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RANYF> D & RINGHE

7))L T X LR T Ue-Ve BmpEriik L

RCUUV: U° hoRaMEE CRIER]EE
C:=(U-R)U(VNR)

fnel > C (TEiE
> M| = |C]

TEIE [Kénig 1931]

max{|M| : M (XY F >} = min{|C]| : C (TEtEE)
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Springer, 2010
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R AR/\ER Tutte 1947, Berge 1958

I [Tutte-Berge 2T ]

max {lMl : M (3:7“/9:\/0“} Ky 2 # AT
%f I,a,;-s\gszmmﬁszm&]

.1 vl
= min—- {|V| + |X] - odd(V - X)}
XcV 2

| lodd(V-X)=4 |
| > max < min
> EETHET M, X
> M, X (IER#
X

EIE [Tutte DEIE]
G "XV F > O0%ED
D odd(V - X) ¢ [X] VXSV
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D={veV:vZREULRWRAIYF >IN FT}
A = {veV-D: viIDDIAS(CHHE)
C=V-D-A

TEI [Edmonds-Gallai 2] A
(1) 6[D] DEFER T (& factor-critical \ﬁ C
(2) 6[C] [F=eTvF>IEED

(3) C = HIBR, E[A] ZHIE, G[D] OISR D EHER LT

BoNB2ET S TICENT, TX) - |X] 21 VXSA o
(A M: 6 DEARYVF>T > O‘/%‘
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M[C]: G[C] DFEEX Y TF >
M[A]: A DIER(T D DERDEEKR DT EX YT

(5) max{|M|} = (|V| - #component(D) + |A])/2
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minimize Y _..g w(e) x(e)

subject to X, 5. X(e) =1 YveuuvVv
x(e) € {0,1} Veek




wRAZaTEIET] & T EmiEAE

LPmin
minimize .- w(e) x(e)
subject to X .c5.) X(e) = 1 YveuuvV
x(e) 20 VeEE
» OPT(LP,,,) < OPT(IP, ;)

EE

[Birkhoff 1946 /& & ]
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C1E 2]k s
Ei&l*d)nmﬂﬂ §Zeea(v) x(e)=1 YveUuV

TEIE |[Birkhoff 1946 73] X(e)20  VecE
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« F={e<E | x(e) > 0}
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LP
maximize X .-g w(e) x(e)
subject to X .c5.) X(e) <1 YveuuvV
x(e)20 VecE
EIE

GH 2SS TIDEE,
(LP) (& B &m#E#E x* ZED,

i.e., (LP) OFINR(EYY FUOLEAKZED D

] SEBE K
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LP Di=iEE4REE : BOIERE

LP Imaximize ¥, w(e) x(e)

subject to .5y X(e) <1 YveuuvVv
x(e)20 VeEeEk

Dual-LP | yYERVYY

minimize  Y,cyuy Y(V)

subject fo y(u)+y(v)2w(e) Ye=uv€EE
y(v) 20 YveluuvVv

» OPT(LP) = OPT(Dual-LP)

> (LP) O:F =% x W exiEfR
(> 1B Z =T (Dual-LP) DFFEAR y HMETE:
* X(e)>0 > y(u) +y(v) = wle)
* Y(V)>0 D> ¥ 50 X(e) =1

29



MYt = “ER/INEEE"
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minimize >veuuy YV)

subject fo y(u)+y(v)21 Ve=uv EE
y(v) 20 vveuuvV
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G=HID

y(0)=0

« OPT(IP) = OPT(LP) = OPT(Dual-LP) < OPT(Dual-IP)

« OPT(IP) = OPT(Dual-IP)
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y: B\ TE
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| Dual-LP 2 OWZZ
minimize %, yoy Y(v) : ;}KKOO
subject to y(u) +y(v)2w(e) Ye=uv €E| O 1 1
y(v) 20 YveuyuvV

> B/NRIRERED L

EIE[Egervary 1931]
w D EEEIRS(L, (Dual-LP) (IR FZEEZE D

> AR
o x(uv)=12>y)+y(v)=wle) | xx RRKEHFIYVF>T
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Totally unimodular

A:nxm 175

ER A m2EE (e BiEEE D)
&) A DEEDIEA/IMTHIDITEIT A O, +1 or -1

TEEE A 1Y SERHE nxm 1751, beZr
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TP RO

EE

A M TEEIER nxm 175, bEZN, cEZM
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EIE
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LP
maximize Y .-g w(e) x(e)
subject to 2.5, x(e)<1 VYveUUV
x(e)20 \ VeEeE
A

A(G) x <1
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s.t. YA2w,
YEZUUV

A DTEERTE I
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(IPmin)
min. > w(e) x(e)
sub. to zeEB(v) X(e) =1 VveVv
x(e) €{0,1} VecE
(XLPmM)
min. > w(e) x(e)
sub. to 2665(V) X(e) =1 VyeVv
x(e) 20 VeEek
OPT(IP,;,) > OPT(*LP.)
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?_in

(LPmin)

min.

sub. to 2665(v) X(e) =1 vvevV

> w(e) x(e)

Y5y X(e)21 U<V, U] is odd

x(e) 20 VeEeE

EE

[Edmonds 1965]

(LPmm) (T BAmERE x* Z=ED
i.e., (LP,;,) DOFIFITIELRZEAEZTESD D




E%&llimﬂmﬂﬂ ZeEZ(U) x(e) >1 vuayV, |U] is odd N

x(e):>0 VeEE

TEIE [[Edmonds 1965]

(LP_) DRI ERE Y Y F >~ IS ERAEED D

[ZEEA] P=E£X Vv FILHEA, Q=FHRNNEDDILHAE
> PCQ: FEE
> QCP ZRY. X¢PEHCT QDIER X MFHELEET D
« |V|+|E| & IDhlEED
2> 0<«<x(e)«<1 VecE
> deg(v)22 VYveV a ®

> |E| >

V] 3

B 1-a
& |E| = |V| DIZE Q Q

> BARRD disjoint union -
EYYVFODLES 0—0 — DB DB

2> 5T

(CF[E
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Y.c5u X(€)21 YUSV, |U] is odd
x(e)20 VecE

& |E| > |V| DIZE
c x (X |E| ROFNNZEZFSTHIET
= JUcCV,x(@U)=1 and 3<|U| < |V]-3 y 0
e X', X" x®D6/U, /U NDFIE [ Hf ]

> x€Q(6/0) = P(6/0)
x'€Q(6/V) = P(6/V)

Q5
U U
e [
> X = 20wy X' =50, I
i=1 i=1

k 4

> vie[k], M(@)N3U = M'()N3U & LT
2> Vice[k], M(i) = W{HUM() ([ 6 DEERYF>IT
X :%Z AMG) EIRDODCFE [EIEBHAZ]




RABEHIY F > D DiRAZETEIRIR *

) e N

max. 2> w(e) x(e)

sub. to Zeea(v) X(e) <1 vevV

U[-1

vucyv, |U] is odd

ZeE E[U] x(e) <

— o - - —

x(e) 20 VeEE

TEIE [Edmonds 1965]
(LP) (& BB =EAE x* Z2HD
i.e., (LP) O#HIFIN IR HBZHARZEDH D

[(E&E] ST X
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(Dual-LP)

|U|-1 2(U)

min. 2,y Y(V)+ 2y >

sub. to  y(u) + y(v) + 2. ,v=u z(U) 2 w(e) "e=uveE
y(v)20 YveV
z(U)>0 vucV,|U] is odd




%@5&5‘??&%&'& ;E\U/; :g(v) + 20 uveu Z(U) 2 w(e) 42
z(U)-z 0

TEIE [[Cunningham & Marsh 1978]

w MEEED &=, (Dual-LP) (3 BH&EIER (y, z) ZED
=B, F={ucV | z(V)> O} NS = —EE815Z11T
BB RENMFET D

- yA

Uy, U,€F
=2 U;CU, or U;2U, or U;NU,=d

EE

(LP) O ST NI & ED

——— -

Rational system Ax < b W2 HEHEZED

< min{yb |y 20, yA = ¢} HMEEDEHRART ML ¢
(CXF U CEHmERHF T B D
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i I,
(LP)
max. wx
s.t. Ax«<1, } ) .
X(E[U]) < ul-1| | > SV FDZHRNETEDD
0 2 > TEINRIAEZED
X 2
- = (LP), (Dual-LP) &EBI(C
I OB ETR) B EEfAE T B D
(Dual-LP)

Ul-1

min. 2,y(v) + 2y —— z(V)

st y(u) +y(v) + Zy=,,z(U) 2 w,
y,z20
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Petersen’s Theorem [1891]

G=(V,E). Bﬂeless Cy% Graph

[ = 2-edge-connected ] [deg(v) = 3 for every v in V]

Thm.
Every bridgeless cubic graph
has a perfect matching

il

Every bridgeless cubic graph
has a 2-factor

48



Schonberger’'s Theorem [1935] v

G=(V,E): Bridgeless Cubic Graph
e*ink

Thm.

G has a perfect matching
including e*

) -

G has a 2-factor excluding e*

» O(n log* n) algorithm
[Biedl, Bose, Demaine, Lubiw 2001] n= V|



Kaiser & Skrekovski’'s Theorem

G=(V,E): Bridgeless Cubic [2008]
e*ink

Thm.) G has a 2-factor excluding e* and

covering all 3- and 4-edge cuts

) [0 [(Ge

3-edge cut 4-edge cut ' Nota 4-edge cut
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2-factors and TSP Tours

® TSP tour = 2-factor of one cycle of length n

= 2-factor without cycles of length k or less :
Relax|C  -free 2-factor (in simple graphs)

i) % %

® v/ C$3-fr'ee /' Cy-free
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Complexity of C_, -free 2-factors

Unweighted Weighted
k>5H NP-hard [Papadimitriou '80] | NP-hard
k=4 |(a) OPEN (b) NP-hard
[Vornberger '80]
k=3 |(c) P [Hartvigsen '84] (d) OPEN
k=2 |P P

® Subcubic graphs
(a) : P [Bérczi & Végh '10]
(c): P [Bérczi & Végh '10, Hartvigsen & Li '11]
(d) : P [Vornberger '80, Kobayashi '10, Hartvigsen & Li '13]
® Bipartite graphs
(a) : P [Hartvigsen ‘06, Pap '07]
(b) : NP-hard for general weight [Kirdly 00]
P if the weight hass a special property [Makai '07, T.'09]
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2-factors Covering Cuts

® TSP tour = 2-factor covering all edge cuts

= 2-factor covering prescribed edge cuts
Relax

[G: Cubic] g h
» 2-factor covering all 3-edge cuts ﬁi
9 C$3-fr'ee

[G: 3-edge-connected cubic]

» 2-factor covering all 3,4-edge cuts = C_,-free

4 N ff N i N )

J \ J \_ J
P N— P N——

O O
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Our Results

(1) - An O(n3)-algorithm for finding a min.-weight 2-factor
covering all 3-edge cuts in bridgeless cubic graphs
- Polyhedral description

(2) An O(n3)-algorithm for finding a 2-factor
covering all 3-, 4-edge cuts in bridgeless cubic graphs

» Constructive proof for [Kaiser, Skrekovski 2008]
[ Application ]

(3) A 6/5-approx. algorithm for
the minimum 2-edge-connected subgraph problem
in 3-edge-connected cubic graphs

» Start with the 2-factor found by Algorithm (2)
» Previous ratio: 5/4 for 3-edge-connected cubic graphs [Huh 2004]
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Contents

® Introduction

(1) - An O(n3)-algorithm for finding a min.-weight 2-factor
covering all 3-edge cuts in bridgeless cubic graphs
- Polyhedral description

® Summary

(1) - 2EE3ERIT S TICHITB,
FARTDILHY RETE 1 RKDDTRNHS
TENYF U TR/NEHFDEDEIRDD )L T X
- SEANER S

3-HY NEEYYF >




ZHARIE &

2665(v) X(e) =1 VveV

2ecsuy X(e)21 VUCV, |U| is odd
x(e)20 VecE

YecssyX(e)=1 YSSV, §(S) is a proper 3-edge cut

® A 3-edge cut 8(S) is proper
> 2¢|S|¢n-2

EIE

FEOFNK(E 3-HY FEEVYYFUILHIARETED D
e ) )

P=3-Hv FEVYYFUZLHAK, Q=HFITNINEHDZLHAE

> PCQ: fEd




Yecswy X(€)=1 TvEV
ZHANFRIA < 5o e)s 1 YUCV, U] is odd

x(e)20 VecE

Y ecss)X(@) =1 78(S): proper 3-edge cut

» QP =/ R9Y:
x*cQ Z3-HY REEYYF U IDIMNMEE TERY

> x*CQC [ZBENYFULHK]
> x* =3 Aot TENXYVFU (M} DNES
> Zeexs X (e) =1

> 2ecy(s) mi(e) 21> 2 cc5(S) imi(e) =1 7i

> ie, M ([E3-DY hNEEYYF2T Vi

[FIEBR#R]
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N ) e -
~~~~~~ ~ = Smaller
S ")"“ ------- bridgeless cubic graphs

i(3) Fori=1,23, find a min.-weight i 1 (4)Fori=12,3,
___perfect matching M;including e, | | let we) := w(My)_

i (B) Recurse inG, = N i

= return M = M. UN |



Summary
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® For bridgeless cubic graphs:
» A 2-factor covering all 3- and 4-edge cuts: Algorithm
> A min-weight 2-factor covering all 3-edge cuts:

v' Algorithm
v' Polyhedral description

® For 3-edge-connected cubic graphs
» 6/5-approx. algorithm for
the min. 2-edge-connected subgraph problem

Open Problems |

Min-weight 2-factor covering all 3- and 4-edge cuts
in bridgeless cubic graphs

6/5-approx. algorithm for the min. 2-edge-connected
subgraph problem in bridgeless cubic graphs




