3(z,t)
p23(z,t) = —qia(z,1), paalz,t) = qi3(z,t), ps3a(z,t) = g3y(z,t).

and one derives the following 6 component MNLS system related to D 4-algebra
with the Hamiltonian and symplectic form

(41)

1 o0
Higd = —/ dx (|Q12,m|2 + g34,2* — Q14,2053 — T4.0023.
aJ_oco
+ Q13,xq;4,x + qr3,xQ24,x)
Hred e d 2 2 * * _ * % 2
int = z{(|q12]” + |g34]" + 913634 + 913924 — 14933 — q14923)
—0o0
— 2|Q14Q23 — 13024 — q12q34]%} (42)
o0
Q(O)’red = i/ dz (5(]12 A 5(])1“2 <+ 5(_]34 A 5q§4 <+ 5(_]13 A 5q§4
—00

+ 6g24 A 6q13 — 0qua A 6qa3 — 623 A Oqiy)-
Type C: We impose one more reduction but of type (38)
CU*(z, t, ) = —U(z,t,\), Ulz,t,\) = Qz,t) — A\J
realized with
C = SeytesSe1—erOest+esSes—es
then we will get the following reduction constraints
Pij = Qi C(J)=—J.

This leads to the 6 component NLS system with Hamiltonian and symplectic form

mre L [T ¥ Mt
(ij )eJ o
2
red 1 o 2 2
Hiy, = —/ dz > ais?] = 2la13g21 + q12g31 — qrages|’ ¢ (43)
@ /o (i)ed

Q0)red — / dz Z 6qij(z,t) A 6g;;(z,t).
(ij)ed

This reduction of MNLS systems on symmetric spaces is among the first nontrivial
examples studied by Fordy and Kulish [9].
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6.3. Z»-Reductions and the Soliton Solutions

The reduction conditions (37) and (38) imposed on the potential of the Lax operator
(5) induce an invariance conditions for the corresponding FAS

pet: B ) E= (TN )o@t @
Type II: C~'(xT(z, ¢, \*)*C = xT(z, ¢, \) (45)
and for the scattering matrix (22)

Typel: B 'TT(t, \*)B = (T'(t,\)) "} (46)
Type II: C'T*(t,\*)C = T(t, \). (47)

As a consequence for the dressing factors u(x, ¢, \) one gets
Typel: B~ ul(z,t,\*)B = (u(z,t,\))~} (48)
TypeIl: C~'u*(z,t,\*)C = u(z,t,\). (49)

The concrete restrictions on the corresponding eigenvalues )\1" and A] and on the
projectors Py will depend on the explicit choices of the automorphisms B and C'.
Skipping the details we will present here the final results

Typel: M =(\)*, B 'Pl(2,t)B= P (z.t)

50
m(@,)) = Bln*(z, ) e

Type I: )\ = (\])*, C7'P(z,t)C = P_i(x,1)
Im(x,t)) = SC~n*(x,1)).

Applying the above restrictions to (31) we get dressing factors satisfying automat-
ically these reduction conditions.

61y

If we parameterize the constant vectors |ng) and (mg| as follows
- oo T
|n0> - (n()la no2, N3, o4, Mgz, N3y N3, nOl)
<m0| = (m()la mo2, mMo3, Mo4, Moz, M3, M2, mOi)

and apply the reductions of type B1 from Section 6.2, then the above formulas for
the reduction constrains on the polarization vectors |m) and |n) read

% * * %
mo1 =—"Ng2; Mo2 =—"Ngy, mo3 =—Ng3, Moy = —Ngy 52)
_ * — = _ * _ *
Moz = Nop Moz = N3, Mo = ot Wligr = e
For the reductions on these vectors in the example of type B2 one gets
—_ * _ * _ %k _ *
mo1 = Moz, me2 =—"Ngy, mo3 =—"Ngy, Mo4 = No3
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Finally for the last example of type C we have

* * * *
mo1r =—Ng1, mo2 =—MNgo, mop3 =—Ng3, mos = —Ngy

_ - (54)

Mo =—Ng7 Mg =— N3, Mz =~z MaT = —Na7-
Finally the soliton solutions of the reduced systems (40), (42) and (43) could be
obtained directly from (35) by inserting there (52), (53) and (54), respectively.

7. Conclusions

We have described two new systems of MNLS type obtained as Zy-reductions of
the MNLS related to a D.IIT symmetric space. The Hamiltonian formalism and
the theory of A-operators for MNLS related to simple Lie algebras are briefly dis-
cussed. The corresponding soliton solutions for these systems are derived. These
results can be extended to study the reductions of MNLS-type equations related to
other symmetric and homogeneous spaces. We show how the method, presented
in [15] for the N-wave equations and their gauge equivalent systems can be ex-
tended to MNLS type systems [16]. The method is explicitly gauge covariant and
can also be applied to their gauge equivalent systems of Heisenberg ferromagnet
type.

Thus one can systematically obtain and classify new integrable systems of MNLS
type. Such research would entail a voluminous calculations and will be continued
in subsequent publications. Other interesting reductions of MNLS type equations
were reported in [14] and a systematic study of the problem is on the way.
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