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Introduction

͡Ίʹ

ඪ ਖ਼ఆܭը (SemiDefinite Programming problem,
SDP)Λ Slater͔݅ΒோΊΔ (Facial reductionͷհ)

Εͳ͍͞ࡌهՊॻʹڭ (͙Β͍͍͔ࡉ)

ຊͷʹؔ࿈͢Δڀݚͷงғؾ

SDP is convex, but nonlinear!

εέδϡʔϧ

09:30 - 10:30 SDP, Slater݅ ͱ Slater݅Λຬͨ͞ͳ͍ SDP
ͷհ

10:50 - 11:50 ٕज़తͳ͜ͱ I

13:30 - 14:30 ٕज़తͳ͜ͱ II

14:45 - 15:45 ԋश

16:00 - 17:00 Ε͕͋ؒ࣌ Δ͍ͯͬࢥ໘ന͍ͱ(͕ࢲ)
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Introduction

SDPͷఆࣜԽ

SDP : Given A0,A1, . . . ,Am ∈ Sn, b ∈ Rm and A1, . . . ,Am
are linearly independent

(Primal) : inf
X

{
A0 • X : Aj • X = bj (j = 1, . . . ,m),X ∈ Sn

+

}

(Dual) : sup
y

⎧
⎨

⎩bTy : A0 −
m∑

j=1

yjAj ∈ Sn
+, y ∈ Rm

⎫
⎬

⎭

ͼํݺɾ߸ه

A • B =
∑

1≤i ,j≤n AijBij = Trace(ABT )

Sn
+ and Sn

++ : sets of positive semidefinite and positive
definite matrices, respectively

Dualͷ੍ : ઢྻߦܗෆࣜ (Linear matrix inequality, LMI)
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Introduction

෮श

Definition 1 X ∈ Sn
+ : ∀s ∈ Rn, sTXs ≥ 0

Definition 2 X ∈ Sn
++ : ∀s ∈ Rn \ {0}, sTXs > 0

Fact 1 X ∈ Sn ͳΒݻ༗࣮. X ∈ Sn
+ͳΒݻ༗

ඇෛ, X ∈ Sn
++ͳΒਖ਼

Fact 2 X ∈ Sn ʹରͯ࣍͠ͷΑ͏ʹղͰ͖Δ

X = Q

⎛

⎜⎜⎜⎝

λ1

λ2
. . .

λn

⎞

⎟⎟⎟⎠
QT ,

ͨͩ͠Q ަྻߦ
Fact 3 αΠζ͕ಉ͡ྻߦ A,B ʹରͯ͠,

Trace(AB) = Trace(BA)
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Introduction

෮शͷଓ͖

Fact 4 X ∈ Sn
+, X = PPT ͱͳΔྻϑϧϥϯΫྻߦ

P ∈ Rn×r ͕ଘࡏ

Fact 5 X , S ∈ Sn
+ͱ͢Δ. X • S ≥ 0͕Γཱͭ. ͞Βʹ

X • S = 0 ⇐⇒ XS = On.

Fact 6 X ∈ Sn
+ & Xii = 0 ͳΒ Xij = Xji = 0 for all

j = 1, . . . , n
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ରఆཧ

(Primal) inf
X

{
A0 • X : Aj • X = bj (j = 1, . . . ,m),X ∈ Sn

+

}

(Dual) sup
y

⎧
⎨

⎩bTy : A0 −
m∑

j=1

yjAj ∈ Sn
+, y ∈ Rm

⎫
⎬

⎭

(Primal)͕ Slater ݅Λຬͨ͠ (Dual)͕ feasible ͳΒ,
θP = θD Ͱ, (Dual)͕࠷దղΛͭ࣋
(Dual)͕ Slater ݅Λຬͨ͠ (Primal)͕ feasible ͳΒ
θP = θD Ͱ, (Primal)͕࠷దղΛͭ࣋

Slater ݅
∃X ∈ Sn

++ such that Aj • X = bj (j = 1, . . . ,m)
∃y ∈ Rm such that A0 −

∑m
j=1 yjAj ∈ Sn

++

੍ఆ (Constraint qualification)ͷҰͭ
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৺ʹཹΊ͓ͯ͘͜ͱ 1

Abadie੍ఆ Guignard੍ఆ (ਲ਼ͱઢܗԽਲ਼ͷؔ
͕( Slater݅ΑΓऑ͍͕...

Slater ݅࠷దղΛΒͳͯ֬͘ೝͰ͖Δ͜ͱ͕͋Δ
e.g. SDP relaxation of Max-Cut problem:

sup
X

{
L • X : Xii = 1 (i = 1, . . . , n),X ∈ Sn

+

}

ͪΖΜ, ֬ೝ͕͍͠߹͋Δ e.g. H∞ state feedback
control, He(M) = M + MT

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

inf
X ,Y ,γ

γ

subj. to −

⎛

⎝
He(AX + B2Y ) ∗ ∗
C1X + D12Y −γIp1 ∗

BT
1 DT

11 −γIm1

⎞

⎠ ∈ Sn+p1+m1
+

X ∈ Sn
+,Y ∈ Rm2×n
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৺ʹཹΊ͓ͯ͘͜ͱ 2

ʮ࠷ద͕Ұகʯ & ʮҰํͷ࠷దղͷଘࡏͷΈʯ

͏Ұํʹ࠷దղ͕ଘ͠ࡏͳ͍߹͕͋ΓಘΔ

ओର๏, ํ͕ Slater݅Λຬ͍ͨͯ͠Δ͜ͱΛཁ
⇒ٻ ํͰ࠷దղ͕ଘࡏ
߹ͤ࠷దԽʹର͢Δ SDP؇Ͱ, ͍͍ͨͯͷ߹,
ํ͕ Slater݅Λຬͨ͢

Slater݅Λຬͨ͞ͳ͍ SDPපతͳ SDP?
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ͳͥ Slater݅Λؾʹ͢Δ (ͨ͠)ͷ͔?

Example 1 (Waki, Nakata, Muramatsu 2012)

θ∗
1 = inf

x∈R

{
x : x2 ≥ 1, x ≥ 0

}

θ∗
1 = 1 & x∗ = 1

Construct SDP relax. prob., (SDP)5 = 1 by SDP solvers,

But (SDP)r = 0 for all r ≥ 1

Example 2 (Waki 2012)

θ∗
2 = inf

x,y∈R
{−x − y : xy ≤ 1, x, y ≥ 1/2}

θ∗
2 = −1.5 & (x∗, y∗) = (1, 1/2), (1/2, 1)

Construct SDP relax. prob., (SDP)7 = −1.5 by SDP solvers

But (SDP)r is infeasible for all r ≥ 1
8/ 18



Introduction

SDP relax. : (X ∈ Sr+1Ͱఴࣈ 0͔Β r ʹҙ)

sup
X

⎧
⎪⎪⎨

⎪⎪⎩
−X00 :

∑

k+ℓ=j ,
0≤k,ℓ≤r

Xkℓ = bj (j = 1, . . . , 2r),X ∈ Sr+1
+

⎫
⎪⎪⎬

⎪⎪⎭
,

bj =

{
1 if j = 2
0 o.w.

(j = 1, . . . , 2r)

ղ͚ͦ͏! : X ∈ Sr+1
+ ͱޙ࠷ͷ੍ࣜʹண

X01 + X01 = 0, X02 + X11 + X20 = 1, . . .,
Xr ,r−2 + Xr−1,r−1 + Xr−2,r = 0, Xr ,r−1 + Xr−1,r = 0,
Xr ,r = 0,

Xr ,r = 0⇒ Xr−1,r−1 = 0⇒ Xr−2,r−2 = 0, · · · ,X22 = 0

,ہ݁ ҎԼͱՁ

sup
X

{−X00 : X01 = X01 = 0,X11 = 1,X00 ≥ 0}
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Θ͔ͬͨ͜ͱ

Δͱݟରఆཧ͔Βڧ
ର (SOS) Slater݅Λຬͨ͞ͳ͍͜ͱ͕͋Δ & ઁ
ಈʹରͯ͠࠷ద͕େ͖͘มԽ
खͰ͋Δఔղ͚ͯ͠·͏ or SDP relax.Λখ͘͞Ͱ͖Δ

ଟ߲ࣜ࠷దԽ͔ΒݟΔͱ
SDP relax. ͕ Slater݅Λຬ͔ͨ͢Ͳ͏͔͙͢ʹΘ͔Β
ͳ͍
ೋଟ߲ࣜͷੑ࣭͔Β, ҙͷ r ʹରͯ͠ੜ͞Ε͏ SDP
relax.શͯҎԼͱՁ

(Ex.1) = sup
σj ,p

{p : x − p = σ0 + xσ1,σ0,σ1 ∈ R+} ,

(Ex.2) = sup
σj ,p

⎧
⎨

⎩p :
−x − y − p = σ0 + (x − 1/2)σ1

+(y − 1/2)σ2,
σ0,σ1,σ2 ≥ 0

⎫
⎬

⎭

(Kojima, Kim, Waki 2005)ͷ POPʹର͢Δલॲཧͷ֦ுʹ
ͳ͍ͬͯΔ (Waki, Muramatsu 2011) 10 / 18
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ͷඪٛߨ : Facial reductionΛΔ

ূ໌͢Δ͜ͱ 2

(Dual) : sup
y

⎧
⎨

⎩bTy : A0 −
m∑

j=1

Ajyj ∈ Sn
+

⎫
⎬

⎭

(Dual)͕ Slater݅Λຬͨ͞ͳ͍ ⇐⇒ ∃X̂ ∈ Sn
+ \ {O}

such that A0 • X̂ ≤ 0,Aj • X̂ = 0 (j = 1, . . . ,m)

ಛʹ A0 • X̂ < 0⇒ (Dual) ͕ infeasible

ίϝϯτ
Slater݅Λຬͨ͞ͳ͍ͱ͍͏ূڌ (certificate)͕͋Δ
(Dual)͕ feasibleͳΒ, (Primal)ʹతؔΛม࣮͑ͣߦՄ
ੑΛอͭํ X̂ ͕ଘ͢ࡏΔ.

Aj • (X + αX̂ ) = Aj • X (j = 0, 1, . . . ,m) and

X + αX̂ ∈ Sn
+ (∀α ≥ 0).
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͜ͷ࣮ࣄΛ͏ͱ...

(Dual) is (Dual)′ͱՁ:

(Dual)′ : sup
y

⎧
⎨

⎩bTy : Â0 −
m∑

j=1

Âjyj ∈ Sr
+

⎫
⎬

⎭

Facial reduction algorithm for (Dual)

Step 1 Find X̂ for (Dual)

Step 2 Reduce (Dual) to (Dual)′

Step 3 (Dual)← (Dual)′ and go to Step 1

Return Slater݅Λຬͨ͠, (Dual)ͱՁͳ SDP
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(Primal)ʹରͯ͠ಉ༷ʹΓཱͭ

ূ໌͢Δ͜ͱ 1

(Primal) : inf
X

{
A0 • X : Aj • X = bj ,X ∈ Sn

+

}

(Primal)͕ Slater݅Λຬͨ͞ͳ͍ ⇐⇒ ∃ŷ ∈ Rm such
that bT ŷ ≥ 0,W := −

∑m
j=1 ŷjAj ∈ Sn \ {O}

ಛʹ bT ŷ > 0⇒ (Primal) ͕ infeasible

Facial reduction algorithm for (Primal)

Step 1 Find ŷ for (Primal)

Step 2 Reduce (Primal) to (Primal)′

Step 3 (Primal)← (Primal)′ and go to Step 1

Return Slater݅Λຬͨ͠, (Primal)ͱՁͳ SDP
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Slater݅Λຬͨ͞ͳ͍ SDPͷԠ༻ྫ

Quadratic assignment (Zhao, Karisch, Rendl, Wolkowicz
1998)

Graph partition (Wolkowicz, Zhao 1999)

Mixed integer quadratic program (Tanaka, Nakata, Waki 2012
and 2013)

Polynomial optimization (Kojima, Kim, Waki 2005), (Waki,
Nakata, Muramatsu 2012), (Waki, Muramatsu 2010 and
2011)

Euclidean distance matrix completion (Krislock, Wolkowicz
2010)

Control (Balakrishnan, Vandenberghe 2003), (Waki, Sebe
2015)

௨͍ͯ͠Δ͜ͱڞ : ͲΕʮ͋ΔΫϥεͷ͔Βੜ͞Εͨ
SDP؇ʯ
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ٙ

ͦͷΫϥεͷ͕Ͳ͏͍͏ੑ࣭Λ͍ͨͯͬ࣋Β, SDP(؇
) Slater݅Λຬͨ͞ͳ͍ͷ͔?

ͦͷੑ࣭ΛޮࢉܭͯͬΛվળͰ͖Δ͔?

ཧ : Facial reduction (Borwein, Wolkowicz 1981 etc)

Facial reductionͦͷͷͷݙߩ

ݙߩదԽཧͷ࠷

ଞͷݙߩ

ҙ֎ͩͬͨίϝϯτ : ʮSDPઢܗͰ?ʯ, ʮ(SDPͷ)ର
Λղ͍ͯ...ʯ
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Slater݅Λҙࣝͤ͞Δଞͷྫ

ࠞ߹ೋ࣍ਲ਼ܭը (Friberg 2016)
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

inf
x1,...,x5

2x3 + 2x4 − x5
subject to x1 + x2 − x4 ≤ 0, 4x4 − x5 ≥ 0,

x3 ≥ −1, x5 ≤ 1,
(x1, x2, x3) ∈ Q3, x4, x5 ∈ R+, x4 ∈ Z

ͨͩ͠Q3 =

{
(x1, x2, x3) ∈ R3 : x1 ≥

√
x2
2 + x2

3

}

ಛ :
x4 ≤ 0ͷ෦Ͱੜ͞ΕΔ؇, Slater݅Λຬ
ͨ͞ͳ͍͚ͩͰͳ͘ θP > θD
A0ͷઁಈʹରͯ͠, θD ͕େ͖͔͘ΘΔ (Cheung, Wolkowicz
2014)
Presolve CutͷՃʹΑΓ, ؇͕ Slater݅Λຬͨ
͞ͳ͍Մੑ͕͋Δ→ MISOCP͕Ͳ͏͍͏݅Λຬͨͤ
Slater݅Λຬ͔ͨ͢? 16 / 18
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ෆՄੑߦ࣮ : P1ͱ P2ͱʹ࣮ߦෆՄ

P1 sup
y1

{
by1 :

(
1

1

)
− y1

(
1
−1

)
∈ S2+, y1 ∈ R

}
,

P2 sup
y1

{
by1 :

(
1

1

)
− y1

(

−1

)
∈ S2+, y1 ∈ R

}

ҙ
P1 ࣮ߦෆՄੑΛࣔ͢ূ͕͋ڌΔ (ෆՄੑߦ࣮ڧ)

X =

(
1 −1
−1 1

)

P2 ͦͷΑ͏ͳূڌͳ͍ (ऑ࣮ߦෆՄੑ)
ऑ࣮ߦෆՄੑͷ߹, ઁಈ͢Δͱղ͕ଘ͢ࡏΔ; b ≤ 0ͳΒ

sup
y1

{
by1 :

(
1

1

)
− y1

(
−ϵ
−1

)
∈ S2+, y1 ∈ R

}
= b/ϵ ≤ 0

ݶࢬఆ๏Ͱ࣮ߦෆՄੑʹࢬͮ͘جङΓ͍͔͠
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ઁಈղੳ (with Sekiguchi)

H∞ঢ়ଶϑΟʔυόοΫ੍ޚ
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sup
x1,...,x6

−x6

sub.to

⎛

⎜⎜⎝

2x1 + 2x2
−x1 + x2 + x3 − x4 −2x2 − 2x5
−2x1 + x2 − 2x4 −2x2 + x3 − 2x5 x6
x1 − 2x2 + x4 x2 − 2x3 + 1x5 0 x6

1 1 1 1 x6
1 0 0 0 0 x6

⎞

⎟⎟⎠ ∈ S6+,

(
x1 x2
x2 x3

)
∈ S2+

Table: SDPA-GMP (300 digits and ϵ =1.0e-16)

Problem δ =1.0e-10 δ =1.0e-30 δ =1.0e-50
্ͷ 2.2360679775444764 2.2360679774997897 2.2360679774997897
ઁಈ 1 2.2360072694172072 2.1078335768712432 1.4142135623730950
ઁಈ 2 2.2360072694172055 2.0000000000000000 2.0000000000000000
ઁಈ 3 2.2360072665294605 1.4142135623730950 1.4142135623730950
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Separation Theorem Proof Reduction Remark Examples

ఆཧ (Separation Theorem)

Affine hull (Section 1, pp. 6, Rockafellar, 1970)

The affine hull of S ⊆ Rn is the smallest affine set containing S
and is denoted by aff(S)

Relative interior (Section 6, pp.44, Rockafellar, 1970)

The relative interior rel(C) of a convex set C is

rel(C) = {x ∈ aff(C) : ∃ϵ > 0 s.t. (x + ϵB) ∩ (aff(C)) ⊆ C}

ྫ : ԁ൫ : C = {(x, y , z) : x2 + y2 ≤ 1, z = 1}

x

y

z

C

1

0

int(C) = ∅,
rel(C) = {(x, y , z) : x2 + y2 < 1, z = 1}

1 / 15



Separation Theorem Proof Reduction Remark Examples

分離定理 (Theorem 20.2, pp. 181, Rockafellar, 1970)

Let C1 and C2 be nonempty convex sets in Rn. C1 is polyhedral.
The following are equivalent:

1 C1 ∩ rel(C2) = ∅
2 ∃H : hyperplane separating C1 and C2 properly and not

containing C2

The second is equivalent to the fact that ∃c ∈ Rn and δ ∈ R
such that

A1 cTx ≤ δ ≤ cT s (∀x ∈ C1, s ∈ C2)

A2 δ < cT ŝ (∃ŝ ∈ C2)

C2が錐の場合 : δ = 0と取れる
0 ∈ C2より, δ ≤ 0

もし ∃s ∈ C2 s.t. cT s2 < 0なら, αs ∈ C2 for all α > 0な
ので, 0 > cT (αs2) → −∞ (α → ∞)で矛盾 ∴ cT s ≥ 0
for all s ∈ C2

2 / 15



Separation Theorem Proof Reduction Remark Examples

Figures of Separation Theorem

H

C1C2

C1

0

C2

C1

C2 = H C1 ⊆ H

C2
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Separation Theorem Proof Reduction Remark Examples

ূ໌͢Δ͜ͱ 1

(P)͕ Slater݅Λຬͨ͞ͳ͍ ⇐⇒ ∃y ∈ Rm such that
−

∑m
j=1 yjAj ∈ Sn

+ \ {O} and bTy ≥ 0.

⇐ : X̂ is a strictly feasible solution

0 < X̂ •

⎛

⎝−
m∑

j=1

yjAj

⎞

⎠ = −bTy ≤ 0 (ໃ६!)

Infeasibility : X̃ is a feasible solution

0 ≤ X̃ •

⎛

⎝−
m∑

j=1

yjAj

⎞

⎠ = −bTy < 0 (ໃ६!)

Certificate͕͋Δ infeasibilityΛ strong infeasibilityͱݺͿ
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Separation Theorem Proof Reduction Remark Examples

⇒ : C1 = {b} and C2 = {h ∈ Rm : X ∈ Sn
+, hj = Aj • X}.

From (Theorem 6.6, p. 48, Rockafellar, 1970),

rel(C2) = {h ∈ Rm : X ∈ Sn
++, hj = Aj • X},

and separation theorem is equivalent to

∃y ∈ Rm; yTb ≤ 0 ≤ yTh (∀h ∈ C2) and yT ĥ > 0(∃ĥ ∈ C2).

ୈҰෆࣜΑΓ, (−y)Tb ≥ 0 and for all X ∈ Sn
+,

yTh =
∑

j=1

yj (Aj • X ) = X •

⎛

⎝
m∑

j=1

yjAj

⎞

⎠ ≥ 0

͜Ε−
∑m

j=1(−yj )Aj ∈ Sn
+

ୈೋෆࣜΑΓ, −
∑m

j=1(−yj )Aj ̸= O. ͓͠·͍
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Separation Theorem Proof Reduction Remark Examples

ূ໌͢Δ͜ͱ 2

(D)͕ Slater݅Λຬͨ͞ͳ͍ ⇐⇒ ∃X ∈ Sn
+ \ {O} such that

Aj • X = 0 and A0 • X ≤ 0.

⇐ : ಉ͡ํͰূ໌Ͱ͖Δ.
⇒ : C1 = {A0 −

∑m
j=1 yjAj : y ∈ Rm} and C2 = Sn

+. From
separation theorem,

∃Z ∈ Sn \ {O};Z • X ≤ 0 ≤ Z • Y (∀X ∈ C1,Y ∈ C2)

ෆࣜ (C2)ΑΓ, for all Z ∈ Sn
++

ෆࣜ (C1)ΑΓ,

Z • X = (A0 • Z) −
∑

j

yj (Aj • Z) ≤ 0

͜Ε A0 • Z ≤ 0 and Aj • Z = 0. ͓͠·͍
6 / 15



Separation Theorem Proof Reduction Remark Examples

Certificate : ŷ ∈ Rm such that bT ŷ = 0 and
W := −

∑m
j=1 ŷjAj ∈ Sn

+ \ {O}
(P) : inf

X
{A0 • X : Aj • X = bj (j = 1, . . . ,m),X ∈ Sn

+}

໋

(P) (P)′ͱՁ

(P)′ : inf
X
{A0•X : Aj•X = bj (j = 1, . . . ,m),X ∈ Sn

+∩{W}⊥}

͜͜Ͱ {W}⊥ = {X ∈ Sn : X • W = 0}.

ূ໌ : X : (P)ͷ feasible solutions.

X • W = −
m∑

j=1

yj (Aj • X ) = −bTy = 0.

Therefore X ∈ {W}⊥.
7 / 15



Separation Theorem Proof Reduction Remark Examples

(P)′Λ SDPͷܗʹม͢ܗΔ

W = Q
(

O O
O Λ

)
QT ,where Λ ∈ Sn−r

++

X ∈ Sn
+ ∩ {W}⊥ ⇐⇒

X ∈ Sn
+ and X • Q

(
O O
O Λ

)
QT = (QTXQ) •

(
O O
O Λ

)
= 0.

QTXQ =

(
X11 XT

21
X21 X22

)

ͱ͓͘ͱ, X22 = O. ͞Βʹ, X ∈ Sn
+ ⇐⇒ QTXQ ∈ Sn

+ΑΓ,
X21 = O. ͕ͨͬͯ͠,

X = Q
(

X11 O
O O

)
QT

ͱͳΔ. ͜ΕΛ (P)′ʹೖ͢Δ
8 / 15



Separation Theorem Proof Reduction Remark Examples

ଓ͖

Aj•X = (QTAjQ)•
(

X11 O
O O

)
= (QTAjQ)1•X11 (j = 0, . . . ,m)

͕ͨͬͯ͠,

(P)′ : inf
X
{(QTA0Q)1 • X11 : (QTAjQ)1 • X11 = bj ,X11 ∈ Sr

+}

؍

ͷαΠζ͕ྻߦ n͔Β r গݮʹ
(P)′ Slater݅Λຬ͔ͨ͢? ⇒ ಉ͜͡ͱΛద༻ͯ͠
certificate͕͋Δ͔ͳ͍͔ௐΔ

Sn
+

(y1,W 1)−→ Sr1
+

(y2,W 2)−→ Sr2
+

(y3,W 3)−→ · · · (ys ,Ws)−→ Srs
+.

͍·Γฦ͠Ͱ͓͠܁ʑnճͷߴ = Facial reduction
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༨ஊ Q ͳΜͰ͍͍? ཚͰੜͨ͠ަྻߦͰ

(Original) inf
X

{
A0 • X : Ei • X = 1,X ∈ Sn

+

}
,

(Conversion) inf
X̃

{
(QA0QT ) • X̃ : (QEiQT ) • X̃ = 1,X ∈ Sn

+

}
,

࣮ݧ : ཚͰ LΛੜ. .ࠩʹࢉܭͷૄɾີͰྻߦ
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(D)ͷ࠷దղ

{
(P) infX

{
A0 • X : Aj • X = bj ,X ∈ Sn

+

}

(D) supy

{
bTy : A0 −

∑m
j=1 yjAj ∈ Sn

+

}

{
(P)′ infX

{
(QTA0Q)1 • X : (QTA0Q)1 • X = bj ,X ∈ Sr

+

}

(D)′ supy

{
bTy : (QTA0Q)1 −

∑m
j=1 yj (QTAjQ)1 ∈ Sr

+

}

(D)′ͷ LMI (D)ͷ LMIͷ෦ྻߦͰߏ

(D)′ͷ࠷దղ y∗ (D)ͷ࠷దղʹͳΒͳ͍͔

(P)͕ Slater݅Λຬͨ͞ͳ͍ͷͰ, (D)࠷దղΛͨ࣋ͳ͍
͔͠Εͳ͍

{(QTAjQ)1 : j = 1, . . . ,m}͕Ұ࣍ಠཱͰͳ͍͔͠Ε
ͳ͍
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ྫ : SDP relaxation of MAX-CUT

MAX-CUT : G = (V ,E), V = {1, . . . , n}, E ⊆ V × V , V
Λ R ⊆ V ͱV \ R ͷೋͭʹ͚͍ͨ.

1

2 3

4

5

6

1

10

3
6

4 2
6

2
5

֤ลʹॏΈ͕͍͍ͯΔ. తؔV Λ R, V \ R ʹ͚ͨ
ͱ͖ʹ, R ͱ V \ R Λ·͙ͨลͷॏΈͷ

max
x

⎧
⎨

⎩

n∑

i=1

n∑

j=1

wij (1 − xixj )/4 : xi ∈ {−1, 1} (i = 1, . . . , n)

⎫
⎬

⎭

͜͜Ͱ, ม xi  i ∈ V \ R ͳΒ xi = −1, i ∈ R ͳΒ xi = 1 12/ 15
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ྫ : SDP relax. of MAX-CUTͷଓ͖ : W = (wij )1≤i ,j≤n ∈ Sn

ͱఆΊ,
L := (Diag(We) − W ) /4

ͱ͓͘. ͨͩ͠, e = (1, . . . , 1)T ∈ Rn

P : max
x

{xTLx : x ∈ {−1, 1}n}

SDP relax. Q : xxT → X

Q : sup
X

{L • X : Ei • X = 1 (i = 1, . . . , n),X ∈ Sn
+}

ͨͩ͠ Ei ∈ Sn  (i , i)ͷΈ 1Ͱ͋ͱશͯ 0
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ओ Slater݅Λຬ͔ͨ͢

X = In

ͱऔΕ Slater݅Λຬͨ͢͜ͱ͕Θ͔Δ
ର Slater݅Λຬ͔ͨ͢ : Find X such that

Ei • X = 0 (i = 1, . . . , n),X ∈ Sn
+ \ {O}, L • X ≤ 0

͜ΕΛຬͨ͢X ଘ͠ࡏͳ͍ͷͰ, ର Slater݅Λຬ
ͨ͢
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༨ஊ : ͲͪΒͷఆࣜԽMAX-CUTʹର͢Δ SDP relax.

(Std) sup
X

{L • X : Ei • X = 1 (i = 1, . . . , n),X ∈ Sn
+}

(LMI) sup
xij

⎧
⎨

⎩

n∑

i ,j=1,i ̸=j

Lijxij : In −
n∑

i ,j=1,i ̸=j

(−Eij )xij ∈ Sn
+

⎫
⎬

⎭

ͨͩ͠ Eij ∈ Sn  (i , j)ͱ (j , i)ͷ 1Ͱޙ 0ͷྻߦ

࣮ݧ : ཚͰ LΛੜ. ఆࣜԽͷҧ͍Ͱࢉܭʹࠩ.
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