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Abstract. We present a new equation with respect to a unit vector field on
Riemannian manifold M™ such that its solution defines a totally geodesic
submanifold in the unit tangent bundle with Sasakian metric and apply it to
some classes of unit vector fields. We introduce a class of covariantly normal
unit vector fields and prove that within this class the Hopf vector field is
a unique global one with totally geodesic property. For the wider class of
geodesic unit vector fields on a sphere we give a new necessary and sufficient
condition to generate a totally geodesic submanifold in 73.5™.

1. Introduction

This paper is organized as follows. In Section 2 we give definitions of harmonic
and minimal unit vector fields, rough Hessian and harmonicity tensor for the unit
vector field. In Section 3 we give definition of a totally geodesic unit vector field
and prove a basic Lemma 2 which gives a necessary and sufficient condition for
the unit vector field to be totaly geodesic. Theorem 2 contains a necessary and
sufficient condition on strongly normal unit vector field to be minimal. In Sec-
tion 4 we apply Lemma 2 to the case of a unit sphere (Lemma 4) and describe
the geodesic unit vector fields on the sphere with totally geodesic property (The-
orem 5). We also introduce a notion of covariantly normal unit vector field and
prove that within this class the Hopf vector field is a unique one with a totally
geodesic property (Theorem 3). This theorem is a revised and simplified version
of Theorem 2.1 in [27]. Section 5 contains an observation that the Hopf vector
field on a unit sphere provides an example of global imbedding of Sasakian space
form into Sasakian manifold as a Sasakian space form with a specific ¢-curvature
(Theorem 6).
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2. Preliminaries

2.1. Sasakian Metric

Let (M, g) be n-dimensional Riemannian manifold with metric g. Denote by (-, -)
a scalar product with respect to g. A natural Riemannian metric on the tangent
bundle has been defined by S. Sasaki [20]. We describe it briefly in terms of the
connection map.

At each point Q = (¢,§) € TM the tangent space 11 M can be split into the
so-called vertical and horizontal parts

ToTM = HoTM & VT M.

The vertical part Vo T'M is tangent to the fiber, while the horizontal part is transver-
sal to it. If (u!, ..., u™; &Y, ..., €) form the natural induced local coordinate sys-
tem on 7'M, then for X € T T'M™ we have

X = X'9/0u’ + X"*9/0¢"

with respect to the natural frame {8/0u?, 8/0¢'} on TM.

Denote by = : TM — M the tangent bundle projection map. Then its differen-
tial m, : ToTM — T, M acts on X as 7T*X X9 /0x* and defines a linear
isomorphlsm between VQTM and T, M.

The so-called connection map K : ToTM — T, M acts on X by the rule KX =
(X"t 4+ r;'.kgf X*)8/du’ and defines a linear isomorphism between Hg7T M and
T,M. The images X and KX are called horizontal and vertical projections of
X, respectively. It is easy to see that Vo = kerm,|g, Hg = ker K|g.

Let X,Y € ToTM. The Sasakian metric on TM is defined by the following
scalar product

(X)), = (m X, 7.Y)| + (KX, KY)|,

at each point Q = (g, &). Horizontal and vertical subspaces are mutually orthogo-
nal with respect to Sasakian metric.

The operations inverse to projections are called lifts. Namely, if X € T, M", then
Xh = X19/0u’ — I‘Z LEIXF9/0¢8 is in HoT M and it is called a horizontal lift

of X, while X¥ = X ’8/ O&', which is in VT M, is called a vertical lift of X .

The Sasakian metric can be completely defined by scalar product of combinations
of lifts of vector fields from M to T'M as

(XM Y] = (X Y),, (XMY))]y =0, (X" Y")],=(X V)],

Q Q@
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2.2. Harmonic and Minimal Unit Vector Fields

Suppose, as above, that u := (u!,. .., u™) are the local coordinates on M™. Denote
by (u,€) == (ul,...,u™ €Y, ... &) the natural local coordinates in the tangent
bundle 7M™ If £(u) is a (unit) vector field on M™, then it defines a mapping

E:M" —TM" or £:M"—TM" when [£|=1

given by £(u) = (u, {(u)).
For the mappings f : (M, g) — (N, h) between Riemannian manifolds the energy
of f is defined as

E(f) = %/w Id f]2 d vol s

where |d f| is a norm of 1-form d f in the co-tangent bundle 7* M. Supposing on
T1 M the Sasakian metric, the following definition becomes natural.

Definition 1. A unit vector field is called harmonic, if it is a critical point of energy
Junctional of mapping § : M™ — T1 M™.

Up to an additive constant, the energy functional of the mapping is a total bending
of a unit vector field [24]

B(¢) := %/M [VE 2 dvolyy

where ¢, is some normalizing constant and |[V£|? = Y7, |V, £|? with respect to
orthonormal frame eq,...,e,.

Introduce a point-wise linear operator A¢ : T, M™ — & L acting as
A X = -Vx¢.

In case of integrable distribution £ the unit vector field ¢ is called holonomic [1].
In this case the operator A¢ is symmetric and is known as Weingarten or a shape
operator for each hypersurface of the foliation. In general, A, is not symmetric,
but formally preserves the Codazzi equation. Namely, a covariant derivative of Ag
is defined by

—(VxAg)Y =VxVy€ —Vy, v 9]
Then for the curvature operator of M"™ we can write down the Codazzi-type equa-
tion

R(X,Y){ = (VyAg) X — (VxAp)Y.

From this viewpoint, it is natural to call the operator A; as non-holonomic shape
operator. Remark, that the right hand side is, up to constant, a skew symmetric part
of the covariant derivative of A¢.

Introduce a symmetric tensor field

Hess§(X, Y) = [(VyAg)X + (VxAg)Y] 2)

N| =
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which is the symmetric part of the covariant derivative of A¢. The trace
n
- Z Hesse(e;, €;) == A&
i=1

where eq,...,e, is an orthonormal frame, is known as rough Laplacian [2] of
the field £. Therefore, one can treat the tensor field (2) as a rough Hessian of the
field £.
With respect to the above given notations, the unit vector field is harmonic if and
only if [24]

AE = —|VE[%e.

Introduce a tensor field
1
ng(X, Y)= §[R(§, AgX)Y + R(¢, AEY)X] 3)

which is a symmetric part of the tensor field R({, A¢ X )Y . The trace

n
trace Hmg := Z Hmg(e;, €;)
i=1
is responsible for harmonicity of mapping £ : M™ — T1M™ in terms of general
notion of harmonic maps [10]. Precisely, a harmonic unit vector field £ defines a

harmonic mapping £ : M™ — T1 M™ if and only if [11]
trace Hmg = 0.
From this viewpoint, it is natural to refer to the tensor field (3) as harmonicity

tensor of the field &.
Consider now the image £(M™) C 71 M™ with a pull-back Sasakian metric.

Definition 2. A unit vector field £ on Riemannian manifold M" is called minimal
if the image of (local) imbedding £ : M™ — Ty M™ is minimal submanifold in the
unit tangent bundle T1 M™ with Sasakian metric.

A number of results on minimal unit vector fields one can find in [4, 5, 6, 8, 12, 13,
14, 15, 16, 17, 19, 21, 22, 23]. In [25], the author has found explicitly the second
fundamental form of {(M™) and presented some examples of unit vector fields of
constant mean curvature.

3. Totally Geodesic Unit Vector Fields

Definition 3. A unit vector field £ on Riemannian manifold M™ is called totally
geodesic if the image of (local) imbedding & : M™ — T1 M™ is totally geodesic
submanifold in the unit tangent bundle 1 M™ with Sasakian metric.
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Using the explicit expression for the second fundamental form [25], the author
gave a full description of the totally geodesic (local) unit vector fields on two-
dimensional Riemannian manifold.

Theorem 1 ([28]). Let (AMQ, g) be a Riemannian manifold with a sign-preserving
Gaussian curvature K. Then M admits a totally geodesic unit vector field £ if and
only if there is a local parametrization of M with respect to which the metric g is
of the form

ds? = du? + sin? a(u) dv?
a+1
cos &

d
where a(u) solves the differential equation d_a =1- . The corresponding
u

local unit vector field £ is of the form
sin(av + wg)
sin a(u)

& = cos(av + wg)0y + Oy

where a and wg are constants.

For the case of flat Riemannian two-manifold, the totally geodesic unit vector field
is either parallel or moves helically along a pencil of parallel straight lines on a
plane with a constant angle speed [26]. It is easy to see that the following corollary
is true.

Corollary 1. Integral trajectories of a totally geodesic (local) unit vector field on
the non-flat Riemannian manifold M? are locally conformally equivalent to the
integral trajectories of totally geodesic unit vector field on a plane. Moreover, with
respect to Cartesian coordinates (x,y) on the plane, these integral trajectories are

r=c fora=20

1
y(z) = ——In|sin(az)| + ¢ fora #0
a
where c is a parameter.

In what follows, we present a new differential equation with respect to a unit vector
field such that its solution generates a totally geodesic submanifold in 77 M™.

In terms of horizontal and vertical lifts of vector fields from the base to its tangent
bundle, the differential of mapping £ : M"™ — T'M™ is acting as

&X = X"+ (Vx§)” = X" — (AcX)" )
where V means Levi-Civita connection on M™ and the lifts are considered to
points of £(M™).

It is well known that if £ is a unit vector field on M™, then the vertical lift £” is

a unit normal vector field on a hypersurface 77 M"™ C T'M". Since £ is of unit
length, £, X L &Y and hence in this case &, : TM"™ — T(T1M™).
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Denote by Af : £ — T, M"™ a formal adjoint operator
(AeX,Y)q = (X, ALY ).

Denote by &+ a distribution on M™ with ¢ as its normal unit vector field. Then for
each vector field N € £+, the vector field

N = (ALN)" + N* ©)
is normal to £(M™). Thus, (5) presents the normal distribution on £(M™).

Lemma 1. Let M™ be Riemannian manifold and T1M™ its unit tangent bundle
with Sasakian metric. Let & a smooth (local) unit vector field on M™. The sec-
ond fundamental form 5 of &(M™) C Ty M™ with respect to the normal vector
field (5) is of the form

056X, 6Y) = —(Hesse(X,Y) + AcHme(X,Y), N) (6)

where X andY are arbitrary vector fields on M™.

Proof: By definition, we have
Qg (6X,6Y) = (Vex &Y. N g ea)

vghere V is the Levi-Civita connection of Sasakian metric on TM™. To calculate
Ve, x&Y, we can use the formulas [18]

ViV = (Va¥) = L(RX, VS, xe¥h = L(RE XV

- 1 .
ViV = (VxY)" + S (R(, Y)X)',  Vx. YU =0.
A direct calculation yields
- 1 1 h
Ve x &Y = (VXY + ER(& Vx8Y + 53(5, va)X)
1 v
+ (Vx Ve - SRIXYE)

The derivative above is not tangent to £(M ™). It contains a projection on “external”
normal vector field, i.e. on £ which is a unit normal of 77 M" inside T'M". To
correct the situation, we should subtract this projection, namely —(V x&, Vy€)¢&,
from the vertical part of the derivative.

Therefore, we have
- 1

(VXY + JRE VRO + JR(E VrE)X, ALN)
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ot, equivalently,
~ 1
Qi (&X,&Y) =(VxVyE+ (Vxg, Vy§)E — SR(X,Y)E

+ A(VxY + ZR(EVXEY + SR(E TyE)X), N).
Taking into account (1), (2), (3) and (5), and also
R(X,Y)§ =VxVy{—VyVx&—Vixy)§
we can write
Qi (EX,6Y) = —(Hesse (X, Y) + AcHme(X,Y), N)
which completes the proof. |

Lemma 2. Let M™ be Riemannian manifold and Ty M™ its unit tangent bundle
with Sasakian metric. Let £ be a smooth (local) unit vector field on M™. The
vector field & generates a totally geodesic submanifold E(M™) C Ty M™ if and
only if € satisfies

HGSS£(X, Y) + Agng(X, Y) - <A€X, A£Y>f =0 (7)

for all (local) vector fields X, Y on M".

Proof: Taking into account (6), the condition on £ to be totally geodesic takes the
form

—Hess¢(X,Y) — AcHmg(X,Y) = AE.
Multiplying the equation above by &, we can find easily A = — (A X, AY). O

Following [16], we call a unit vector field £ strongly normal if
(VxAgY,Z) =0

for all X,Y,Z € ¢+, In other words, (VxAY = X forall XY € &L Ttis
easy to find the function A. Indeed, we have

A= ((VxA)Y, &) = (Vuyv€ — VxVy& &)

= —(VxVy§ &) = (Vx& Vy§).
Thus, the strongly normal unit vector field can be characterized by the equation
(VxAg)Y = (AeX, AcY )¢ (8

forall X,Y e &+
The strong normality condition highly simplifies the second fundamental form of

E(M™) C Ty M™. An orthonormal frame e, es, . .., e, is called adapted to the
field € ife; = Eand ey, ..., e, € £,



Minimal and Totally Geodesic Unit Vector Fields 299

Lemma 3. Let £ be a unit strongly normal vector field on Riemannian manifold
M™. With respect to the adapted frame, the matrical components of the second
Sfundamental form of E(M™) C T1(M™) simultaneously take the form

o * 0 ... 0
Qy=1... .
* 0 ... 0
Proof: Set N, = e,,0 = 2,...,n. The condition (8) implies

R(X,Y) =0, Hesse(X,Y) = (A X, AY)E, Hme(X,Y) ~ ¢
for all X, Y € &+. Therefore, with respect to the adapted frame
Qg(g*ea,.f*eg) =0, a,3=2,...,n
foralloc =2,...,n. O
The following assertion is a natural corollary of the Lemma 3.

Theorem 2. Let & be a unit strongly normal vector field. Denote by k the geodesic
curvature of its integral trajectories and by v the principal normal unit vector field
of the trajectories. The field & is minimal if and only if

K€, v] + E(k)v — kA R(v, €)€ + K¢ = 0
where [£,V] = Vev — VL
Proof: Indeed,
Qa’(g*els 5*61) = _<HESS§(53 ‘f) + AﬁHmﬁ(ga 5)1 ea’>-

Denote by v a vector field of the principal normals of £-integral trajectories and by
k their geodesic curvature function. Then

Hess¢(&,8) = Ve — VeVl = kV,.E — Ve(kr) = kv, §] — £(k)v

Hmg (¢, §) = —R(§, V)€ = —kR(£, v)€
and we get
Qg(g*ela E*el) = <k[£a V] + g(k);l/ - kAﬁR(Va 5)51 eo>‘
Finally, to be minimal, the field £ should satisfy
klg v] + E(k)v — EAR(v,§)€ = A&.
Multiplying by &, we get
A= k<[£1 V]a 5) = k<V€I/, 5) = _kz
which completes the proof. 0
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Thus, we get the following

Corollary 2 ([16]). Every unit strongly normal geodesic vector field is minimal.

Most of examples of minimal unit vector fields in [16] are based on this Corollary.

4. The Case of a Unit Sphere

If the manifold is a unit sphere S"*!, the equation (7) can be simplified essentially.

Lemma 4. A unit (local) vector field & on a unit sphere S™' generates a totally
geodesic submanifold £(S™T1) C T1S™ ! if and only if ¢ satisfies

(xdgy = glEcox ) ag s @)UY )
+ (€ V) (AEX — X)| + (AcX, AY)E

where (L¢ )(X,Y) = (Vx&Y) + (X, Vy&) is a Lie derivative of metric tensor
in a direction of €.

Proof: Indeed, on the unit sphere
(VyA)X — (VxAgY = R(X,Y)E = (£, V)X — (£.X)Y.
Hence,
Hesse(X,Y) = (Vx AY + Z[(€. V)X — (6, X)Y].
For Hm¢(X,Y') we have

Hn(X, V) = 2 [(Vx€, V)€ — (6 V)V x& + (Vy€, X)€ — (€ X)Vy¢]

= S(Lco)(X,V)E+ 5 [{E. V) AX + (€, X)AcY ],

Finally, we find

1
(VxA4g)Y =3 [(Le 9)(X, V) Ak + (6, X)(AFY +Y) + (€, V) (42X — X))
+ (A X, AY)E.
O
Remind that the operator A, is symmetric if and only if the field £ is holonomic,
and is skew-symmetric if and only if the field £ is a Killing vector field. Both types

of these fields can be included into a class of covariantly normal unit vector
fields.
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Definition 4. A regular unit vector field on Riemannian manifold is said to be
covariantly normal if the operator A¢ : TM — &L defined by AcX = —Vx¢
satisfies the normality condition

t t

with respect to some orthonormal frame.

The integral trajectories of holonomic and Killing unit vector fields are always
geodesic. Every covariantly normal unit vector field possesses this property.

Lemma 5. Integral trajectories of a covariantly normal unit vector field are geo-
desic lines.

Proof: Suppose £ is a unit covariantly normal vector field on a Riemannian mani-
fold M™*!. Find a unit vector field v, such that

ng = —kul.
Geometrically, the function k is a geodesic curvature of the integral trajectory of

the field &.
Complete up the pair (£,11) to the orthonormal frame (£, vy, ...,vy,). Then we
can set

Vel = —kuy, V.,..€= —agl/ﬂ
where o, 5 = 1,...,n. With respect to the frame (£, v1,...,v,) the matrix Ag
takes the form

0k 0 ... 0O
A= 0 al a% al
0 al ay an
and, therefore,
k? kal ... ka} 00 ...
; kali * ... % . 0 * ... x*
A&A = . . ... . 3 A£A£ =
kal * ... x 0 % ... x
which allows to conclude that k& = 0. O

Now we can easily prove the following

Theorem 3. Let & be a global covariantly normal unit vector field on a unit sphere
S™1 Then € is a totally geodesic if and only if n = 2m and £ is a Hopf vector
field.
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Proof: Suppose £ is covariantly normal and totally geodesic. Then
Al =-V£=0
by Lemma 5 and the equation (9) takes the form

(VxAg)Y = %[(5, X)(AZY + V) + (€. Y)(AZX = X)] + (AeX, AY)e. (10)

Setting X =Y = £ we get an identity. Set Y = £ and take arbitrary unit X L &.
Then we get
2(Vx A+ X = AZX.
On the other hand, directly
(VxAg)E = —(Vx Ve — Vy,ef) = AZX.
Hence,
2
A£ |£L = —E.
Therefore, n = 2m. Since Ag is real normal linear operator, there exists an or-
thonormal frame such that
0

— o
o =

Ae =

01
-10

with zero all other entries. Therefore, A¢ + Aé = 0 and £ is a Killing vector field.
Since £ is supposed global, £ is a Hopf vector field.
Finally, if we take X,Y L &, we get the equation
(VxAg)Y = (Ac X, AY)E.
But for a Killing vector field £ we have [16]
Since £ is a Hopf vector field, (A¢ X, A¢Y) = (X,Y). So, in this case we have an
identity.
If we suppose now that £ is a Hopf vector field on a unit sphere, then £ is covariantly

normal as a Killing vector field and totally geodesic [27] as a characteristic vector
field of a standard contact metric structure on §2"+1, O

Theorem 3 is a correct and simplified version of Theorem 2.1 [27], where the
normality of the operator A¢ was implicitly used in a proof.

In the case of a weaker condition on the field £ to be only a geodesic one, the result
is not so definite. We begin with some preparations.
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The almost complex structure on I'M™ is defined by
JXh=xv,  JX"=-X"
for all vector field X on M™. Thus, TM™ with Sasakian metric is an almost
Kaihlerian manifold. It is K#hlerian if and only if A" is flat [9].
The unit tangent bundle 77 M™ is a hypersurface in 7M™ with a unit normal vector

£V at each point (g, £) € T; M™. Define a unit vector field £, a 1-form fjand a (1, 1)
tensor field ¢ on 77 M™ by
E=—J =¢"  JX =X + (X)),
The triple (£, 7, @) form a standard almost contact structure on 77 M™ with Sasa-
kian metric gg. This structure is not almost contact metric one. By taking
1 1

5225225’1’ ﬁziﬁa 85:@’ gCﬂ’L:ZgS

at each point (g, &) € T1M™", we get the almost contact metric structure (€,7, 3)
on (ThM™, gem)-

In a case of a general almost contact metric manifold (J\NJ N3 7,9, g) the following
definition is known [7].

Definition 5. A submanifold N of a contact metric manifold (M ,
called invariant if p(T,N) C T,N and anti-invariant if (T,N) C
everyp € N.

1,4, §) is
(T,N)* for

If N is the invariant submanifold, then the characteristic vector field é is tangent
to N at each of its points.

After all mentioned above, the following definition is natural [3].

Definition 6. A unit vector field & on a Riemannian manifold (M", g) is called
invariant (anti-invariant) is the submanifold E(M™) C (T1M", gem) is invariant
(anti-invariant).

It is easy to see from (4) that the invariant unit vector field is always a geodesic

one, i.e. its integral trajectories are geodesic lines.

Binh, Boeckx and Vanhecke [3] have considered this kind of unit vector fields and
proved the following

Theorem 4. A unit vector field £ on (M™, g) is invariant if and only if (€ = £, ) =
(-,€) g, @ = Ag) is an almost contact structure on M™. In particular, £ is a geo-
desic vector field on M"™ and n = 2m + 1.

Now we can formulate the result.

Theorem 5. A unit geodesic vector field & on S™1 is totally geodesic if and only
if n = 2m and & is a strongly normal invariant unit vector field.
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Proof: Suppose £ is a geodesic and totally geodesic unit vector field. Then A€ =
0 and the equation (9) takes the form (10). Follow the proof of Theorem 3, we
come to the following conditions on the field £

AZX = -X, (VxAg)Y = (AcX, A Y)E (11)

for all X,Y € fL. From the left equation in (11) we conclude that n = 2m.
Comparing the right one with (8), we see that £ is a strongly normal vector field.
Consider now a (1, 1) tensor field p = A¢ = —V{ and a 1-form n = (-, ). Taking
into account the left equation in (11) and A¢£ = 0, we see that

e’ X = X +n(X)§, @£=0, nleX)=0, pX)=1

for any vector field X on the sphere. Therefore, the triple
95:‘453 g:g, ﬁ:<1£>

form an almost contact structure with the field £ as a characteristic vector field of
this structure. By Theorem 4, the field £ is invariant.

Conversely, suppose ¢ is strongly normal and invariant vector field on S"*1. Then,
by Theorem 4, £ is geodesic and n = 2m. The rest of the proof is a direct checking
of formula (10). O

5. A Remarkable Property of the Hopf Vector Field

It is well-known that for a unit sphere S the standard contact metric structure on
T, S™ is a Sasakian one. If £ is a Hopf unit vector field on S?"*1, then ¢ is a
characteristic vector field of a standard contact metric structure on the unit sphere
S§2?m+1 By Theorem 4, the submanifold £(S?™1) is invariant submanifold in
T1S5%™+L Therefore, £(S?™1) is also Sasakian with respect to the induced struc-
ture [29]. Since the Hopf vector field is strongly normal, by Theorem 5, the sub-
manifold £(S?™*1) is totally geodesic. The sectional curvature of the submanifold
£(S?m+1) was found in [27] and implies a remarkable corollary.

Theorem 6. Let £ be a Hopf vector field on the unit sphere S*™ 1. With respect
to the induced structure, the manifold £(S*™*1) is a Sasakian space form of -
curvature 5 /4.

In other words, the Hopf vector field provides an example of embedding of a
Sasakian space form of p-curvature 1 into Sasakian manifold such that the image
is contact, totally geodesic Sasakian space form of p-curvature 5/4 with respect to
the induced structure.
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