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Implied Edges, Rigid Components, and Rigid Clusters
s Implied edges: cl(E) \ E
m Rigid component: a maximal X € V s.t. G[X] is rigid

= Rigid cluster: a maximal X € V s.t G[X]is a complete subgraph,
where G = (V, Cl(E))




o rigid componentérigid cluster/&—ZgL 70N !
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d = 2 12817 Himplied edgesérigid clusters (rigid components)




2RITTDZIBEHMFIR
s E D cover: VOEBDEEHKR{X,, ..., Xi} TE = U; E(X;p)
m ¢-thin cover {X3, ..., Xi }: |Xl- N X]-| <t

s EIH(Lovasz&Yemini82) 2R T — M MITE X IARR, (GC)D T 1
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1 — thin cover {X4, ..., X}
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min{),; 2|V (F;)| — 3) | {Fy, ..., F}: a partition of V'}
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s 718 (Dress, Drieding & Haegi 1983) R3(G)DT (&

min{Zf;;”6 (X;) — z (dy(uv) — 1)

uvevxv

2 — thin cover X = {X;, ---,Xk}}

o 2-thin cover X = {X;, ..., Xy} : |Xl- N Xj| <?2

N G |X| =2
Q f3,6(X) — {3|X| — 6, otherwise

0 dy(uv) = |{il{u v} <X}

(X S V)
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m  Body-bar Frameworks (TayDE )
= Body-hinge Frameworks (Tay-Whiteley® i€ I2)
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Special Structural Models 12

Maxwell/Laman-type Characterizations
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Special solvable cases for R3(G) :

Q

Q

Q

[Gluck 75] Triangulated sphere

'Whiteley 84] Complete bipartite graphs

Nevo 04] K.-minor free graphs

Jackson and Jordan 05] Sparse graphs (|F|=5/2|V(F)|-7/2)
[Katoh and T 11] The squares of graphs (molecular graphs)



Frameworks: More generally

m Every discrete structure consists of objects linked by bars

o Objects
s  body (3-d-body)
m panel (2-d-body)
m rod (1-d-body)
m joint (0-d-body)




Maxwell’s condition: More generally

s framework (G, p, q)
o G = (V,E): graph
m vertex & object
m edge © bar
0 Pp: an object-configuration (a mapping on V)

o q: abar-configuration; e € E — a line-segment in R>

2

]
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Maxwell’s condition: More generally

s The degree of freedoms of each object in R3

o Objects degree of freedoms
m  3-d-body 6 d.o.f.
m panel (2-d-body) 6 d.o.f.
m rod (1-d-body) 5 d.o.f.
m joint (0-d-body) 3 d.o.f.

m Let dof:V —» Z,
6 (if v corresponds to a body or a panel)
dof(v) =<5 (if v corresponds to a rod)
3 (if v corresponds to a joint)

n Let fyor: 25 5 Z,
fdof(F)i = ZvEV(F) dof(v) —6 (F S E)

m Maxwell’s condition. If a framework (G, p, q) is minimally rigid,

n |E| = faor(E)
m VF € FE with fdof(F) > 0, |F| < fdof(F)
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0 {e;ANe |1 <i<j<d)FRZMIL

0 A*V =spanfe; Aej |1 <i<j<d}

o dim A2V = (%)
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s dRITNIMNLVZEREV
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s NV a;Aa, A Aag (a; € V)IZEDOTIRONBNINLZE ]
n BEEeq, ..., e XL,
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s V=R ZEHEEEEOTEZE: ayAa, A Aay [FERNIMNLEST
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s TIARVERKIRGT (k, RY): REKNDRRITTIRFZE D ZEDES
p*: Gr(k,R%) > P(Ak R?)

T2y H—3H A

p*(X): XD )1 h—EEE
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Bl p=(p1,v203) 9= (91,92 93)
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ds
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192

aall € ¥
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g )y h—EERE
s TIARVERKIRGT (k, RY): REKNDRRITTIRFZE D ZEDES
s TVayh—#HiAd:  puGr(k,RY) > P(A*RY)
X v Avy A Avg]
{vy,.. v HEXDE)

s p'(X): XDT)ah—RERE

n piEEE

s - Gr(k, Rd)fép( )- 'NOEHEREHR BT EE, Grk, RY)IE
pl)1 o2 RS 8 £ 45
a Gr(2,R*) = {[p1:...:ps] € P° | p1ps — P2p3 + P36 = 0}



Body-bar Frameworks 21

= abody:(M,p),M € 0(d),p € R?
= abar:(qq,q,) € RY x R?
o connecting M;q; + p; and M,q, + p,

m Bar-constraint

0 (py + Maqy — 1 — Miqq , 02 + Maqy — p1 — Miqq) = 47
o Differentiate it,
(p2 + Maqy — p1 — Miqq, Do + Myqy — 1 — Myqy) = 0
0 Bysetting M; = I and p; = 0,
(42 — q1, 02 + A242 —P1 — A1¢41) = 0

with skew-symmetric matrices A; = M;

0 (q2 — q1, P2 —P1)Hq2 — q1,42q, — A1q1) = 0



22

0 (g2 — q1, P2 —P1)Hq2 — q1, 4292 —A1q1) = 0

d
o If we identify A; with a vector w; € ]R(Z),

(@2 — q1,42q2 — A1q1) = {(q2—q1) N q2, w2) — ((q2—q1) N q1, wq)
=(q2 AN q1, Wy — W4

In general, (a, Ab) = (a A b, w)

0 (G2 — q1, P2 —P1)Hq2 — q1,42q9; — A1q1) =
(q2 — q1, D2 —DP1)H(q2 N g1, Wy — w1)

=((q2, 1) A (q1,1), (w2, P2) — (w1,p1)) =0
7 A

// A
homogeneous \ T
coordinate screw motion of the body i

Plucker coordinate of the line
(in the corresponding projective space)



Body-bar Frameworks 23

m d-dimensional body-bar framework: (G, b)
o G = (V,E): graph,

. . d+1 (d+1)_1
o b: bar-configuration, e € E » [b,] € Gr(2,R**1) c P\ 2

m e € E v Pliicker coordinate of a bar (a line) in P¢

m infinitesimal motion, m:v € V » m,, € IR( ') (= A?"1R4*+1) with
(b, my —my,) =0 Yuv € E

m trivial motion: Vu,v € V, m, = m,

def
m (G, D) isinfinitesimally rigid & every motion is trivial



Rigidity Matrix in Body-bar Model

m Rigidity matrix R(G, b): |E| X (d;1)|V|-matrix

d+1dV
S )dmy

24

u 1%

|E| e = uv eee () be eee (). _be
— e
d+1 d+1
r(Z") r(“Z")

o [b,] is restricted to Gr(2, R4+1)

o Generic rigidity matroid in the body-bar model

a (G, b) is infinitesimally rigid & the rank is (d;rl)|V| — (d;fl)



Tay’s Theorem (1984)

m Theorem. The generic rigidity matroid in the body-bar model is
(3166

s Namely, for generic b, the followings are equivalent:
o rank R(G,b) = (d;rl)IVI — (d;“l)
o El= (DI = (*Y and vF c E, [F| < (H)IVE)| = (431

o E can be partitioned into (dgl) spanning trees

u v
uv eee () eee be eee (). _be eee () --e
| J \ J
d¥+1 c¥i+1
r(“) r(“)
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Proof of Tay’s theorem by Whiteley 26

m (Necessity) Maxwell’s condition

m (Sufficiency)

Q

Q

E can be partitioned into (d;d) spanning trees Ty 5, Ty 3 ..., Tg a+1

Take any d + 1 points [q4], ..., [94+1 ] -t {qq, ..., @g+1} islinearly
independent

Then, {qi A qj|1 <i<j<d+ 1}islinearly independent.
Define a realization b: E — Gr(2, R%*1) by

b(e) = |q; /\qj] if e€T;;
Then, (G, b) is infinitesimally rigid !!




27

Define a realization b: E — Gr(2, R%*1) by
b(e) = [ql N\ q]] if e € Ti,j

We may assume that the body of v, is anchored by (d;d)
bars to eliminate trivial motions.

We choose the bars {[qi A qj]l 1<i<j<d+ 1}forthis
purpose.

Namely, Vi, j, (q; A q;, m, )=0.
Consider any motion m: v » m,,
For each v, € V, T; ; has a unique path.

(qi A gjmg —m3z) =0

(qi Aqjmz —my) =0

(qi A qj,my —my) =

2

(qi Agj,mq1) =0

Summing up the equations for the edges along this path,
(q; N qj,my, ) = 0 forevery i,j.

Thus, m,, = 0. |



Tay’s theorem (more geometrically) 28

m Theorem. The generic rigidity matroid in the body-bar model is

(66

U (%
uv 2o () ooe be vee Qoo _be eee(Dees
\ d' J \ (; J
r(ZY) r(ZY)

s [b,] BGr(2, R+ [ZHIEESHTLNS
d+1
s (UNGlEBe e EITHL, W, =ALDAZDH D AE i )75\6—1‘%]%’9!:
REARINLZZATHELNSRREZYMAAR
n SREFERIMNLEGr(2, R H)HMSESTINNIER LY

s Gr(2, RUDE2RODEERAK. — A, F—REDOEHITIRT



Body-hinge Frameworks

m d-dimensional body-hinge framework: (G, h)

o G = (V,E): graph,

2 h: hinge-configuration, e € E » [h,] € Gr(d — 1,R4*1) c pl

m e € E v Pllicker coordinate of a hinge (a line) in P¢

Q\

S A

d+1
2

|

)-1

29



30

Each hinge can be replaced with five bars incident to the hinge !!

Za i

A body-hinge framework (G, h) is equivalent to the body-bar
framework ((D — 1)G,b) , where D = (d;rl) and b satisfies

o forthe D — 1 copiesey,...,ep_1 Of g, {bel, - beD—l} is a basis of the
orthogonal complement of h,R

The infinitesimal rigidity of (G, h) can be defined in terms of
((D —1)G,b)

The rigidity matrix has the size (D — 1)|E| X D|V|



n Tay-Whiteley’s theorem (Whiteley 88, Tay 89, 91)

o For any generic hinge-configuration h, (G, h) is infinitesimally rigid
if and only if (D — 1)G contains D edge-disjoint spanning trees.

m (Necessity): by Maxwell’s rule
m (Sufficiency):
3 (D —1)G contains D edge-disjoint spanning trees T; ; , based on which
we got a rigid realization ((D — 1)G, b)
o Foreache € E, there is an index i, j for which T; does not contain a
copy of e

o Define h(e) = [qi A qj]
o Notice (b, he) = 0 for all copies e; of e

o Thus hisindeed a hinge-configuration m




Identified Body-hinge Frameworks 32

BEVUNEHEDOMIAEERET 2FEH I ETIL

Identified body-hinge framework (G, h)
0 G = (B H;E)

s B:RIROES H: O %A, E: #EER
o h:H - Gr(d —1,R4*1)

EIR (Tay 89,91, T10) —fRAYRIZKL, (G, h) M ERR/NHIE <
ar < ((“4") - 1)6st.

o 1= (EDIBO+ (3 - 1) 1HDI - (31

2 0= VX LX< (BDIBEI+ (4N - 1) IH®)| - (1Y)

R 2 R 58 (Whiteley89, Jackson&]Jordan09). [a] L5 4 T identified
panel-hinge framework® #& B /N 4 AN4F AT+ T REAN 7



