On Dufresne’s relation between the probability laws of exponential functionals of Brownian motions with different drifts

Hiroyuki Matsumoto^{(1)} and Marc Yor^{(2)}

(1) Graduate School of Human Informatics, Nagoya University, Chikusa-ku, Nagoya 464-8601, Japan (2) Laboratoire de Probabilités et Modèles Aléatoires, Université Pierre et Marie Curie, 4, Place Jussieu, Tour 56, F-75252 Paris Cedex 05, France

Abstract Denote by α^{(μ)}_t the probability law of A^{(μ)}_t =

∫_t 0 exp(2(B_s+μs))ds for a Brownian motion {B_s, s ≧ 0}. It is well known that α^{(μ)}_t is of interest in a number of domains, e.g., mathematical finance, diffusion processes in random environments, stochastic analysis on the hyperbolic spaces and so on, but that it has complicated expressions. Recently, Dufresne [13] obtained some remarkably simple expressions for α^{(0)}_t and α^{(1)}_t , as well as some equally remarkable relation between α^{(μ)}_t and α^{(ν)}_t for two different drifts μ and ν. In this paper, hinging on our previous results about α^{(μ)}_t , we give different proofs of Dufresne’s results, and present extensions of them for the processes {A^{(μ)}_t , t ≧ 0}.

1. Introduction 1.1. Let B = {B_t, t ≧ 0} be a one-dimensional Brownian motion and, for μ ∈ R, B^{(μ)} = {B^{(μ)}_t ≡ B_t + μt, t ≧ 0} a Brownian motion with a constant drift. We consider the Brownian exponential functional

A^{(μ)}_t =

∫_t 0 exp(2B^{(μ)}_s ) ds, t > 0, which plays an important role in a number of researches, e.g., mathematical finance ([14, 32]), diffusion processes in random environments ([8, 17]) and stochastic analysis on hyperbolic spaces ([15, 16]). Here, we cite only a very restricted number of related works. For a more complete list, see the references in these papers, as well as in [29], [33] and so on.

The original motivation for the present paper has been to compare several apparently different forms for the density of A^{(μ)}_t for fixed t > 0. The density (2.1) of (A^{(μ)}_t , B^{(μ)}_t ) presented below has been obtained in Yor [32] and has been used in the works cited above; hence, the onedimensional marginal of A^{(μ)}_t may be obtained by integrating both hand sides of (2.1) with respect to dx.

More recently, Dufresne [13] obtained other expressions for the density of A^{(μ)}_t . One of the aims of this paper is to show that these two expressions are indeed equal, as it should be. This may be of some intrinsic interest; we also note that some authors, e.g., [3, 5, 20, 25], keep trying to obtain better expressions, e.g., for accurate implementation of Asian option prices.

1.2. On the other hand, we have studied, in previous works, the probability laws of the stochastic processes A^{(μ)} = {A^{(μ)}_t , t ≧ 0}, μ ∈ R, which led us, among other results, to an extension of the celebrated Pitman 2M−X theorem, replacing twice the maximum 2M_t ≡ 2 max_{0≦s≦t} X_s, t > 0, by log

(∫_t 0 exp(2X_s)ds ) . For precise statements and proofs, see [21, 22, 23, 24, 9]. See also [10] for a somewhat different summary and developments. Here, we give some short summary of our previous results which are related to the present work.

(i) An important relation between A^{(−μ)} and A^{(μ)} is the following identity: for μ > 0, { 1 A^{(−μ)}_t

, t > 0

}_{(law)} = { 1 A^{(μ)}_t

+ 2γ_μ, t > 0 } , (1.1)

where γ_μ is a Gamma(μ) random variable, independent of {A^{(μ)}_t , t ≧ 0}. (ii) We then considered the stochastic process Z^{(μ)} = {Z^{(μ)}_t ≡ exp(−B^{(μ)}_t )A^{(μ)}_t , t ≧ 0}, which appears naturally from (1.1) since d dt ( 1 A^{(±μ)}_t ) = − 1 (Z^{(±μ)}_t )^2 . In particular, it follows from (1.1) that Z^{(−μ) (law)}= Z^{(μ)}. Moreover, both processes are Markovian with respect to their own respective filtration, with common infinitesimal generator

L^{(μ)} = 1 2 z^2 d^2 dz^2 + {(1 2 − μ ) z + (K_{1+μ} K_μ )(1 z )} d dz . Of particular interest to us is the fact that, for any fixed t > 0, the σ-field F^+_t ≡ σ{B^{(μ)}s , s ≧ t} of the future of B^{(μ)} and the σ-field Z^−_t ≡ σ{Z^{(μ)}s , s ≦ t} of the past of Z^{(μ)} are conditionally independent given the variable Z^{(μ)}_t .

Further extensions of this Markov property have been obtained by Baudoin [6]. (iii) In a subsequent work [9], we noticed that the stochastic process Z^{(μ)} is invariant under certain transforms on path space: precisely, letting α > 0 and defining the transform T_α by

T_α(ϕ)_t = ϕ(t) − log(1 + αA(ϕ)_t), we have Z(T_α(ϕ))_t = Z(ϕ)_t, where

Z(ϕ)_t = exp(−ϕ(t))A(ϕ)_t and A(ϕ)_t =

∫_t 0 exp(2ϕ(s)) ds.

This prompted us ([9], Theorem 1.5) to prove an absolute continuity relationship between the laws of {T_α(B^{(μ)})_s, s ≦ t} and {B^{(μ)}s , s ≦ t}. We also considered variants of T_α, which “anticipate” upon the Brownian filtration and which led us to another simple proof of the results mentioned in (ii).

Recently, Yano [28] has discussed these transforms in a general framework.

1.3. We now indicate how the rest of this paper is organized. In Section 2 we recall the expression of the density of (A^{(μ)}_t , B^{(μ)}_t ) following Yor [32] and the expression by Dufresne [13] for the density of A^{(μ)}_t . For clarity, we denote by f^{(μ)}_Y (a, t), respectively f^{(μ)}_D (a, t), the expressions of the density of 1/2A^{(μ)}_t following Yor and Dufresne, and we simply write f^{(μ)}(a, t) when refering to the density of 1/2A^{(μ)}_t without using explicit expression from either [32] or [13]. In subsection 2.3, we also gather a number of facts about generalized inverse Gaussian (GIG) laws, which are closely related to the Markov property of Z^{(μ)} mentioned in (ii) above and which will be very helpful in the sequel.

In Section 3 we show, using residue calculus, f^{(0)}_Y = f^{(0)}_D and also f^{(1)}_Y = f^{(1)}_D . In the course of this study, we obtain some interesting identities involving the centered Gaussian law with variance t, which may be of interest by themselves and may be written as

E[H(B_t) sin

(πB_t t ) ] = K(t)

for certain functions H and K. As particularly simple examples, we now present the following:

E[tanh(B_t) sin

(πB_t t ) ] = 2π exp [ − 3π^2 8t ] , E[(B_t)^{2n+1} sin

(πB_t t ) ] = (−1)^n √ t^{2n+1}H_{2n+1} ( π √ t ) , where H_{2n+1} is the (2n + 1)-th Hermite polynomial. The first formula follows from (3.1) below. The second one follows by differentiating a number of times both hand sides of the elementary identity E[exp(iαB_t)] = exp(−α^2t/2) in α.

In Section 4, rather than trying to prove directly f^{(μ)}_Y = f^{(μ)}_D for general μ ∈ R, we interpret a recurrence relation between f^{(μ)}_D and f^{(ν)}_D , which was found by Dufresne [13], and we give an independent proof of this relation. In fact, we lift this Dufresne’s recurrence formula for f^{(μ)} to the level of the processes {(A^{(μ)}_t )^{−1}, t > 0} and {(A^{(ν)}_t )^{−1}, t > 0}, which represents one of our main contributions in this paper. The following result may be also considered as an extension of the main result, Theorem 1.1, in [24], where we considered the case μ + ν = 0.

Theorem 1.1. Let μ < ν and set δ = (ν − μ)/2 and m = (μ + ν)/2. Then, for every t ≧ 0 and for every non-negative functional F on C([0, t] → R), one has

e^{μ2 t/2}E [ F ( 1 A^{(μ)}s

, s ≦ t

)( 1 A^{(μ)}_t

)_m] = e^{ν2t/2}E [ F ( 1 A^{(ν)}s

+ 2γ_δ, s ≦ t

)( 1 A^{(ν)}_t

)_m] , (1.2)

where γ_δ is a Gamma(δ) random variable independent of {B^{(ν)}s }.

In Section 5 we seek a better understanding of Theorem 1.1 in two directions: (a) For μ = 0, there is the simple and beautiful Bougerol identity in law,

sinh(B_t)^{(law)}= β_A(0)_t for every fixed t > 0,

(1.3)

where, on the right hand side, {β_u, u ≧ 0} is a Brownian motion independent of A^{(0)}_t . We show that some extensions of this identity are closely connected with the particular case of Theorem 1.1 when μ + ν = 1.

(b) We consider the identity (1.2) in Theorem 1.1 and look for some extensions of it, which would feature some suitable pairs ψ_μ(A^{(μ)}_t , exp(B^{(μ)}_t )) and ψ_ν (A^{(ν)}_t , exp(B^{(ν)}_t )) instead of featuring the densities (A^{(μ)}_t )^{−m} and (A^{(ν)}_t )^{−m} on either side of (1.2). The result (Proposition 5.1) develops further our previous work in [9] already mentioned in (iii).

Section 6 consists of two further remarks. First we discuss in terms of GIG laws how Dufresne arrives at his recurrence formula. Next we show how the complexity of the different formulae for f^{(μ)}, namely f^{(μ)}_Y and f^{(μ)}_D , is related to Stieltjes’ discussion in his celebrated mémoire [26] on the indeterminacy of the momemt problem for the log-normal distribution.

Our paper closes with two appendices. We devote Appendix A to show that Dufresne’s identity, i.e., formula (1.2) written between f((A^{(μ)}_t )^{−1}) and f((A^{(ν)}_t )^{−1} + 2γ_δ), may be obtained from the beta-gamma algebra; γ_a γ_a + γ_b

(^{(law)}= β_{a,b}) is independent of γ_a + γ_b (^{(law)}= γ_{a+b}),

(1.4)

where γ_a is a gamma random variable with parameter a, γ_a and γ_b are independent and β_{a,b} is a beta variable with parameters (a, b); to achieve this, we make also use of either the representation (2.1) of the law of (A^{(μ)}_t , B^{(μ)}_t ) or the result in Yor [31] about the law of A^{(μ)} taken at an independent exponential random time.

In Appendix B, we develop some further extension of Theorem 1.1 and Proposition 5.1, by replacing the gamma variable γ_δ in (1.2) with a general random variable Y , independent of the underlying Brownian motion. We also show how these relationships are connected with certain independence properties of the GIG laws, which have already been discussed in [23] and [19].

Acknowledgement Part of this work was done during the authors’ stay at RIMS, Kyoto University, in April-May-June, 2002. They are very grateful to Professors Y.Takahashi, T.Kumagai, as well as the staff of RIMS, for their wonderful hospitality. The second author also thanks Professor D.Dufresne for some discussions in October 2001 about his paper [13] which stimulated the present work.

2. Preliminaries 2.1. Some results from Yor [32]. The law of A^{(μ)}_t may be obtained from the following expression for the density of (A^{(μ)}_t , B^{(μ)}_t ):

P (A^{(μ)}_t ∈ dα, B^{(μ)}_t ∈ dx) = e^{μx−μ2 t/2} 1 α exp [ − 1 + e^{2x} 2α ] θ(e^x/α, t) dα dx, α > 0, x ∈ R,

(2.1)

where

θ(r, t) = r (2π^3t)^{1/2}

∫_∞ 0 e^{(π2−ξ2)/2t}e^{−r cosh(ξ)} sinh(ξ) sin (πξ t ) dξ. (2.2)

In fact, the function θ(r, t) is related, via the Laplace transform, to the usual modified Bessel functions I_ν (r): precisely, ∫_∞ 0 e^{−λt}θ(r, t) dt = I^√_{2λ}(r), λ ≧ 0,

and formula (2.2) follows from the integral representation of I_ν (r) along some contours in the complex plane (see Yor [30]).

It is more convenient for our purpose to consider 1/2A^{(μ)}_t and we denote by f^{(μ)}(a, t) the density of 1/2A^{(μ)}_t with respect to the Lebesgue measure da on R_+. Then, using (2.1) and changing variables with √ ae^x = η, we get f^{(μ)}(a, t) =e^{−μ2t/2}C_te^{−a}a^{−(μ+1)/2}

∫_∞ 0 η^μe^{−η2} dη × ∫_∞ 0 e^{−ξ2/2t} exp[−2 √ aη cosh(ξ)] sinh(ξ) sin (πξ t ) dξ, (2.3) where C_t = 2(2π^3t)^{−1/2}e^{π2/2t}. It is not hard to show, as a consequence of Stieltjes’ remark (6.3) discussed in subsection 6.2 below, that, for any fixed t > 0, θ(r, t) = O(r^N ) as r ↓ 0 for any N > 0, since formula (6.3) yields d^n dr^n θ(r, t) | | | r=0 = 0 for any n = 1, 2, ...

Hence, the integral on the right hand side of (2.3) is convergent also when μ ≦ −1.

To distinguish the above expression (2.3) from Dufresne’s expression for f^{(μ)}, given below in subsection 2.2, we denote temporarily the right hand side of (2.3) by f^{(μ)}_Y (a, t). Using the elementary formula

e^{−√λη} = η √ 2 ∫_∞ 0 exp [ −λs − η^2 4s ] ds √ 2πs^3

, λ > 0, η > 0,

(2.4)

we also have

f^{(μ)}_Y (a, t) =e^{−μ2t/2}

C_t 2 √ π Γ (μ + 2 2 ) e^{−a}a^{−(μ+1)/2}

∫_∞ 0 s^{(μ−1)/2}e^{−as} ds × ∫_∞ 0 e^{−ξ2/2t} sinh(ξ) cosh(ξ) sin(πξ/t) (s + (cosh(ξ))^2)^{(μ+2)/2} dξ. (2.5)

It may be worth noting that, if we change the order of integrations on the right hand side of (2.5), we can rewrite the double integral in terms of the confluent hypergeometric functions (see, e.g., p.268, [18]).

2.2. Some results from Dufresne [13]. We next present the expressions f^{(μ)}_D (a, t) for the density of 1/2A^{(μ)}_t due to Dufresne [13]. The expressions for f^{(0)}_D and f^{(1)}_D are simple enough. It should be noted that the expression (2.6) below has been obtained by Alili-Gruet [2] from Bougerol’s identity (1.3) and Plancherel’s formula:

f^{(0)}_D (a, t) = C^′_t 1 √ a ∫_∞ 0 exp[−a(cosh(ζ))^2]e^{−ζ2/2t} cos (πζ 2t ) dζ, (2.6)

f^{(1)}_D (a, t) = e^{−t/2}C^′_t 1 √ a ∫_∞ 0 exp[−a(cosh(ζ))^2]e^{−ζ2/2t} cosh(ζ) sinh(ζ) sin (πζ 2t ) dζ, (2.7)

where C^′_t = √ 2(π √ t)^{−1}e^{π2/8t}. Then, Dufresne gives the following expressions for general μ:

(i) ([13], formula (4.11)) if μ ≠ −1, −3, ...,

f^{(μ)}_D (a, t) =

C^′_t √ π e^{−μ2t/2}a^{−(μ+1)/2}Γ

(μ + 1 2 ) ∫^∞ 0 exp[−a(cosh(ξ))^2]e^{−ξ2/2t}

× cosh(ξ) cos (πξ 2t )_1

F_1(− μ 2 , 1 2 ; a(sinh(ξ))^2) dξ,

(2.8)

(ii) ([13], formula (4.13)) if μ ≠ −2, −4, ..., f^{(μ)}_D (a, t) = 2 √ π C^′_te^{−μ2t/2}a^{−μ/2}Γ

(μ + 1 2 ) ∫^∞ 0 exp[−a(cosh(ξ))^2]e^{−ξ2/2t}

× cosh(ξ) sinh(ξ) sin (πξ 2t )_1 F_1(−

1 − μ 2 , 3 2 ; a(sinh(ξ))^2) dξ,

(2.9)

where_1F_1 is the (Kummer) confluent hypergeometric function (see [18]). To obtain (2.8) and (2.9), Dufresne proves some recurrence formula which allows to obtain f^{(μ)}_D for μ < ν from f^{(ν)}_D . Such recurrence formulae will be discussed in Sections 4 and 5 below and play an important role throughout this paper.

2.3. GIG laws. The generalized inverse Gaussian (GIG) laws constitute a three parameter family of probability measures on R_+ which are given by

GIG(μ; a, b)(dt) = ( b a )_μ t^{μ−1} 2K_μ(ab) exp [ − 1 2 (a^2 t + b^2t )] dt for μ ∈ R, a, b > 0. In the particular case, which is most important for us, where μ = 0 and a^2 = b^2 = 1/z, we shall simply write GIG^{(0)}_z and speak of a GIG^{(0)}_z random variable. The GIG laws play an important role in our discussions and here we recall some of their properties. For details, see Barndorff-Nielsen [4], Vallois [27]. The reader should be aware of the different conventions in the parametrization of these laws; here, we follow [4] as we did in [23].

Let us denote by I^{(μ)}_{a,b} a GIG(μ; a, b) random variable. Then one has, quite immediately,

(I^{(μ)}_{a,b} )^{−1 (law)}= I^{(−μ)}_{b,a}

(2.10) and P (I^{(ν)}_{a,b} ∈ dt) = (a b )_{μ−ν} K_μ(ab) K_ν(ab) t^{ν−μ}P (I^{(μ)}_{a,b} ∈ dt) for every μ, ν ∈ R.

(2.11)

The following is a deeper identity in law between I^{(μ)}_{a,b} and I^{(−μ)}_{a,b} , which involves an additional Gamma(μ) random variable, independent of I^{(−μ)}_{a,b} : for μ > 0,

I^{(μ)}_{a,b}^{(law)}= I^{(−μ)}_{a,b} + 2 b^2 γ_μ,

(2.12)

from which we deduce the following.

Proposition 2.1. For z > 0 and δ > 0, we let X_z be a GIG^{(0)}_z random variable and γ_δ be a Gamma(δ) random variable independent of X_z. Then, for any positive Borel function f on R_+, one has

E[f(X_z)(X_z)^δ] = E[f(X_z + 2zγ_δ)(X_z)^{−δ}].

Proof. This is obtained by rewriting both laws of I^{(δ)}_{1/}^√_{z,1/}^√_z and I^{(−δ)}_{1/}^√_{z,1/}^√_z in terms of X_z. □

Remark 2.1. In Appendix B, we shall give a more general identity involving the two-dimensional law of (X_z, γ_δ).

The next proposition gives a characterization of the subclass of the GIG laws, which consists of the GIG^{(0)}_z ones.

Proposition 2.2. Let z > 0 be fixed and X be a positive random variable such that E [ ψ ( X 1 − s ) exp ( s 2zX )] = E [ ψ ( 1 X ) exp ( s 2zX )] (2.13)

for any positive Borel function ψ on R_+ and s ∈ (0, 1). Then, the distribution of X is GIG^{(0)}_z . Conversely, if X is a GIG^{(0)}_z random variable, then (2.13) holds.

Proof. For simplicity, we assume that X has a strictly positive continuous density q, which we write in the form: q(x) = 1 x exp [ − 1 2z φ(x) ] . Then, (2.13) means φ((1 − s)x) = φ( 1 x ) − s ( x − 1 (1 − s)x ) . Now we set x = (1 − s)^{−1} ∈ (1, ∞). Then we get

φ(1 − s) = φ(1) − 2 + ( 1 − s + 1 1 − s ) , s ∈ (0, 1) and φ(x) = φ(1) − 2 + x + 1 x , x ∈ (0, 1).

(2.14)

We can also easily show that (2.14) holds for x > 1.

From the integral representation of K_0(ξ):

K_0(ξ) = 1 2 ∫_∞ 0 exp [ − ξ 2 ( u + 1 u )] du u , we finally obtain the proposition.

The converse is obtained by straightforward computation. □

As already noted in [22, 23], GIG laws are easily found from formula (2.1). In order to understand this fact better, we proceed in somewhat an abstract manner.

Let A be a positive, respectively B be a real valued, random variable. We assume that their joint distribution is given by

P (A ∈ da, B ∈ db) = exp [ − 1 + e^{2b} 2a ]~ θ (e^b a ) da db a , a > 0, b ∈ R,

for some positive function ~θ on R_+. Then we can easily prove the following, which shows that the GIG laws are important in our discussions.

Proposition 2.3. Define Z = exp(−B)A and X = exp(B). Then one has

P (Z ∈ dz) = 2K_0 (1 z )~ θ (1 z ) dz z and, conditionally on Z = z, X is distributed as a GIG^{(0)}_z random variable, i.e.,

P (X ∈ dx|Z = z) = 1 2K_0(1/z) exp [ − 1 2z ( x + 1 x )] dx x . Next consider random variables A^{(μ)} and B^{(μ)}, μ ∈ R, whose joint distribution is given by

P (A^{(μ)} ∈ da, B^{(μ)} ∈ db) = 1 C_μ

E[1_{{A∈da}}1_{{B∈db}}X^μ],

where C_μ = E[X^μ], and set Z^{(μ)} = exp(−B^{(μ)})A^{(μ)}. Then, by using Propositions 2.1 and 2.3, we obtain the following.

Proposition 2.4. Assume μ < ν. Then, for any non-negative Borel functions φ and f on R_+, one has

C_μE[φ(Z^{(μ)})f ( 1 A^{(μ)}

)( 1

A^{(μ)}

)_m

] = C_ν E[φ(Z^{(ν)})f ( 1 A^{(ν)}

+ 2γ_δ

)( 1

A^{(ν)}

)_m ], (2.15)

where m = (ν + μ)/2 and δ = (ν − μ)/2.

Proof. By Proposition 2.3, we obtain

C_μE[φ(Z^{(μ)})f ( 1 A^{(μ)}

)( 1 A^{(μ)}

)_m

] = E[φ(Z)f ( 1 A )( 1 A )_m

X^μ] = ∫_∞ 0 φ(z)E[f ( 1 zX )( 1 zX )_m

X^μ|Z = z] P (Z ∈ dz) = ∫_∞ 0 z^{−m}φ(z)E[f ( 1 zX_z ) (X_z)^{−δ}] P (Z ∈ dz),

where X_z is a GIG^{(0)}_z random variable. Since (X_z)^{−1 (law)}= X_z by (2.10), we also have

C_μE[φ(Z^{(μ)})f ( 1 A^{(μ)}

)( 1 A^{(μ)}

)_m ] = ∫_∞ 0 z^{−m}φ(z)E[f

(X_z z + 2γ_δ ) (X_z)^δ] P (Z ∈ dz).

We now use Proposition 2.1. Then we obtain

C_μE[φ(Z^{(μ)})f ( 1 A^{(μ)}

)( 1 A^{(μ)}

)_m ] = ∫_∞ 0 z^{−m}φ(z)E[f

(X_z z + 2γ_δ ) (X_z)^{−δ}] P (Z ∈ dz) = ∫_∞ 0 z^{−m}φ(z)E[f ( 1 zX_z

+ 2γ_δ ) (X_z)^δ] P (Z ∈ dz),

where we have used (2.10) for the last equality.

Hence, using Proposition 2.3 again, we obtain

C_μE[φ(Z^{(μ)})f ( 1 A^{(μ)}

)( 1 A^{(μ)}

)_m ] = ∫_∞ 0 z^{−m}φ(z)E[f ( 1 A + 2γ_δ ) X^δ|Z = z]P (Z ∈ dz)

= E[φ(Z)f ( 1 A + 2γ_δ

)( 1 A )_m

X^ν ]

= C_ν E[φ(Z^{(ν)})f ( 1 A^{(ν)}

+ 2γ_δ

)( 1 A^{(ν)}

)_m ]. □

3. Reconciliation of f^{(μ)}_Y and f^{(μ)}_D in the cases μ = 0 and μ = 1

In this section we show f^{(μ)}_Y = f^{(μ)}_D when μ = 0 and μ = 1. In both instances, our strategy is based on some identities obtained by residue calculus.

When μ = 0, changing the variables with s = (sinh(η))^2 on the right hand side of (2.5), we have

f^{(0)}_Y (a, t) =

C_t √ π 1 √ a ∫_∞ 0 exp[−a(cosh(η))^2] cosh(η) dη × ∫_∞ 0 e^{−ξ2/2t} sinh(2ξ) sin(πξ/t) cosh(2ξ) + cosh(2η) dξ. Comparing with formula (2.6) for f^{(0)}_D (a, t), we obtain the desired coincidence from the following:

Lemma 3.1. For any η > 0, one has the identity

e^{π2/2t}

∫_∞ 0 e^{−ξ2/2t} sinh(2ξ) sin(πξ/t) cosh(2ξ) + cosh(2η) dξ = π exp

[π^2 8t − η^2 2t ] cos (πη 2t ) . (3.1)

Proof. We modify a method developed in Gruet [15] to show the coincidence of his expressions, which he derived from formula (2.1), for the heat kernels on the hyperbolic spaces with the classical ones: we consider the meromorphic function ϕ_η on C defined by

ϕ_η(z) = sinh(2z) cosh(2z) + cosh(2η) e^{−z2/2t}.

Then, noting that the set of poles of ϕ_η with | Im z| < π consists of four points z = ±η ± πi/2 and taking the two lines given by Im z = ±π as a contour, standard residue calculus shows (3.1). □

When μ = 1, we start our computations from (2.3). At first, we note 1 √ a e^{−a} exp[−2 √ aη cosh(ξ)] = e^{−a}

∫_∞ 0 exp[− √ a(p + 2η cosh(ξ))] dp

= e^{−a}

∫_∞ 0 p + 2η cosh(ξ) √ 2 dp ∫_∞ 0 exp [ −as −

(p + 2η cosh(ξ))^2 4s ] ds √ 2πs^3 = 1 √ π ∫_∞ 0 (p + 2η cosh(ξ)) dp

∫_∞ 0 exp [ −a(cosh(ζ))^2 −

(p + 2η cosh(ξ))^2 4(sinh(ζ))^2

] cosh(ζ) (sinh(ζ))^2 dζ, where we have used (2.4) and have changed the variables with s = (sinh(ζ))^2. Inserting this into the right hand side of (2.3) and using the Fubini theorem, we get

f^{(1)}_Y (a, t) = e^{−t/2}C_t √ π √ a ∫_∞ 0 exp[−a(cosh(ζ))^2] cosh(ζ) (sinh(ζ))^2 dζ × ∫_∞ 0 ηe^{−η2} dη

∫_∞ 0 e^{−ξ2/2t} sinh(ξ) sin (πξ t ) dξ × ∫_∞ 0 (p + 2η cosh(ξ)) exp [ − (p + 2η cosh(ξ))^2 4(sinh(ζ))^2 ] dp = 2e^{−t/2}C_t √ π √ a ∫_∞ 0 exp[−a(cosh(ζ))^2](sinh(ζ))^2 cosh(ζ) dζ × ∫_∞ 0 e^{−ξ2/2t} sinh(ξ) sin(πξ/t) cosh(2ξ) + cosh(2ζ) dξ. Now, comparing with the expression (2.7), we see that the following lemma shows f^{(1)}_Y = f^{(1)}_D . The proof is the same as that of Lemma 3.1 and we omit it.

Lemma 3.2. For any ζ > 0, one has

e^{π2/2t} sinh(ζ)

∫_∞ 0 e^{−ξ2/2t} sinh(ξ) sin(πξ/t) cosh(2ξ) + cosh(2ζ) dξ = π 2 e^{π2/8t}e^{−ζ2/2t} sin (πζ 2t ) . (3.2)

4. The general reconciliation

To give a proof of the coincidence of f^{(μ)}_Y and f^{(μ)}_D in the general case, it seems difficult to follow the same strategy as in the previous section since a priori we cannot apply residue calculus and cannot appeal to the injectivity of Laplace transform. Instead we develop another, perhaps easier, argument.

Assuming μ < ν and setting δ = (ν − μ)/2 and m = (μ + ν)/2, Dufresne [13], formula (4.14), has obtained

e^{μ2t/2}f^{(μ)}_D (a, t) = e^{ν2t/2} a^{−m}e^{−a} Γ(δ)

∫_a 0 (a − b)^{δ−1}b^me^bf^{(ν)}_D (b, t) db.

(4.1)

There ν is assumed to be a positive integer there, but it is easy to see that this formula also holds when ν is not an integer. We may rewrite (4.1) in the following equivalent form, which, if we rely on (2.1) instead of using Dufresne’s result (4.1), may be seen as a consequence of Proposition 2.4.

Proposition 4.1. For every positive Borel function ψ and for t > 0, one has

e^{μ2t/2}E [ ψ ( 1 A^{(μ)}_t

)( 1

A^{(μ)}_t

)_m] = e^{ν2t/2}E [ ψ ( 1 A^{(ν)}_t

+ 2γ_δ

)( 1 A^{(ν)}_t

)_m] , (4.2)

where γ_δ denotes a Gamma(δ) variable, independent of B^{(ν)}.

Taking ν > 0 and μ = −ν in (4.2), one recovers 1 A^{(−ν)}_t

(law) = 1 A^{(ν)}_t

+ 2γ_ν for fixed t > 0.

This formula was obtained originally in Dufresne [12] and was extended as the identity in law (1.1) between processes by Matsumoto–Yor [24].

Now we are in a position to give a proof of Theorem 1.1, which is an extension of (4.2) at the process level. We will see that, again, the results and the setup of subsection 2.3 will play an important role, but there are further Markovian features involved.

Proof of Theorem 1.1. Setting Z^{(μ)}s = exp(−B^{(μ)}s )A^{(μ)}s , we have d ds ( 1 A^{(μ)}s ) = − 1 (Z^{(μ)}s )^2 . Hence, to show (1.2), it is equivalent to prove

e^{μ2t/2}E [ ~ F (Z^{(μ)}_s , s ≦ t)ψ ( 1 A^{(μ)}_t

)( 1

A^{(μ)}_t

)_m] = e^{ν2t/2}E [ ~ F (Z^{(ν)}_s , s ≦ t)ψ ( 1 A^{(ν)}_t

+ 2γ_δ

)( 1 A^{(ν)}_t

)_m]

or, by the Cameron–Martin theorem, E [ ~ F (Z_s, s ≦ t)ψ ( 1 A_t

)exp(μB_t) (A_t)^m ] = E [ ~ F (Z_s, s ≦ t)ψ ( 1 A_t

+ 2γ_δ

)exp(νB_t) (A_t)^m ] (4.3)

for every non-negative functional ~F and every non-negative function ψ on R_+, where Z_s = Z^{(0)}s and A_s = A^{(0)}s . Moreover, with the help of the conditional independence result recalled in the Introduction (ii), formula (4.3) is equivalent to E [ ψ ( 1 A_t

)exp(μB_t) (A_t)^m

|Z_t = z ] = E [ ψ ( 1 A_t

+ 2γ_δ

)exp(νB_t) (A_t)^m

|Z_t = z ] , for any non-negative function ψ on R_+, or E [ ψ (e^{−Bt} z ) e^{−δBt} |Z_t = z ] = E [ ψ (e^{−Bt} z + 2γ_δ ) e^{δBt} |Z_t = z ] , (4.4) which can be shown in the following way: by Proposition 2.3, the conditional distribution of exp(B_t) given Z_t = z is GIG^{(0)}_z , and we obtain from Proposition 2.1 E [ ψ (e^{Bt} z ) e^{δBt} |Z_t = z ] = E [ ψ (e^{Bt} z + 2γ_δ ) e^{−δBt} |Z_t = z ] . Now, combining this equality with (2.10), we obtain (4.4) and (1.2). □

Remark 4.1. From formula (1.2), we obtain the following identity, which is more symmetric in μ and ν: if μ, ν > 0,

e^{μ2 t/2}E[F ( 1 A^{(μ)}s

+ 2γ_{μ/2}, s ≦ t

)( 1 A^{(μ)}_t

)_m ] = e^{ν2t/2}E[F ( 1 A^{(ν)}s

+ 2γ_{ν/2}, s ≦ t

)( 1 A^{(ν)}_t

)_m ], (4.5)

where γ_α (α = μ/2 and ν/2) is independent of A^{(2α)}. For the proof, we need only to recall the relationship, in the case μ < ν with δ = (ν − μ)/2, γ_{ν/2}^{(law)}= γ_δ + γ_{μ/2}, where, on the right hand side, the two gamma random variables are independent.

We end this section by completing a proof of the coincidence of f^{(μ)}_D (a, t) and f^{(μ)}_Y (a, t). Proof of f^{(μ)}_D (a, t) = f^{(μ)}_Y (a, t) in full generality. We let q_δ be the density of a Gamma(δ) variable γ_δ and set ~f^{(μ)}_D (a, t) = e^{μ2t/2}f^{(μ)}_D (a, t)a^m and ~f^{(μ)}_Y (a, t) = e^{μ2 t/2}f^{(μ)}_Y (a, t)a^m.

Then Dufresne’s recurrence formula (4.1) means ~f^{(μ)}_D (a, t) = ( ~f^{(ν)}_D (·, t) ∗ q_δ)(a),

where ∗ denotes the usual convolution, while the arguments above in this section show that ~f^{(μ)}_Y and ~f^{(ν)}_Y satisfy the same identity.

Moreover we showed ~f^{(0)}_D = ~f^{(0)}_Y (and ~f^{(1)}_D = ~f^{(1)}_Y ) in the previous section. Therefore the injectivity of the Laplace transform yields ~f^{(μ)}_D = ~f^{(μ)}_Y and f^{(μ)}_D = f^{(μ)}_Y in general. □

5. Complements to the recurrence formula (1.2) 5.1. Some relations to Bougerol’s identity. Bougerol [7] has obtained the identity

sinh(B_t)^{(law)}= β_{At} for fixed t,

where {β_s, s ≧ 0} is a Brownian motion independent of B and this identity has been extended in Alili–Dufresne–Yor [1] to

sinh(Y^{(μ)}_t )^{(law)}= β_A(μ)_t for fixed t,

(5.1) where{Y^{(μ)}s , s ≧ 0} is a diffusion process generated by the second order differential operator 1 2 d^2 dy^2

+ μ tanh(y) d dy , acting on C^2_0 (R). In the case μ = 1, one has {Y^{(1)}_t , t ≧ 0}^{(law)}= {B_t + εt, t ≧ 0}, where ε is a symmetric Bernoulli random variable valued in {−1, +1} independent of B. Hence, from (5.1), we deduce β_A(1)_s^{(law)}= sinh(B_t + εt) for fixed t.

Moreover, letting P^{(μ)} be the probability law of Y^{(μ)}, the following absolute continuity relationship has been obtained in [1]:

P^{(μ)}|_F Y_t = (cosh(Y_t))^μ exp [ − μ − μ^2 2 ∫_t 0 ds (cosh(Y_s))^2 − 1 2 μ^2t ] P^{(0)}|_F Y_t ,

where (F^Y_t ) is the natural filtration of Y , the coordinate process on C([0, ∞), R). We deduce from this, in the case μ + ν = 1,

P^{(μ)}|_F Y_t = (cosh(Y_t))^{μ−ν} e^{(ν−μ)t/2}P^{(ν)}|_F Y_t .

(5.2)

Now, in (4.2), we choose μ and ν (μ < ν) such that μ + ν = 1. Then, letting φ(y) = exp(−x^2/2y), we get, with δ = (ν − μ)/2 = (ν^2 − μ^2)/2, E[ 1 (2πA^{(μ)}_t )^{1/2} e^{−x2/2A(μ)t} ] = e^{δt}E[ 1 (2πA^{(ν)}_t )^{1/2} e^{−x2/2A(ν)t} ]E[e^{−x2γδ} ]

= e^{δt} 1 (1 + x^2)^δ E[ 1 (2πA^{(ν)}_t )^{1/2} e^{−x2/2A(ν)t} ]

and so

E[φ(β_A(μ)_t )] = e^{δt/2}E [ φ(β_A(ν)_t ) 1 (1 + (β_A(ν)_t )^2)^δ ] if μ + ν = 1

(5.3)

for every non-negative Borel function φ on R and a Brownian motion {β_s, s ≧ 0} independent of A^{(μ)} and A^{(ν)}. When μ = 0 and ν = 1, both hand sides are equal to E[φ(sinh(B_t))].

Formula (5.3) shows an identity between two probability laws for fixed t. It might be interesting to extend it to one at process level or to interpret (5.2) in terms of the processes {1/A^{(μ)}s , s ≦ t} and {1/A^{(ν)}s , s ≦ t}, but we shall not pursue this here.

5.2. Some absolute continuity results. For α > 0, let T_α be the transform on the path space C(R_+ → R) defined by

T_α(ϕ)_s = ϕ_s − log(1 + αA(ϕ)_s), s ≧ 0, where A(ϕ)_s =

∫_s 0 exp(2ϕ_u)du. Note that, setting e(ϕ)_s = exp(ϕ(s)), 1 A(T_α(ϕ))_s = 1 A(ϕ)_s

+ α and e(T_α(ϕ))_s = e(ϕ)_s 1 + αA(ϕ)_s

(5.4)

Setting Z(ϕ)_s = (e(ϕ)_s)^{−1}A(ϕ)_s, Z is invariant under T_α, that is, Z(T_α(ϕ))_s = Z(ϕ)_s, s ≧ 0. Moreover T_α, α > 0, is a semigroup of transformations: T_α ∘ T_β = T_{α+β}, α, β > 0, and T_{−α}, with obvious notations, may be defined on the set T_α(C(R_+, R)) and T_{−α} ∘ T_α = Id.

Then, in [9], the following formula has been obtained: for α > 0,

E[F (T_α(B)_s, s ≦ t)] = E[F (B_s, s ≦ t)Δ_α(e_t, αA_t)],

(5.5)

where e_t = exp(B_t) and

Δ_α(v, b) = 1_{{b<1}}(1 − b)^{−1} exp [ − α 2 ( v^2 1 − b − 1 )] . By using (5.5), we shall generalize the recurrence relation (1.2), which may be rewritten by the Cameron–Martin theorem as E [ F (T_{2γδ} (B)_s, s ≦ t)

(e_t)^ν (A_t)^m ] = E [ F (B_s, s ≦ t)

(e_t)^μ (A_t)^m ] . (5.6)

Our next result originated from our desire to understand how formula (5.6) would be changed if, instead of having (A_t)^{−m}(e_t)^ν on the left hand side, we considered a general function ψ(A_t, e_t).

Proposition 5.1. Assume μ < ν and set δ = (ν − μ)/2, m = (μ + ν)/2. Then, for any nonnegative functional F and any non-negative function Φ on R^2_+, one has

E[F (T_{2γδ} (B)_s, s ≦ t)

(e_t)^ν (A_t)^m

Φ(A_t, e_t)]

= E[F (B_s, s ≦ t)

(e_t)^μ (A_t)^m

Φ(2Z^2_t γ_δ + A_t, 2Z_tγ_δ + e_t)],

(5.7)

where γ_δ is a Gamma(δ) variable independent of {B_s, s ≦ t}.

Before showing how (5.7) can be derived from (5.5), we present an easy variant of (5.7) by incorporating (A_t)^{−m}(e_t)^ν into Φ(A_t, e_t); a simple computation yields

E[F (T_{2γδ} (B)_s, s ≦ t)Ψ(A_t, e_t)]

= E[F (B_s, s ≦ t) 1 (e^2_t + 2A_tγ_δ)^δ

Ψ(2Z^2_t γ_δ + A_t, 2Z_tγ_δ + e_t)].

(5.8)

Proof of Proposition 5.1. The assertion (5.7) is equivalent to identity (5.8) for every δ > 0 and, hence, to the following, thanks to the injectivity of Mellin transform: for any non-negative

Borel function φ on R_+,

∫_∞ 0 e^{−x}φ(x)E[F (T_{2x}(B)_s, s ≦ t)Ψ(A_t, e_t)] dx x = E[

∫_∞ 0 e^{−x}φ ( x e^2_t + 2A_tx ) F (B_s, s ≦ t)Ψ(2Z^2_t x + A_t, 2Z_tx + e_t) dx x ]. Moreover, changing variables with y = x(e^2_t + 2A_tx)^{−1}, this is equivalent to

(5.9) e^{−x}E[F (T_{2x}(X)_s, s ≦ t)Ψ(A_t, e_t)]

= E[

1_{{x<1/2At}} 1 − 2A_tx exp [ − e^2_t x 1 − 2A_tx ] F (B_s, s ≦ t)Ψ

( A_t 1 − 2A_tx , e_t 1 − 2A_tx ) ]. Clearly, if Ψ ≡ 1, formula (5.9) is precisely formula (5.5). But, conversely, we can also derive formula (5.9) from (5.5) by writing A_t = A(T_{−2x}(T_{2x}(B)))_t and e_t = e(T_{−2x}(T_{2x}(B)))_t. In fact, we have A(T_{−2x}(ϕ))_t =

A(ϕ)_t 1 − 2xA(ϕ)_t and e(T_{−2x}(ϕ))_t = e(ϕ)_t 1 − 2xe(ϕ)_t and, replacing F (B_s, s ≦ t) by

F (B_s, s ≦ t)Ψ(A(T_{−2x}(B))_t, e(T_{−2x}(B))_t)

on the right hand side of (5.5), we obtain formula (5.9) from (5.5). □

We here comment upon the previous argument. We have shown that formulae (5.7) and (5.8) may be deduced by easy, although somewhat lengthy, manipulation from our original absolute continuity relationship (5.5). In particular, Theorem (1.1), i.e., extended Dufresne’s recurrence formula, may be seen as a consequence of (5.5).

6. Further comments 6.1. Dufresne’s approach to his recurrence formula. Dufresne, at the bottom of p.237 in [13], deduced his recurrence formula (4.1) from the following identity: for μ < ν, with m = (ν + μ)/2 and δ = (ν − μ)/2, and s ∈ (0, 1), E[ (e_t)^μ (A_t)^m exp [ s 2A_t ] ] = (1 − s)^{−δ}E[

(e_t)^ν (A_t)^m exp [ s 2A_t ] ]. (6.1)

Indeed, writing (1 − s)^{−δ} = E[exp(sγ_δ)] and using the injectivity of Laplace transform, we obtain Dufresne’s recurrence formula in the form of (4.2). In this subsection, this identity (6.1) is obtained as a very simple consequence of Propositions 2.2 and 2.3. In fact we show it in the following extended form.

Proposition 6.1. For any non-negative functional F and any non-negative Borel function ψ on R_+, one has

E[F (Z_s, s ≦ t)ψ

( e_t 1 − s ) exp [ s 2A_t ] ] = E[F (Z_s, s ≦ t)ψ(e^{−1}_t ) exp [ s 2A_t ] ] (6.2)

and, consequently, (6.1) holds.

Proof. By (2.1), Propositions 2.2 and 2.3, we have E[ψ ( e_t 1 − s ) exp [ s 2ze_t ] |Z_t = z] = E[ψ(e^{−1}_t ) exp [ s 2ze_t ] |Z_t = z],

which immediately implies (6.2), as a consequence of the conditional independence of e_t and {Z_s, s ≦ t}, given Z_t (see (ii) in the Introduction). □

6.2. Stieltjes’s remark. Both the expressions of f^{(μ)}_Y and f^{(μ)}_D for the density of 1/2A^{(μ)}_t present some difficulties for precise implementations due to a number of facts: in particular, the integral kernel θ(r, t) in (2.1), as well as f^{(μ)}_D , are written as integrals involving the trigonometric functions sin(πξ/t) and cos(πξ/2t), respectively. As a consequence, it is not even clear a priori that f^{(μ)}_Y and f^{(μ)}_D are positive. As in Yor [32], we would like to relate this fact with some important remark made by Stieltjes in his fundamental mémoire [26]. In pp. J106–107 in the reprinted version, he showed ∫_∞ −∞ e^{−ξ2/2t}e^{nξ} sin (πξ t ) dξ = 0 for any n ∈ Z.

(6.3)

From his remark (6.3), Stieltjes notes that, for the whole family μ_{t,λ}, −1 ≦ λ ≦ 1, of the probability measures μ_{t,λ}(dx) = 1 √ 2πt e^{−x2/2t} ( 1 + λ sin (πx t )) dx, ⟨μ_{t,λ}, e_n⟩ is independent of λ, where e_n(x) = exp(nx). Hence, the moment problem for the log-normal distribution ℓ_t(dx) = exp_∗(μ_t) is indeterminate.

But Stieltjes’ considerations go much further, as his previously developed general theory then tells him that there exists two different measures on R_+, which he denotes by dΦ and dΦ_1 such that ∫_∞ 0 dΦ(u) x + u ≦ ∫_∞ 0 u^{− log u} x + u du ≦

∫_∞ 0 dΦ_1(u) x + u

(6.4)

dΦ(u) and dΦ_1(u) solve the moment problem for ℓ_{1/2}

(6.5)

S(Φ_1)(x) − S(Φ)(x) ≧ 2 √ π ∫_∞ 0 sin(2π log u) x + u u^{− log u} du,

(6.6) where S(Φ)(x) =

∫_∞ 0 (x + u)^{−1}dΦ(u) is the Stieltjes transform of dΦ. Thus, (6.6) gives some estimate for the degree of non-determinacy in the moment problem for ℓ_{1/2}.

Moreover, Stieltjes computes the right hand side of (6.6) and yields 1 √ π ∫_∞ −∞ e^{−v2} e^v e^y + e^v sin(2πv) dv = 2^{−π2} √ πe^{−y2} ,

(6.7)

a formula which, clearly, should be considered jointly with those in our above Lemmas 3.1 and 3.2.

Stieltjes’ formula (6.7), as well as our formulae in the lemmas, seem to call for the explicit computation of the projection operator L^2(dμ_t) ∋ f → P(f), which is the orthogonal projection of f on H_t, the subspace of L^2(dμ_t) generated by {e^{nx}, n ∈ Z}. Note that (6.3) tells that the function sin(πx/t) belongs to H^⊥_t , so that we have, for every f ∈ L^2(dμ_t), ∫_∞ −∞ e^{−x2/2t}f(x) sin (πx t ) dx =

∫_∞ −∞ e^{−x2/2t}(f(x) − P(f)(x)) sin (πx t ) dx. (6.8)

We hope that, in some of the cases of interest for us, f(x)−P(f)(x) is simpler than the original function, thus leading to possibly a more friendly expression for θ(r, t).

Appendix A. The role of the beta-gamma algebra A.1. Another proof of Proposition 4.1. In this part, we consider the setup of Proposition 4.1. We first explain the assertion as a consequence of the beta-gamma algebra (1.4);

γ_a^{(law)}= β_{a,b} γ_{a+b} for a, b > 0,

(A.1)

where γ_a,β_{a,b} are Gamma(a),Beta(a, b) random variables, respectively, and, on the right hand side, β_{a,b} and γ_{a+b} are independent. More generally, throughout this appendix, we assume that algebraic quantities featuring several random variables always involve independent variables.

We rewrite the result (4.2) in terms of the densities f^{(μ)}(a, t), μ ∈ R, of 1/2A^{(μ)}_t : for μ < ν,

a^mf^{(μ)}(a, t) =

C_ν C_μ

E[1_{{a>γδ }}(a − γ_δ)^mf^{(ν)}(a − γ_δ, t)],

(A.2)

where m = (ν +μ)/2, δ = (ν −μ)/2 and C_μ = exp(μ^2t/2) = E[exp(μB_t)] for a Brownian motion {B_s, s ≧ 0} with B_0 = 0. Setting ~f^{(μ)}(a, t) = a^mf^{(μ)}(a, t), we may write (A.2) as ~f^{(μ)}(a, t) = C^ν C_μ

( ~f^{(ν)}(·, t) ∗ q_δ)(a)

(A.3)

with q_δ denoting the density of γ_δ.

We now prove (A.2) and (A.3) from the expression for f^{(μ)}(a, t) in terms of the function θ(r, t) given by (2.1):

f^{(μ)}(a, t) = e^{−a} C_μ(2a)^μa

∫_∞ 0 z^{μ−1}e^{−z2/4a}θ(z, t) dz.

Since t is fixed throughout this part, we simply write f^{(μ)}(a) and θ(z) for f^{(μ)}(a, t) and θ(z, t), respectively.

For simplicity we assume 0 < μ < ν and consider the transform S^{(μ)} acting on non-negative functions on R_+ by

S^{(μ)}(φ)(a) =

∫_∞ 0 z^{μ−1}e^{−z2/4a}φ(z) dz.

Thus, we have

f^{(μ)}(a) = e^{−a} C_μ(2a)^μa

S^{(μ)}(θ)(a) =

Γ(μ/2)e^{−a} 2C_μa^{1+μ/2}

E[θ( √ 4aγ_{μ/2})].

(A.4)

We now use (A.1). Then we obtain

E[θ( √ 4aγ_{μ/2})] = E[θ( √ 4aβ_{μ/2,δ} γ_{ν/2})] = 1 B(μ/2, δ)

∫_1 0 E[θ( √ 4axγ_{ν/2})]x^{−1+μ/2}(1 − x)^{δ−1} dx = 1 B(μ/2, δ)

∫_∞ 0 E[θ( √ 4a(1 + z)^{−1}γ_{ν/2})] z^{δ−1} (1 + z)^{ν/2} dz. Using (A.4) again, we obtain after some manipulations

f^{(μ)}(a) =

C_ν C_μ a^{−m}

∫_a 0 (a − x)^mf^{(ν)}(a − x) 1 Γ(δ) x^{δ−1}e^{−x} dx,

which is exactly formula (A.2).

A.2. The law of A^{(μ)} at an independent exponential time and Dufresne’s recurrence. We now replace the fixed time t by an exponential random time T_θ with parameter θ, independent of the underlying Brownian motion, in (4.2). For this purpose, we assume m ≡ (ν + μ)/2 < 1 and integrate both hand sides with respect to exp(−λt)dt for λ > ν^2/2. Thus we obtain ( λ − μ^2 2 )_{−1} E[ψ ( 1 A^{(μ)}_{Tλ−μ2/2}

)( 1 A^{(μ)}_{Tλ−μ2/2}

)_m ]

= ( λ − ν^2 2 )_{−1} E[ψ ( 1 A^{(ν)}_{Tλ−ν2/2}

+ 2γ_δ

)( 1 A^{(ν)}_{Tλ−ν2/2}

)_m ]. (A.5)

We shall use the result ([31]) that

A^{(α)}_{Tθ}^{(law)}= β_{1,a} 2γ_b , (A.6)

where a = ( √ 2θ + α^2 + α)/2 and b = ( √ 2θ + α^2 − α)/2. Plugging this into equation (A.5) and writing both hand sides in the form of double integrals, we get ( λ − μ^2 2 )_{−1} Γ(b_{λ,μ} + m) Γ(b_{λ,μ})

B(1 − m, a_{λ,μ}) B(1, a_{λ,μ}) E[ψ ( 2γ_{m+bλ,μ} β_{1−m,aλ,μ} ) ] = ( λ − ν^2 2 )_{−1} Γ(b_{λ,ν} + m) Γ(b_{λ,ν} )

B(1 − m, a_{λ,ν} ) B(1, a_{λ,ν}) E[ψ ( 2γ_{m+bλ,ν} β_{1−m,aλ,ν}

+ 2γ_δ ) ], (A.7)

where a_{λ,μ} = ( √ 2λ + μ)/2 and b_{λ,μ} = ( √ 2λ − μ)/2.

For (A.7) to hold, it is necessary and sufficient that (i) the coefficients in front of the expectations are equal; (ii) there is an identity in law: γ_{m+bλ,μ} β_{1−m,aλ,μ}

(law) = γ_{m+bλ,ν} β_{1−m,aλ,ν}

+ γ_δ.

(A.8)

The assertion of (i) is easily proven from the functional equation Γ(z + 1) = zΓ(z) once we note a_{λ,μ}b_{λ,μ} = (λ − μ^2/2)/2. On the other hand, the identity (A.8) follows from the identity γ_q β_{a−(p+q),p}

(law) = γ_p β_{a−(p+q),q}

+ γ_{q−p}

(A.9)

for 0 < p < q and a > p + q, which we shall also show by using the beta-gamma algebra (1.4). However, we note that (A.9) is precisely Dufresne’s relation (11) on p.288 of [11], a paper devoted to studies on beta and gamma random variables.

Let us prove (A.9): first, we write from (1.4)

(γ_p, γ_{q−p})^{(law)}= (β_{p,q−p} γ_q, (1 − β_{p,q−p})γ_q).

Then (A.9) is equivalent to 1 β_{a−(p+q),p}

(law) = β_{p,q−p} β_{a−(p+q),q}

+ (1 − β_{p,q−p}).

(A.10)

Then, since

β_{a−(p+q),p}^{(law)}= γ_{a−(p+q)} γ_{a−(p+q)} + γ_p , we see that (A.10) is equivalent to γ_p γ_{a−(p+q)}

(law)

= β_{p.q−p} γ_p γ_{a−(p+q)} , which easily follows from (1.4).

Now, by using the beta-gamma algebra, we have shown (A.5) from (A.6), and finally we have shown that Dufresne’s recurrence relation (4.2) may be deduced from the identification of the law of A^{(μ)}_{Tθ} as given in (A.6).

Appendix B. Further absolute continuity relationships B.1. An extension of Proposition 5.1 and some properties of GIG and gamma laws. The purpose of this part is to show an extension ((B.2) below) of Proposition 5.1, where we consider a function ~Φ of the three random variables A_t, e_t and γ_δ.

Let us denote, for simplicity, T_{2γδ} (B)_s by B^′_s and, correspondingly, A^′_s = A(B^′)_s and so on. Recall from (5.4) that 1 A^′_s = 1 A_s

+ 2γ_δ and e^′_s = e_s 1 + 2γ_δA_s , (B.1)

so that our previous proof of (5.7) and (5.8) “hides” or is closely related to the conditional law of 2γ_δ given {B^′_s, s ≦ t}. This motivated us to write the following more complete version of formula (5.8).

Proposition B.1. Let δ > 0. Then, for any non-negative functional F and any non-negative Borel function ~Φ on R^3_+, one has

(B.2) E[F (B^′_s, s ≦ t)~Φ(A_t, e_t, 2γ_δ)]

= E[F (B_s, s ≦ t) 1 ((e_t)^2 + 2A_tγ_δ)^δ

~Φ(A_t + 2Z^2_t γ_δ, e_t + 2Z_tγ_δ, 2γ^δ (e_t)^2 + 2A_tγ_δ ) ], where, as usual, γ_δ denotes a Gamma(δ) variable independent of {B_s, s ≦ t}.

The proof is quite similar to that of (5.8) and we do not repeat the arguments. We leave to the interested reader the derivation of the conditional law of 2γ_δ given {B^′_s, s ≦ t}, as an application of (B.2). It should be noted that, from (B.1), 2γ_δ = 1/A^′_∞, and that γ_δ is measurable with respect to {B^′_s, s ≧ 0}.

However, it is of interest to consider various particular cases of (B.2), for instance, ~Φ ≡ 1 and F ≡ 1. Here, we discuss the latter case.

We have

E[~Φ(A_t, e_t, 2γ_δ)] = E[ 1 ((e_t)^2 + 2A_tγ_δ)^δ

~Φ(A_t + 2Z^2_t γ_δ, e_t + 2Z_tγ_δ, 2γ^δ (e_t)^2 + 2A_tγ_δ ) ] (B.3)

Note that the different terms which appear with ~Φ on the right hand side of (B.3) are, in succession, Z_t(e_t + 2Z_tγ_δ), e_t + 2Z_tγ_δ and 2γ_δ(e_t)^{−1}(e_t + 2Z_tγ_δ)^{−1}. Then, replacing ~Φ(a, e, x) by ~Φ(a/e, e, x) on both hand sides of (B.3), we obtain

E[~Φ(Z_t, e_t, 2γ_δ)] = E[ 1 ((e_t)^2 + 2A_tγ_δ)^δ

~Φ(Z_t, e_t + 2Z_tγ_δ, 2γ^δ e_t(e_t + 2Z_tγ_δ) ) ] so that we get the equivalent formulation

E[Φ(e_t, 2γ_δ)|Z_t = z] = E[ 1 (e_t(e_t + 2zγ_δ))^δ Φ ( e_t + 2zγ_δ,

2γ_δ e_t(e_t + 2zγ_δ) ) |Z_t = z]

for any non-negative function on R^2_+.

We now use our notation in Proposition 2.1, where X_z denotes a GIG^{(0)}_z random variable, to obtain

E[Φ(X_z, 2γ_δ)] = E[ 1 (X_z(X_z + 2zγ_δ))^δ Φ ( X_z + 2zγ_δ,

2γ_δ X_z(X_z + 2zγ_δ ) ] or, changing Φ(z, x) into z^δ Φ(z, x),

E[Φ(X_z, 2γ_δ)(X_z)^δ] = E[Φ ( X_z + 2zγ_δ,

2γ_δ X_z(X_z + 2zγ_δ) ) (X_z)^{−δ}].

Moreover, by using (2.10) and (2.11), we obtain E[Φ ( 1 X^{(−δ)}z

, 2zγ_δ ) ] = E[Φ ( X^{(−δ)}_z + 2zγ_δ,

2zγ_δ X^{(−δ)}z (X^{(−δ)}z + 2zγ_δ) ) ], which means

(X^{(−δ)}_z , 2zγ_δ)^{(law)}= ( 1 X^{(−δ)}z + 2zγ_δ , 1 X^{(−δ)}z − 1 X^{(−δ)}z + 2zγ_δ ) , (B.4)

where X^{(−δ)}z is a GIG(−δ, z^{−1/2}, z^{−1/2}) variable.

This identity in law and some equivalent form of it have already been discussed in Proposition 13.1 in [23] and shown to give a joint characterization of the GIG and the gamma laws by Letac and Wesolowski [19].

B.2. Replacing γ_δ by a general random variable. In this part, we show how to modify both Proposition 5.1 and the general absolute continuity relationship obtained in B.1 when we consider the quantity

E[F (T_{2Y} (B)_s, s ≦ t)~Φ(A_t, e_t, 2Y )] for a non-negative function ~Φ on R^3_+ and a non-negative random variable Y , independent of B. We assume that the probability law of Y has a density with respect to the Lebesgue measure and write

P (Y ∈ dy) = (2y)^{−1}q(2y)e^{−y} dy.

Then, we get, by using (B.1) with δ = 1:

E[F (T_{2Y} (B)_s, s ≦ t)~Φ(A_t, e_t, 2Y )] = E[F (T_{2γ1} (B)_s, s ≦ t)~Φ(A_t, e_t, 2Y ) 1 2γ_1 q(2γ_1)]

= E[F (B_s, s ≦ t)~Φ ( A_t + 2Z^2_t γ_1, e_t + 2Z_tγ_1,

2γ_1 (e_t)^2 + 2A_tγ_1) ) 1 2γ_1 q ( 2γ_1 (e_t)^2 + 2A_tγ_1) )

= E[F (B_s, s ≦ t)~Φ ( A_t + 2Z^2_t Y, e_t + 2Z_tY, 2Y (e_t)^2 + 2A_tY ) Δ(e_t, A_t, Y )]

where Δ(e, a, y) = q(2y)^{−1}q

( 2y e^2 + 2ay ) . We now discuss briefly the modification of (B.3). We have

E[~Φ(A_t, e_t, 2Y )] = E[~Φ ( A_t + 2Z^2_t Y, e_t + 2Z_tY, 2Y (e_t)^2 + 2A_tY ) Δ(e_t, A_t, Y )].

Conditioning with respect to Z_t = z as in B.1 leads us to

E[Φ(X_z, 2Y )] = E[Φ ( X_z + 2zY, 2Y X_z(X_z + 2zY ) ) Λ_z(X_z, Y )],

where Λ_z(x, y) = q(2y)^{−1}q(x^{−1}(x + 2zy)^{−1}2y). Using (2.10), we may write

E[Φ(X_z, 2Y )] = E[Φ ( 1 X_z + 2zY

, D_z(X_z, Y )

)q(D_z(X_z, Y )) q(2Y ) ], (B.5)

where D_z(x, y) = 1 z ( 1 x − 1 x + 2zy ) . From formula (B.5) which generalizes (B.4), one may appreciate the simplifying role of the gamma variables (for which the function q is a power) instead of the general variable Y .

References

[1] L.Alili, D.Dufresne and M.Yor, Sur l’identité de Bougerol pour les fonctionnelles exponentielles du mouvement brownien avec drift, in [33].

[2] L.Alili and J.-C.Gruet, An explanation of a generalized Bougerol’s identity in terms of hyperbolic Brownian motion, in [33].

[3] R.Bhattacharya, E.Thomann and E.Waymire, A note on the distribution of integrals of geometric Brownian motion, preprint, 2000.

[4] O.Barndorff-Nielsen, Hyperbolic distributions and distributions on hyperbolae, Scand. J. Stat., 5 (1978), 151–157.

[5] P.Barrieu, Etude de la densité de Hartman–Watson, Thèse (Univ. Pierre et Marie Curie), 2002. [6] F.Baudoin, Further exponential generalization of Pitman’s 2M-X theorem, Elect. Comm. in Probab., 7 (2002), 37–46.

[7] Ph.Bougerol, Exemples de théorèmes locaux sur les groupes résolubles, Ann. Inst. H.Poincaré, 19 (1983), 369–391.

[8] A.Comtet, C.Monthus and M.Yor, Exponential functionals of Brownian motion and disordered systems, J.

Appl. Prob., 35 (1998), 255–271.

[9] C.Donati-Martin, H.Matsumoto and M.Yor, Some absolute continuity relationships for certain anticipative transformations of geometric Brownian motions, Publ. RIMS Kyoto Univ., 37 (2002), 295–326.

[10] C.Donati-Martin, H.Matsumoto and M.Yor, The law of geometric Brownian motion and its integral, revisited; application to conditional moments, in Mathematical Finance, Bachelier Congress 2000, H.Geman, D.Madan, S.R.Pliska, T.Vorst (Eds.), 221–243, Springer, Berlin, 2002.

[11] D.Dufresne, Algebraic properties of beta and gamma distributions, and applications, Adv. Appl. Math., 20 (1998), 285–299.

[12] D.Dufresne, An affine property of the reciprocal Asian option process, Osaka J. Math., 38 (2001), 379–381. [13] D.Dufresne, The integral of geometric Brownian motion, Adv. Appl. Prob., 33 (2001), 223–241. [14] H.Geman and M.Yor, Bessel processes, Asian options, and perpetuities, Math. Finance, 3 (1993), 349–375. [15] J.-C.Gruet, Semi-groupe du mouvement Brownien hyperbolique, Stoch. and Stoch. Reports, 56 (1996), 53–61.

[16] N.Ikeda and H.Matsumoto, Brownian motion on the hyperbolic plane and Selberg trace formula, J. Func.

Anal., 162 (1999), 63–110.

[17] K.Kawazu and H.Tanaka, On the maximum of a diffusion processes in a drifted Brownian environment, in Sém. Prob., XXVII, Lecture Notes in Math. 1557, 78–85, Springer-Verlag, Berlin, 1991.

[18] N.N.Lebedev, Special Functions and their Applications, Dover, New York, 1972. [19] G.Letac and J.Wesolowski, An independence property for the product of GIG and gamma laws, Ann.

Probab., 28 (2000), 1371–1383.

[20] V.Linetsky, A closed-form formula for the arithmetic Asian option, preprint, 2001. [21] H.Matsumoto and M.Yor, A version of Pitman’s 2M − X theorem for geometric Brownian motions, C.R.

Acad. Sci., Paris, Série 1, 328 (1999), 1067–1074.

[22] H.Matsumoto and M.Yor, An analogue of Pitman’s 2M − X theorem for exponential Wiener functionals, Part I: A time inversion approach, Nagoya Math. J., 159 (2000), 125–166.

[23] H.Matsumoto and M.Yor, An analogue of Pitman’s 2M − X theorem for exponential Wiener functionals, Part II: The role of the generalized Inverse Gaussian laws, Nagoya Math. J., 162 (2001), 65–86.

[24] H.Matsumoto and M.Yor, A relationship between Brownian motions with opposite drifts via certain enlargements of the Brownian filtration, Osaka J. Math., 38 (2001), 383–398.

[25] M.Schröder, On the valuation of arithmetic-average Asian options: explicit formulas, preprint, 1999; Mathematical ramifications of option valuation: the case of the Asian option, Habilitationsschrift, Mannheim, April 2002.

[26] T.J. Stieltjes, Recherches sur les fractions continues, Ann. Fac. Sci. Toulouse 8 (1894), 1-122, 9 (1895), 5–47; Reprinted in Ann. Fac. Sci. Toulouse , 1995.

[27] P.Vallois, La loi gaussienne inverse généralisée comme premier ou dernier temps de passage de diffusions, Bull. Sc. math., 2^e série, 115 (1991), 301–368.

[28] K.Yano, A generalization of the Buckdahn–Föllmer formula for composite transformations defined by finite dimensional substitution, preprint.

[29] M. Yor, Exponential Functionals of Brownian Motion and Related Processes, Springer, Berlin, 2001. [30] M.Yor, Loi de l’indice du lacet Brownien, et distribution de Hartman–Watson, Zeits. Wahr., 53 (1980), 71–95.

[31] M.Yor, Sur les lois des fonctionnelles exponentielles du mouvement brownien, considérées en certains instants aléatoires, C.R. Acad. Sci., Paris, Série 1, 314 (1992), 951–956.

[32] M.Yor, On some exponential functionals of Brownian motion, Adv. Appl. Probab., 24 (1992), 509–531. [33] M.Yor (ed.), Exponential Functionals and Principal Values related to Brownian Motion, A collection of research papers, Biblioteca de la Revista Matemática Iberoamericana, 1997.