FHERMEZEREL-RELFE

RaT ZLE

W3S B
I

L ZATAIP 23—
EHF




T HERE

o 2 D F8 X

FizE b EREIS X 9 & E T 1k EfR IR

O 1%f-
OFE2%f -

OE3ER:

®FE 4%Ef -
O@FE 5N

O/NAMSE{E  (10:30 - 11:20)
MR ETENE (11:40 - 12:30)

O/N\RAMExEE PHERETEEDHEMES
RSE~DEM  (14:00 - 15:00)
,,E'

e tE




Mathematical Optimization

It helps to select a best element (with regard to some criteria)
from some set of available alternatives.

/Mathematical Optimization Problem: A
ma;n f(x)
S.T. () >0, 1=1,....m

* f(®),g1(x),...,gm(x) : R" = R

If f(x), g1(x),...,gnm(x) arelinearin x,
the problem is called a linear programming problem.



power engineering

math. /"Scheduling of Optimal size
g Solving a system of R generators of solar panel
polynomial equations
xy = 1 =
2t zy? + y2 + 1) Y
(Linear Programmmg)\ (Robust Optimization)
Optimization Problem
Min: f(x) :
machine learning | gypi to: 91(2) >0 mathematical
(Global Optimization) g2(x) > 0 optimization

/A

....... /ﬁ
¢ﬁnance Pr——
portfolio allocation | >° vuon Vietho

*Nonconvex Opt.

*Robust Optimization
g _

\
Qpport Vector Macy‘ne




Various Optimization Problems

Continuous Optimization Discrete Optimization

Quadratic 0-1
Integer Program.

Linear 0-1
Integer Program

Linear Integer Program

Linear
Program.

Problem name based

on Application:

. Shortest Path Prob., Travell5ing
[ Nonconvex Quadratic Program. ] Salesman Prob. Knapsack Prob.




Second-order cone programming

min f'x

£

Euclidean norm
|lull = (u'w)'/?

SOCP can be reformulated as an instance of SDP.
Convex quadratic programs can also be formulated as SOCPs.
SOCPs can be solved with great efficiency by interior point
methods.



Optimization Method under Uncertainty

®Robust Optimization

v"modeling strategies and solution methods for optimization
problems that are defined by uncertain inputs

v'proposed by Ben-Tal & Nemirovski in 1998

® Stochastic Programming

v'classical framework for modeling optimization problems
involving uncertainty (studied since the 1950’s).

v"assuming that probability distributions are known
v'relation to robust optimization



Example : Power Generation Planning

T. Electric Company has 2 turbines (Fuel: oil, natural gas).
It wants to determine their production outputs to
minimize production costs and satisfy electric demands.

Decision Variable :
Unit Cost (Yen/MWh) Zj: Production Output

/ N\ IMWh]

min 135z, + 141zo

D d
s.t. 1 +xo > 1000 < eman
L, <z <U, Linear Programming: LP
(Simplex Method,

Lg < X2 S Ug Interior Point Method) °



Formulation of Robust Optimization

Assump.: uncertain inputs vary within a set (uncertainty set).
The best decision is done under the worst-case scenario.

[uncertainty sets: ug € Up, u; € U;, V1 }
min f(x,u min max f(x,u
xrc X f( O) [> xrc X uQEUQf( ’ O)

S.1. gZ(CB,’U,Z) <0, j> gZ(QZ,UZ) <0, Vu; € U;
=1,...

! ’ 11t <> mag{(gi(a?,ui) <0
u; ci; 9



Necessity of Robust Solution

PILOT4 (NETLIB library) Ben-Tal & Nemirovski ['00]
1000 var., 410 const., ™ : optimal solution

G,TZU —

—12.290832xg54 + 717.562256xg55 — 0.057865xg56 — 3.785
—122.163055xg59 — 6.46609xg60 — 0.43371xgg; — 0.615264. --
—84.644257xg64 — 122.459045xg65 — 43.15593xg66 — 1.712. -~
+xg8g0 — 0.946049xg59g — 0 : 946049x91¢ > 23.387405]] —

Change the coeff. @, byits0.1% — @
€.d., 15.79081 x 0.001 = 0.0157908

x* satisfying @' * — b > 0 largely violates the perturbed one:
a'z*—b< —104.9 1




Applications of Robust Optimization

The obtained solution
*Is relatively insensitive to data variations, and
*hedges against catastrophic outcomes.

Ben-Tal & Nemirovski ['97]
Truss topology under the load uncertainties :

constructing a building assuming a typical wind load
— neglecting the possibility of strong wind
— causing the building to collapse
Lin, Janak & Floudas [ 04]

Robust scheduling of chemical processing :
scheduling of multiproduct and multipurpose batch plants.

— neglecting variability of process and environmental data.
— causing fire and explosion 11



Applications to Radio Therapy

[Radiation Therapy for Cancer Patients] ™ C- Y- Chanetal. [06]
Beams of radiation are delivered from different angles around a
patient, targeting a tumor in their intersection while trying to spare
nearby critical organs.

— Optimization methods determine
the angles of the beams and the
intensities of the beamlets, etc. ol A

— Uncertainty in tumor position (e.g., { < R v ]

I 1\ ,” N S \; _ J
ung tumors move as the patient e i S
breathes during treatment) g

http://lwww.newswise.com/articles/improving-radiation-therapy-for-cancer-patients 20



Applications to Solar Energy System

[Solar Energy System] Okido & Takeda ['12]

Determining the optimal size of a residential grid-connected solar

system to meet a certain CO2 reduction target at a minimum cost.
[project from Japanese local authority]

— Useful to determine an amount of subsidy for system owners

— Taking into consideration uncertainty in the level of solar
irradiation (or solar energy) due to weather conditions

Solar energy [kwh/kw] Sendai, April 1st

0.7

0.6 2009

0.5 2008
0.4 2007
0.3 2006
0.2 2005

0.1

0 Time[h]
1357 911131517192123




What is Robust Optimization?

When the data differs from the assumed nominal values,
the generated optimal solution may violate
critical constraints and perform poorly.

Want to find a solution
v immune to data uncertainty.

Robust optimization:
modeling strategies and solution methods for uncertain problems.

- ™
It optimizes against the worst instance

that might arise due to uncertain inputs.
g J 14




Other Method: Stochastic Programming

Uncertain Optimization Problem: T U, U
:rCnEIE]( f(x,upg) s.t. g(x,u1) < 0| :uncertain data

KStochastic Programming Dantzig ['55], Beale ['55]
Assump. :

Prob. distributions of ®(, W1 are known. p(ug)
_ I density func.
ex.1) ar:rél)rg Eu, | f(x,up)] /\v
s.t. Fy,lg(x,ui)] <0 =

uQ

ex.2) Chance Const.(Probabilistic Const. ) Charnes & Cooper ['59]
Pry, (g(xz,u1) <0)>1—c¢

15



Other Method: Sensitivity Analysis

Uncertain Optimization Problem: | ug,uq
min f(x,ug) S.t. g(x,uq1) < 0| :uncertain data
reX

» Post-optimal analysis after obtaining an
optimal solution for some ug, w1 .

* |t shows whether the optimal solution
changes for the data perturbation.

Restrictions: data of objective func. & RHS of
LP can be uncertain

16



History of Robust Optimization

- - D
Robust Optimization:  L2% wecir, J (@, uo)

s.t. max g;(x,u;) <0, Vi
N u; €U y,

MmIin 1973, A.L.Soyster proposed “inexact LP” using rectangular {/ .

I Almost no progress (two paperst) u,t U Rect.

1) reported by Ben-Tal, El Ghaoui & Nemirovski ['09]

U
Hm[n 1998, Ben-Tal & Nemirovski proposed “robust '

optimization” using ellipsoidal ¢/ . “2, 1/ Ellips.
M Studies on robust optimization are going on ... Q y
41

17




Why robust optimization became popular?

D Inexact LP (=Robust LP with rectangle ¢/ ) only assumes
extreme situations. This drawback was solved by ellipsoidal /4.

(@ Resulting in a second-order cone programming (SOCP),
semidefinite programming (SDP).

Inexact LP
Soyster ['73]

Robust LP
Ben-Tal & Nemirovski ['98]

U is a rectang

----
““““
e®

L 4
’0

I‘:"' Extreme situations Q
4- ant®

e —> (A is an ellipsoid, etc....

0‘ uz

Uy

18



Various Research Directions

28R

Original Form of Robust Opt. Stochastic Approach
Soyster [73] Calafiore & Campi [‘05,°06]
l I %3]
Establishment of Robust Opt. [, { APPlication to Finance, |
Ben-Tal & Nemirovski [98,99] i Machine learning, |

Energy System, efc.

Conditions for Tractable Robust Opt.
Goldfarb & lyengar [03]

Extension to Multi-period Model =120 X YRMET. .
Ben-Tal, et.al. [‘04]

19




Difficult to Be Solved in General

min w1+ @ infinite number of congtraints
s.t. —1< wujxy +urxnro <1 :
—1 < —uox1 +ujxo <1

Feasible regionat -~ The optimal value of robust
(u1,u2) = (1,007 optimization problem

e optimal value of the deterministic

_ problem with (uq,us) = (1,0)
mi

One research direction:
Want to define ¢/ so that the RO problem is tractable. °




Standard Form for Robust Optimization

/min c'x s.t. fi(x,u;) <0, ‘v’uiEZ/{i,\
xreX
m

1 =1,...,
« Constraint-wise uncertainty is assumed.
o f;(ax,w;):convexin X (Yu; € U;)
\\° X . closed convex set, {4, : bounded closed sey

- When the objective function is uncertain

min max €T, U
weXuoeuofO( , UQ)

min ¢t S.t. xr,ug) <t, Vug el
=> min, fo(z,ug) < 0 EUy



Tractable Robust LP (Ellipsoidal Case)

Ben-Tal & Nemirovski [*99]

magn c'z st. a(u)'z<b, Yueclu

. Ellipsoidal uncertainty set:

min ¢'z s.t. a,ga:—l—acTAu <0, ||ull> <1,

T
1 agac—l— ( max acTAu) <b
u:||ul|2<1

. ATCIZ‘ :
— - :
|A x> | :

min ¢ = S.t. Ggw-l- ||AT3,3||2 <b .
Second order cone programming (SOCP) ,;



Tractable Robust LP (Rectangle Case)

Soyster [73]
ma;n c'ez st. a'x <b, Vaecel
Rectangle:
U={u:ap—a<u<ap+a)CR" °ao

where a > 0

maxa 'z = aga: -+ &T|w| <b
acU

A vector constructed by taking absolute
values for each element of & :

: M :
LT,y Linear Programming Problem :
S




Conditions for Tractable Robust Optimization

Te st fi(z,u;)) <0, Vu; €U,
1 =1,....m

= Want to transform it to a tractable convex prob.

Three Assumptions Ben-Tal & Nemirovski [*98], Goldfarb & lyengar [‘03]

(1) f(x,w) is convex quadratic in terms of .

llllllllllllllllllllllllllllllllll

.

L 4

lllllllllllllllllllllllllllllllll

(2)Uncerta|ndata|smearwrtu .............. u
Q(u) = Qo + 32 Q;u;
v 3 = g0 2

(3) U, is a finite set, its convex hull or ellipsoid. 24




Difficulty of Solving Problems

Assump.
v 1/ is an ellipsoidal uncertainty set

v’ Uncertain data is linear with respect to u € U

a(u) =ag+ ) au;, F(u)= Fgy+ Zqu@

. O
®Robust LP — Second-order Cone Programming (SOCP)
®Robust SOCP —  Semidefinite Programming (SDP)
®Robust SDP — X

Approximately solved by SDP
\ PP y y -

25



Tips on Formulation of Robust Optimization

With robust optimization ... ..
v" How to express uncertainty data is important!
v" There is a great limitation on its expression

* Uncertainty data is linear w.rt u .

* The range for U is an ellipse, etc.

If these conditions are satisfied, a RO problem can be converted
to a tractable problem.

In the case where the condition is not satisfied

=) stochastic approach by sampling a finite number of
constraints among infinitely many constraints

26



Contents

@ Stochastic Programming

v'classical framework for modeling optimization problems
involving uncertainty (studied since the 1950's).

v"assuming that probability distributions are known
v'relation to robust optimization



Stochastic Programming

Uncertain Optimization Problem: T U, U
:rUnEIE]( f(x,upg) s.t. g(x,u1) < 0| :uncertain data

KStochastic Programming Dantzig ['55], Beale ['55]
Assump. :
Prob. distributions of U, U1 are known. p(ug)
_ I density func.
ex.1) min Eouolf(x,up)] /\
s.t. Fy,lg(x,ui)] <0 o

ex.2) Chance Const.(Probabilistic Const. ) Charnes & Cooper ['59]
Pry, (g(xz,u1) <0)>1—c¢

28



Examples of Another Risk Measure

Rockafellar & Uryasev ['02]

Instead of “Expectation” risk measure “CVaR" is often used.

min: Eu[f(az u)] E>> mln_qbﬁ(az)

1=, CHTT

'CVaR (Conditional Value-at-Risk) : ¢ ()

~

)

Conditional expectation of f(x, u) exceeding 3-quantile cvg(x
density function cdf
0.2 - - 1
0.15 :$h Risk | 88 - ——
0.1 | | 0.5l

5

|
|
_ |
|
¥ | f(x,u)
S T



Definition of Conditional Value-at-Risk (CVaR)
Rockafellar & Uryasev ['02]

B €(0,1) | random vec.
ap(z): fVaR (= ﬁ'q”a"t"e)_} of the loss /(. u; associated

¢g(x): p-CVaR with a decision

'Conditional expectation of f(z, u) exceeding 3-quantile 045(2@
1
pp(x) 1.3 f(z,u)p(u) du
S J () 205 (@) density-funetion—
4 . ~\ 0.2
ag(x) € argmin Fg(x, ) | p(u)
84 .
¢p(x) = min Fg(x, o) 0.1]
& ﬁ = ﬁ 7 J 0.05
Fg(z,a) |




CVaR for Discrete Distribution

When random variables follow a discrete dist. or normal dist.,
CVaR minimization can be tractable.

ex.) Forsome B € (0,1) and ¢, N Rockafellar & Uryasev ['02]
, 1
pp(x) = min « + 1-3 sz'[f(a?,ui) —a]”
Histogram of
f(x,u;),
=12 ...

ncy
o~ ,

For the finite support:
U={u,...,uy}
Pr(u = uw;) = p;

31



Tractable Form for CVaR Minimization

Rockafellar & Uryasev ['02]

mip 45(a)

S.t. f(a:,uz) —a—z; < O, V1
z>0, xelX

If f(x,u;)isconvexin 2 and X is a convex set,
this is a convex optimization prob.

32



ncy
o~ ,

f(wa ui)v

Parameter 3 of CVaR B € (0,1)

'CVaR (Conditional Value-at-Risk) : ¢5 () X

Conditional expectation of /(. ) exceeding 3-quantile Ozg(atz

traditional stochastic program.

8 —1
ngh Risk

iy g @)

¢ ()
p LZ robust optimization

Histogram of

=1,2,...

[

33

5 -quantile: aﬁ(aﬁ) fz. )



CVaR for Normal Distribution ;. , ;)
'CVaR (Conditional Value-at-Risk) : ¢35 () \
Conditional expectation of f (=, u) exceeding 3-quantile cvg ()

.......................................................................  densitv func.
Random varlable U ~ N ( 2) e”Z' y func
T p( ) High Risk

—u'x+ CVzTSx



Probabilistic Constraint
Pry(g(x,u) <0)>1—¢

ex.)
Pry(u'@ <b)>n (=FL1n>05)

Under the assump.: u ~ N, (u, )

Py u'r—u'x o b—u'x
N S Vz'Yr  Vz'ix
\ ~NT0,1)
=) b—u @ > (13_1(77) [(I)(z) > cumulative dist.
'Y - 1-quantile func. (cdf) of A'(0,1)

T . o second-order cone constr.
& u'z+o ' (nls x| <0 5




Relation to Robust Constraint
Probabilistic Const.

Assump.: 1, ~ N, (1, X))

Pro(u' ©<b)>n 4 g z+ o (n)|S 22| <b

|
obust Const. \

Assump.: w € U = {a + %0« ||v|| < 71 (n)}

max u' x <b
ucl

=) ' x+ max z 21/ 2y < b

v:ilv||<P~1(n)

—u'x + & (n)| B x| )




Stochastic Interpretation for Uncertainty Set
Assump.. 1 ~ N, (10, ) S

Pru(ule<t) >y Redlonofbiodsmpigs

Assump.. uw € U :{’& +xV 2 vl| < @7 (n)}

chi-squared distribution
with » degrees of freedom

L00F, (2 (n))*)%
data are covered

S
AVt VI
oSS
SoS S

"\\\:‘{
TS S
AR N
RN S e,
P

s
-

U truncated normal dist. 37



Two Optimization Methods under Uncertainty

min f(x,ug) s.t. g(x,uq1) <O
reX

N

Probabilistic Const.
Assump..

Robust Const.

Uup, Uq
: uncertain data

Assump: uw € U = {u + 220 : ||v]| < 27 1(n)}

Boundary between two methods is getting blurred.

Recently, studies on robust optimization using “probability”
are increased e.q. for setting the uncertainty set /. -




Stochastic Approach for Robust Optlmlzatlon

Among three assumptions for tractable robust optimization,
i (2) Uncertain data is linear w.r.t U

: (3) U is afinite set, its convex hull or ellipsoid

! can be removed.

N
uy,...,uN:randomly generated following the distribution on {/

9 ‘ Solve a relaxation problem having a finite number of const. y

Calafiore & Campi [05]

Want to estimate the sample size N to obtain
a relaxed solution with theoretical guarantee.

39



How to determine the sample size N

uy,...,u Nl'l'\q P (Assume the probability distribution on /)

i Randomly generated relaxation problem (SCPy):

: min ¢ 2 s.t. f(x,u;) <0, i=1,...,N_

i S ~
Optimal sol. of (SCP\): & |

Criteria for deciding V: f robust Op%

—

- Allow Z 5; to violate some ratio of constraints: —
V(zy)=Plucl: f(Ey,u) >0} <e M\
Calafiore & Campi ['05, '06]
- Allow some amount of constraint violation for & v :

max f(zy,u) < e Kanamori & Takeda [12] 40
ueu



Evaluation for Sample Size

@ 2 1 on 2 O
WG i) 6= e " A ar —— 10— Calafiore & Campi ['06]
N "N N—i
N(e,n) :=min<{ N € N | 2 . e'(1—¢) < 7
" = Campi & Garatti ['08

Theo. (Calafiore & Campi ['05,’06], Campi & Garatti ['08])
Llet e € (0,1), ne (0,1).
The optimal solution z ; € R™ of (SCPy) generated with
N > N(e,n) samples satisfies V' (z ) < e with
the probability at least 1 — 7, that is,
PN{V(@y) <e}>1—1
[e—>0,77—>0 E> N(e,n)—>oo]

Violation probability: V() = P{u e U : f(Zy,u) >49}



A-priori | A-posteriori Evaluations

( A-priori Evaluation ) Takeda, Taguchi & Tanaka ["10]
(construction of

€ € (07Q(B))7 n € (071)7 N 2 N(ean) functionqis
= — key id
ﬁﬂ Optimal sol.  of (SCP )satlsﬂes ‘ a key dea)

------------------
0‘ .‘

---------------------

ettt mdependent from &
: ( A-posteriori Evaluation ) |

‘ Optimal sol. N of (SCP), N > 0, satisfies ‘
5€(0,B], ne(0,1), M> M(5,n) =

Inn
In(1 —q(4))

Ty,...,ay ~ P

e ————— dependingon Z py |
PM max f(Z, u) <i max_ f(Zn,8;) + 0. =




Various Research Directions

Original Form of Robust Opt. Stochastic Approach
Soyster [73] Calafiore & Campi [‘05,°06]

\

Establishment of Robust Opt. | | Appllcat|on to Finance,
Ben-Tal & Nemirovski [‘98,'99] i Machine learning,
Energy System, etc.

Conditions for Tractable Robust Opt.
Goldfarb & lyengar [03]

Extension to Multi-period Model
Ben-Tal, et.al. [‘04]

43
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Optimization Techniques in ML

® There are trends in optimization techniques used in ML
v’ semidefinite program
v’submodular optimization
v'first-order methods such as APG, ADMM, etc.

@ Stochastic Program. and Robust Optimization are not
popular in ML
v'but they are implicitly used.



Contents

® Provide a view based on Robust Optimization for various
Binary Classification Models including
v'Support Vector Machine (SVM),
Minimax Probability Machine (MPM) and

Fisher Discriminant Analysis (FDA), etc.

®Provide a view based on Stochastic Programming
v'v-SVM & Ev-SVM =2 Generalization Bound
v'"Minimum Margin MPM



Application of Robust Optimization to ML

v" Introducing the work of Xu, Caramanis and Mannor [2009]

v" Showing a unified view for various ML models such as
SVM MPM, FDA, logistic regression.

We use robust optimization techniques in a different problem setting




Binary Classification Problem

/Find a decision function f(z) =@ '= +b
based on given training samples (z1,y1),- -, (Tm, Ym)
to correctly classify new samples.

insulin
EX.) diagnosis of diabetes
r, € R <=medical ‘y
examination |
y; € {+1} <= tested Label??

positive/negative _|

. iv\T:ci+/b\> O
i€ M :={1,2,...,m} blood pressure



Hard margin SVM (support vector machine)
Boser, Guyon & Vapnik [‘92]

Linearly Separable Maximize the minimum
a ' dlstance to the hyperplane —

w#0,b 12=1,....m .
j— regularization penalty
A ETIRTE)
min ' s|lwi||l“i
w,b allwll”

S.T. yi(’wTCBi -+ b) > 1
1 =1,...,m

Minimizing a regularization penalty
-~ enhances generalization performance
(prediction accuracy for test dataset)




C-SVM

Cortes & Vapnik [*95]
C 1, m N
penalized samples mlIJnZ §Hw|| @ Z; <
yi(w'x; +b) >1—2z, (ieM)
z>0 .

Two conflicting goals
{ ®minimizing training error

®minimizing a regularization penalty

- the trade-off between these goals
is controlled by C




v-SVM

Scholkopf, Smola, Williamson & Bartlett ['00]

penalized samples C is replaced by an intuitive parameter v
e m I

1 1
i 5l —VPJFEZZZ

1=1
I ost. yi(w'z;+b)>p—2; (€M)
: >
AN y

1
»C-SVM with ¢ = —— <> v-5VM

mp
»margin is nonnegative : p* > (

g 5 »admissible values of v are limited
fw.acz—l'-[)>0/ ; (I/E(Vmin,VmaX]g(Oal])
.................... Margin.= p > 0 opt. solution for small v



Extended v-SVM (Ev-SVM)

Perez-Cruz, Weston, Hermann & Scholkopf ['03]

4 . 1 N
WHE, TP 2

st yi(w'zi+b)>p—2, (i€ M)
N z2>0, w'w=1 Y

Nonconvex optimization
® The margin p™* is negative for v € (0, vininl-
® A non-trivial solution is obtained even for the range.
® The same optimal sol. with v-SVMfor v € ( v, ,i,, Ymax ]
® An iterative algorithm was proposed for a local solution.



Advantage of Extended Range of v

24.0%

dataset: diab_etes

-4 23.5%

good prediction with Ev-SVM

1 23.0%

1 22.5%

admissible | =%
I’, )
o] p o~
on.. //, V= U 1 21.5%
Perez-Cruz, Weston, Hermann & Schoelkopf (* D3) o o

0.46 0.48 050  0.52 054  0.56 058 0.60 v



Uncertainty in Dataset

(Bi & Zhang ('04), Shivaswamy et al. A
(‘06), Trafalis & Gilbert ('06), etc. applied
robust optimization to handle uncertainty

__In observations. Y

x! — x; + Az,
Ax; € U; 1= {Ax; : ||Azl| < o}

Instead of the deterministic constraint;] @ '=; +5> 0
yi(w 'z 4b) > 1 — 2
m N
lw|]? 4+ C > Robust C-SVM model
i=1
s.t. -, min, yi(w' (zf + Ax;) +b) > 1 — 2,
\_ 2; 20, 1=1,...,m — Second-order cone program

4 1
min —
2




Regularization = Robustness

Regularization penalty

v

Xu-Caramanis-Mannor [ ‘09]
y= -

~ m N L
min  dl|w] + Y z w & +5<0
w,b,z —1 A
S.t. yi(szvf +b) >1— z,
L % >0, i=1,....m o B
]
Equivalent l

Remove ‘regularization”

min S - yi(w e + 0)]F

w.,b

1=1 Consider “robustness”

r ~ n
min max 1— JAN b
I (Aml’ O YeU Z;[ yz{w (xf + Ax;)+b}]

= {(Axq{,...,Axy) : Z |Ax;|| <6} .
1=1




Robust Classification Model (RCM)

Takeda-Mitsugi-Kanamori [ “12]

Max-min form. finds a robust solution with
the best worst-case performance.

RCM:  max min (xy —x_) w
|lw||=1 TyeU,x_€el_

Uncertain Inputs

v X4, : representative points (or means) of each class.

v Uy (resp. U_) : setof possible points 4 (resp. x_)
for each class, called uncertainty set.

v w s optimized under the worst-case vectors =7, .

v’ b is determined by using «’ andz* ;
e.g., so as to go though in the middle of 7, and =~ .

13



Examples of Uncertainty Sets

U and {{_ are defined with training samples in each class.

- Reduced convex hull (RCH) with param. « :
: K € [mi’ ll

-

o e A=1,

U, = Z)\im@-. 0 x<re (
’I:EM_|_

a set of discrete distributioﬁs
M : index set of samples with label +1

Ellipsoid with param. « :
Uy = {@ + 2w ful| <k}

using sample mean : Ty, T
sample covariance : > 4, 2 —
of samples in each class. 14




Intersecting or Non-intersecting Uncertainty Set

RCM:  max min (xg — r_ ) w
lw=1 T4y, @l

/~ Two uncertainty sets do not intersect.
B [|w| = 1 is replaced by ||w|| < 1.

min T, — I_
» CI3.|_EZ/{_|_,CU_€Z/[_|| + ||

\__ Optimal solution: w = &% — 2,

—> RCM is a convex problem.

[ Two uncertainty sets intersect.
®» |w|| = 1 isreplaced by|lw]| > 1.

—=> RCM Is a non-convex problem.
RCMs with specific sets U4+ are reduced to well-known models. 1




Correspondence to Existing Classifiers

Uncertainty Intersecting They touch externally | Non-intersecting
sets

Ellipsoid 1 : No corresponding  Minimax Probability Minimum Margin-MPME

model Machine (MPM) Nath & Bhattacharyya *
IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIE?pIcIk!iIeItIeItIaII;S,IOIZ)IIII!,IOI7)IIIIIIIIIIIIIIIIE
Ellipsoid 2 : No corresponding  Fisher Discriminant Sparse Feature

model Analysis (FDA) Selection

Fukunaga ('90) Bhattacharyya ('04)

.R.e.d.tl.c.e.d...... .é;,:év.M...............&Fr.]i.r:................v.-.S.V..M....(.:.é:S.V.M.)...E
convex hull : | Perez-Cruz et al. (‘03) Crisp & Burges (‘00)  Scholkopf et al. ('00) :
Convex hull : Hard Margin SVM

vV — 00 Boser et al. (‘92)




What Can We Achieve from Robust-Opt View?

We could give an unified interpretation as robust optimization
for some existing classification models.

v" Main difference of those models is in the definition
of their uncertainty sets for the mean of each class.

v New models can be available by defining new uncertainty sets.

v" The parameter range can be extended so that the intersection
of two sets are allowed.

v" Unified solution method based on APG is applicable to
convex models (nonintersecting cases).

17



Correspondence to Existing Classifiers

Uncertainty Intersecting They touch externally | Non-intersecting

sets

Ellipsoid 1 : No corresponding  Minimax Probability Minimum Margin-MPM
model Machine (MPM) Nath & Bhattacharyya
IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIE?plclk!ileltleltlall;s,lolz) | N |
Ellipsoid 2 : No corresponding  Fisher Discriminant Sparse Feature
model Analysis (FDA Selection
Fukunaga #90) Bhattacharyya ('04)
IRleall;cleldllllll EV-SVM I&;rl]illl EEEEEEEEEEERN -SVM (=C-SVM)
convex hull : | Perez-Cruz et al. (‘03) | Crigp & Burges (.08 cholkopf et al. (’00
N :
anuarv.hull: ard Margin SVM

Analyze these models Boser et al. (‘92)
by stochastic programming approach |




Contents

® Provide a view based on Robust Optimization for various
Binary Classification Models including
v'Support Vector Machine (SVM),
Minimax Probability Machine (MPM) and

Fisher Discriminant Analysis (FDA), etc.
®Provide a view based on Stochastic Programming

v'v-SVM & Ev-SVM - Generalization Bound
v'"Minimum Margin MPM

19



v-SVM & Ev-SVM (dual form.)

Robust Classification Model

+

{ If two RCHs do not intersect (with large v) ®p v-SVM
If two RCHs intersect (with small v) @ Ev-SVM

Reduced convex hull (RCH) with param. v :
e'ld=1

Uy = A Z)xz'atz'i 0
(&M OS)‘J

\

K

Shrunk polytopes toward the centers
by increasing v.

20



v-SVM & Ev-SVM (primal form.)

max min

Robust Classification Model

(x4 — r_)w

Two RCHs intersect.
Nonconvex Program

¢’ RN

|wl=1 T4ely Tl
|w]] > 1 — |lw]| <1

Two RCHs do not intersect.
Convex Program

v=0 | | 7 min(my,m_)
CVaR M|n|m|zat|on?7 R
Perez-Cruz, Weston, choelkopf, Smola,
@V'SVM ) Hermann & Schoelkopf (‘03 (V'SVM ) Williamson & Bartlett (’00)
s . - 2 .
B, i, gl o+ 23
S.t. zz—l—yz(w :Bz—l—b)—pZO, s, zi+yi(w! a:z—l—b) p>O
1=1,...,m, 1 =1,.
K 2>0, w'w=1 /\ z>0-77+9— 21/




CVaR of Distance 4

For a hyperplane:
w'x+b=0
compute the signed distance (score)
from a point a; to the hyperplane
for all training samples by

2

Minimize CVaR ¢g(w,b) with 3 =1 — v = hyperplane of
using g(w, b; &;,y;), i =1,...,m (E)v-SVM




CVaR Minimization for Classification

v'"Minimize CVaR ¢g(w, b) with =1 —v
and Pr((z,y) = (x4, y:)) = m

by 1

m

: i e ane ) — al
min o+ — 3 [g(w, b @i, yi) — o]

1=1

1

frequency prob.

0

M -]

. ® high risk of misclassification

p—quantile: oz(w, b)




If ¢1-, >0 / variable: p = —«

New interpretation for Ev-SVC

m

1

2

1=1

min o + —
x,b,a mruvr

\If ¢-, =0

\

K Perez-Cruz, Weston, Schoelkopf, Smola,
(EV SVM ) Hermann & Schoelkopf M(V'SVM ) Williamson & Bartlett ('00)
. 1 1 1 &
min —vVp+ — 2 ' " — — ;
w.,b,z2,p P m ; wr,rl},l,g,p EM\f\ P T m z; y
> 1=
1= yoeey 1T, 1 = ,...,Th\,&
220, wiw= A 220, ww<l
— - ~ Isclassification
’ T arain of Evgh \ bad saripl
- margin of Ev-SVC in_ad SartpIes
knegative margin€>» a1 _,, > O; o> VS
0 al-vK 1=y ¢



Three Cases depending on v
If ¢1-v >O

If ¢1-v éO

-
Perez-Cruz, Weston,
(EV SVM ) Hermann & Schoelkopf (‘03

Nonconvex Problem

(v-SVM)

N

Schoelkopf, Smola,
Williamson & Bartlett ('00)

Convex Problem

\ \ — P
( ) i
Margin: |
X :
kp - _al—VJ 1.5l i .
Ev-SVM with Ev-SVM with v-SVM with
negative margin posmve margin posmve mclrgin
_T 25

0

0.

2

0.

4

1%

0.

6
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Generalization Error Bounds

New generalization error bounds of Ev-SVM include \
the CVaR risk measure W error rates for test (new) samples

=» Minimizing the CVaR lowers the bound
\_ 2 ltjustifies the use of Ev-SVM & v-SVM

llllllllllllllllllllllllllllllllll
*

» ;~Density case 2. : Density
0
B

Nonconvex Program (Ev-SVM) Convex Program (v-SVM)
¢1_,/(’w*,ﬁ>3 >0 ¢1_,,(’w*,b*) <0

]|( ) | 26
v =0 e v =1




Generalization Error Bound (case 1)
Takeda-Sugiyama [ ‘08]

‘Theorem : (case 1) ‘

For a feasible sol. (w, b) of (v=-SVM), the inequality: 002 i,
4 B; A
( generalization error with f(x) = w'x+b ) —"]'%..O AS

Q1.+
5 .

< v+GEo ) < v+G(ouwb)

G(y) := \/2 (462(1 T Bi)” 1o, (2m) — 1 + log (%))

m 0%

.

G(p") is used for (v-SVM) in Schoelkopf, Smola, Williamson & Bartlett ('00)

holds with probability at least 1 — 0

=» CVaR min. gives an opt. solution which minimizes the bound.
= v-SVM s reasonable.

27



Generalization Error Bound (cases 2&3)
For a feasible sol. (w,b) of (Ev-SVM)

?generalization error with f () = w ' = + b)\
S VvV + G([Ql—l/(wy 5})

\. J

m v?

G(v) = \/2 (462(1 + BR)’ log,(2m) — 1 + log (

For a feasible sol. (w,b) of (Ev-SVM) fD

((generalization error with f(x) = w "z + b) )_ﬂé -y}
> v—Gloa_(w,b)) ;)
This bound is upper -bounded as

\ vV — G(al—l/(wab)) S v—G ¢1—1/(w7b ) /

28



(E)v-SVM (classification method)

CVARMIN:| - min —p+ —— % [g(w, byas, yi) + p]*
'O, P ie M ( - N b)
o oy YWy
Stochasti¢ Programming g(w, b2, yi) = w]]
_[ : 1 & | Perez-Cruz, Weston,
(E)v-SVM: wez, P i m ; % Hermann & Schoelkopf (‘03)
S.t. z¢+yi(wTa}i+b)—p20, 1 € M,
9 2>0, ww=1 (orw'w<1)
Robust Optimization t by taking dual w.rt.b, z, p

- T
RCM: max min (xy —x_) ' w
Mo @y adheoeu Tt

2
Uy = Z)xiwiieTAZLOS)\Se}

i€ My Vi 29




Ellipsoidal Uncertainty Sets

Robust Classification Model

max min (x4 — r_)w
||’U)||:l -’L‘_|_€U_|.,£L‘_€Z/{_

e Using sample mean P B
O : ,
> . sample covariance ; >, > —
of samples in each class, let
: 1/2
: . Z/{_|_:{az_|_—|—Z/ :||u||gﬁ;}
e o b w={a 4wl <n},
ER I 5N

min k| 2w + k| = 2w]| - (24 - 32) Tw

Jw][=1

[H’wH = 1 can be replaced by |[w|| < 1 when Uy NnU_ = ¢ _]30




Equivalence to Maximum-Margin MPM
Robust Classification Model (non-intersecting case)

min k|| %ew|| + sl =/

|w][<1
&
o — =
Maximum-Margin MPM
1 Nath & Bhattacharyya (’07)

. 2
min —||w : o g
w,b 2 [l Worst-case misclassified probabilities

S.t. sup Pr{mlw +b< 1} <n
B (g Ty ) e <—L
- -

Using generalized Chebyshev-Cantelli inequality,

wl| - (@4 —3)Tw

1 —
slw+b> 1+ — |} w]
gmTnnm T] )-,‘-
Ty x_ random vectors from each of two classes with :

means and covariance matrices given by (z4,> ) and (Z_, X _ )

--------------------------------------------------------------------------------------------------------------------




Stochastic Problem under Normal Distribution

1/2

Robust Classification Model with Uz = {Z+ + £/ : [Ju|| < &}
max min (x4 — r_)w
[l <1 @ ethy @-eU-
_ 1=
/miﬂlll’wHQ S\ . w+b>1+ 1_—77H21/2 |
w,b 2 x—l_w T 77 + w
S.t. sup Pr{wlw +b< 1} <7y

w-i-N(iE-l-aZ-l-) ....................................
sup Pr{z'w+b> -1} <np

NEEEELCERD The worst-case prob. distribution is considered
k= '(1—n) in Nath & Bhattacharyya ('07)
Under the assump: =z, ~ N, (z,,%,) |
Prizlw +b<0} <7 ®(z): cumulative dist. }
> func. (cdf) of V' (0, 1)

Zlw+b>1+3 (1 —n)|=w] | %




Conclusions

» \We provided new views based on Robust
Optimization / Stochastic Programming for existing
machine learning classification models (SVM, MPM,
FDA and their variants).

» We could evaluate generalization bounds from the
viewpoint of SP and propose an efficient algorithm
from the viewpoint of RO.
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Summary

® The first textbook on Robust Optimization appears in 2009.
Ben-Tal, El Ghaoui & Nemirovski ['09]

®Robust optimization techniques are used in various research areas.

v'The preface of the book briefly mentions the relation to
Robust Control (H., Control), Robust Statistics,
Machine learning (SVM), etc.

®Recently, studies on robust optimization using “probability”
are increased. The robust optimization research is still developing.
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