The Galois-Theoretic
Kodaira-Spencer Morphism of an Elliptic Curve

SHINICHI MOCHIZUKI

July 2000

Contents:

§0. Introduction
§1. Galois Actions on the Torsion Points
§2. Lagrangian Galois Actions
§2.1. Definition and Construction
§2.2. Relation to the Crystalline Theta Object
§3. Global Multiplicative Subspaces
§4. The Group Tensor Product

Section 0: Introduction

The purpose of this paper is to study in greater detail the arithmetic Kodaira-
Spencer morphism of an elliptic curve introduced in [Mzk1], Chapter IX, in the gen-
eral context of the Hodge-Arakelov theory of elliptic curves, developed in [Mzk1-3].
In particular, after correcting a minor error (cf. Corollary 1.6) in the construction of
this arithmetic Kodaira-Spencer morphism in [Mzk1], Chapter IX, §3, we define (cf.
§2.1) a slightly modified “Lagrangian” version of this arithmetic Kodaira-Spencer
morphism which has the following remarkable properties:

(1) This Lagrangian arithmetic Kodaira-Spencer morphism is free
of Gaussian poles (cf. Corollary 2.5).

(2) A certain portion of the reduction modulo p of this Lagrangian
arithmetic Kodaira-Spencer morphism may be naturally iden-
tified with the usual geometric Kodaira-Spencer morphism (cf.
Corollary 2.7).

We recall that property (1) is of substantial interest since it is the Gaussian poles
that are the main obstruction to applying the Hodge-Arakelov theory of elliptic
curves to diophantine geometry (cf. the discussion of [Mzkl], Introduction, §5.1,
for more details). On the other hand, property (2) is of substantial interest in that
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it shows quite definitively that the analogy asserted in [Mzk1], Chapter IX, between
the arithmetic Kodaira-Spencer morphism of the Hodge-Arakelov theory of elliptic
curves and the usual geometric Kodaira-Spencer morphism of a family of elliptic
curves is not just philosophy, but rigorous mathematics! (cf. the Remark following
Corollary 2.7 for more details). In fact, both properties (1) and (2) are essentially
formal consequences of a property that we refer to as the “crystalline nature of
the Lagrangian Galois action” (cf. Theorem 2.4). Interestingly, the theory of §2 of
the present paper makes essential use not only of the theory of [Mzk1], but also of
[Mzk2|, [Mzk3].

Unfortunately, however, this Lagrangian arithmetic Kodaira-Spencer morphism,
which is based on a certain “Lagrangian Galois action,” can only be defined when
there is a natural (rank one) multiplicative subspace (i.e., “weight 1” subspace) of
the Tate module of the elliptic curve in question. Since such a subspace is well-
known to exist in a formal neighborhood of infinity (of the compactified moduli
stack of elliptic curves), we work over such a base in §2. Ultimately, however, one
would like to carry out this construction for elliptic curves over number fields. In
§3, 4, we discuss a certain point of view that suggests that this may be possible
— cf. especially, §4, “Conclusion.” It is the hope of the author to complete the
construction motivated in §3,4 in a future paper.

Notation and Conventions:

We will denote by (Mlﬁ%)z the log moduli stack of log elliptic curves over Z
(cf. [Mzkl], Chapter III, Definition 1.1), where the log structure is that defined
by the divisor at infinity. The open substack of (M )z parametrizing (smooth)
elliptic curves will be denoted by (M1,0)z C (M1,0)z.

Acknowledgements: The author would like to thank A. Tamagawa and T. Tsuji for
stimulating discussions of the various topics presented in this manuscript.

Section 1: Galois Actions on the Torsion Points

In this §, we study various Galois actions on the space of functions on the set
of torsion points of an elliptic curve. In particular, we observe that these actions
give rise to a natural action of the “algebraic fundamental groupoid” of the base
of a family of elliptic curves on the scheme of torsion points over this base. This
action allows us to correct an error made in [Mzk1], Chapter IX, in the definition
given there of the arithmetic Kodaira-Spencer morphism.

Let S'°8 be a fine noetherian log scheme whose underlying scheme § is con-
nected and normal. Write Ug C S for the open subscheme where the log structure
is trivial. In the following discussion, we shall assume that Ug # (). Next, let us
assume that we are given a log elliptic curve (cf. §0, Notations and Conventions)

Clog N Slog
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(whose associated one-dimensional semi-abelian scheme we denote by E — S) and
a positive integer d > 1 which is generically invertible on S (i.e., invertible on a
schematically dense open subscheme of S). Next, let us write

Urld™] C Elygfa-1]

(where Ug|d™] L s @2 Z|d—1]) for the kernel of the finite, étale morphism [d] :

Elysa-1] = Eluga-17 of degree d? (given by multiplication by d). Thus, Up[d~'] —
Us|d™!] is finite étale of degree d?. Let us write

T—S
for the normalization of S in Urp[d~1], Ur def T|vus (so Upld™1] = Uy @4 Z[d71)).
Also, let us assume that we are given a connected, normal scheme Z over S such

that if we write Uy % Z|y., Uz[d=!] €' U, @7 Z[d~Y], then Uz[d—1] — Us[d~!] is
finite étale and Galois; Uz[d™'] — Us[d~!] dominates every connected component

of Up[d—1]; and Z is the normalization of S in Uz[d™1].

Next, we consider étale fundamental groups. Write

IIg

for the fundamental group m1(Us[d™1]) (for some choice of base-point, which we
omit in the notation since it is irrelevant to our discussion). Then since Uz[d™!] —
Usld™!] is Galois, it follows that Ig acts naturally on Uz[d~1], hence also on Z
(over S). In particular, ITg acts naturally on the module of d-torsion points

M ¥ Morg(2,T)

(where we observe that, as an abstract Z-module, M 2 (Z/dZ)?). In the following
discussion, we shall think of the action of [Ig on Z as an action from the right, and
the action of IIg on Oz, M as an action from the left.

Next, let us us consider the Oz-algebra

F ¥ Fune(M, 05)

of Oz-valued functions on the finite set M. Then observe that Ilg acts on F in
several different ways, e.g., via the action of Ilg on M, via the action of IIg on O,
etc.

Definition 1.1. We shall refer to the Oz-linear (respectively, semi-linear, relative
to the action of IIg on Oz) action of IIg from the right (respectively, left) on F
induced by the action of IIg on M (respectively, Oz) as the point-theoretic action
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(respectively, value-theoretic action) of Ilg on F. We shall refer to the O z-semi-
linear action of IIg on F from the left given by composing the value-theoretic action
with the inverse of the point-theoretic action (i.e., if o € Ilg, and ¢ € F, then o
maps ¢ to the function M > m — o(¢(o"1m))) as the diagonal action of Ilg on
F. We shall abbreviate the term “point-theoretic action” (respectively, “value-
theoretic action”; “diagonal action”) by the term P-action (respectively, V-action;

D-action).

Proposition 1.2. There is a natural inclusion ¢ : Op — F of Og-algebras which
induces an isomorphism of Op onto the subalgebra of F of llg-invariants with
respect to the D-action. Moreover, this inclusion induces an isomorphism

(OT ®OS oz)norm:)f

(where the superscript “norm” denotes the normalization of the ring in parentheses)
which is llg-equivariant with respect to the tensor product of the trivial action of
IIs on Or and the natural action of Illg on Oz on the left, and the D-action of
IIs on F on the right.

Proof. 1t is a tautology (cf. the definition M def Morg(Z,T)) that elements of M
define Og-algebra homomorphisms Oy — Oz. Thus, if we take the direct product
of these various homomorphisms, then we get an Og-algebra homomorphism

L:O0p — F

(cf. the definition of F —i.e., F def Func(M, Oz)). Moreover, it is a tautology that
Or maps into the subalgebra of IIg-invariants of F relative to the D-action. Since
Or and F are both normal algebras, in order to verify the remaining assertions
of Proposition 1.2, it suffices to verify that these assertions hold over Us[d~—1].

To simplify notation, we assume (just for the remainder of this proof) that S =
Us[d_l].

Thus, T — S and Z — S are finite étale, so, by (Galois) étale descent (with
respect to the morphism Z — ), it follows that the Ilg-invariants of F form
an Og-algebra Op/, whose spectrum T’ over S is finite étale over S. Moreover,
T' — S factors (cf. the discussion of the preceding paragraph) through 7. Thus,
since T" and T are both finite étale of degree equal to the cardinality of M (i.e.,
d?) over S, we obtain that 7' = T, as desired. The fact that the induced morphism
Or ®os Oz—F is an isomorphism then follows from elementary properties of étale
descent. This completes the proof. O

Next, we would like to use the V-action of IIg on F to construct “some sort
of group action” on F which descends to an action on Op. If, for instance, the
V-action of Ilg on F were equivariant with respect to the D-action of Ilg on F,
then the V-action itself would define an action of Il on F that descends to an
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action on Op. In fact, however, this sort of equivariance does not hold in the naive
sense, but only in the following “twisted sense”:

First, let us define the profinite group with Ilg-action I's as follows: We take
the underlying profinite group of I'g to be Ilg itself. The IIg-action on I'g is defined

to be the action given by: o () el v-0~1 (for 0 € Ilg, v € I's). Next, we endow
F with the I'g-action defined by thinking of I's as IIg and using the V-action of
IIs on F (cf. Definition 1.1). Then we have the following:

Proposition 1.3. The I'g-action on F is compatible with the Ilg-actions on I'g
and F (where we think of Ilg as acting on F by the D-action).

Proof. Indeed, if 0 € llg, vy €I'g, p € F, m € M, then:

(2{1(9)}) (m) = o - {3(#)}o ™" - m)
=o-v-¢(c”"-m)
=c-y-0 o-plo-m)
= (1) - (o
= a(7) - {oP(6)}(m)

{o)- (1o7@)}) bim)

-m)

(where the superscript D denotes the D-action of the group element bearing the
superscript). This completes the proof. O

Let us write Gal(Z/S) for the Galois group of the Galois covering Uz[d~!] —
Us[d~1]. Then by forming the quotient of Z by the action of Gal(Z/S) in the sense
of stacks, we obtain an algebraic stack S5, together with morphisms

7 — S5 — 8

where the first morphism is Galois, finite étale (with Galois group Gal(Z/S)), and
the second morphism is an isomorphism over Ug[d™1]. If we let Z range over all
connected Galois, finite étale coverings of S, the inverse limit of the Z (respectively,
S5%) thus defines a “pro-scheme” S (respectively, “pro-algebraic stack” S%) over S,
together with morphisms:

S— 8% 8

(where the first morphism is “Galois, profinite étale” (with Galois group Ilg) and
the second morphism is an isomorphism over Us[d—']). Moreover, by étale descent,
the “profinite group with Ilg-action” I's defines a profinite étale group scheme I’fgk
over Sk,
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Definition 1.4. We shall refer to '\ as the algebraic fundamental groupoid of
Slog'

Note that since Z — S5¥ is finite (Galois) étale, the D-action of Il on Spec(F)
(where “Spec” is to be understood as being taken with respect to the structure of
O z-algebra on F) defines descent data for Spec(F) with respect to Z — S5¥ (hence,
a fortiori, with respect to S—S sk). We shall denote the resulting descended object
over S by:

Tsk N Ssk

Note that over Ug[d™!], we have T*¥|y4-1] = T|ys[a-1) (by Proposition 1.2).

Corollary 1.5. The action of I's on F descends to an action of the algebraic
fundamental groupoid ngk on T,

Proof. This follows immediately from Proposition 1.2, 1.3. O

Remark. The terminology of Definition 1.4 may be justified as follows: First,
let us recall the well-known analogy between algebraic fundamental groups (such
as IIg) and the usual topological fundamental groups of algebraic topology. This
analogy gives us the freedom to phrase our justification in the language of topological
fundamental groups. Thus, let X be a topological manifold. Note that for each point
x € X, we obtain (in a natural way) a group:

x — (X, x)

i.e., the fundamental group with base-point x. This correspondence defines a local
system of groups on X, which is known (in algebraic topology) as the fundamental
groupoid of X. On the other hand, there is a well-known equivalence of categories
between local systems of groups on X and groups G equipped with an action
of m(X,x) (given by associating to such a local system its fiber at z, together
with the “monodromy action” of m(X,x)). Moreover, it is an easy exercise to
check that, relative to this equivalence of categories, the fundamental groupoid
corresponds to the “group with 71 (X, x)-action” defined by letting w1 (X, x) act
on itself via conjugation (cf. the definition given above for the IIg-action on I'g).
Thus, in summary, one may regard the object ngk as the algebraic analogue of the
fundamental groupoid. This justifies the terminology of Definition 1.4.

Remark. One other interesting observation relative to the appearance of the al-
gebraic fundamental groupoid (cf. Definition 1.4 — i.e., as opposed to group) in
the correct formulation of the arithmetic Kodaira-Spencer morphism (cf. Corollary
1.6 below) is the following. Recall that in the asserted analogy between the arith-
metic Kodaira-Spencer morphism of [Mzk1], Chapter IX, and the usual geometric
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Kodaira-Spencer morphism, the Galois group/fundamental group(oid) of the base
plays the role of the tangent bundle of the base. On the other hand, the tangent
bundle of the base (typically) does not admit a canonical global trivialization, but
instead wvaries from point to point — i.e., at a given point, it consists of infinites-
imal motions originating from that point. Thus, it is natural that the arithmetic
analogue of the tangent bundle should be not the “static” fundamental group, but
instead the fundamental groupoid, which wvaries from point to point, and indeed,
at a given point, consists of paths (which may be thought of as a sort of “motion”)
originating from that point.

We are now ready to apply the above discussion to correct an error made in
[Mzk1], Chapter IX, in the definition given there of the arithmetic Kodaira-Spencer
morphism:

In [Mzk1], Chapter IX, Theorem 3.3, and the discussion preced-
ing it, it is falsely asserted that there is a natural action (“with
denominators”) of Ilg on Hpgr (notation of loc. cit.) arising
from a natural action of IIs on 7" — S (notation of the present
discussion).

Although this assertion does indeed hold if the S-scheme 7" happens to be a disjoint
union of copies of S, in general, it is false. That is to say, the correct formulation
of this assertion is that the “twisted object” T'Sf acts on T°K (not that IIs acts on
T).

Corollary 1.6. (Correction to Error in [Mzkl], Chapter IX, §3) The
phrase “natural action of s on ... Hpr” in [Mzk1], Chapter IX, Theorem 3.3,
should read

“natural action of ngk on ... Hpr|gsx”

where “{%” denotes the pull-back via the morphism S — S), and the divisor of
S

possible poles “In () (aE)] + V(4)” should read

[ () (@B)] + V(d)

In particular, the resulting “arithmetic Kodaira-Spencer morphism” x2rith
IIg — Filt(Hpr)(S) ((erroneous) notation of [Mzk1], Chapter IX, §3) should in
fact be thought of as a morphism

naErith’ sk, ngk — Filt(HpR)| gsx
of sheaves on the étale site of S°X.
Proof. It remains only to remark that the reason for the divisor “V(d)” (i.e., the

zero locus of the regular function determined by the integer d) is that the integral
structure on the pull-back to Z (notation of the present discussion) of O, differs
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from that of F (cf. the notation “norm” appearing in Proposition 1.2) by a factor
which is bounded by the different of the algebra O,r. Moreover, the fact that this
different divides d follows from the fact that multiplication by d on an elliptic curve
induces multiplication by d on the differentials of the elliptic curve. ()

Remark. Thus, in summary, what is done in [Mzk1], Chapter IX, §3, is literally
correct when T — S happens to be a disjoint sum of copies of S (a condition which
may be achieved by base-change). In general, however, there is a certain “twist”
that must be taken into account, but which was overlooked in the discussion of
[Mzk1], Chapter IX.

Section 2: Lagrangian Galois Actions

In this §, we study the Galois action on the torsion points of an elliptic curve,
along with the resulting “arithmetic Kodaira-Spencer morphism” (cf. §1) under the
assumption that this Galois action preserves a “rank one multiplicative submodule”
of the module of torsion points. In this situation, we show that the resulting “La-
grangian Galois action” is defined without Gaussian poles, and, moreover, that a
“certain piece” of the resulting arithmetic Kodaira-Spencer morphism coincides
with the classical Kodaira-Spencer morphism (cf. §2.2). This further strengthens
the analogy discussed in [Mzk1], Chapter IX, between the arithmetic (or “Galois-
theoretic”) Kodaira-Spencer morphism and the classical (“geometric”) Kodaira-
Spencer morphism.

§2.1. Definition and Construction

In this §, we maintain the notation of §1. Moreover, we assume that we are
given a [Ig-submodule M* C M whose underlying Z /dZ-submodule is free of rank
one. Thus, we obtain an exact sequence of IIg-modules

0— Mt M— M0

(where M*®' is defined so as to make this sequence exact). Thus, restricting O y-
valued functions on M to M* gives rise to a surjection

F =Func(M,Oz) —» FH &ef Func(M*, Oy)

of Oz-algebras. Observe that the V-action (cf. Definition 1.1) of IIg on F mani-
festly preserves this surjection, so we get a natural V-action of Illg on F*. Since,
moreover, we are operating under the assumption that Ilg preserves the submodule
MH* C M, it thus follows that the P- and D-actions (cf. Definition 1.) of IIg on
F also preserve this surjection, so we also get natural P- and D-actions of IlIg on
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F#. In particular, (cf. Proposition 1.2) taking the spectrum (over S) of the Ilg-
invariants of F* with respect to the D-action gives rise to a scheme T* together
with a morphism

T™ — T

which is a closed immersion over Us[d~!]. (Note that since the operation of taking
IIs-invariants is not necessarily right exact, it is not clear whether or not 7# — T
is a closed immersion over S.)

Next, let us suppose that we are given a splitting

MR C M
of the surjection of modules M — M® (i.e., a submodule M® C M such that
the morphism MY — M® is bijective), which is not necessarily preserved by Ilg.
Even if MY is not preserved by Ilg, however, since M* C M is preserved by Ilg,

it follows that an element o € Ilg will always carry M™ C M to another splitting
MY C M of the surjection M — Met.

Next, we return to the “de Rham point of view,” and consider sections of
line bundles on the universal extension of E. Also, for simplicity, we assume from
now on that S is Z-flat, and that d is odd. Then we would like to consider the
Hodge-Arakelov Comparison Isomorphism (cf. [Mzk1], Introduction, Theorem A),
so, in the following discussion, we will use the notation of [Mzk1], Introduction,
and [Mzk3], §9. (Here, we recall that certain minor errors in [Mzk1], Introduction,
Theorem A were corrected in [Mzk3], §9, Theorem 9.2.) Thus, we assume that we
have been given an integer m that does not divide d, together with a torsion point

n € Eoo,S(Soo)
of order precisely m which defines a metrized line bundle Ly, on E, s (cf. [Mzkl],
Chapter V, §1). Here, we recall that S, is the stack (in the finite, flat topology)
obtained from S by gluing together Ug (“away from infinity”) to the profinite
covering of S (“near infinity”) defined by “adjoining a compatible system of N-th
roots of the g-parameter” (as N ranges multiplicatively over the positive integers).
Over S,,, we have the group object

Eoo,S - Soo

which is equal to E — S over Ug (“away from infinity” ), and whose “special fiber”
consists of connected components indexed by /Z, each of which is isomorphic to
a copy of G, — cf. the discussion of [Mzk1], Chapter V, §2, for more details. For

simplicity, we shall also assume that n 4 9m is invertible on S. In the following
discussion, we shall simply write £ for L ,. Thus, in particular, over Ug:
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Llys = Op(d- [n)lus

Also, let us write
Ed,Z — Z

for the object which is equal to Ez ' B« s Z over Uy, and, “near infinity,” is the
pull-back to Z of the object “E;” (cf. [Mzkl], Chapter IV, §4, where we take “N”
of loc. cit. to be d). (In words, this object “E;” is the complement of the nodes of

the unique regular semi-stable model of the Tate curve (with g-parameter “q¢”) over

the base Z[[g7]].) Then the object “Efy.er — E7 of [Mzk3], §9, defines an object

E[*d],et,z — Eq,z

(which, over (Uz)g, may be identified with the universal extension ET — E of E)
over E; 7. Indeed, the discussion of [Mzk3], §9, applies literally over Uyz; “near

infinity,” the fact that we get an object over E, z follows from the fact that the
integral structure in question, i.e., “(d'(T_(ermm)))” (in the notation of [Mzk3], §9)
is invariant with respect to the transformations 7' +— T + %, Vj € Z.

Note that £ has an associated theta group (cf. [Mzk1], Chapter IV, §1, §5, for
a discussion of theta groups) Gz over Z which fits into an exact sequence:

1= (Gp)z =Gz = aEz—1
(where ¢Ez (C E47) — Z is the finite flat group scheme of d-torsion points). Let

us suppose that the submodules M*, M C M arise from the restriction to Uz[d~}]
of finite flat group schemes

G, Hy C 4Ey

over Z such that the resulting morphism G xz Hy — 4Ez is an isomorphism of
group schemes. Thus, (cf. Proposition 1.2) we have a natural inclusion

OG; — FH

of finite Oz-algebras, which is an isomorphism over Uz[d™!]. In the following
discussion, we also assume that GY, has been chosen so that the subalgebra OG% —
FH is preserved by the various actions (i.e., V-, P-, D-) of llg on F*. Finally, let
us assume that we are given a [lifting

Hz C Gz
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of Hy (i.e., Hy,SHy via Gy — daEz). (Thus, Hyz is a “Lagrangian subgroup” (cf.
[MB], Chapitre V, Définition 2@1) of the theta group Gz.) In particular, we get a
natural action of Hz =2 Hyz on L.

In the following discussion, we will always denote (by abuse of notation) struc-
ture morphisms to S, Z, Ex g by f (cf. the conventions of [Mzk1]). We would like
to consider the push-forward

def —
= [ (Leyy ., )

of the pull-back ZE[*d],et,Z of the metrized line bundle £ to Efy etz (Here, we
take the integral structure of this push-forward “near infinity” to be the unique
Gz-stable integral structure determined by the “C¢¢” — cf. [Mzk1], Chapter V,
Theorem 4.8; the discussion of [Mzk3], §4.1, 4.2.) Thus, V5 is a quasi-coherent sheaf
on Z. Also, often we would like to consider the filtration F"(Vz) C Vz consisting
of sections whose “torsorial degree” is < r. (Here, by “torsorial degree,” we mean
the relative degree with respect to the structure of “relative polynomial algebra”
on Opt over O (arising from the fact that ET — E is an affine torsor). Since ET
may be identified with E[*d]’ ot,7 OVEr (Uz)q, this definition also applies to sections

of Vz.) In particular, we shall write

def
Hpr =

FYVg)

for the object which appears in [Mzk1], Introduction, Theorem A (cf. also [Mzk3],
Theorem 9.2). Thus, Hpr is a vector bundle of rank d on Z. Finally, observe that
the theta group Gz acts naturally on V5, F"(Vz), Hpr.

Next, let us observe that (by the assumption that n = 2m is invertible on S)
the d-torsion subgroup scheme 4Ez C Eq4 7 lifts (uniquely!) to a subgroup scheme:

dE" C Eikd],et,Z

*

(Indeed, this follows from the fact that the integral structure used to define Efp e,z
is given by “(d'(T_(iX/ 2m)))” (in the notation of [Mzk3], §9), an expression which

gives integral values € Og for all T = % (for j € Z).) Moreover, we recall from
[Mzk1], Chapter IX, §3, that (since d is odd) we have a “theta trivialization”

Z‘dEZ = Z‘OEZ X0z OdEZ

(where O, € Ez(Z) is the zero section of Ey Y ExsZ - Z) of the restriction of
Lto g E; C E4 7. Note, moreover, since L is defined over E s (i.e., without base-
changing to 7), it follows that Z‘OEZ is, in fact, defined over Sy (i.e., in other
words, it is defined over S, except that “near infinity,” one may need to adjoin
roots of the g-parameter). In particular, it follows that there is a natural action of
Gal(Z/S) — hence of llg (via the surjection Illg — Gal(Z/S)) — on ZOEZ‘
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Thus, by restricting sections of £ over E[*d] otz 10 B C E[*d] ot.z» and com-
posing with the theta trivialization reviewed above, we obtain a morphism:

Ey : Vr = Loy, ®o, 0,5,

Similarly, if we introduce Gaussian poles (cf. [Mzkl], Introduction, Theorem A,
(3); [Mzk3], Theorem 6.2), we get a morphism:

=GP |, y)GP 7
=y VZ - ‘C|0Ez Jop OdEZ

Then the main result of [Mzkl] may be summarized as follows:

Theorem 2.1. (Review of the Main Result of [Mzk1]) Assume that d is

odd and that n ' 2m is invertible on S. Then restriction of sections of L over
E[*d] otz Lo the d-torsion points, composed with the canonical “theta trivialization”

of L over the d-torsion points yields a morphism
EV : VZ — Z‘OEZ ®(9Z OdEZ

whose restriction
Exn t Hor = Loy, ®o, 0,4k,
def . ) = . . . Ly
to Hpr = F4(Vz) C V7 satisfies: (i) Ey is an isomorphism over Uz; (i) if one
introduces Gaussian poles, i.e., if one considers

—GP . ,,GP &
—H Hpr — £|0EZ ®oy OdEZ

then E%P s an isomorphism over Z.

Proof. We refer to [Mzkl], Introduction, Theorem A, especially (2), (3). Note
that the “zero locus of the determinant” is empty because of our assumption that
n is invertible on S. O

Next, let us observe that it follows from the fact that the morphism G xz
Hy; — 4E7 is an isomorphism of group schemes that the composite

Hz
odEZ g OdEZ - OG’%

(where Ofﬁz denotes the subalgebra of O, g, of functions which are invariant with
respect to the natural action of Hz on O, g, ) is an isomorphism. Thus, by applying
this isomorphism to the various morphisms obtained by taking Hy = H z-invariants
of the various morphisms of Theorem 2.1, we obtain the following result:
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Corollary 2.2. (Lagrangian Version of the Main Result of [Mzkl])

Assume that d is odd and that n % 2m is invertible on S. Then by applying the
isomorphism (’)fEZZ CO,g, —» (’)G; to the result of taking Hy = H z-invariants of
the various morphisms of Theorem 2.1, we obtain a morphism

—

—Hz , y)Hz
l—lv . VZ

- £|0EZ Koy, OG‘%

whose restriction
=H =
Z H - ’C|OEZ Qo OG‘%

Hz def dryyHz Hyz . . /) =Hz . . L)
to Hpg = F(V:7) C V7 satisfies: (i) 237 is an isomorphism over Ugz; (ii) if
one mtmduces Gaussian poles, i.e., if one considers

—GP,Hz | HGP Hz

—H - £|0EZ Qoy OG%

—~GP,Hz
—H

then =2 is an isomorphism over Z.

Proof. This follows from Theorem 2.1, together with the elementary observation
that taking the Hyz = Hz-invariants of an ‘Hy; = Hz-equivariant isomorphism is
again an isomorphism. ()

Before proceeding, we recall that ng admits the following interpretation:
Since Hz = Hyz acts on Eg z; Foo s; E[*d] ot 2}
these objects by this action. This yields objects (Eq z)u, (Eco,s)H, (Ef*d] ot z) H

(£)n (a metrized line bundle on (Ew s)g). Then we have:

L, we may form the quotients of

. _
VE7 = f*{(ﬁ)H‘(Efkdl,etsz)H}

(where f as usual denotes the structure morphism to Z) — cf., e.g., [Mzk1], Chapter
IV, Theorem 1.4.

Definition 2.3. The V-, P-; and D-actions of IIg on G, together with the

isomorphism H%P H2 of Corollary 2.2, and the natural action of ILg on Z|q 5, define

V-, P-, and D-actions of IIg on HGP HZ, which we shall refer to as the Lagrangian

GP,H
Galozs actions on Hpg 7.

Remark. Thus, unlike the “naive” Galois actions of §1, the Lagrangian Galois
actions depend on the choice of the additional data M*, MM,

Remark. Thus, a priori, the Lagrangian Galois actions appear to require the Gauss-
ian poles (i.e., it appears that they are not necessarily integrally defined on Hg}-z{).
In fact, however, we shall see in §2.2 below that (under certain assumptions) the
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Lagrangian Galois D-action has the remarkable property that it is defined with-
out introducing the Gaussian poles. This property is not possessed by the “naive”
(non-Lagrangian) Galois actions of §1.

§2.2. Relation to the Crystalline Theta Object

In this §, we continue to use the notations of §2.1, except that we further
specialize them as follows. Let A be a complete discrete valuation ring of mized
characteristic (0,p), with perfect residue field. Write K (respectively, k) for the
quotient field (respectively, residue field) of A. In this §, we suppose that S is of
the form:

S = Spec(A[[¢™]])

for some positive integer N prime to d, and that the log structure on S is that

- . 1 . . .
defined by the divisor V(¢%) C S. Also, we suppose that the given log elliptic
curve C'°8 — S198 ig the “Tate curve,” i.e., that it has “g-parameter” equal to
q € Og.

Thus, if we take A sufficiently large, we may assume that Z is of the form:

Z = Spec(A[[g™7]))

and that the log structure on Z is that defined by the divisor V(qﬁ) C Z. Thus,
we obtain a morphism Z'°8 — §1°8 of log schemes.

Write E» def ExgZ. Thus, Ez — Z is a one-dimensional semi-abelian scheme
over Z. Note that E; has a unique finite flat subgroup scheme annihilated by d.
This subgroup scheme is naturally isomorphic to pg. We take this subgroup scheme
for our

Mqe =Gy C4E; C Ey

(and note that it is easy to see that this G, satisfies the condition (cf. §2.1) that
(’)G% C F* be preserved by the V-, P-, and D-actions of IIg on F*). Moreover,
since (4E7)/G" is naturally isomorphic to the constant group scheme (Z/dZ)z, it
is easy to see that, over Z, there exists a finite étale group scheme Hy; C ;Ez such
that the natural morphism

G% X2H2—>dEZ

is an isomorphism of group schemes. Thus, if we write Ey, def (E4,z)H, then we

see that Fpy, — Z is a one-dimensional semi-abelian group scheme (i.e., its fibers
are all geometrically connected), and that the natural quotient morphism
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(Ez C) Eqz -» En,

(over Z) has kernel equal to Hz, hence is finite étale of degree d. Finally, we note
that the g-parameter of Ef, is a d-th root of q. This completes our description of
the specializations of the objects of §2.1 that we will use in the present §.

Next, we would like to relate the present discussion to the theory of connections
in [Mzk3]. To begin with, we recall that Z|0EZ (where 0, € Ez(Z) is the zero
section of Ez — Z) is a line bundle on Z equipped with a natural Ilg-action;
moreover, this IIg-action is derived from the fact that £|y s, 0 fact arises from a
“line bundle on S...” Thus, there exists a trivialization

(where a is a nonnegative integer < Nd) — i.e., in the terminology of the discussion
of [Mzk3], §5, a rigidification of £ at 0p, — which is Ilg-equivariant. In the
following discussion, we fiz such a “Ilg-equivariant rigidification” .

Observe that 7 defines, in particular, a logarithmic connection on the line
bundle [Z\OEZ which is stable under the action of Ilg. Thus, according to the theory
of [Mzk3|, §5, this rigidification gives rise to (logarithmic) connections

VVz’ vaz

on V7, ng, respectively (cf. [Mzk3|, Theorems 5.2, 8.1), which are stabilized
by the action of IIg. Here, the logarithmic connections are relative to the log
structure of Z'°8, and all connections, differentials, etc., are to be understood as
being continuous with respect to the (p, ¢)-adic topology on O.

Moreover, since all higher p-curvatures of these connections vanish (cf. [Mzk3],
§7.1, for a discussion of the general theory of higher p-curvatures; [Mzk3], Corollary
7.6, for the vanishing result just quoted), we thus conclude that V7, V%IZ define
“crystals” on the site

Inf(Z'°8 @ k/A)

of infinitesimal thickenings over A of open sub-log schemes of 78 @ k = Z'°8 @
(A/m4). That is to say, usually, “crystals” are defined on sites of PD-thickenings
(cf., e.g., [BO], §6, for a discussion of this theory), but here, since all of the higher
p-curvatures vanish, we obtain crystals on the site of thickenings which do not
necessarily admit PD-structures. Since the definitions and proofs of basic properties
of such “crystals on Inf” are entirely similar to the divided power case, we leave the
unenlightening details to the reader. Thus, in summary, we may think of the pairs

(VZ7 VVE); (nga vaz )
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as crystals on Inf(Z'°% ® k/A).

In the following discussion, we will not use the entire group Ilg, but only its
“m-inertia subgroup” I1I¢ C Ilg, defined as follows:

s D)2 o ells | o(¢p)=¢ (modmy-0Oy), Vo€ Oy}

Thus, in particular, one verifies easily that the image Gal™(Z/S) of II¥ in Gal(Z/S)
is a p-group. More precisely, if we write

d=dp-dgp
(where dp,, d4, are positive integers; d,, is a power of p; and d, is prime to p),
then one verifies immediately (using the simple explicit structures of S, Z) that the

correspondence

1 1

s 5 0 og™7) /g
defines isomorphisms:

o - Gal™(Z/S) = (Z/d,Z)(1)

l l l

s — Gal(Z/8) = (2/dZ)(1)

(where the vertical arrows are the natural inclusions, and the horizontal arrows are
defined by the correspondence just mentioned).

Next, let us observe that it follows immediately from the definition of II§ that
every o € IIT defines an A-linear isomorphism

o Zlog =~ Zlog
which is the identity on Z1°8 @ k. It thus follows from:

(i) the fact that Z'°8 defines a(n) (inductive system of) thickening(s) in the
category Inf(Z'°¢ @ k/A); and

(iii) the fact that (ng, V1) forms a crystal on Inf(Z'°8 @ k/A)
z

that o induces a o-semi-linear isomorphism

SH, SH,
i Vi e 2
/a VE VE
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(where “o-semi-linear” means semi-linear with respect to the action of o on Oz, and
the “hat” denotes p-adic completion). Here, the justification for the notation “ fa”
is that this isomorphism is the analogue of the isomorphism obtained in differential
geometry by “parallel transporting” — i.e., “integrating” — sections of )7%{ 7 along
the “path” o (where we think of o as an “element of the (algebraic) fundamental
group” Ilg). That is to say, we obtain a natural Ilg-semi-linear action of Ilg on
ﬁg Z. (In fact, the same holds for “ﬁg Z7 replaced by “AE,” but since this action is

more interesting for Vg 7 we restrict ourselves to the case of Vg Z in the following
discussion.)

Theorem 2.4. (Crystalline Nature of the Lagrangian Galois Action)
The action of Ilg on ng 15 compatible with Egz (cf. Corollary 2.2; here the “hat”

denotes p-adic completion) and the D-action on G in the following sense: For
o € llg, the following diagram commutes:

=1z

SHy, v —
VZ — £|OEZ ®OZ Oglé

|4 » |02

SHy, —
VZ e £|0EZ ®(’)Z OG%

(where oP denotes the result of applying o to OG; via the D-action of Ilg on OG%).

Proof. This follows from the naturality of all the morphisms involved, together
with the compatibility (cf. [Mzk3], Theorem 6.1) over G, of the connection V. ,x,

L
with the “theta trivialization” reviewed in §2.1. O

Corollary 2.5. (Absence of Gaussian Poles in the Lagrangian Galois
Action) Relative to the objects of the present discussion, the Lagrangian Galois D-
action of Ilg on HSE’HZ (cf. Definition 2.3) is defined without Gaussian poles,

i.e., it arises from an action of Ilg on 'Hgﬁ.

Proof. This follows immediately from the commutative diagram of Theorem 2.4,
together with Lemma 2.6 below: Indeed, since the morphism “ fa” is integral (i.e., in
particular, defined without Gaussian poles), restricting this commutative diagram

to Hgﬁ C ﬁgz (i.e., where “ﬁgz ” denotes the “ﬁgz ” in the upper left-hand corner

of the diagram) shows that by computing the Lagrangian D-action inside {}gz and
then applying Lemma 2.6 to the lower horizontal arrow of the diagram, we obtain
the asserted integrality. O

Lemma 2.6. The image of the morphism Egz (cf. Corollary 2.2) is the same
. . . —H H H
as the image of its restriction =37 to Hpf C VZZ.
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Proof. 1In a word, these two images coincide because both images are equal to
the image of the theta convolution (studied in detail in [Mzk2], cf. especially §10).
Indeed, this is essentially the content of the proof of [Mzk2], Theorem 10.1. In this
proof, only the image of EZZ — i.e., more concretely, the span of the derivatives
of the theta function “©” of order < d — is discussed, and this image is shown to
be the same as that of the theta convolution; but the argument never uses that the
derivatives are of order < d — i.e., the exact same argument shows that the image
of Eg Z (= the span of the derivatives of the theta function “©” of arbitrary order)
is equal to the image of the theta convolution.

For the convenience of the reader, however, we review the argument briefly as
follows: If we write “U” for the standard coordinate on G,,, then the image of Egz
(respectively, Egz ) may be identified with the span of the restrictions to g C Gy,

of the derivatives (;3;)7© — where

0 13 R k(b
kEZ

(and x (a character Z — p,,), i, (an integer) are invariants associated to the torsion
point i) — of order < d (respectively, arbitrary order). On the other hand, a basis
of the functions on pg is given by U°,... ,U%"!. If one computes the coordinates
(relative to this basis) of ©|,,, one sees that the coefficient of the smallest power
of ¢ appearing in each coordinate is either a root of unity or a root of unity times
a nonzero sum of two n-th roots of unity (cf. [Mzk2], Theorem 4.4, where we take
dora t0 be 1). Since we have assumed that n is invertible on S (cf. Theorem 2.1),
we thus obtain that this coefficient is always a unit. On the other hand, to give an
element in the span in question is to consider the restriction to ug C G, of a series

ST qE GG p(k) . UE - (k)
kEeZ

where P(—) is a polynomial (with coefficients in Oz ® Q but which maps Z into
Oyz) of degree < d (respectively, arbitrary degree) in the case of Egz (respectively,
Egz) Thus, in short, the assertion of Lemma 2.6 amounts to the claim that the
span of

{P(k)-¢®® - Ur}imo,... 0

(for some function @ : {0,... ,d — 1} — & - Z) is the same, regardless of whether

one restricts the degree of P((—) to be < d or not. But this is easily verified. O

Finally, we observe that:

Theorem 2.4 allows us to relate the “arithmetic Kodaira-Spencer
morphism” arising from the Lagrangian Galois action to the clas-
sical geometric Kodaira-Spencer morphism.
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as follows: Let
I' C Gal™(Z/8)

be a subgroup of order > 2. Write dp def || for the order of I'. Thus, dr # 1 divides
dp, and we have a natural isomorphism I' = (Z/drZ)(1) (cf. the discussion above
immediately following the definition of II¥). Write

(p-AC) mp CA

for the ideal generated by elements of the form 1 — (, where ( is a dr-th root of
unity. Note that ' acts trivially on Z @ (A/mr) (mod my). Moreover, we have a
homomorphism

Ar : pap (A) — mp/mi

given by ¢ — ¢ —1 (mod m%). Thus, if we think of py.(A) as “(Z/drZ)(1)” (which
is naturally isomorphic to I'), then we see that Ap defines a homomorphism

6r : I — mp/m2

which is easily seen (by the definition of the ideal my) to induce an injection I' ®
(Z/pZ) — mp/mf.

Next, we would like to consider a “certain portion” of the “arithmetic Kodaira-
Spencer morphism” associated to the Lagrangian Galois action, which will turn out
to be related to the classical Kodaira-Spencer morphism. Let v € I'. Then since ~
acts on Hp1Z via the Lagrangian Galois D-action (Definition 2.3, Corollary 2.5), we
see that v defines a morphism v” : H}DIIZ{ — ’Hgf{. If we restrict this morphism to
FY(HEZ), and compose with the surjection HEZ — {HEZ/F2(HEZ)} @4 (A/m?),
we thus obtain a morphism

FY (HBE) — {MDE/F*(HBE)} ®4 (A/mi)

which (as one verifies easily — by using the fact that v is the identity on Hgﬁ ®Rak,
HEZ @ mp/m2) vanishes on mp - F'(HHZ) and maps into {HhAZ/F?>(HHZ)} ®a
mp/m2). Thus, we obtain a morphism

Kyt FYHGE) @ k — {H{E/F*(H3E)} ®4 mp /mf

which we would like to analyze by applying Theorem 2.4. If one reduces the com-
mutative diagram of Theorem 2.4 modulo m2, it follows that Kk~ may be computed

by applying the (logarithmic) connection V iz on ng in the logarithmic tangent
z

direction
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(cf. the definition of ép, Ap given above). That is to say, Applying V, iz in this
L

logarithmic tangent direction to F*(HhZ) ® k = Fl(VgZ) ® k C V7 ® k and then
projecting via ng Qk —» ng /F? (ng) ® k defines a morphism:

F'VE7) @ k — VEZ [F*(VI?) @ mp/mf,

On the other hand, by [Mzk3], Theorem 8.1 (i.e., the property which was called
“Griffiths semi-transversality” in loc. cit.), this morphism in fact maps into the
submodule F3(V£IZ)/F2(V%{Z) ® mr/mi. Moreover, (F3/F2)(V£IZ) is naturally
isomorphic to 3 - F I(Vg )® T?;Z (where we write 7, for the tangent bundle to
Ey, at the origin OEHZ)' In particular, we obtain that k., also maps into F3(—).

(Note that here we use that d > d, > dr > 3.) Thus, by letting v vary, we obtain
a homomorphism:

1
kr : T — Homo, (FY(HHZ) @ k, (F3/F?)(HEZ) ® mp /m?) = 5 -7'%’32 ® mp /mi

arising from the Lagrangian Galois action, taken modulo m¥, which, when regarded
as an element

1
kr € Hom(T, = - 752 @ mp/mp) = Hom(T, mp/mf) ® 3 Tha,

Em,

DN | =

is equal to the result of evaluating the geometric Kodaira-Spencer morphism of the
“crystalline theta object” (ng, V,uz) (cf. [Mzk3], Theorem 8.1)
L

1
kvt (Qziog/4)" — 2 ‘Tgflz

k)
-
dlog(qN-d)
discussion as follows:

on € (Qz108/4)" and multiplying the result by ép. We summarize this

Corollary 2.7. (Relation to the Classical Geometric Kodaira-Spencer
Morphism) Let
I' C Gal™(Z/8)
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be a subgroup of order > 2. This subgroup I' gives rise to a natural ideal mp C
A (minimal among ideals modulo which T' acts trivially on Z'°8) and a natural
morphism

(5[‘ I — mp/m%

(defined by considering the action of I' on qﬁ modulo m% ). Then the morphism

1

H H

kr : T — Homo, (F' (Hpg) ® k, (F?/F*)(Hp§) @ mp/mp) = o - 7, @ mp/my

obtained purely from the Lagrangian Galois D-action of I' on Hgﬁ (cf. Defi-

nition 2.3, Corollary 2.5) by restricting this action to F* (’Hgﬁ) and then reducing

modulo m¥ coincides with the morphism obtained by evaluating the “geometric

Kodaira-Spencer morphism of the crystalline theta object” (ng , VVHZ)
z

(cf. [Mzk3], Theorem 8.1)

1
Ky : (Qzlog/A)v -3 'Tgiz

)
dlog(q ™7
result by ér. Moreover, by [Mzk3], Theorem 8.1, this Kodaira-Spencer morphism
associated to the crystalline theta object coincides (up to a factor of%) with the usual
Kodaira-Spencer morphism associated to the Gauss-Manin connection on the first de
Rham cohomology group. Thus, in summary, the arithmetic Kodaira-Spencer
morphism associated to the Lagrangian Galois D-action coincides modulo m# (and
up to a factor of %) with the usual Kodaira-Spencer morphism.

in the logarithmic tangent direction € (g0 4)Y and multiplying the

Remark. Note, moreover, that the correspondence between the logarithmic tangent

direction - (8 p— € (Qz10s/4)" and the morphism ér is essentially the same as the
og(gN-d
correspondence arising from Faltings’ theory of almost étale extensions between the

logarithmic tangent bundle of Z'°8 and a certain Galois cohomology group (cf., e.g.,
[Mzk1], Chapter IX, §2, especially Theorem 2.6, for more details). In particular:

Corollary 2.7 shows that the analogy discussed in [Mzk1], Chap-
ter IX, between the (usual) geometric Kodaira-Spencer mor-
phism (cf. especially, [Mzk1], Chapter IX, Theorem 2.6) and the
arithmetic Kodaira-Spencer morphism is more than just
philosophy — it is rigorous mathematics!

(cf. also the discussion of [Mzk3|, Theorem 6.2, in [Mzk3], §0).

Section 3: Global Multiplicative Subspaces

In this §, we show how to construct a sort of global analogue of the crucial
subgroup scheme “G‘é C 4E7” of §2.2. The author believes that this construc-
tion indicates the proper approach to globalizing the local theory of §2 — cf. §4,
“Conclusion.”
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In this §, let us write My for the moduli stack (M1,)z (cf. §0, Notations
and Conventions); My C My for the open substack parametrizing smooth elliptic
curves. We denote base change to Qby a subscript Q Also, let us write

Mpte = 71 (Mg)

(for some choice of base-point).

Next, let us fix a prime number p. Thus, the p-power torsion points of the
tautological elliptic curve over Mg define a p-adic Tate module

F

— le., F is a free Zy-module of rank two equipped with a continuous Il r¢,-action
pr : Mpmg — GL(F). Write

Tog — Mg

for the profinite étale covering defined by the subgroup Ker(pr) C Ilaq,. Since pr is
surjective (cf., e.g., [Shi], Theorem 6.23, together with the fact that the cyclotomic
character Gal(Q/Q) — Z ,* is surjective), it follows that Ty — Mg is Galois, with
Galois group

Gal(Zg/ M) = GLy(Zy)

(where the isomorphism is determined by a choice of Zy-basis for F). Write

Tz — Mz
for the normalization of My in To; Iz def Tz X7, Myz. Also, in the following dis-
cussion, we will denote the p-adic formal schemes (or stacks) defined by p-adically
completing various schemes (or stacks) by means of a superscript “A.”

Now note that the natural II,-actions on Tz and F define a natural I1 Mg~
action on

O%Z ®z, F

(which we regard as a coherent sheaf on 7). Let us write wg for the line bun-
dle on Mz defined by the cotangent bundle at the origin of the tautological log
elliptic curve over Mz. Then we recall the following result, which is essentially an
immediate corollary of the p-adic Hodge theory of elliptic curves:
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Theorem 3.1. (Global Multiplicative Subspace) There is a natural I, -
equivariant morphism
Yy - O%Z ®z, F — wE|%z

whose image contains (1 — (p) - wE\% , where (, is a primitive p-th root of unity.
Z

Moreover, away from the supersingular points of Tz®F,, this morphism is a surjec-
tion, and (in a formal neighborhood of infinity) its kernel is the subspace defined by

the multiplicative subgroup schemes “GY% C 4Ez” (cf. §2.2) where we take d def p",
n — oo.

Proof. The morphism 1), is what is usually referred to in p-adic Hodge theory as
the p-adic period map. There are many ways to construct the p-adic period map.
Over the smooth locus My, one way to construct the period map (cf. [Mzk3], §2,
the Remark following the proof of Theorem 2.2) is to use the canonical section
(defined modulo p™ — cf. [Mzk3], §1, the discussion following Lemma 1.1 for more
details on this canonical section)

kg H® (Z/p"Z) — E' @ (Z/p"7Z)

of the universal extension ET — E (where E — Mgy is the tautological elliptic

curve) over the covering H (d:ef E) — FE of E given by multiplication by p"™ (where
we let n — 00). By looking at “fibers (of H, E') over the origin of E,” we thus
see that kK determines a homomorphism from the p™-torsion points of E‘?z’ i.e., in

particular, from F ® (Z/p"Z) — E(Tz), to wg ® (Z/p"Z)|7,, as desired. Note that
although only the smooth case is discussed in loc. cit., one verifies immediately
that this approach may be extended over Mz (by using the canonical section of
the universal extension near infinity). Letting n — oo and tensoring over Z, with
O%Z thus completes the construction of 1,,.

The remaining statements concerning the various properties of 3, may be
verified by using another approach to constructing the p-adic period map, which is
discussed in [Mzk1], Chapter IX, §2. This approach has the slight disadvantage that
it is not immediately clear that the resulting period map is defined over Tz (i.e.,
a priori, it is only defined over locally constructed “R’s”). Nevertheless, one may
check easily (by working over the ordinary locus) that these two approaches yield
the same period map (cf. [Mzk3|, §2, the Remark following the proof of Theorem
2.2). On the other hand, the approach of [Mzk1], Chapter IX, §2, has the advantage
that it makes it clear that the morphism 1/, : (9% Rz, F — wE|% in question is

Z Z

the composite (at least locally on Tz, but this is sufficient for our purposes) of a
morphism — which we shall denote ¢); — from (9% ®z, F to a certain rank two
Z

vector bundle on Ty, followed by a surjection — which we shall denote 1y — from
this vector bundle onto the line bundle wE\% (cf. the morphism “¥z ” — or,
Z

more precisely, its dual — of [Mzkl], Chapter IX, Theorem 2.5). Moreover, the
determinant of ¢ is equal to 1 — (, times a unit (cf. [Mzk1], Chapter IX, Theorem
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2.5, as well as the proof of this theorem). On the other hand, since the range
of the morphism 1, is a line bundle, it follows that the image of ¢, determines
an ideal J C O%Z with the property that det(vn) vanishes modulo J. Thus, we
conclude that 1 — ¢, € J, as desired. Finally, the assertions of Theorem 3.1 over

the ordinary locus and near infinity follow from the theory of either [Mzk3], §2, or
[Mzk1], Chapter IX, §2. This completes the proof O

Remark. Usually, in the context of p-adic Hodge theory, one constructs the p-adic
period map not over global bases such as My, but over p-adic bases, such as MZP. It
is immediate, however, from the first approach discussed in the proof of Theorem 3.1
to constructing the p-adic period map that exactly the same construction works over
Mz and gives rise to a morphism that is equivariant with respect to 11 Mo = T1(Mg)
(i.e., not just m1(Mg,)). (The author wishes to thank A. Tamagawa for remarks
that led to a simplification of the proof of Theorem 3.1.)

Remark. Thus, in particular, we obtain that if E' is a log elliptic curve over Z, then
(by pull-back via the classifying morphism to My o defined by E) the morphism 1,
defines a Gal(Q/Q) -equivariant morphism:

Yo (E) : Ty(E) €2, O — wi ®or Og

(where T,(E) is the p-adic Tate module of E; Qis an algebraic closure of @ and
the “hat” denotes p-adic completion) whose image contains p - wg (cf. Theorems
3.1, 3.2). In particular, since the completions of Qat each of its primes over p are
all waluation rings, we thus conclude that v, (E) defines a Gal(Q/Q)-equivariant
surjection

YL(E) : Tp(E) &z, O — wjy

(where wj; C wp ®z O= is a free O=-submodule of rank one) which coincides with

Y (E) over Q,. Thus, the kernel of ¢, (E) may be regarded as a global generalization
of the multiplicative subspace “Zy,(1) C T,(E)” of the Tate curve E over Z|[q]]-

Section 4: The Group Tensor Product

In this §, we present a very general construction that applies to arbitrary com-
mutative group schemes, but which will be of fundamental importance for motivat-
ing the theory that we wish to pursue in subsequent papers.

We begin with the following definition, which is motivated by infinite abelian
group theory (cf. [Fchs], p. 94):
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Definition 4.1. We shall call a torsion-free abelian group R ind-free if every finite
subset of R is contained in a finitely generated direct summand of R.

Remark. It is known that every countable subgroup of an ind-free group is free (cf.
[Fchs], pp. 93-94). Thus, in particular, every countable ind-free group is free. On
the other hand, groups such as an infinite direct product of infinite cyclic groups
are ind-free, but not free (cf. [Fchs], p. 94). The reason that we wish to consider
ind-free groups is because we wish to allow just such groups — i.e., such as the
additive group of power series Z[[q]] — in the theory to be developed in the present
and subsequent papers.

Now let S be a noetherian scheme, and G a commutative group scheme over
S. (Note: we do not necessarily assume that G is smooth or of locally of finite type
over S.) Thus, G defines a functor

T+— G(T)

from the category of S-schemes (such as T'— ) to the category of abelian groups.

Next, let us assume that we are given an ind-free Z-module R (cf. Definition
4.1). Then let us consider the functor

T — G(T) ®z R

— which we denote by G %5 R — from the category of S-schemes (such as T' — 5)
to the category of abelian groups.

Definition 4.2. We shall refer to as an ind-group scheme an inductive system
(indexed by a filtered set) of group schemes in which the transition morphisms are
all closed immersions.

Remark. Thus, a Barsotti-Tate group (e.g., the p-divisible group defined by an
abelian variety) is a typical example of an ind-group scheme. Note that it is im-
portant to assume that the transition morphisms are closed immersions. Indeed,
so long as one assumes this, taking the inverse limit of sheaves of functions on the
group schemes in the system gives rise to a sheaf of “functions on the ind-group
scheme” which surjects onto the sheaves of functions on each of the group schemes
in the system. If, on the other hand, one considers an inductive system such as

(where E is an elliptic curve, and all of the arrows are multiplication by some
positive integer d), then the inverse limit of the functions on the group schemes in
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the system contains only the constant functions. Thus, it is difficult to treat this
sort of inductive system as a single geometric object.

gp
Proposition 4.3. This functor G ® R is representable by an ind-group scheme

8p
over S, which, by abuse of notation, we also denote by G @ R. Moreover:

(1) G %5 R is functorial with respect to G and R.

(2) If R is finitely generated, then G %g R is representable by a
(single) group scheme.

(3) If R and R’ are finitely generated free Z-modules, and R — R’

gp gp
is a split injection, then the resulting arrow G ® R — G ® R’
1 a closed immersion.

Proof. First, note that any ind-free R can be written as an inductive limit 11_I>Il R;
of finitely generated free Z-submodules R; (for j in some filtered index set J) such
that the injections R; — R are split. Moreover, when j < j' (so R; C Rj/), the
fact that R; — R is split implies that R; C R; is split. Thus, the representability

of G %) R (for a general ind-free R) by an ind-group scheme over S follows formally
from assertions (1), (2), (3).

Let us prove (2), (3). Thus, for the remainder of this paragraph, let us assume
that R is finitely generated (and free). But then R is (noncanonically) isomorphic

to Z" (for some positive integer r), so G & R can be represented by the group
scheme G Xg G Xg ... Xg G (the fibered product over S of r copies of G). This
proves (2). Since any split injection Z" — Z"' is isomorphic to the injection Z" =
Z" x {0} < Z" x Z"' " = 7", assertion (3) follows immediately.

Finally, assertion (1) follows immediately from the functorial definition of

G&R O

Definition 4.4. By abuse of notation, we denote the ind-group scheme of Propo-

gp
sition 4.3 by G ® R, and refer to this ind-group scheme as the group tensor product
of G with R.

Remark. We shall principally be interested in the case where G is an elliptic curve
FE, or its universal extension equipped with some integral structure — e.g., Efkd] ot
— and R is a ring closely related to the base scheme over which E is defined —

e.g., R = Op (the ring of integers) for some number field F.
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Remark. Note that automorphisms of the module R induce automomorphisms of

gp
G ® R. Moreover, if, for instance, R is finitely generated, and G is equipped with
an ample line bundle L, then any choice of basis ey,...,e, of R determines an

gp
isomorphism G ® R = H§=1 G, hence (by taking the tensor product of the pull-
backs of L relative to each of the factors in the product), a natural choice of ample

gp
line bundle on G ® R. This ample line bundle, however, depends on the choice
of basis, i.e., it will not be preserved in general by automorphisms of R. Thus, in
summary:

Although (for, say, finitely generated R) the correspondence G —

gp
G ® R defines a natural functor from group schemes to group
schemes, it does not define a natural functor from polarized group
schemes to polarized group schemes.

Since, in Hodge-Arakelov theory, it is of fundamental importance to work with
polarized group schemes, the rather superficial general nonsense of the present § will
not be sufficient for working with group tensored elliptic curves in Hodge-Arakelov
theory. The resolution of this technical issue forms one of the main obstacles relative
to developing a theory of the sort that the author envisions for globalizing the theory

of §2.
One important property of the group tensor product is the following:

Proposition 4.5. Let d > 1 be an integer, and write 4G C G (respectively,
4(G & R)Cd & R) for the kernel of the morphism [d] : G — G (respectively, [d] :

G g@é)) R—G g@é)) R), i.e., multiplication by d. Then we have a natural isomorphism:

oG @ R) = (4G) @y yqn(R/d- R)

Proof. This follows immediately from the functorial definition of G g@;é)) R. O

Conclusion:

If we formally combine Proposition 4.5 with the content of the second Remark
following Theorem 3.1, we thus obtain the following:

If E is a log elliptic curve over Z; d = p" (where p is a prime

number, and r > 1 is an integer); and R def Ok is the ring
of integers of some finite Galois extension K of Q (which may
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depend on the choice of d), then the rank 2 (R/dR)-module of

gp

d-torsion points of E @ R contains a rank 1 submodule stabilized
by Gal(Q/Q) and which coincides with the usual “multiplicative
subspace” at primes of bad (multiplicative) reduction.

In particular, this conclusion suggests that if we could somehow develop a “Hodge-

Arakelov theory for objects such as E %g R,” then we should be able to define for
such objects a Lagrangian Galois-theoretic Kodaira-Spencer morphism which is free
of Gaussian poles (cf. Corollary 2.5). In subsequent papers, it is the hope of the
author to develop just such a theory.
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