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Minimization and Convexity
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Convex Function
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Five Properties of “Convex’ Functions

1. convex extension

. local opt = global opt

. conjugacy (Legendre transform)
. separation theorem

o & WON

. Fenchel duality



Cl.

Univariate
Discrete Convex Functions

(Ingredients of convex analysis)



Definition of “Convex”

Function

f:7Z—R

R=RU {+o0}

fz —1) + fz+1) > 2f ()

<~ f(x)+f(y) > f(x+1)+ f(y—1)

<~ f IS convex-extensible, I.e.,
3 convex f:R s R s.t. f(z) = f(z) (Ve € Z)

(x < y)
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convex

non-convex




Local vs Global Optimality

f:Z

— R

T heorem:

z*: global opt (min)

<

z*: local opt (min)
f(2®) < min{f(z* — 1), f(=*+1)}

&\

N

convex

N /

A

non-convex




Legendre Transformation (Intuition)

Y1\ f(z) ' YN\ f(z)




Legendre Transformation (Intuition)

Y1 f@) ' v
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Legendre Transformation (Intuition)
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Legendre Transformation
f:7 — 7Z (integer-valued)

Define discrete Legendre transform of f by
f*(p) =sup{pz — f(z) |z € Z} (p € Z)

"
\&
R
T heorem:

(1) f® is Z-valued convex function, f®:7Z — Z
(2) (f*)*=f (biconjugacy)
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Legendre Transformation

f®(p) = sup{px — f(z) | x € 2}

WL

%

xXr £Zr
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Conjugacy for Quadratic Function

f@) = o

1
R: fo(p) = max{pz — 2° | 2 € R} = _p°

1
f”(az) — max{pa: - sz | p E R} — p2

7 $*(p) = max{pz — a2 | z € Z} = EJ . @

f*%(x) = max {pw — EJ : [Zﬂ | p € Z} — g2

14



Separation Theorem

f:Z—=R f(x) f(x)
convex y

h:7 —R p/\
concave h(a:) h(:z;)

Theorem (Discrete Separation Theorem)
(1) f(x) > h(x) (VMreZ) = Fa*eR, Ip*eR:
f(x) > o +p*a > h(z) (Vz € 7Z)

(2) f, h: integer-valued = a* € 7%, p*e€Z
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Separation Theorem

f(x) / p*

f:Z—R \
convex \
h:7—R /\

concave
/ \ h(x)

Theorem (Discrete Separation Theorem)
(1) f(x) > h(x) (VMreZ) = Fa*eR, Ip*eR:
f(x) > o +p*a > h(z) (Vz € 7Z)

(2) f, h: integer-valued = a* € 7%, p*e€Z
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Fenchel Duality (Min-Max)

f:7 — 7: convex,

Legendre transforms:

h : 7 — /Z: concave

f®(p) = sup{pz — f(z) | x € Z}
h°(p) = inf{px — h(z) | x € Z}

T heorem:

inf {f(z) — h(x)} = sup {h°(p) — f®(p)}

TrE/

pEL
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Five Properties of “Convex’ Functions

1. convex extension

. local opt = global opt

. conjugacy (Legendre transform)
. separation theorem

o & WON

. Fenchel duality

hold for univariate
discrete convex functions
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C2.

Classes of
Discrete Convex Functions
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Submodular Function R =R U {+o0}
Set function p:2Y — R is submodular

A XUY
p(X)+p(Y) 2 p(XUY)+p(XNY)

cf. | X|+|Y|=|XUY|+|XNY]

Set function «<— Function on {0,1}"

20



Submodularity & Convexity in 1980’s
p(X)+p(Y) 2 p(XUY)+p(XNY)

e Min/max algorithms
(Grotschel—Lovasz—Schrijver/ Jensen—Korte, Lovasz)

min = polynomial, max = exponential
e Convex extension (Lovasz)
set fn Is submod < Lovasz ext iIs convex
e Duality theorems (Edmonds, Frank, Fujishige)
discrete separation, Fenchel min-max

Submodular set functions
— Convexity + Discreteness
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Submodular functions and convexity athomtia

11th Math.Prog.Symp, Bonn, 1982
L. Lovasz '
Ebtvoés Lorand University, Department of Analysis I, Mizeum krt. 6-8, H-1088
Budapest, Hungary

- Convex functions joccur in many mathematical models|in economy, engi-
neering, and other sciencies. Convexity is a very natural property of various
functions and domains occuring in such models; quite often the only non-triv-
1al property which can be stated in general.

- Convexity is preserved under many natural operations|and transforma-
tions, and thereby the effective range of results can be extended, elegant proof
techniques can be developed as well as unforeseen applications of certain re-
sults can be given.

- Convex functions and domains exhibit [sufficient structure|so that a
mathematically beautiful and practically useful theory can be developed.

- There are theoretically and practically (reasonably) | efficient methods|to
find the minimum of a convex function.
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Set Function and Extensions
Set function <«<— Function on {0,1}"

p(X) = plxx)

Every set function p: {0,1}"* — R can be
extended to convex/concave function

convex ext ,  concave ext

Vo b

cf. Lovasz extension
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Five Properties of “Convex’ Functions

1. convex extension

. local opt = global opt

. conjugacy (Legendre transform)
. separation theorem

o & WON

. Fenchel duality

hold for sSubmodular set functions
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Classes of Discrete Convex Functions

1. Submodular set fn (on {0,1}"?)
1. Separable-convex fn on Z"
1. Integrally-convex fn on 7Z"

2. L-convex (Lfi-convex) fn on Z"
2. M-convex (MB-convex) fn on Z"

3. M-convex fn on jump systems
3. L-convex fn on graphs
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Separable-convex Function

f£:7" — R is separable-convex

<

f(x) = p1(z1) + p2(z2) + -+ + pn(zn)
;. univariate convex

N
N




Five Properties of “Convex’ Functions

1. convex extension

. local opt = global opt

. conjugacy (Legendre transform)
. separation theorem

o & WON

. Fenchel duality

hold for Separable
discrete convex functions
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Discrete Convex Functions

1. submodular

(set fn) v
1. separable
-conv v
1. integrally
-conv

2. L-conv(Z")

2. M-conv(Z")

3. M-conv(jump)

3. L-conv(graph)




Some History

1935
1965
1969
1982

1990

1996

2000

2006
2012

Matroid Whitney, Nakasawa
Submodular function Edmonds
Convex network flow (electr.circuit) Iri

Submodularity and convexity
Frank, Fujishige, Lovasz

Valuated matroid Dress—Wenzel
Integrally convex fn Favati—Tardella

Discrete convex analysis Murota
M/L/Mb /LY M.-Shioura, Fujishige-M.

Submodular minimization algorithm
Iwata—Fleischer—Fujishige, Schrijver

M-convex fn on jump system Murota

L-convex fn on graph Hirai, Kolmogorov
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Motivations/Applications/Connections

1. submodular

MANY problems
graph cut, convex game

1. separable-conv

MANY problems
min-cost flow, resource allocation

1. integrally-conv

economics, game

2. L-conv (Z™")

network tension, image processing
OR (inventory, scheduling)

2. M-conv (Z™")

network flow, matching
economics (game, auction)
mixed polynomial matrix

3. M-conv (Jump)

deg sequence, (2-)matching
polynomial (half-plane property)

3. L-conv (graph)

multiflow, multifacility location

30



Integrally Convex Set cZ7Z»

®

YES

®

NO

e

NO
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Integrally Convex Set

B

YES NO
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Integrally Convex Set

V.
ﬂ\

°
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Integrally Convex Set

B

YES NO

>
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Integrally Convex Set

B

YES NO
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Integrally Convex Function
(Favati-Tardella 1990)

N(z) ={y € Z" | [z — ylloo <1}  (z € R")

kg

Local convex extension:

f(z) = 211(13{(1),33) +a | {p,y)+a< fly) (Vy € N(z))}

~

Def: f is integrally convex <—- f is convex

Ex: f(x1,x2) = |1 — 2x2| is NOT integrally convex

f|:1 - ~
f=0 T) =
282(1,1/2) i() 1
f=0 =1 f(x) =0

36




Five Properties of “Convex’ Functions

1. convex extension
2. local opt = global opt
3. biconjugacy (Legendre transform x2)

hold, but

3. conjugacy (Legendre transform)
4. separation theorem
5. Fenchel duality

fail for Integrally convex functions
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Discrete Convex Functions

1. submodular

(set fn) v
1. separable
-conv v
1. integrally
-conv v

2. L-conv(Z")

2. M-conv(z")

3. M-conv(jump)

3. L-conv(graph)




Classes of Discrete Convex Functions

f:Z" - R
/ convex-extensible N
"~ integrally convex h
4 Mb-convex |
a separable
_ convex y
0_
. It convex ) )
N %

Mh M Lh — separable
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C3.

L-convex Functions

40



L-convex Function (L = Lattice)

M ta 98
g: 2" — RU{+oc} q p(\/;roa )

pVq compnt-max N

p/A\q compnt-min <

e p

PAq
Def: g Is L-convex «—
e Submodular: g(p) +g(q) =2 g(pV q) +g(p A q)
e Translation: 3r, Vp: g(p+1) =g(p)+r
1=(1,1,...,1)
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Li-convexity from Submodularity
(Murota 98, Fujishige—Murota 2000)

g:7Z" 5 R Li-convex «—

g(pg,p) = g(p — pol) IS submodular In (pg,p)

g:Zznt1 R, 1=(,1,...,1) o
L o L R d e o PV4a
gp)+g(@ =>2gm®Vag +gmAQ)
e oD
PAQ
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Li-convexity from Mid-pt-convexity

(Favati-Tardella 1990, Fujishige—Murota 2000)

Mid-point convex (g: R™ — R):
9(p) +9(a) > 29 (P9)

Discrete mid-point convex (g:Z™ — R)

p—

9(p) +9(a) > g (|259]) +9 (|25

LI-convex function

(L = Lattice)
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Mid-pt Convexity for 01-Vectors

p+ql
q |V——‘ =pVgq
For p,q € {0,1}"™ 2

p

P49 = pAag

Discrete mid-pt convexity:

9(p) +9(a) > g (| 242|) +9 (|242))

<— Submodularity:
gp)+g(q) 2g(PVaqg)+gPAaq)
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Translation Submodularity (L¥%)
g(p) +9(q) 2 g((p—al)Vaq)+gpAN(q+al))

o (a > 0)
D
q + ol /
¢ o = 2
* p—ol /
d  transl submod q mid-pt convex

p
gd(po,p) = g(p — pol) is submodular in (pg, p)

) (Fujishige-Murota 00)
< translation submodular

) ] (Fujishige-Murota 00)
& discrete mid-pt convex

(Favati-Tardella 90)

\@ submod. integ. convex
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Rem: Li-convex vs Submodular

WS

Fact 1: Every g: Z — R is submodular

Fact 2: g:7Z — R is Li-convex
<~ gp—1)+g(p+1) > 2g(p) for all p € Z
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Typical Lf-convex Function: Energy Function

;1 given
V;(p;) = a;i|p; — 777;|2 Oy O >0

/

V;i(p; — Pj) = a;;|p; — pj|?

g(p) = Z ;i (ps) + Z V;i(Pi — Dj) is L%-convex
17

Y, ;5 any univariate convex functions
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Li-convex Function: Examples

Quadratic: g(p) = ZZaijpipj is LI-convex

< a;; <0 (¢ #3), Zaij > 0 (V7)

Energy function: For univariate convex v; and ;;

g(p) = Z Vi (p;) + Z "Pzg (p; — )
17
Range: g(p) = max{p1,p2,...,pn} — min{p1,p2,...,pn}

Submodular set function: p:2Y - R

& p(X) =g(xx) for some Li-convex g
Multimodular: h :Z™ — R is multimodular <

h(p) — g(plapl + P2y P1L+ 000 pn) for Lh—convex g
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Five Properties of “Convex’ Functions

1.
. local opt = global opt

o & WON

convex extension

. conjugacy (Legendre transform)
. separation theorem
. Fenchel duality

hold for L-convex functions

= Part 11
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L-convex Function on Graphs

’/"/’p/(Hirai 12)

integer lattice oriented modular graph

direct product of trees:

(Kolmogorov 11)
(Huber-Kolmogorov 12)




Mid-point Convexity on Tree Products

4 (Hirai 13,15)

L-convex
| (def)
mid-point convex

T
¥t
[T~
=ty Y

=
F@) + ) > £ (| Z52]) + 7 (| 252))

e submodular on (rooted) trees (Kolmogorov 11)
e k-submodular (Huber-Kolmogorov 12)
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C4.

M-convex Functions
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Mi-convexity from Equi-dist-convexity

(Murota 1996, Murota —Shioura 1999)

Yy ZI,‘, —
Yy y, 33,213
Equi-distance convex (f : R" — R):

flz)+ f(y) = f(z—a(z—y)) + f(y+ a(x —y))

—> |[Exchange (f :Z" — R)| Vax,y, Vi:x; > y;
f(x)+ f(y) > min [f(z —e;) + f(y + e;),

m<in.{f(w — e; + ej) + fy+e; — ej)}}
Lj<Yj

MP-convex function (M = Matroid)

53




M-convex Function (M = Matroid)

f:Z" 5 RU {+o0} ]

(Murota 96)

e:: 1-th unit vector yl

1" ®

Def: fis M-convex

<~ Ve,y, Vi:x; >y, Elj:w-<yj:

J

5T

f@)+ fy) = flx—e; +e)+ f(y+e; —ej)

dom f C const-sum hyperplane

Mn—l—l = ME% 2 Mp
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Mi-convex Function: Examples

Quadratic: f(z) =Y a;jz;z; is Mi-convex

< a;; >0, a;; > min(a;; ajr) (Ve € {2,7})
Min value: f(X) =min{a; |2 € X} [unit preference]
Cardinality convex: f(X) = ¢(|X]) (¢: convex)
Separable convex: f(x) = Zgoi(wi) (p;: convex)

Laminar convex: f(z) =) @a(x(A)) (pa: convex)
A

{A,B,....}; laminar & ANB=0oc ACBo ADB
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Mi-concave Functions from Matroids

Matroid rank: f(X) = r(X) (rank of X) (Fujishige 05)

Matroid rank sum: f(X)= » a;r;(X)
r; < ri11 (strong quotient), «; > 0 (Shioura 12)

Weighted matroid: w: weight vector
f(X) =max{w(Y) | Y: indep C X} (Shioura 12)

Valuated matroid: w:2Y = R
& w(X) = f(xx) for some M-concave f
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Matching / Assignment

U Vv X ={uy,u2} X ={u,uz}
u1 V1 (78] s V1 u1 V1
U9 (0p) u2 U2 u2
us v3 v3
s g M, M,y
Max weight for X C U (w: given weight)

f(X) = max{ Z w(e) | M: matching, U NoM = X}
ecM

Max-weight func f is Mfi-concave (Murota1996)

e Proof by augmenting path

e Extension to min-cost network flow
57




Polynomial Matrix Dress-Wenzel 90)
aluated Matroid

s+1/s/1]0
A = J) = degdet A|J
FLETY w(J) = degdet ALJ]

B={J|JIs a base of column vectors}

Grassmann-Plucker = Exchange (M-concave)
For any J,J' € B, 1 € J\ J/, there exists j € J' \ J
s.t. J—i1+53€B,J +1—3€B,

w(J)+w(J) <w(J —i+j)+wlT +i—7)

Ex. J={1,2}, J =1{3,4}, i=1
det A[{1,2}] =det A[{3,4}] =1, w(J)=w(J) =0
Cantake 5 =3: J—i+j5=1{3,2}, J'+i—j5={1,4}
wJ—1+7) =1, w(J' +1—3)=1
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Five Properties of “Convex’ Functions

1.
. local opt = global opt

o & WON

convex extension

. conjugacy (Legendre transform)
. separation theorem
. Fenchel duality

hold for M-convex functions

= Part 11

59



Five Properties (Summary/Preview)

convex | local opt/ | Legendre | separat. | Fenchel
ext. global opt | biconjug. | theorem | duality
submod. Y Y Y Y Y
(set fn)
separable Y Y Y Y Y
-convex
integrally Y Y Y N N
-convex
L-convex Y Y Y Y Y
(Z™)
M-convex Y Y Y Y Y

(Z")

60




Books (discrete convex analysis)

2000: Murota, Matrices and Matroids for Systems

Analysis, Springer

2003: Murota, Discrete Convex Analysis, SIAM

2005: Fujishige, Submodular Functions and
Optimization, 2nd ed., Elsevier

2014: Simchi-Levi, Chen, Bramel,

The Logic of Logistics, 3rd ed., Springer

-
Submodular
Kazuo Murota DISCRETE CONVEX ANAINSIS AAS - Functions
20 — . oscrere and
T vt WAHBMATSS  Optimization |
Matrices and °8  Second Editon
Matroids for =

Systems Analysis

Kazuo MuroTa
SATORU FLUESHIGE

SIAML  wonmgrspin e i Waibcmaiios sod Applicsinn.

Font e g

David Simchi-Levi
Kin Chen
Julien Brame|

The Logic
of Logistics
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Survey/Slide/Video/Software

[Survey]
Murota: Recent developments in discrete convex analysis

(Research Trends in Combinatorial Optimization,
Bonn 2008, Springer, 2009, 219—-260)

Murota: Discrete convex analysis: A tool for economics
and game theory. Journal of Mechanism and Institution
Design 1, 151-273 (2016)

[Slide]
http://www.comp.tmu.ac.jp/kzmurota/publist.htmIZ#DCA
[Video]

https://smartech.gatech.edu/xmlui/handle/1853 /43257 /
https://smartech.gatech.edu/xmlui/handle/1853/43258/

[Software] DCP (Discrete Convex Paradigm)
https://ist.ksc.kwansei.ac.jp/~tutimura/DCP/
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