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Random point fields revisited: Poissonian Fock
spaces, Gibbs measures, fermion (determinantal)
processes etc.
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Notations. For a polish space R,

C.(R) = {f € C(R)| compact support},
C’(R) = {Radon measures on R} D C.(R),

Q(R) = {¢ € C.(R)|integer-valued} (locally finite configuration space)

R:

U

ACR,compact

(1)

QA ={X= Z 0z lzi € R, n >0} (finite configuration space),
i=1

=Y J@) i €=)0. €Q(R).f € CulR),

. 1 o .
)\:Zm/\@@ (on R

n=0



X <= X(z) <{(x)(Vz € R),
&= Y Ox€QR) (lift of £ € Q(R) onto R).

XeR,X<¢
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2 Poisson measures: ERERD “ —#HoMm 7 LI EMN7?

Exc. Let f be a continuous function with compact support on the real line.
Show that

N o0
(i/ e_f(m)dm) — expp/ (e~ @ —1)dz
2L Ji—r, e

as L — oo and N/L — p > 0.

Definition 1. A probability Borel measure wy on Q(R) is called Poisson mea-
sure with intensity A € CL(R) if its Laplace transform is given by

/ ma(dE)e™ (&) = exp/ Mdz)(e= @ — 1) f € Ce(R).
Q(R) R

3 Gibbs measures: #ERRIBRRD “ —#&H0M 7 &(EAMN7?

Definition 2. (Dobrushin-Lanford-Ruelle) A probability Borel measure p on
Q(R) is called Gibbs measure with energy function U(X|E) if its conditional
measure is given by

P Fae)(€) = af e ()

if A C R is compact where Fac is the sigma-algebra genrated by the configura-
tions outside A¢ and

1 _ ~
qf ¢(dX) = o€ UXIE N (dX)
A€

with normalizing constant Z/[\],E'

The energy function U is necessarily a cocycle: U(X +Y|¢) = U(Y|{+X) +
U(X|€). Moreover, it must satisfy certain growth condition and the condition:

UX[§) <ooiff X+€&€Qu (FQu C Q(R)).
Exc. Find Qu for the hard sphere.



4 Correlation functions and Palm mesures

Definition 3. A probability measure u on Q(R) is said to admit p as its cor-
relation functions with respect to \ if

(/Q(R) p(d)E. ) (dX) = p(X)A(dX)

(p|rn is the usual n-point correlation function.)

Exc. Show that the Poisson measure 7y admits constant function 1 as its
correlation function.

Definition 4. A probability measure 1 on Q(R) is said to admit p~X, X € R
as its Palm measures if they satify the disintegration formula

_ 3 X
/Q NS /R E(dX)F(X,€) = /R p(X)A(AX) /Q A FXE S X),

Exc. Show that the Palm measures of a Poisson measure are the original Poisson
measure.

Facts: (i) (uX)Y = pX+Y.
(ii) Let p* be correlation functions of . Then,

pX(Y) =p(X +Y)/p(X)

5 Poissonian Fock space

H=IL*R,\), H=L*R,)\), H=L*Q(R),m).

Fact: The Hilbert space H is the Fock space over H and is isomorphic to the
Hilbert space H.

Let Hy be the set of those f € H with ”compact support” and of exponential
growth.

Theorem 1. For f € Hy, define

st(xX) = Y (‘5) £(Y), TE(X)= /R F(X+Y)AY), JE(X) = (—1)XIE(x).
Y<X
Then, S-' = JSJ, T-'=JTJ, T:Hy — Hy and, formally, T = S* in H.
Theorem 2. For f € Hy, define
I(f)(¢) = (&, T7'f)  £eQR).

Then, I can be uniquely extended to the unitary isomorphism from H onto H.



Key to the proof. Given a ¢ on R, define a function ¢E on R by

o(x) = T #la)¥.

TER

If $ —1 € C.(R), then ¢ is an eigenfunction of T':

TH(X) = ap(X) with o = T$H(0) = exp / (¢p(z) — 1)\ (dx).

R
6 More about T
6.1 HHRERAHE ZEEBHBOBBRAIIERICEL I ENTES,

Theorem 3. Let p a probability measure on Q(R) and assume that it admits
correlation function p w.r.t. X and that its restriction pp to Q(A) is abosolutelly
continuous to . Then the density is given by

on =T "(pxa)
where xa(X) = 1(sup X C A).

6.2 ERART TRESNDEBEIMICELH D,

PUFH, MO EARICARET 2 805 (fermion, permanent @272 &) OIFERE
B (AH—EHE 1999, 2002) DOAEESY,

Theorem 4. For an integral operator K define
di(X) = deto (K (i, 2;))  if X = b,

where

deta(A) = Z (—l)niy(T) ﬁaif(i)
i=1

TESK

(v(7) is the number of cycles in permutation T.)

which is the a-determinant: det_; = det,det; = perm. Assume that K is of
trace class and let Det(I — aK) be the Fredholm determinant. Then,

Tdg = Det(I — aK)~Y/*d;
where J = —a(l — aK) 'K.
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