Counterexample of Kodaira’s vanishing and Yau’s
inequality in higher dimensional variety of
characteristic p > 0

By
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In his paper [3], Raynaud has constructed algebraic surfaces on which the
Kodaira’s vanishing does not hold. In this article, generalizing his method, we
shall show

Theorem. Let p be a prime number and n > 2 an integer. Then there exists
an n-dimensional smooth projective variety X of characteristic p and an ample
line bundle L such that

(a) HY(X,L™Y) #£0

(b) the canonical class K of X is ample and the intersection number (c;. K"~%)
is negative for every i > 2, where ¢; is the i-th Chern class of X.
and

(c) there is a finite cover G of X isomorphic to a (PY)"~l-bundle over a
nonsingular curve C. The Euler characteristic e(X) of X is equal to

e(@) = 2" te(0).
Put X' = X X P™ and L' = piL ® p5O(m + 1). Then we have, by Kiinneth
formula,
H™ N X' LY D HY(X, L) @ H™(P™, O(-m — 1)) # 0.
Therefore we have

Corollary 1. For every pair of integers n' and i with 0 < i < n/, there exist
an n'-dimensional nonsingular projective variety X' of characteristic p and an
ample line bundle L' on X' such that H (X', L'~1) # 0.

In [5], Yau has proved the inequality (co.K""2) > ﬁ(K”) > ( for a
complex manifold whose canonical class is ample. Since the Chern number
(co. K™ 2) and the ampleness of K are stable under generalization, we have

Corollary 2. The variety X in the theorem is not liftable to a variety of char-
acteristic 0.



Hence the following problem is still open.

Problem. * Assume that a variety X (resp. a polarized variety (X, L)) is
liftable to a variety (resp. a polarized variety) of characteristic 0. Does the
Kodaira’s vanishing hold on X ? (resp. Does H'(X, L~!) vanish ?)

In §1, we shall construct counterexamples by Proposition 1.4, 1.7 and 1.8,
and in §2, we shall prove (b) of the theorem in Proposition 2.6 and 2.14.

This article was originally typeset in Department of Mathematics, Nagoya
University around 1980 and transformed into TEX in Kenkyubu of the Research
Institute for Mathematical Sciences, Kyoto University.

81 Construction of counterexamples

We begin with a geometric interpretation of the injectivity of the Frobenius
map. Let X be a smooth variety of characteristic p > 0 and L a line bundle
on X. Let F: L' — L7P(F(a) = aP) be the Frobenius map of L™!. If L
is ample, H*(X,L~P") vanishes for sufficiently large n and every i < dim X.
Hence Kodaira’s vanishing in characteristic p is equivalent to the injectivity of
the Frobenius map H'(F).

Proposition 1.1. Assume that H(F) : H(X,L™') — H°(X,L7P) is an
isomorphism. Then the following are equivalent :

(1) The Frobenius map H*(F): HY (X, L=') — HY(X, L™P) is not injective.

(2) There exist an Al-bundle f : A — X and a reduced irreducible effective
divisor G on A such that T = f|g is a purely inseparable finite morphism
of degree p and that the normal bundle of the co-section S is isomorphic
to L.

Proof. (1) = (2) Let a be a nonzero element of the kernel of H'(F). Since
H'(L™') is canonically isomorphic to Ext¢, (L,Ox), « defines the exact se-

quence
0—-0x —-E—L—0. (1.2)

In other words, o defines the P!-bundle P = P(E) and its section S such that
Ng/p = L. Let ¢ : P(E) — P(E®)) be the relative Frobenius morphism. Since
H'(F)(a) = 0, E® is isomorphic to Ox ® L, that is, P(E®) has a section
T disjoint from the section ¢(S). Put A = P — S and G = ¢~ }(T). Since ¢
is everywhere ramified, so is G — X. If G were not reduced, then G would
be linearly equivalent to pG’ and G’ would be a section of f : A — S, which
contradicts to a # 0. Hence G is reduced. The other requirements are easily
verified.

*If a variety lifts to the Witt ring modp?, then Kodaira’s vanishing holds.
Deligne, P. and Tllusie, L.: Relevements modulo p? et décomposition du complexe de de
Rham, Invent. Math. (1987), 247-270.



(2) = (1) The P'-bundle P = AU S is isomorphic to P(E), E being of the
form (1.2). Let « € H'(L™!) be an extension class of E, which is unique up to
constant multiplications. Let ¢ : A — A®) be the relative Frobenius morphism.
Since G — X is purely inseparable and of degree p, (G U f~1(x)) is a reduced
point for every € X. Hence ¢(G) is a section of A®) and « is contained in
the kernel of H'(F) : H*(L™') — H'(L™P). We show « # 0. If A has a section
U, then G is linearly equivalent to pU on P. By our assumption, G is equal to
pU’ for a section U’, which contradicts our assumption. Hence A has no section
and « is nonzero. O

As in the proof of the proposition, we can associate for an element of
Ker H'(F), a purely inseparable covering 7 : G — X embeddable in an Al-
bundle A over X.

claim. The normal bundle Ng 4 is isomorphic to 7" L™F.

Since 7 is of degree p, Op(pS — @) is isomorphic to the pull back of a line bundle
on X by f. Since Ng/p = L and SNG =0, Op(pS — G) = f*L®P. Hence we
have Ng/a = Ng/p = Oc(G) = Og(G —pS) = 7*L~P, which proves our claim.

By the claim. if L is ample, then Ng, 4 is negative.

Definition 1.3. An element o € Ker H!(F) is special if G is smooth. A pair of a
smooth variety X and an ample line bundle L is called a special counterexample
of LF. if Ker H'(F) contains a special element. (I.F. means the injectivity of
the Frobenius map.)

Let (X,L) be a special counterexample of I.F. and A, P,S and G as in
Proposition 1.1. Assume that L is isomorphic to M®* for some line bundle
M and positive integer k prime to p. Let m be a positive integer such that
p +m is divisible by k. Since Op(G — pS) = f*L®P, we have Op(G + mS) =
(Op(BE2S) ®o, M)®*, that is, G + mS is the zero locus of a global section
of (Op(H™S) ®p, M®P)®F.  In the wellknown manner, we can construct a
cyclic k-fold covering of P ramifying exactly on G'+mS. If m > 2, then the
covering has a singularity along S. Let X be its normalization. Since G and S
are smooth, so is X. Let m : X — P be the covering morphism. There exist
effective divisors T" and H such that 7*S = kT" and 7*G = kH. H is isomorphic
to G and every fiber of g = fow : X — X has a singularity of the form Y* = ZP
at its intersection with H. The following is an essential step of our construction
of counterexamples.
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Proposition 1.4. If (X, L) is a special counterexample of I.F., then so is the
def

pair of X and L = O (k= 1)T) ®ox M.

Proof. We give a proof only in the case k =1 mod p because it is sufficient for
our proof of the theorem and we know only a tedious computational proof in
general case. Consider the scheme X xx G. Let H' be the image of (i,7[x) :
H— X Xx G, where i : H — X is the inclusion map. H' is a section of the
projection p : XxxG — Gand Xx yGhasa singularity along H'. Let v : G —
X xx G be the normalization and 7 the composition of v and the projection
XxxG — X. Itis easily seen that every fiber of 7 is smooth. Since every fiber
of g is a rational curve, the composition h: G — X xx G — G is a P!-bundle
and hence G is smooth. Obviously 7 : G — X is a purely inseparable covering
of degree p. So it suffices to show that G' can be negatively embedded into an
Al-bundle over X. Now consider the P'-bundle fg : P xx X — X. P xx X
contains G x y X which has a singularity of the form Y* = ZP along H'. Since
H' is a section of f;(|pXXH : Pxx H— H and H is a Cartier divisor on X, we
can consider the elementary transformation along H' :

oo-section S X x X new oo-section

fiber . 5’
blow up contract %‘

F with center %}]136 Originé}cl
U ] ers meeting
: U
~ exceptional
X divisor

Blow up P x X)A(: with center H' and contract the proper transform of Px x H,
(cf. [1].) Then we get a new P'-bundle over X. The proper transform of G x x X
has a singularity of the form Y*~? = Z? along H”, the proper transform of H'.
H" is also a section of the restricted P!-bundle of [z to H C X and is disjoint
from the proper transform of the oco-section S X x X of the P-bundle over X.
If £ —p > 0, make an elementary transformation along H”. Repeating this
process (k — 1)/p times, we get a Pl-bundle f P — X on which the proper
transform of G xx X is nonsingular, isomorphic to G and disjoint from the



proper transform S of the oo-section S Xy X of the original P'-bundle. One
elementary transformation raises the normal bundle of the oco-section by O ¢ (H).

Hence the normal bundle Ng, 5 is isomorphic to OX(%H) ®JXSXX)~(/P><X5€ =

O;{(%H) ®0, L.Therefore G is embedded in the Al-bundle P— S so that the

normal bundle Nz, 5 is isomorphic to O ;((%H ) ® L. Hence it suffices to show
O

Lemma 1.5. (’)g(%H) ®oy L is isomorphic to Oz ((k —1)T) ®o, M and
ample.

Proof. Since Op(pS — G) = f*L®P, 7*G = kH and 7*S = kT, we have
Oz (pkT — kH) = g*L®P = g*M®P* By the construction of the covering
G — X, we have O (pT — H) = g*M®P, from which the first assertion easily
follows. The second assertion follows from O

Sublemma 1.6. Ifa > 0 and N is ample, then aT + g*N is ample.

Proof. The P! -bundle G over G has two mutually disjoint sections U and V'
such that 7*T = U and 7*H = pV. Since Ox(pT — H) = g*M®P, we have
Os(pU — pV) = h*7*M®P. Hence G is isomorphic to P(Og@&M’), M'®P =~
(T*M)®P, and Og(U) is just its tautological line bundle. Since L = M®F is
ample and 7 is finite, M’ is ample. Since 7 is finite, it suffices to show that
aU 4+ h*7*N is ample. Let ¢ : G — G be the Frobenius morphism. Since ¢
is finite, replacing M’ by (p")*M’ = M'®P" we may assume that M’ is very
ample. Then the linear system |Ox (U)| defines a natural morphism from X onto
the cone over G, which contracts the negative section V' and is an isomorphism
outside V. Therefore, aU + h*7* N is ample. O

Now we construct a special counterexample of Kodaira’s vanishing of an
arbitrary dimension not less than two. First we note

Proposition 1.7. A complete nonsingular curve X of genus > 2 is a special
counterexample of LF. if there is a nonzero rational function u on X such that
(du) = pD for some divisor D.

Proof. By virtue of Tango’s theorem ([4]), if (du) = pD, the Frobenius map
HY(X,0x(-D)) — HYX,Ox(—pD)) is not injective. Hence, by Proposi-
tion 1.1, a purely inseparable cover G of X is embedded into an A'-bundle A
so that Ng,4 = 7°Ox (—pD). There are two natural exact sequences

Ngja = Qale = Qe — 0
and

0— f"Qx|c — Qale — Qu/xlc = Ox(D)|c — 0.

Since deg 7*Ox (D) is smaller than deg Né/A = p- deg 7*Ox (D), we have
Homog, (N¢ /4, Qa/x|c) = 0 and hence a(N ) is contained in f*Qx/|q. Since



« is nonzero and Ng/A and f*Q x| are of the same degree, « : Né/A - *Qxla
is an isomorphism. Hence Q¢ is isomorphic to Q4 x | and in particular locally
free, that is, G is nonsingular. O

A curve as in the proposition is called a Tango — Raynaud curve, from
which our counterexample will be constructed. Next we show that there are
Tango-Raynaud curves enough for our purpose:

Proposition 1.8. For every integer e > 0, there is a Tango-Raynaud curve X;
such that (dZ) = pD;y and Dy = eD} for some nonzero rational funciton Z and
divisors D1 and D} on X;.

Proof. Let @ be a polynomial of one variable of degree e. Consider the curve
in A? defined by the equation

Q(YP)—Y = zret, (1.9)

It is easy to see that this curve is nonsingular. The closure X; of the curve
in P? has only one point oo on the oco-line and X; is nonsingular at the point
o0. By (1.9), we have —dY = —ZP°"2dZ. Hence the differential dZ of the
rational function Z is a generator of {2x, a2, that is, dZ has no zeros or poles
on X;NAZ2. Since deg Qx = pe(pe—3), we have (dZ) = pe(pe—3)(00). Divisors
Dy = e(pe — 3)(c0) and D} = (pe — 3)(c0) satisfy our requirement. O

Fix a positive integer m > 0. Define k; (1 < ¢ < n) inductively so that
ki =1+ mp and k; = 1+mpH;-;11kj (2<j<n-—1)and put e = [/ k.
Take a curve X; in Proposition 1.8 for this e. The pair (X1, L1), L1 being
Ox, (D1), is a special counterexample of I.F. by Proposition 1.7. Since Ly &
Ml®k”’1 for M, = Ox,(D})® and ¢ = H;:lz k;, taking k,_; as the k in
Proposition 1.4, we can construct a special counterexample ()?1, Zl) of I.LF. of
dimension 2, which we denote by (X2, L2). Since Ly = Ox, ((kn—1—1)T1) ®ox,
My = (Ox,(mpTh) ®oy, Ox, (D)% = Mgok"*z for My = (Ox, (mpT1) ®oy,
Ox, (D}))®¢" and e’ = H;:lg ki, taking k,,_o as the k in Proposition 1.4, we can
construct (Xy, Ly) =: (X3, Ls). Repeating this n— 1 times, we obtain (X,,, L,,),
an n-dimensional special counterexample of I.F. So we have proved (a) of the
theorem.

§2 Computation of Chern numbers

In this section we prove (b) and (c) of the theorem. Let X be a special counterex-
ample of I.LF. There is a smooth purely inseparable cover G of X embeddable
into an A'-bundle A. Let P be the P'-bundle obtained from A by adding the
oo-section F'. Since G is smooth, the sequence

0—Tg—Tplg — Ng/p=7L"? =0 (2.1)



is exact (see the claim below Proposition 1.1). On the other hand, restricting
the natural exact sequence 0 — Tp/x — Tp — f*Tx — 0 to G, we have the
exact sequence

0— 7L - Tplg = 7Tx — 0 (2.2)

because the relative tangent bundle T’/ x is isomorphic to Op(2F) ® f*L~" and
Op(F)|¢ is trivial. By these two exact sequences, we have ¢(G).7*¢c(L™P) ~
7*(c(L71).¢(X)), where ~ denotes the rational equivalence of cycles. Hence we
have

T e(X) ~ e(G).(1 — prei(L)).(1 — m%er (L)) 7 (2.3)
~e(G).(1=(p—1)> T er(L)).
i>1

In particular, we have 7*Kx ~ Kg + (p — 1)7*¢1(L).
In the exact sequences (2.1) and (2.2), 7*L~! is contained in Ty since
Home,, (L™, 7*L~P) = 0. Hence we have the exact sequence

0—7L 'S Te —17°Tx A A ) (2.4)

Proposition 2.5. 7%c,(X) ~ p - c,(G), where n = dim X. In particular we
have e(X) = e(G).

Proof. Let B be the kernel of 5. Since B is a vector bundle of rank n — 1
and since B = Coker «, we have ¢,(G) ~ 7*c1(L71).c,_1(B) and 7%¢,(X) ~
7*c1(L7P).cp—1(B). Hence 7*¢,(X) is rationally equivalent to p - ¢, (G). O

So we have proved (c) of the theorem. The first half of (b) of the theorem
follows from the following :

Proposition 2.6. Let (X,,, L) be the special counterexample of I.F. constructed
at the end of §1. If {p,kn—1} # {2,3}, then the canonical class Kx, is ample.

Proof. We put D; = ¢1(L;) for 1 < i < n. Since 7, : G,, — X,, is finite, it
suffices to show that K¢, + (p — 1)7;D,, is ample by (2.3). G, is a P-bundle
over G,_1 and the natural projection h,_1 : G,, — G,_1 has two mutually
disjoint sections U, _; and V,,_; such that V,,_; is numerically equivalent to
Un_1—k ' b 7% D, (see the proof of Proposition 1.4 and Sublemma 1.6).
Hence we have

Ka, ~ =Uy1=Vua+hi Ka, , 8 —2U,_1+h},_(Ka,_,+k, 2175 1 Dn1),

where & denotes the numerical equivalence. Since D,, ~ (kyp—1 — 1)T—1 +

k-t g% D,_1, we have



Ken+ (p—1)7,Dp

{201+ hjy (K1 + Ky 2y Dn1)}

+ (0= D{(kn—1 = DUpr + k2 By 1D}

R (pkn1—p— ko1 — DUn 1+ hy(Kgnoy + 9k, 701 Dna).

&

By Sublemma 1.6, it suffices to show that Kq,,_1 +pk;i17':{71Dn,1 is ample
because pk,—1 — p — kp,—1 — 1 > 0 by our assumption. In the case n = 2,
Kan_1 +pk;i17';:_1Dn_1 is ample because both Kg,,_; and D,,_; are ample.
Hence we may assume that n > 3. Then we have

KGn_1 4k, 75 Dyy
N —Uno = Voo +hy sKano+ 0k (kno — 1)Un—2 + k1o 3 Do)
N {pkﬁh(knd —1) = 2}Un—2+hy o(Kgn-o + (1 +pk;i1)k;i27;:,2Dn,2).
claim. pk,t (kn_o—1)—2>0.

Since k,_, divides k,_s — 1, we have pk;il(kn_g —1)—2>p—22>0. Since
(p, kn—2) = (p, kn—1) = 1, we have either k,,_1 # k,—2 — 1 or p # 2. Hence the
two equalities do not hold at the same time, which shows our claim.

By Sublemma 1.6, it suffices to show that Kq,, o+ (1+pk, )k, o 5Dy
is ample. Since

(L phy )kt > (U k)R > (L (ke = D)7k = (kao — )7,
our proposition follows from
claim. H; = Kg; + (k; — 1)_1Ti*Di (1<i<n-—2) isample.

We prove by induction on ¢. In the case ¢ = 1, both K¢ and D; are ample.
Hence H; is ample. Assume that i > 2. Then we have

Hi~ Ui 1= Vi1 +hi 1Kgi1
+ (ks = 1) (ki — YUia + kB 7 D}
~ (ki = 1) (ki = 1) = 2)Uiy
+ i {Kaio + (b 4 kT (ki — 1)) Dy}
~ (ki = 1) (kimt — 1) — 23U
R i+ kT (k= 1) = (ki — 1)) Dia )
Since H;_1 is ample by induction hypothesis and k;_1 > k;, Hi,l—i-k;ll((k‘i — 1)_1—
(kiey — 1) )77 D;_q is ample. Since (ki_y — 1)/k; is divisible by kiy1, we

have (k; — 1)~ ' (kj—y — 1) > k; *(ki_y — 1) > 2. Hence H; is ample by Sub-
lemma 1.6. O



Let X, )2, G and G be as in the proof of Proposition 1.4. We investigate
the relation between the Chern numbers of G and G. Let ¢(G) = 3,5 ci(G)

be the Chern class of G. G is a P'-bundle over G and has two mutually disjoint
sections U and V. Hence Q@/G is isomorphic to O5(—U — V') and we have

gl J{h o(G) ~ (14U + V).h*e(G) (2.7)

X —G ci(G) ~ h*ci(G) + h*ci_1(G).(U + V).

Since U =V & k™ 'h*r*D and V NU = ¢, we have

UV ~0, (2.8)
U~ (U=V)+WV).U B E'n*r*D.U,

&

Ve (U-U-V).V & —k ' r*D.V,
where D = ¢1(L). More generally, we have
U™ N k™M h D™ LU and V™ N (k) TR D™V (2.9)

for every m > 1.

Proposition 2.10. Let \; (i = 1,--- ,n) and p be non-negative integers such
that "1 1iX; + p = dim G = n. Then we have

(1 (). en(G)N .7+ DH)
= > EOUREL R 4 (- 1)) @1) (jj;i) (cr(Gymentes

Qp, Q0 —1
I+p1>0, 0<a; <A\;

cCpg(G) 2Tt nt o (G)Ant @b An px plael)
=k(cr (G)M .-+ en_1(G) 1 7*DFY)
+ Y PG e (G) e DY),

AL ALk

where | = Z?:_ll a; + A and fy .. x| . s a polynomial of one variable k=1
whose coefficients are integer and do not depend on D,G or k. If 4 = 0, then
the first term of the last expression is understood to be zero.

Proof. Since D ~ (k—1)T+k~'g*D and U~V & k~'h*r*D, we have 7*D ~



(k—1)U + k= 'h*r*D ~ kU — V. By (2.7), we have

(L (@M. (@) 72D

Al A An—1 A
1 * A—a * « n—1
= h*e' ™" R et (U + V) )o--- .
<(D¢¥0 (Oél) Cl CO ( - ) ) ( Oln_z1:0 (Oéﬂ_l)

RF N T B (U + V) > W (U + V) (kU—V)“)

= A1 e An—1 (h*( M—oitas | An—2—Qn_2+an_1
- C1 . Cp_9o
a1 Qp—1

Q1,0 —1
I4+p>0
N An— 1 Qp — 1+)\n) ) (kU V) )
_ < ) ( ) )\1 a1+tog . c/\n72_04n—2+0¢n—1
= ap, . tn—2
g, 7an 1
I+u>0
An—1—Qp_1+A, wrrl+p wysl+p
Nt )(KFUTH 4 (=1)FVITHY) (2.11)
— Z f—lpntl ()‘1) . <)‘n1) (h*(ci\l_al+a2' L '621—22—&”_2—0-04"_1
Q1,01 &1 n—1
I4+p>0
T A D) (BT 4 (—1)1V)) (2.12)
where we put ¢; = ¢;(G),i=1,--- ,n—1. (fl+pu=0,thenay = - =a,_1 =
An = p =0 and h*(c}'. - .c)"F.c)"7') = 0. Hence we may omit the terms

for which I + p = 0.) Since both U and V are sections of h : G — G, we have
(h*Z.U) = deg Z for every O-cycle Z on G. Therefore the proposition follows
from the last expression. O

Since G, is a curve and —degc;(G1) = deg 7y D1 = 2p,(X1) — 2, applying
hn -~ .
the proposition successively for G, m Gy — hy G1,G; = Gi—1 (i =

2,-+-,n), we have

Corollary 2.13. Let (X;,L;) and D;, i =1,--- n, be as at the end of the
last section. Let \; and p be non-negative integers such that Y ., iX\; + pu = n.
Then

(1 (G en(Gu DR = D0 i Kk (2pa(X0)=2)
i1, i1 <1

where a;, ..., _, 15 an integer which does not depend on ki, --- ,k,_1,X1,G1

or Dy for every i1, - ,in—1. Moreover, ayi,...1 15 equal to 1 if p = n,—1 if

p=n—1and0if u <n—1.

Now we investigate an asymptotic behavior of the Chern numbers when
klv"' 7kn—1 — O0.

10



Proposition 2.14. Let \; (i = 1,---,n) be nonnegative integers such that
St i\ = n. Then we have

p"(c1 (Xn)/\l' T ~Cn(Xn)/\n)

=(2pa(X1) = 2){(1 — p) =1

. . (31 PN in—1
+ E Wiy, i1 K1 knq )
ila"' 1i71—1§1
(i1, sin—1)# (1, ,1)
where, for everyii, - - ,in_1,04,...
and D1.

yin—1
Proof. By Proposition (2.3), 7,5¢;(X,,) is rationally equivalent to

ci(Gn)+(1=p) Y cij(Gn)i D3,
j=1

~ (1 —p)T:DfL +(1- p)cl(Gn)T::Df;l + (lower terms on  Dy,)

if i #1 and to (1 —p)7,s Dy, + ¢1(G,) if @ = 1. Hence we have

p"(c (Xn) Cn(Xn)}\")
(a6 (X))
=(1—p)™(m: D) + (1 =)™ Ay (1 (Gn). T DY)

+ Z(l = )" (e1(Gn)m DY)

+ ) comst.(cr(Gn)Mi e cn(G) T DY)

>‘,1"" ’)‘:1
p<n—1
, A i
=(2pa(X1) —2){(1 —p) ™ (1 + Ifll — Z/\j)kl ok,
j=2
+ Z const.kit - kIm )
i1, 4in—1<1
(ilv"' ain—l)$é(17“' 71)
by Corollary 2.13. 0
By the proposition, if ki,---,k,_;1 are sufficiently large, then the sign of

(e1(Xp)M. -+ en (X)) is equal to the sign of (—1) (1 + p’\%l =2 )
Hence the sign of (c1(X,,)" %.c;(X,,)) is equal to the sign of (—1)"~**1 that is,
(K% ".c;(X)) is negative if i > 2 and ki, - - - , k,, are sufficiently large. Hence if
the m at the end of § 1 is sufficiently large, then (K% *.c;(X)) is negative for
every 2 <14 < n, which completes our proof of Theorem.

11

is an integer independent of k1, -+ ,kn_1, X1
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