Integral formulas for the minimal representation of O(p, 2)

Toshiyuki Kobayashi and Gen Mano

RIMS, Kyoto University, Sakyo-ku, Kyoto, 606-8502, Japan

Abstract

The minimal representation π of O(p, q) (p + q: even) is realized on the Hilbert space of square integrable functions on the conical subvariety of R^{p+q−2} . This model presents a close resemblance of the Schrödinger model of the Segal-Shale-Weil representation of the metaplectic group. We shall give explicit integral formulas for the ‘inversion’ together with the analytic continuation to a certain semigroup of O(p + 2, C ) of the minimal representation of O(p, 2) by using Bessel functions.

1 Introduction

Our concern in this paper is with the L^2-model of the minimal representation π of the indefinite orthogonal group O(p, q) with p + q even, in particular, integral formulas of unitary or contraction operators for q = 2.

In order to explain our motivation, we recall the Segal-Shale-Weil representation ϖ of the metaplectic group ~Sp(n, R), the twofold cover of the real

Email addresses: toshi@kurims.kyoto-u.ac.jp (Toshiyuki Kobayashi),

gmano@kurims.kyoto-u.ac.jp (Gen Mano).

Keywords and phrases: Minimal unitary representation, Fourier-Bessel transform, Schrödinger model, Weil representation, semigroup of operators. 2000MSC : primary 22E30; secondary 22E46, 20M20, 43A80.

symplectic group Sp(n, R). Among many beautiful aspects of this representation, we take up the Schrödinger model which realizes the representation ϖ on the Hilbert space L^2(R^n ) with the following well-known features:

1) The representation space is not complicated; it is just L^2(R^n ).

2) The whole group ~Sp(n, R) acts on the function space L^2(R^n ), while only the Siegel parabolic subgroup P can act on the manifold R^n .

3) The restriction ϖ|_P is still irreducible. The action of P on L^2(R^n ) is given simply by translations and multiplications by unitary characters of an abelian group.

4) The infinitesimal action dϖ of the Lie algebra sp(n, R) is given by differential operators of at most second order.

5) There is a distinguished element w_0 (the “inversion” for P ). Then, the unitary operator ϖ(w_0) on L^2(R^n ) is essentially the Fourier transform.

The Segal-Shale-Weil representation splits into two irreducible unitary representations of ~Sp(n, R), which are “minimal representations” in the sense of Joseph. In the last decade, minimal representations of reductive groups have been extensively studied by many authors, especially by algebraic approaches (e.g. [12]).

As for the indefinite orthogonal group O(p, q), Vogan pointed out that there is no minimal representation if p + q > 8 is odd [13]. For p + q even, Kostant [10] first constructed a minimal representation in the case p = q = 4, and Binegar-Zierau [1] generalized his construction to the general p, q (≥ 2). Many other different models of the same representation have been also found: for example, as the θ-lifting of the trivial representation of SL(2, R) [5], and also as solution space of the Yamabe operator [8] in the context of conformal geometry (see also [6] for an exposition). Among other models, it is proved in Kobayashi-Ørsted [9] that the same representation can be realized on the Hilbert space of L^2-functions on the conical subvariety C in R^{p+q−2} associated to the quadratic form of signature (p − 1, q − 1).

Sections 2 and 3 present a close resemblance of this realization for the group O(p, q) to the Schödinger model of the Segal-Shale-Weil representation for the group ~Sp(n, R) with regard to the above features (1) ∼ (4). For example, the pseudo-Euclidean motion group O(p − 1, q − 1) ⋉ R^{p+q−2} acts naturally on L^2(C). Then, a maximal parabolic subgroup P^{max} containing O(p − 1, q − 1) ⋉ R^{p+q−2} plays the role of the Siegel parabolic.

Sections 4 and 5 are devoted to the case q = 2, where C splits in two connected components C_+ and C_−, a forward and a backward light cone, and functions supported on the forward cone yield a unitary lowest weight representation of the connected group SO_0(p, 2).

We shall consider the (holomorphic) semigroup of Hilbert-Schmidt operators π(e^{tZ} ) = exp(tdπ(Z)) (Re t > 0) on L^2(C_+) generated by the following self-adjoint operator dπ(Z) = r 4 ∂^2 ∂r^2 + p − 2 4 ∂ ∂r + Δ_Sp−2 4r − r. Here, we have identified C_+ with R_+ ×S^{p−2} by the polar coordinate. It turns out that the operator norm of π(e^{tZ} ) on L^2(C_+) equals e^{− p−2}2^{Re t}, and thus it is a contraction. We shall find in Theorem B that the operator π(e^{tz} ) on L^2(C_+) is given as the integral transform on C_+ against the kernel

K^+(ζ, ζ^′; t) := 2e^{−√2(|ζ|+|ζ′|) coth t}2 π^{p−2}2 sinh^{p2 t}_2 √ 2⟨ζ, ζ^′⟩^− p−4 2 I p−4_2 (2√2⟨ζ, ζ_′⟩ sinh^t_2 ) , where I_ν (z) = √ −1^{−ν} J_ν ( √ −1z) is the modified Bessel function.

The semigroup {π(e^{tZ} ) : Re t > 0} on L^2(C_+) may be regarded as an analogue of the Hermite semigroup on L^2(R^n ) given by the Gaussian kernel (see Howe [4] for the connection with the Segal-Shale-Weil representation; see also [3]).

Furthermore, in light that the inversion element w_0 is given by e^{π√−1Z} , we can obtain the integral formula for the unitary operator π(w_0) as the “boundary value” of the contraction operator π(e^{tZ} ) as t tends to π √ −1. In the case of the metaplectic group ~Sp(n, R), such an operator ϖ(w_0) is nothing but the Fourier transform on L^2(R^n ) (see the above feature (5)), while in the case of the indefinite orthogonal group O(p, 2) it turns out that the Fourier-Bessel transform arises in describing π(w_0) (see Theorem D).

This article is an outgrowth of the lecture delivered by the first author at the 2002 Twente Conference on Lie Groups. Detailed proof of Theorems B, C and D will be given in [7]. He expresses his sincere gratitude to the organizers for the warm hospitality and the opportunity to participate in the conference. In particular, he admires with all his heart and soul the dedicated work of Professor Gerard Helminck who organized the conference successfully in spite of the difficulties of the fire of the mathematics building of Twente University.

2 Square integrable functions on the cone

In this section, we describe an irreducible unitary representation π of the semidirect product group O(p−1, q −1)⋉R^{p+q−2} on the Hilbert space L^2(C) obtained by translation together with multiplications by unitary characters of R^{p+q−2} . All the materials here are standard. In Section 3, the representation π will be extended to the minimal representation of O(p, q) for p + q ∈ 2N (see Theorem A).

Let R^{p−1,q−1} be the pseudo-Riemannian Euclidean space R^{p+q−2} equipped with the standard indefinite metric ds^2 = dζ^2_1 + · · · + dζ^2_{p−1} − dζ^2_p − · · · − dζ^2_{p+q−2}. (2.1) Then, the group Isom(R^{p−1,q−1} ) of isometries on R^{p−1,q−1} is isomorphic to the semidirect product group O(p − 1, q − 1) ⋉ R^{p+q−2} .

Let C be the cone in R^{p+q−2} given by C := {(ζ_1, · · · , ζ_{p+q−2}) ∈ R^{p+q−2} : ζ^2_1 + · · · + ζ^2_{p−1} − ζ^2_p − · · · − ζ^2_{p+q−2} = 0}\{0}. Then C is of dimension p + q − 3 and is acted transitively by the indefinite orthogonal group O(p − 1, q − 1). With respect to the polar coordinate R_+ × S^{p−2} × S^{q−2} → C, (r, ω, η) → (rω, rη), (2.2) we define a measure dμ on C by dμ = 1 2 r^{p+q−5}drdωdη. Then dμ is O(p − 1, q − 1) invariant because we have θ|_C = dμ for any (p + q − 3)-form θ on R^{p+q−2} satisfying

d(ζ^2_1 + · · · + ζ^2_{p−1} − ζ^2_p − · · · − ζ^2_{p+q−2}) ∧ θ = dζ_1 ∧ · · · ∧ dζ_{p+q−2}. Hence, we have naturally a unitary representation π of O(p − 1, q − 1) on the Hilbert space L^2(C, dμ) ≡ L^2(C) by translations.

Next, let the abelian group R^{p+q−2} act on L^2(C) by the formula: π(b) : L^2(C) → L^2(C), ψ(ζ) → e^{2√−1(b1ζ1+···+bp+q−2ζp+q−2)}ψ(ζ), where b = (b_1, · · · , b_{p+q−2}) ∈ R^{p+q−2} .

The above actions of O(p−1, q−1) and R^{p+q−2} on L^2(C) respectively give rise to a representation (we shall use the same notation π) of the semidirect group O(p−1, q−1)⋉R^{p+q−2} . Then, we have readily the following proposition (see [9], Proposition 3.3):

Proposition 2.1. (π, L^2(C)) is an irreducible unitary representation of the semidirect product group O(p − 1, q − 1) ⋉ R^{p+q−2} .

3 Schrödinger model of the minimal representation of O(p, q)

In general, an irreducible representation of a group G is no more irreducible when restricted to a subgroup G^′. In other words, it is quite rare that an irreducible representation of a subgroup G^′ extends to that of the whole group G (on the same representation space). Hence, it should be noted that the irreducible unitary representation in Proposition 2.1 can be extended with respect to the following embedding: O(p − 1, q − 1) ⋉ R^{p+q−2} ⊂ O(p, q). (3.1) Theorem A ([9], Theorem 4.9). Suppose p + q is even, ≥ 6, and p, q ≥ 2. Then, the representation (π, L^2(C)) of the semidirect product group O(p − 1, q − 1) ⋉ R^{p+q−2} extends to an irreducible unitary representation of O(p, q).

The resulting representation, denoted by the same π, of G := O(p, q) is the minimal representation in the sense of Joseph if p + q ≥ 8. The Gelfand- Kirillov dimension of π is p + q − 3, which attains its minimum among all infinite dimensional irreducible unitary representations of G.

Another point of Theorem A is that it gives a model of the minimal representation of G on the Hilbert space L^2(C), resembling the Schrödinger model for the Segal-Shale-Weil representation of the metaplectic group ~Sp(n, R). In the papers [2, 11], one finds a similar construction of Hilbert spaces (i.e., L^2(C) for some conical variety C) of minimal unitary representations of other groups (e.g., Koecher-Tits groups associated with semisimple Jordan algebras) under the assumption that π is a highest weight representation or a spherical representation. We note that our representation is neither a highest weight representation nor a spherical representation if p, q ≥ 3 and p ≠ q.

Let us explain more about Theorem A, especially about how the group G or the Lie algebra g acts on L^2(C).

First, we fix some notation and explain the inclusion (3.1). Let e_0, · · · , e_{p+q−1} be the standard basis of R^{p+q} , E_{ij} the matrix unit, and

ε_j := { 1 (1 ≤ j ≤ p − 1) −1 (p ≤ j ≤ p + q − 2), N_j := E_{j,0} + E_{j,p+q−1} − ε_jE_{0,j} + ε_jE_{p+q−1,j} (1 ≤ j ≤ p + q − 2), N_j := E_{j,0} − E_{j,p+q−1} − ε_jE_{0,j} − ε_jE_{p+q−1,j} (1 ≤ j ≤ p + q − 2), E := E_{0,p+q−1} + E_{p+q−1,0}. We define some subalgebras of the Lie algebra g by

n^{max} := p+q−2∑

j=1 RN_j , n^{max} := p+q−2∑

j=1 RN_j , a := RE, and define some subgroups of G as follows:

M^{max}_+ := {g ∈ G : g · e_0 = e_0, g · e_{p+q−1} = e_{p+q−1}} ≃ O(p − 1, q − 1), M^{max} := M^{max}_+ ∪ {−I_{p+q}} · M^{max}_+ ≃ O(p − 1, q − 1) × Z_2,

A := exp(a), N^{max} := exp(n^{max}), N^{max} := exp(n^{max}).

Then the subgroup M^{max}_+ N^{max} is isomorphic to the semidirect product group O(p − 1, q − 1) ⋉ R^{p+q−2} via the bijection:

N^{max ∼}→ R^{p+q−2} , exp( p+q−2∑

j=1 b_j N_j ) → (b_1, · · · , b_{p+q−2}). Hence, the natural inclusion M^{max}_+ N^{max} ⊂ G amounts to (3.1). Another meaning of (3.1) is that O(p − 1, q − 1) ⋉ R^{p+q−2} is the group of isometries of the pseudo-Riemannian Euclidean space R^{p−1,q−1} , while O(p, q) is the group of Möbius transformations on R^{p−1,q−1} preserving the conformal structure.

Next, we define a maximal parabolic subgroup

P^{max} := M^{max}AN^{max}, which plays an analogous role to the Siegel parabolic subgroup of the metaplectic group ~Sp(n, R).

With regard to the inclusive relation M^{max}_+ N^{max} ⊂ P^{max} ⊂ G, the extension of the unitary representation π from M^{max}_+ N^{max} to P^{max} is easily achieved by defining π(−I_{p+q})ψ := (−1)^{p−q2} ψ π(e^{tE} )ψ(ζ) := e^{− p+q−42 t}ψ(e^{−t}ζ), t ∈ R. Here we recall that P^{max} is generated by M^{max}_+ , N^{max}, −I_{p+q} and e^{tE} (t ∈ R).

In order to describe the extension of the unitary representation π from P^{max} to G, we use the Gelfand-Naimark decomposition g = n^{max} ⊕ a ⊕ m^{max} ⊕ n^{max} = p^{max} ⊕ n^{max}.

Then, the representation π of G will be determined if we give the differential representation dπ(X) for X ∈ n^{max}. For this, we denote by E_ζ and □_ζ the Euler and Laplace operators, respectively, namely,

E_ζ := ζ_1 ∂ ∂ζ_1 + · · · + ζ_{p+q−2} ∂ ∂ζ_{p+q−2} , □_ζ :=

∂^2 ∂ζ^2_1 + · · · + ∂^2 ∂ζ^2_{p−1} − ∂^2 ∂ζ^2_p − · · · − ∂^2 ∂ζ^2_{p+q−2} . Then, the differential representation dπ(X) is given in [9], Lemma 3.2 as follows: dπ( p+q−2∑

j=1 b_j N_j) = √ −1((− p + q 2 − E_ζ ) p+q−2∑

j=1 b_j ∂ ∂ζ_j + 1 2 ( p+q−2∑

j=1 b_j ε_jζ_j)□_ζ )),

(3.2) where we regard dπ(X) as a differential operator acting on the space of Schwartz’s distributions S^′(R^{p+q−2} ) via the inclusion L^2(C) → S^′(R^{p+q−2} ), ψ → ψdμ. The differential operator (3.2) is of second order. This reflects the fact that the subgroup N^{max} does not act on the cone C itself, but only on the function space L^2(C).

Instead of differential actions of the Lie algebra n^{max}, we will in Section 5 deal with integral formulas for the action of the group G on L^2(C).

4 Integral formulas for the minimal representation of O(p, 2)

For the rest of this article, we shall assume q = 2. Then, the cone C naturally splits into two connected components

C = C_+ ∪ C_−,

where C_± := {(ζ_1, · · · , ζ_p) ∈ C : ±ζ_p > 0}. The polar coordinate (2.2) then reduces to R_+ × S^{p−2} → C_+, (r, ω) → (rω, r), R_+ × S^{p−2} → C_−, (r, ω) → (rω, −r). Accordingly, we have a direct sum decomposition:

L^2(C) = L^2(C_+) ⊕ L^2(C_−),

where integrations are defined against the measure dμ =^1_2 r^{p−3}drdω. This gives the branching law π = π_+ ⊕ π_− with respect to the restriction G ↓ G_0 where G_0 := SO_0(p, 2), the identity component of O(p, 2).

Let K be the standard maximal compact subgroup of G. Then K ≃ O(p) × O(2), and K_0 := K ∩ G_0(≃ SO(p) × SO(2)) is a maximal compact subgroup of G_0. We write L^2(C_+)_{K0} for the space of K_0-finite vectors in L^2(C_+). Then L^2(C_+)_{K0} is a dense subspace, on which the Lie algebra g naturally acts as differentials.

Let z(k) be the center of the Lie algebra k of K. Then z(k) is one dimensional if p > 2. We take a generator Z of z(k) ⊗_R C as

Z := √ −1(E_{p,p+1} − E_{p+1,p}) ∈ √ −1z(k),

then the set of eigenvalues of dπ_+(Z) on L^2(C_+)_{K0} is given by {−(j + p − 2 2 ) : j = 0, 1, 2 · · · }, and thus is upper bounded. Hence, (π_+, L^2(C_+)) is a lowest weight module of G_0. Similarly, (π_−, L^2(C_−)) is a highest weight module of G_0.

For t ∈ C we define a linear map π_+(e^{tZ} ) : L^2(C_+)_{K0} → L^2(C_+)_{K0} by

π_+(e^{tZ} ) := ∞∑ n=0 1 n! (dπ_+(tZ))^n.

In light of our observation on the eigenvalues of dπ_+(tZ), π_+(e^{tZ} ) extends to a continuous operator on L^2(C_+) if Re t ≥ 0. Then the set of continuous operators {π_+(e^{tZ} ) : Re t ≥ 0} forms a semigroup, whose generator is given by the self-adjoint operator on L^2(C_+):

dπ_+(Z) = r 4 ∂^2 ∂r^2 + p − 2 4 ∂ ∂r + Δ_Sp−2 4r − r, (4.1)

where Δ_Sp−2 denotes the Laplace-Beltrami operator on the standard sphere S^{p−2}. We shall give an explicit integral formula for the operator exp(tdπ_+(Z)) = π_+(e^{tZ} ) for t ∈ D, where set D := {t ∈ C : Re t ≥ 0} \ 2π √ −1Z. We write ⟨·, ·⟩ for the standard inner product of R^p , and define the norm |ζ| by |ζ| := √ ⟨ζ, ζ⟩. Let us define a kernel function K^+(ζ, ζ^′; t) on C_+ × C_+ × D by the following formula:

K^+(ζ, ζ^′; t) := 2e^{−√2(|ζ|+|ζ′|) coth t}2 π^{p−2}2 sinh^{p2 t}_2 √ 2⟨ζ, ζ^′⟩^− p−4 2 I p−4_2 (2√2⟨ζ, ζ_′⟩ sinh^t_2 ) , (4.2)

where I_ν (z) is the modified Bessel function of the first kind, i.e., I_ν (z) = √ −1^{−ν} J_ν ( √ −1z) [14]. We note that sinh^t_2 in the denominator is non-zero because t /∈ 2π √ −1Z, and that ⟨ζ, ζ^′⟩ > 0 if ζ, ζ^′ ∈ C_+.

Here is an integration formula of the (holomorphic) semigroup π_+(e^{tZ} ):

Theorem B (integral formula for a semigroup). For t ∈ D, the operator π_+(e^{tZ} ) : L^2(C_+) → L^2(C_+) is given by the integral transform:

(π_+(e^{tZ} )u)(ζ) = ∫ C_+

K^+(ζ, ζ^′; t)u(ζ^′)dμ(ζ^′), u ∈ L^2(C_+). (4.3)

Let us comment on the convergence of the integral (4.3); If Re t > 0, then for each fixed t, K^+(ζ, ζ^′; t) ∈ L^2(C_+×C_+) and consequently π_+(e^{tZ} ) becomes a Hilbert-Schmidt operator. If t ∈ √ −1R \ 2π √ −1Z, then K^+(ζ, ζ^′; t) /∈ L^2(C_+ × C_+) but the integral (4.3) converges absolutely if u ∈ L^2(C_+)_{K0} and yields an L^2-function on C_+.

Next, let us rewrite the formula (4.3) of Theorem B in the case where u is of the form u(rω, r) = f(r)ϕ(ω) (4.4) for some f ∈ L^2((0, ∞), r^{p−3}dr) and ϕ ∈ H^l(R^{p−1} ), where H^l(R^{p−1} ) denotes the space of spherical harmonics on S^{p−2} of degree l (l = 0, 1, 2, · · · ), that is, H^l(R^{p−1} ) = {ϕ ∈ C^∞(S^{p−2}) : Δ_Sp−2 ϕ = −l(l + p − 3)ϕ}. For each l, we introduce the kernel function K^+_l (r, r^′; t) on R_+ × R_+ × D by the formula:

K^+_l (r, r^′; t) :=

2e^{−2(r+r′) coth t}2 sinh^t_2 (rr^′)^{− p−32} I_{p−3+2l} (4√rr_′ sinh^t_2 ) . (4.5)

Then the point of the following theorem is that the operator π_+(e^{tZ} ) essentially reduces to the integration of a function f(r) of one variable if u is of the form (4.4), that is, we have

Theorem C. If u is of the form u(rω, r) = f(r)ϕ(ω), ϕ ∈ H^l(R^{p−1} ), then (π_+(e^{tZ} )u)(rω, r) = ϕ(ω) ∫_∞ 0 K^+_l (r, r^′; t)f(r^′)r^{′p−3}dr^′. (4.6)

Owing to Theorem C, the semigroup law

π_+(e^{t1 Z} )π_+(e^{t2 Z} ) = π_+(e^{(t1 +t2)Z} ) (t_1, t_2 ∈ D)

is equivalent to the integral equation of the kernel ∫_∞ 0 K^+_l (r, s; t_1)K^+_l (s, r^′; t_2)s^{p−3}ds = K^+_l (r, r^′; t_1 + t_2), (4.7)

which is closely related to the classical formula, called Weber’s second exponential integral (see [14], §13.31 (1)): ∫_∞ 0 e^{−ρx2} J_ν (αx)J_ν (βx)xdx = 1 2ρ^2 exp ( − α^2 + β^2 4ρ^2 ) I_ν ( αβ 2ρ^2 ) . 5 Integral formula for the inversion operator

We define the “inversion element” w_0 of order two in G_0 by

w_0 := ( I_p 0 0 −I_2 ) .

Then, w_0 normalizes M^{max}A and

Ad(w_0)n^{max} = n^{max}. (5.1)

Hence, the group G is generated by P^{max} and w_0.

The goal of this section is to give an explicit integral formula of the unitary operator π_+(w_0) on L^2(C_+).

In light of w_0 = e^{π√−1Z} , we define the following kernel functions by substituting t = π √ −1 into (4.2) and (4.5), respectively:

K^+(ζ, ζ^′) := K^+(ζ, ζ^′; π √ −1) = 2 (−1)^{p−2}2 π^{p−2}2 √ 2⟨ζ, ζ^′⟩^− p−4 2 J p−4_2 (2 √ 2⟨ζ, ζ^′⟩), K^+_l (r, r^′) := K^+_l (r, r^′; π √ −1) = 2(−1)^{− p−22 +l}(rr^′)^{− p−32} J_{p−3+2l}(4 √ rr^′). Then, the following result is obtained as a special case of Theorems B and C. Theorem D. 1) The unitary operator π_+(w_0) : L^2(C_+) → L^2(C_+) coincides with the integral transform defined by

T : L^2(C_+) → L^2(C_+), u → ∫ C_+

K^+(ζ, ζ^′)u(ζ^′)dμ(ζ^′). (5.2)

2) If u is of the form u(rω, r) = f(r)ϕ(ω) with ϕ ∈ H^l(R^{p−1} ) (l = 0, 1, · · · ), then the integral (5.2) is reduced to that of one variable:

T : L^2(C_+) → L^2(C_+), u(rω, r) → ϕ(ω)(T_lf)(r). (5.3)

Here, the operator T_l : L^2((0, ∞), r^{p−3}dr) → L^2((0, ∞), r^{p−3}dr) is defined by

(T_lf)(r) := ∫_∞ 0 K^+_l (r, r^′)f(r^′)r^{′p−3}dr^′. (5.4)

We note that T_l is essentially the Fourier-Bessel transform. We can prove similar integral formulas for the unitary operator π_−(w_0) on L^2(C_−) for the backward cone C_−, and also for π(w_0) on L^2(C) for C = C_+ ∪ C_−.

Finally, we end up this exposition with some immediate consequences of Theorem D. Since the relation w^2_0 = I_{p+2} implies π_+(w_0)^2 = Id, we have:

Corollary E (Inversion and Plancherel formula). The integral operator T (see (5.2)) on L^2(C_+) is of order two, that is, the inversion formula is given simply as T^{−1} = T.

Furthermore, T is unitary:

‖T u‖_L2_{(C+)} = ‖u‖_L2_{(C+)}, u ∈ L^2(C_+).

Corollary F (Inversion and Plancherel formula for the Fourier-Bessel transform). Fix l = 0, 1, 2, · · · . Then the integral operator T_l (see (5.4)) on L^2((0, ∞), r^{p−3}dr) is an unitary operator of order two. Hence,

T^{−1}_l = T_l, ‖T_lf‖_L2_{((0,∞),r}p−3_{dr)} = ‖f‖_L2_{((0,∞),r}p−3_{dr)}, f ∈ L^2((0, ∞), r^{p−3}dr). The statement T^{−1}_l = T_l in Corollary F is equivalent to the integral formula:

f(r)r^{p−32} = 4 ∫_∞ 0 (∫ ∞ 0 f(r^′)r^{′ p−32} J_{p−3+2l}(4 √ r^′r^{′′})dr^′ ) J_{p−3+2l}(4 √ rr^{′′})dr^{′′}. In turn, this is closely related to the reciprocal formula of the Fourier- Bessel transform (see [14], §14.3 (3)):

F (x) = ∫_∞ 0 (∫ ∞ 0 F (y)J_ν(yξ)ydy ) J_ν (ξx)ξdξ. References

[1] B. Binegar and R. Zierau, Unitarization of a singular representation of SO(p, q), Comm. Math. Phys., 138 (1991), 245–258.

[2] A. Dvorsky and S. Sahi, Explicit Hilbert spaces for certain unipotent representations II, Invent. Math., 138 (1999), 203–224.

[3] B. Folland, Harmonic Analysis in Phase Space, Annals of Mathematics Studies, 122. Princeton University Press, Princeton, NJ, 1989.

[4] R. Howe, The oscillator semigroup, Amer. Math. Soc., Proc. Symp. Pure Math., 48 (1988), 61-132.

[5] J.-S. Huang and C.-B. Zhu, On certain small representations of indefinite orthogonal groups, Representation Theory, 1 (1997), 190–206.

[6] T. Kobayashi, Conformal geometry and global solutions to the Yamabe equations on classical pseudo-Riemannian manifolds, Proceedings of the 22nd Winter School “Geometry and Physics” (Srni, 2002). Rend. Circ. Mat. Palermo (2) Suppl. 71 (2003), 15–40.

[7] T. Kobayashi and G. Mano, in preparation.

[8] T. Kobayashi and B. Ørsted, Analysis on the minimal representation of O(p, q) I. Realization via conformal geometry, Adv. Math., 180 (2003), 486–512.

[9] T. Kobayashi and B. Ørsted, Analysis on the minimal representation of O(p, q) III. Ultrahyperbolic equations on R^{p−1,q−1} , Adv. Math., 180 (2003), 551–595.

[10] B. Kostant, The vanishing scalar curvature and the minimal unitary representation of SO(4, 4), eds. Connes et al, Operator Algebras, Unitary Representations, Enveloping Algebras, and Invariant Theory, Progress in Math., 92 , Birkhäuser, 1990 Boston, 85–124.

[11] S. Sahi, Explicit Hilbert spaces for certain unipotent representations, Invent. Math., 110 (1992), 409–418.

[12] P. Torasso, Méthode des orbites de Kirillov-Duflo et représentations minimales des groupes simples sur un corps local de carastéristique nulle, Duke Math. J. 90 (1997), 261–377.

[13] D. Vogan Jr., Singular unitary representations, Springer Lecture Notes in Mathematics 880 (1980), 506–535.

[14] G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge, 1922.