MULTIPLE ZETA VALUES AND
GROTHENDIECK-TEICHMULLER GROUPS

HIDEKAZU FURUSHO

ABSTRACT. We get a canonical embedding from the spectrum of
the algebra of multiple zeta values modulo 72 into the graded ver-
sion of the Grothendieck-Teichmiiller group by using relations of
the Drinfel’d associator. On the other hand, it is known that
the rational pro-I Galois image algebraic group is embedded into
the Grothendieck-Teichmiiller pro-algebraic group for each prime
l. Via these embeddings, we get two kinds of relationship between
the spectrum of the algebra of multiple zeta values and the pro-I
Galois image algebraic group.
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0. INTRODUCTION

The aim of this article is to establish a certain relationship among
Grothendieck-Teichmiiller groups, multiple zeta values and certain Ga-
lois image implicitly building in Drinfel’d’s great paper in 1991 [Dr].
In the pro-finite group case on Galois Side, Y. Thara showed explicitly
that the absolute Galois group Gq := Gal(Q/Q) can be embedded

into the Grothendieck-Teichmiiller (pro-finite) group GT in [Th94] fol-
lowing the lines suggested in [Dr] (another group theoretical proof can
be found in [Na]). But here we work on the unipotent pro-algebraic
group case, especially on Hodge Side. We concentrate on the construc-
tion of an embedding from the spectrum of the algebra of multiple zeta
values modulo 72 into one of Grothendieck-Teichmiiller unipotent pro-
algebraic groups (§3) following the lines of [Dr|, from which we shall
get two kinds of interesting relationship (§5 and §6) between Hodge
Side (§3) and Galois Side (§4).

In connection with the study of Galois representations on the al-
gebraic fundamental group of the projectiveﬁge minus 3 points, the
Grothendieck-Teichmiiller (pro-finite) group GT recently appeared in
consecutive paper [HS], [Th90]~[Ih00], [LNS], [NS], [S] and [SL]. This

—_—

pro-finite group GT was constructed by V.G. Drinfel’d in [Dr| and
it is said that it may (or may not?) coincide with a certain combi-
natorial pro-finite group predicted by A. Grothendieck in [Gr]Ch 2.
But, in fact, Drinfel’d originally invented and studied the pro-algebraic
group GT instead of the pro-finite group GT in his study of the de-
formation of quasi-triangular quasi-Hopf quantized universal envelop-
ing algebras. In this paper, we shall call this pro-algebraic group GT



MZV AND GT 3

the Grothendieck-Teichmiiller (pro-algebraic) group. There he also in-
troduced another pro-algebraic group GRT', which we call the graded
Grothendieck- Teichmiiller group as a graded version of GT'. In this pa-
per, their unipotent parts GT'; and GRT, play a role in Galois Side
and Hodge Side respectively.

In §4.2, from the pro-l Galois representation

P Gal (Q/Q(u)) — Aut m} (P —{0.1,00}) .
we shall associate the embedding of pro-algebraic group
! l
by : Galf — GT,

for each prime [, where M%) is the associated pro-algebraic group over
Q (for definition, see §4.2). On this embedding @g) , we shall see that it

is natural to conjecture that @8) gives an isomorphism in §4.2. Namely
Conjecture B . Galy) 2 GT,  for all prime [.

In contrast, we get a Hodge counterpart of the embedding @g, which
is our main result. Let Z be the graded Q-algebra generated by all
multiple zeta values and Z /(7?) be its quotient algebra modulo the
graded principle ideal generated by 72 (see §3.1). In §3.1, we shall
associate a scheme Spec Z_/(w?) and show that

Theorem 3.2.5. There is a canonical embedding of schemes

Ppp : Spec Z [ (7*) — GRT, .

In §3.4, we shall also see that it is natural to conjecture that ®pr gives
an isomorphism. Namely

Conjecture A . Spec Z, [(7%) = GRT,.

In 85 and §6, we will discuss two kinds of relationship between GT;
and GRT,. The first one is on the relationship between C-structures
(cf. Notation 4.2.1) of GT, and GRT,.

Proposition 5.1.2. There exists a natural isomorphism p : GT'| Xq
C = GRT, xq C. If we identify their groups of C-valued points by
this isomorphism, two groups of rational points GT,(Q) and GRT,(Q)
become inner conjugate to each other in GRT,(C).

By combining this proposition with two embeddings @8) and Ppg,
we get Figure 1. Here HOmQ_alg(Z_/(W2>, Q) stands for the set of Q-

algebra homomorphisms from Z, /(7?) to Q.
The second one is
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'GT,(C)_L, GRI,(C)

Conjecture B Conjecture A

Galy(Q) Homquay(Z./(7%),Q)
FIGURE 1

Theorem 6.3.2. The pro-algebraic group GrGT, (for definition,
see (6.3.2)) is isomorphic to GRT,, i.e.

GrGT, = GRT, .

By combining this theorem with two embeddings (Pg) and @pgr, we get
Figure 2.

GrGalg) _ L Spec Z./ (%)

FIGURE 2

In Remark 6.5.1, we shall see that the main result of our previous
article [F] can be deduced from Figure 2. As a corollary of Theorem
6.3.2, we get an interesting correspondence between the [-adic Thara

associator @gl,z (§6.6.1) and the Drinfel’d associator @, (§6.6.1).
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Proposition 6.6.1.
l l
GroQ gy (Panr) = Grd) . Php 1w (Parr) = Pz mod 7%,

from which we get Figure 3.

" (4,8)) Phr(a,B))
GV O(Gal))((A, B)=—— O(GRT, ) ({4, B))—w(Z./(x) ) ({4, B))
GT@%)L D ! ¢GRT= > @KZ mod 71'2
[-adic lhara associator Drinfel'd associator
FIGURE 3

The pictures in Corollary 6.6.4 and Corollary 6.6.6 should be better
called cases of meta-abelian quotient of Figure 3.

This paper is organized as follows. In §1, we shall make a brief review
of the notion of weight filtrations of negatively weighted extensions
[HM]. §2 is devoted to a (long) review and detailed description of
GT, GRT and M constructed by Drinfel’d [Dr]. In §3, we shall recall
the definition of multiple zeta values and construct an embedding @pgr
in Theorem 3.2.5, which is our main result. In §4, we shall discuss
the embedding @g). Finally in §5 and §6, we shall give two kinds
of interesting relationship between GT';, and GRT; and then make a
interesting comparison between Hodge Side (§3) and Galois Side (§4)
in §6.6.

Acknowledgments . The author express a special thanks to his previous
advisor Professor Y. Ihara for his continuous encouragement and he is
deeply grateful to Professor A. Tamagawa for carefully reading this
manuscript.

1. ON WEIGHT FILTRATIONS BY HAIN-MATSUMOTO

This section is devoted to a brief review of the notion of weight fil-
trations on modules of negatively weighted pro-algebraic groups, which
is introduced in [HM]. In §1.3, we will introduce a helpful proposition
(Proposition 1.3.2), which will be used later.

1.1. Negatively weighted extension. We recall the definition of
negatively weighted extension in [HM]§3.

Notation 1.1.1. Let k£ be a field with characteristic 0. Let S be a
reductive algebraic group over k. Let @ : G,, — S be a central cochar-
acter, which means a homomorphism whose image is contained in the
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center of S. Let G be an algebraic group over k£ which is an exten-

sion of S by a unipotent algebraic group U ; 1 - U — G — S — 1.

By [HM]Proposition 2.3, the maximal abelian quotient H;(U) of this

algebraic group U becomes an S-module. Therefore it becomes a G,,-

module via w. Thus we can decompose uniquely as H,(U) = k@ZWk,
S

where Wy is the G,,-module whose G,,-action is given by the k-th
power multiplication.

Definition 1.1.2. A pro-algebraic group over a field k is a projective
limit of algebraic groups over k. A pro-algebraic group G = lim G, is

called unipotent if each G, is unipotent.

Definition 1.1.3 ([HM]§3). The extension algebraic group G in No-
tation 1.1.1 is called negatively weighted with respect to w if W, = 0
for all £ > 0. A pro-algebraic group G which is an extension of a re-
ductive algebraic group S by a unipotent pro-algebraic group U is also
called negatively weighted with respect to w if it is a projective limit
of algebraic groups which are negatively weighted extensions of S with
respect to w.

1.2. Weight filtration. We will review the fact shown in [HM]|§3
that each representation of negatively weighted pro-algebraic group is
equipped with a natural weight filtration.

Notation 1.2.1. Let G be a pro-algebraic group over a field k£ with
characteristic 0 which is a negatively weighted extension of a reductive
algebraic group S over k by a unipotent pro-algebraic group U over k
with respect to a central cocharacter w : G,, — S. By [HM] Lemma
3.1, there exists a homomorphism @ : G,, — G which is a lift of . Let
V' be a finite dimensional k-vector space equipped with G-action. Then
this G-module V' becomes a G,,-module via zo. So we can decompose

as V = @ V,, where V, is the G,,-module whose G,,-action is given by
a€Z

the a-th power multiplication.
In this subsection, we assume Notation 1.2.1.

Definition 1.2.2 ([HM]|§3). The weight filtration of G-module V" is the
ascending filtration W = {W, V' },,cz of k-linear subspaces defined by
W,V = EI<9 V, for each n € Z.

In [HM]Proposition 3.8, it was proved that this weight filtration is
natural in the sense that it does not depend on the choice of lift o above
and it was also shown that W,V is stable by the G-action. Moreover,
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Proposition 1.2.3 ([HM*]Proposition 4.10). The weight filtration W
of a finite dimensional G-module V is the unique ascending filtration
W = {W,.V},ez of G-submodules which is characterized by the follow-
g properties:
(a) NW, V=0, UWV=V.
neZ neZz
(b) The action of U on Gr¥V (:= W,V/W,_1V) is trivial for all
n € Z.
(c) The action of G,, on GrlV'V wia w is given by the n-th power
multiplication for all n € Z.

1.3. Filtered Hopf algebras. Assume Notation 1.2.1.

Notation 1.3.1. Let ¢4 = lim U, denote a projective limit of unipo-
(—

tent algebraic groups U,. The regular function ring O(U) of U is de-
fined to be the inductive limit O(U) := lim O(U,) of those of U,. This

k-algebra O(U) is equipped with a structure of Hopf algebra over k.
Let A be an arbitrary k-algebra. Take any element g € G(A). Then
the inner automorphism 7, LU x A — U x A defined by z — ¢ lag

induces the isomorphism (7,1)* : O(U)4 — O(U)4 of Hopf algebras.
By the correspondence 7 : G — AutO(U) defined by g — (7, D we
regard O(U) as a left module of G.

Although O(U) is infinite-dimensional, it is equipped with the fol-
lowing weight filtration.

Proposition 1.3.2. The regular function ring O(U) is equipped with
a weight filtration, which is an ascending filtration of finite dimensional
k-linear sub-spaces:

W =Woo0U) =W_10U) =0 C WoOU) C W,0U) C
......... C WHO(U) C Wn+1(9(u) Covnnnn,
It satisfies the following properties as in Proposition 1.2.3:
(a) anW"O(w =0, nLgJZWnO(Z/I) =0U).

(b) The action of U on Gr)Y O(U) by T is trivial for alln € Z.
(c) The action of G,, on GrlYO(U) via T and w is the n-th power
multiplication for alln € Z.
Moreover this filtration is compatible with all structure morphisms of

Hopf algebras, i.e. (O(U), W) becomes a filtered Hopf algebra.

Proof . Regard Lield as a left G-module by its adjoint representation.
In [HM] Proposition 4.5, it is shown that Lield is equipped with a
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weight filtration of finite dimensional k-linear subspaces
Woeeonons CW_,1Lield CW_,Lield C ------
- CW_o Lied = WyLield = Wy Lield = -+ - - = Lield

which satisfies properties (a)~(c) in Proposition 1.2.3. Since U is unipo-
tent, O(U) is isomorphic to the dual of the universal enveloping algebra
ULield of Lield as left G-modules. Thus O(U) is equipped with the in-
duced filtration from the above one on Lield, from which the first half
of our statement can be deduced. The second half is immediate since
the G-action on O(U) by 7 is consistent with all structure morphisms
of Hopf algebras, i.e. the product map, the unit map, the co-product
map, the co-unit map and the antipode map. Il

2. A DETAILED ANALYSIS ON DRINFEL'D’S GT'’s

This section is devoted to a long review and detailed analysis on
GT, GRT and M constructed by Drinfel’d [Dr] in terms of weight
filtration (§1) by Hain-Matsumoto. In §2.1 (resp. §2.2), we shall recall
the definition of GRT (resp. GT') [Dr] and discuss the weight filtration
of the regular function ring O(GRT,) (resp. O(GT,)). §2.3 will be
devoted to a review of the definition of the Drinfel’d associator ¢xz
and the pro-torsor M [Dr].

2.1. On GRT. §2.1.1 is devoted to reviewing the definition of the pro-
algebraic group GRT that appeared in [Dr]. In §2.1.2, we will endow
the regular function ring O(GRT;) of the unipotent part GRT, of
GRT with a grading and show that it becomes a graded Hopf algebra.

2.1.1. The graded Grothendieck-Teichmiiller group.

Notation 2.1.1. Let k be any Q-algebra. Let k((A, B)) be the graded
non-commutative formal power series ring over k with 2 variables A
and B with degrees given by degA = degB = 1. Denote the subset
of k({A, B)) consisting of formal Lie series in k((4, B)) by L. Let R
be a completed non-commutative k-algebra and ¢ : k((A, B)) — R be
a completed k-algebra homomorphism uniquely defined by ¢(A4) = a,
¢(B) = b for certain elements a,b € R. For g € k((A, B)), we denote
the image ¢(g) € R by g(a,b).

Definition 2.1.2 ([Dr]§5). The graded ' Grothendieck-Teichmiiller (pro-
algebraic) group GRT is the pro-linear algebraic group over Q whose
set of k-valued points is defined as follows:

GRT (k) ={(c,g) € k* x k((A, B))| g satisfies (0)~ (iii) below.}

!The word graded means the natural grading (see §2.1.2).
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((0) g € explLp, LY

(i) 9(A,B)g(B,A) =

(ii) ¢(C, A)g(B,C)g (A,B):l for A+ B+C =0

(111) (X1 27X2 3) (X3,4,X4,5)9(X5,1,X1,2)9(X2,3,X3,4)9(X4,5,X5,1) =1
in U‘B@(lﬂ) ( see Note2.1.5).

\
The multiplication map 2 m’ of the graded Grothendieck-Teichmiiller
group is given as follows:
m': GRT (k) x GRT (k) — GRT (k)
(c2,92) x (c1,91) = (c2,92) © (c1,91)
where (¢g, g2)o(c1, g1) == <0102 ,g92(A, B) g1 (é ,g2(A, B)*lggg(/l, B)))

Note 2.1.3. (1) The defining relation (i) (resp. (ii), (iii)) is some-
times called 2 (resp. 3, 5)-cycle relation.

(2) On (0), for any element h (in the topological commutator [L;, L}])
of Lj), we define exp h =1+ & + 2 4 B0 ... € |((A, B)). This
series converges since h has no coefficient (degree 0) term.

(3) On (iii), U‘B@(k) means the completion by degree (i.e. that is
respected to the filtration induced by degree) of the universal en-
veloping algebra of the pure sphere 5-braid graded Lie algebra
&B_(B) tensored with k£ and X;; (1 < 4,5 < 5) stand for the stan-
dard generators of (for definitions, see [[h90]~[Ih92] and also
[F] §2.1.).

(4) It can be checked easily that (iii) implies (i).

We remark that the same pro-algebraic group also appeared and was
studied by Z. Wojtkowiak [Wo]. In this paper, especially we examine
its unipotent part GRT.

Definition 2.1.4 ([Dr]§5). The unipotent graded Grothendieck-Teichmiiller
(pro-algebraic) group GRT is the unipotent sub-pro-algebraic group
of GRT whose set of k-valued points is

GRT, (k) ={ (1,9) € GRT (k) }
={ g € k((A,B)) | g satisfies (0)~ (iii) in Definition2.1.2.} .
Note that we get the following exact sequence of pro-algebraic groups
(2.1.1) 11— GRT, — GRT — G,, — 1
(c,9) —c

2For our convenience, we reverse the original definition of the multiplication of
GRT in [Dr]
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Remark 2.1.5. The above exact sequence is equipped with a standard
section

so: G,, - GRT

cr— (¢, 1)

This property may distinguish GRT from GT (§2.2).

Lemma 2.1.6. The pro-algebraic group GRT is a negatively weighted
extension (Definition1.1.3) of G,, by the unipotent pro-algebraic group
GRT with respect to the central cocharacter w : G,, — G,, defined by
T .

Proof . It follows from

(c,1)0 (1,g(A, B)) o (c™,1) = (1,9(

I

SN
o |3

)).

2.1.2. The graded Hopf algebra O(GRTY),.. In this subsection, we will
see that the regular function ring O(GRT,). of GRT, is naturally
equipped with a structure of graded Hopf algebra.

Notation 2.1.7. By a word we mean a monic and monomial element
W of Q((A, B)) (§2.1.1) whose degree is greater than 0. Note that we
do not include 1 among words. For each word W, we define wt W :=
degW and wt 1 := 0. Suppose that R is an arbitrary Q-algebra.
Then each element g € R((A, B)) can be expanded uniquely as g =

r1(g9)+ >, aw(g9)W where x1(g) and zw (g) € R. Let W be a word
W :words
or 1. We define the map zyw : GRT,(R) — R which is determined

by g — zw(g). Then these zy’s generate the algebra O(GRT,) i.e.
O(GRT,) = Q[r1,Tw]w.woras - We remark that xi(g) = 1 for all
g € GRT|(R) because of Definition 2.1.2 (0).

By Proposition 1.3.2, O(GRT) is equipped with a weight filtration
W = {W,,O(GRT,)},ez satistying properties (a)~(c) in Proposition
1.3.2 with respect to w (Lemma 2.1.6) and the pair (O(GRT,), W)
becomes a filtered Hopf algebra. Recall that sg (Remark 2.1.5) is the
standard section of the exact sequence (2.1.1). By imitating the pre-
scription described in §1.2, O(GRT,) and W, O(GRT,) can be de-
composed into O(GRT,) = 063 V, and W,,O(GRT,) = & V, as

0<agn
G,,-modules with respect to sy, where V, is the G,,-module whose
G-action (given by 7 o s9) is the a-th power multiplication. Since
this grading on O(GRT,), := @V, is natural, it provides a natural

0<a
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isomorphism
(2.1.2) $o: Gr'VO(GRT,) — O(GRT),).
Therefore it follows that

Proposition 2.1.8. (a) The Hopf algebra O(GRT) is equipped with
a weight filtration W .
(b) The pair (O(GRT,), W) becomes a filtered Hopf algebra.
(c) By (2.1.2), O(GRT),) is equipped with a structure of graded Hopf
algebra.

Note 2.1.9. This grading on O(GRT)). = Q[xw|w.woras i given by
deg xw = wt W.

2.1.3. The stable derivation algebra. We shall review the definition of
the stable derivation algebra ®_ which was constructed by Y. Thara in
his successive Works on the Galois representation on the pro-/ funda-

mental group 7\ ( —{0,1,00}) (see [Ih90]~[Ih92] and [Ih99]).

Notation 2.1.10. Let L, (w > 1) denote the degree w-part of the free
completed Lie algebra Lg (see §2.1.1) of rank 2 and let L. = & L,

w>1
be the free (non-completed) graded Lie algebra over Q. For f in L.,
we define the special derivation Dy : L. — L. which is the derivation
determined by D¢(A) = 0 and D;(B) = [B, f]. It can be checked easily
that [Dy, Dy = Dy, with h = [f, g] + D¢(g) — Dy(f).

Definition 2.1.11 ([Ih90] and [Ih92]). The stable derivation alge-
bra ®, is the graded Lie subalgebra ®, of DerlL, which has the following

presentation: .= & 3, , where
w>1

D, ={Dys € DerL| f € L, satisfies (0) ~ (iii) below.}

((0) felLoL] (= L)

(i) f(A,B)+ f(B,A)=0

(i) f(A,B)+ f(B,C)+ f(C;,A)=0  for A+ B+C =0
(

i) > f(Xiir1, Xiv1i42) =0 in ’}3(5) ( see Note2.1.5).
\ 1€Z/5

Here, for any Lie algebra H and o, 8 € H, f(«, 3) denotes the image of
f € L. by the homomorphism L. — H defined by A +— « and B — (.

Remark 2.1.12. (1) Each derivation D € ®. determines a unique
element f € [L., L.] such that D = Dy.
(2) The relation (iii) implies (i).
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(3) The completion by degree D" = & ®,, of Thara’s stable deriva-
w>1

tion algebra is equal to the pro-Lie algebra grt,(Q) [Dr] which is
the Lie algebra Lie GRT', of the graded Grothendieck-Teichmiiller
group.
On the structure of ®, there is a standard conjecture in [[h99] which
is related to conjectures on the associated graded Lie algebra of the im-
age of the Galois representation on 7\” (PIG— {0,1, c0}) by Ihara([Ih90])
and P. Deligne ([De]).

Conjecture 2.1.13 ([Ih99]). D, is a free Lie algebra generated by f,,,
where f,, is a suitable element of ®©,, (m =3,5,7,--+).

Furthermore, Thara proposed the following problem:

Problem 2.1.14 ([Ih99]). Construct f,, explicitly. Is there any canon-
ical choice?

By his consideration of f,, (m = 3,5,7,---), each f,, must be of
depth 1 (see [ITh99|Ch II).

Remark 2.1.15. M. Matsumoto and H. Tsunogai ([Tsu]) calculated
the dimensions of graded pieces of the stable derivation algebra on the
lower weights. Especially Tsunogai verified Conjecture 2.1.13 up to
weight 14.

Tsunogai posed the following problem (which arises from his com-
putation table).

Problem 2.1.16 (H. Tsunogai). On the defining relations ( Definition
2.1.11) of the stable derivation algebra, does 5-cycle relation (iii) imply
3-cycle relation (ii)?

2.2. On GT. §2.2.1 is devoted to reviewing the definition of the pro-
algebraic group GT [Dr]§4. In §2.2.2, we will endow the regular func-
tion ring O(GT,) of its unipotent part G7'; with a weight filtration
(8§1.2) and show that it is equipped with a structure of filtered Hopf
algebra.

2.2.1. The Grothendieck-Teichmailler group. Let F, be the free group
of rank 2 generated by X and Y and denote its Malcev completion
(see, for example [HM] §A.1) by F. Let k be any Q-algebra.

Definition 2.2.1 ([Dr|§4). The Grothendieck-Teichmiiller (pro-algebraic)
group is the pro-linear algebraic group GT' defined over Q whose set of
k-valued points is the subset of that of G,, x F, defined as follows:

GT (k) ={(\ f) € k" x Fy(k) | (A, [) satisfies (0)~ (iii) below.}
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((0) f € [F, (k)

(i) fXY)f(Y,X)=1

(ii) (Z X)Zm (Y, Z2)Y"f(X,Y)X™ =1 for XYZ =1,m=23!

(ili) f(x1,2,223)f (234, 2a5) f (251, 212) f (223, T34) [(Xap, T51) = 1
in  Ps(k) (see Note2.2.2.) .

The multiplication map ® m of the Grothendieck-Teichmiiller group
is given as follows:

m: GT (k) x GT (k) — GIL (k)
(A2, f2) X (M1, f1) = (Mg, fa) o (A1, f1)

where (A2, fa)o(A1, f1) = <)\1/\2 (XY ) f (X’\Q,f2(X7 Y)Y fy(X, Y)))

Note 2.2.2. Here for any unipotent group scheme H over Q and mor-
phism of group schemes ® : F, — H with ®(z) := a and ®(y) := €
H(Q), we denote the image of f € F5(Q) by ®(f) € H(Q). We note
that in (i), X™, Y™ and Z™ also make sense since F} is unipotent. In
the condition (iii), P5 means the Malcev completion of the pure sphere
5-braid group P5 and z; ; (1 <i4,j <5) stand for standard generators
of Ps (cf. [Th91]). The relation (iii) implies (i).

V. G. Drinfel’d constructed GI" and GRT as deformation groups
of quasi-triangular quasi-Hopf quantized universal enveloping algebras.
They act in a different way on the classifying space of these algebras.
In [Dr], it is shown that their actions are commutative to each other.

Definition 2.2.3 ([Dr|§5). The unipotent Grothendieck-Teichmiiller (pro-
algebraic) group GT'; is the unipotent sub-pro-algebraic group of GT
whose set of k-valued points is

GT, (k) = {f € Fy(k) | (1, f) € GT(k)}.
Note that we get the following exact sequence of pro-algebraic group
(2.2.1) l—GI' —GI —G,, — 1
(A f)— A
Lemma 2.2.4. The pro-algebraic group GT is a negatively weighted
extension (Definition1.1.3) of G,, by the unipotent pro-algebraic group

GT, with respect to the central cocharacter * % : G, — Gy, defined by
~1
A

3For our convenience, we reverse the original definition of the multiplication of
GT in [Dr]
40n the contrary, GRT was a negatively weighted extension with respect to w.



14 HIDEKAZU FURUSHO

Proof . It follows from a calculation slightly more complicated than
Lemma 2.1.6 (however, by combining Lemma 2.1.6 with Proposition
5.1.2, we can find another easier proof.). ]

Remark 2.2.5. By [HM]Proposition A.8, there exists the pro-linear
algebraic group AutF, defined over Q which represents the functor
K +— AutF, x K from field extensions over Q to groups (for the def-
inition of AutFy x K, see [HM]). By the correspondence X — X*
and Y — f71YAf where (\, f) € GT(K), GT can be regarded as a
sub-algebraic group of AutF}.

2.2.2. The filtered Hopf algebra ( O(GT,), W). In this subsection, we
will see that the regular function ring O(GT,). of GT'; is naturally
equipped with a structure of filtered Hopf algebra.

As in the case of O(GT;) (§2.1.2) we can show that O(GT),) is
equipped with a weight filtration W = {W,,O(GT,)}nez satisfying
properties (a)~(c) (Proposition 1.3.2) with respect to = (Lemma 2.2.4).
By Proposition 1.3.2,

Proposition 2.2.6. (1) The Hopf algebra O(GTY) is equipped with
a weight filtration W .
(2) The pair (O(GT;), W) becomes a filtered Hopf algebra.

Remark that we do not know any natural structure of graded Hopf
algebra instead of that of filtered Hopf algebras on O(GT)), since we do
not know any natural section of the exact sequence (2.2.1) like Remark
2.1.5.

2.3. On M and pgz. We shall review the definition of the pro-torsor
M ([Dr]) in §2.3.1 and the original definition of the Drinfel’d associator
vz ([Dr]) in §2.3.2 which plays a role to prove the main theorem in
§3.

2.3.1. The middle Grothendieck-Teichmailler torsor. Let k be any Q-
algebra.

Definition 2.3.1 ([Dr|§4). The middle Grothendieck-Teichmuller torsor
is the pro-variety M defined over Q whose set of k-valued points is
defined as follows:

M(k) = {(p, ) € K x k{{A, B))| (u,¢) satisfies (0)~ (iii) below.}
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0) ¢ € exp[Ly, Ly
i) ( B)p(B,A) =

(

(

(ii) e Ap(C, A)ez go(B Ce 5B ©(A,B) = forA+B+C=0
(

in U‘B@(lﬂ) ( see Note2.1.5).

\

The right GT-action and the left GRT-action on M are defined as
follows 3:

The right GT-action:
M(k) x GT (k) — M(k)
(1, 0) X (A f) — (mp) o (A f)

where (11, p)o(X, f) := (/M ,0(A,B) f(et,0(A,B)ePp(A, B)))-

The left GRT-action:
GRT (k) x M(k) — M(k)
(¢,9) X () — (¢, 9) o (1, )
where (Ca 9)0(%80) = <% 7g(A7B) SD(% ag(A7B)71%g(Aa B)))
Remark 2.3.2. It can be checked easily that the relation (iii) implies
().
Drinfel’d showed the followings:

Proposition 2.3.3 ([Dr]Proposition 5.1). The right action of GT(k)
on M(k) is free and transitive.

Proposition 2.3.4 ([Dr]Proposition 5.5). The left action of GRT (k)
on M(k) is free and transitive.

Therefore M has a structure of bi-torsor by the right GT-action and
the left GRT-action. In [Dr]§4, Drinfel’d considered the following sub-
bi-torsor.

Definition 2.3.5 ([Dr|§4). The pro-variety M, is the pro-subvariety
of M defined over Q whose set of k-valued points is as follows:

M, (k) = {p € k{{A, B))| (1,9) € M(k) }

5The right and left are opposite to the original ones in [Dr]. Because we turned
over the direction of its multiplication of GRT'(k) (resp. GT'(k)) in Definition 2.1.2
(resp. Definition 2.2.1).

1
111) (X12,X23) (X347X45) (X5,17X1,2)90(X2,3,X3,4)80(X4,57X5,1):

1
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By restricting the the right action of GT" and the left action of GRT
to their unipotent parts, G1T'; and GRT,, respectively, we see that
M, has a structure of bi-torsor. The following was one of the main
theorems in [Dr], which was proved in [Dr] §5.

Proposition 2.3.6 ([Dr] Theorem A’). M, (Q) #0.

Remark 2.3.7. Z. Wojtkowiak constructed a pro-algebraic group G
and a G-torsor TG in [Wo|Appendiz §A. In fact, his G-torsor TG is
isomorphic to Drinfel’d’s GRT-torsor M.

2.3.2. The Drinfel’d associator. Consider the Knizhnik-Zamolodchikov
equation (KZ equation for short)

dg 1 A B
iy = (=

Comiu o u—1

(K2) Vol
where g(u) is an analytic function in complex variable u with values
in C((A, B)), where ‘analytic’ means each coefficient is analytic. The
equation (KZ) has singularities only at 0,1 and oo. Let C’ be the
complement of the union of the real half-lines (—oc, 0] and [1, +00) in
the complex plane, which is a simply-connected domain. The equation
(KZ) has a unique analytic solution on C’ having a specified value at
any given point on C’. Moreover, at the singular points 0 and 1, there
exist unique solutions go(u) and g;(u) of (KZ) such that

go(w) mui (u—0),  gi(u)~(1—u) (u— 1),

where ~ means that go(u)-u~ 2% (resp. ¢;(u)-(1—u)~2% ) has an analytic
continuation in a neighborhood of 0 (resp. 1) in C with value 1 at 0

(resp. 1). Here, u® := exp(a-logu) := 1+ (a'lﬁgu) + (a'l;?u)Z + (a~l(;z!]u)3 +- -
and logu := ["% in C’. In the same way, (1 — u)® can be defined on
C’. Since go(u) and g1(u) are both invertible unique solutions of (KZ)
with the specified asymptotic behaviors, they must coincide with each

other up to multiplication from the right by an invertible element of
C((A, B)).

Definition 2.3.8. The Drinfel'd associator is the element ¢k (A, B)
of C((A, B)) which is defined by

go(u) = g1(u) - prz(A, B) .
In [Dr], the following is shown:

Proposition 2.3.9 ([Dr]). The pair (1, pxz) satisfies (0)~ (iii) in
Definition2.5.1, i.e. @rz € M,(C) (for definition, see Definition
2.3.5).
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3. HODGE SIDE

We shall make a brief review on MZV’s (multiple zeta values) in
§3.1. We shall construct a canonical embedding from the spectrum of
the Q-algebra generated by all MZV’s modulo the ideal generated by 72
into the graded Grothendieck-Teichmiiller group GRT';, in §3.2, which
is one of our main results in this paper. In §3.3, we shall make another
analogous embedding into the middle Grothendieck-Teichmiiller torsor
M,.

3.1. MZV’s. We make a short review on MZV’s.

Definition 3.1.1. For each (multi-)index k = (ky, ko, . .., ky,) of posi-
tive integers with kq,--- .k,_1 = 1, k,, > 1, the corresponding multiple
zeta value (MZV for short) ((k) is, by definition, the real number de-
fined by the convergent series:

1
(k) = o
0<n1;<nm n’fl T nﬁ?m
n; EN
The weight of k : wt(k) is defined as wt(k) = ky + -+ - + k,,. For each
natural number w, let Z,, be the Q-vector subspace of R generated by
all MZV’s of indices with weight w : Z,, = (((k)|wt(k) = w)q C R,
and put Zy = Q. Define Z. as the formal direct sum of Z, for all
w=0: Zo= P Z,,.
w20
On the dimension of the Q-vector space of MZV’s at each weight,
we have the following conjecture.

Dimension Conjecture . ([Za]) dimqZ, is equal to d,, which is
given by the Fibonacci-like recurrence d,, = dy,_o + d,,_3, With initial
values dy = 1,d; = 0,dy = 1.

More details on MZV’s and the above conjecture were discussed in
the author’s previous article [F|. Recently T. Terasoma [Te| and A.
Goncharov [Gon| showed its upper-bound; dimZ,, < d,, for all w > 0,
by the theory of mixed Tate motives. On the contrary, to show its
lower bound; dimZ,, > d,, (w > 1), seems to be quite difficult because
we need to show their linear independency, which might be a difficult
problem in transcendental number theory.

3.2. Main result. We shall construct a canonical embedding from
Spec Z./(?*) into GRT,.

Property 3.2.1. The graded Q-vector space Z. has a structure of
graded Q-algebra, i.e. Zy - Zy C Zyvp for a,b > 0.
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This follows from definitions of MZV’s (for example, see [F] Property
1.2.2.). We call Z, the MZV algebra.

Notation 3.2.2. Let Z,/(7?) = Z./7*Z. be the MZV-algebra Z, mod-
ulo the principal homogeneous ideal (7?) := 727, generated by 72 =
6((2) € Zy. This is the graded Q-algebra whose grading is given by
Z.[(m*) = @& (Z. /(7)) , where
w>0 w

Q w =70
(3.2.1) (Z2./(=%), =10 w=1

Zw (T Zyos) w =2
Remark 3.2.3. As far as the author knows, no point is known in
Spec Z./(7?) except one which is determined by the maximal ideal

AR / 72Z., since it is related to transcendental problems in transcen-
dental number theory.

Notation 3.2.4. Let A. = @® A, = Q(A, B) be the non-commutative
w>0

graded polynomial ring over Q with two variables A and B with degA =
degB = 1, where A, is the homogeneous degree w part of A..

Theorem 3.2.5. There is a surjection

(32.2) ot O(GRT,). — Z./ ()
of graded Q-algebras, which associates an embedding of schemes
(3.2.3) Dpr : Spec Z_/(7T2) — GRT, .
Proof . Put
(3.2.4)
Dz (A, B) =1+ Y  I(W)W = p(2miA,2miB) € C{(A, B)),
W:words

where @7 is the Drinfel’d associator (Definition 2.3.8). For each word
W with wt(W) = w, I[(W) lies in Z,, (see [F]Property I §3.2.), i.e.
Prz € & (A, ®q Zy) - By Proposition 2.3.9, it satisfies

w20

(0) log ®xz(A, B) i= > LT IV)W )" € (L, L] (= 3 (La@q C))

n=1
(I) Prz(A, B)Py (B, A) =1
(IT) e™A® e (C, A)e™C Dy (B, C)e™Bdy (A, B) = 1
for A+B+C=0
(HI) CI’KZ(XLQ, X2,3)(I)KZ(X3,4, X4,5)(I)KZ(X5,1, X1,2)
\ Drz(Xog, X34)Prz(Xas, X51) =1 in URD(C) .
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For each word W with wt(W) = w, denote the quotient class of
I(W) € Zy,in (Z/(x?)) by I(W) and put

Dy (AB) =1+ Y IWWe @(A @q (2/(x%),).

W:words

Then the above four formulae imply

(0) tog@s(AB) € & (Luq (2/(x),)
(1) Dz (A, BYBry(B, A) = 1 m 3 (Aw®a (2/(7%),,)
(II) @7 (C, A)@x 7 (B, C)Pxz(A, B) = 1

(IOI) @rz (X192, Xo3)Prz (X34, Xa5)Prz (X571, X12)
Qrz(Xos, X34)Prz(Xup5, X51) =1 in éé ( (5) (Z/

\

for A+B+C=0 in M(A @q (2/(7%),,)

).)

So @z (A, B) determines a Z, /(7?)-valued point of GRT';, i.e. ®xz(A, B) €

GRT,(Z./(?)). Thus we obtain the algebra homomorphism (3.2.2) by
sending each xy, (Notation 2.1.7) to I(W). Since xy’s (vesp. 1(W)’s)
are algebraic generators of the graded algebra O(GRT),) (resp. Z. /(7?))
whose degree is equal to wt W, @ﬁD r 1s a surjective algebra homomor-
phism preserving their degrees. From this surjective algebra homomor-
phism @ .. we obtain the embedding (3.2.3) of schemes.

]

3.3. Related embedding into M;. In §3.2, we get an embedding
from Spec Z./(w*) into the graded Grothendieck-Teichmiiller group
GRT,. But on the contrary, in this subsection, we get a related em-
bedding from the spectrum of a modified algebra of the MZV algebra
into the middle Grothendieck-Teichmiiller torsor M.

Definition 3.3.1. For each index k = (ky, ks, ..., k) of positive in-
tegers with ky,--- .k,,.1 = 1, k,, > 1, we define the corresponding
modified multiple zeta value by

~ 1

((k) = W«k)‘
For each natural number w, let 3¢, be the Q-vector subspace of C
generated by all ¢(k)’s with wt(k) < w: 3w = (((k)|wt(k) < w)q C
C, and put 3¢ := Q. Define 3 to be the Q-vector subspace of C
generated by all Z (k)’s.
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Notation 3.3.2. By Property 3.2.1, 3 becomes a filtered Q-algebra
with ascending filtration W = {3<a}az0, 1-€. 3<a - 3<p € 3<ats (a,0 >
0). Let Gr'"'3 denote the associated graded Q-algebra of 3 : Gr'V3 =
D ‘/a where Va = 3@/3@—1 for a 2 1 and ‘/E) = 3<0 = Q

a>0

For each a > 0, let f, : 3¢, — Z, denote the Q-linear map defined
by sending each (k) with wt(k) < a, to Re{(27i)*((k)} € Z, C R,
where Re stands for the real parts. If a > 2 and wt(k) < a — 1, then

f.(C(k)) € m*Z,_5 C R. Thus f, induces a Q-linear map g, : Grl¥'3 —
(Z'/(ﬂ—2>)a'

Proposition 3.3.3. The Q-linear maps {g,}o>0 induce the following
canonical isomorphism of graded Q-algebras:

g:= Dgy: GT’_VV:));Z_/(WQ) )

az0
Proof . The surjectivity of g, (a > 0) is trivial. The injectivity of g,
is trivial for @ = 0,1. Suppose that a > 2 and g, (" rlz(kz)) = 0 for
i=1
m € N, r; € Q and wt(k;) =a (1 <i<m). Then

m

fa (Z rzg(kz)) € 7TQZCL—Q
=1

Z T‘ZCG{Z) € 7T2Za_2
=1

Z riC(k;) € 3<a2

=1

Therefore g, is injective for a > 2. To check that the linear map g is a
homomorphism of graded Q-algebras is immediate. O]

The following proposition is an analogue of Theorem 3.2.5.
Proposition 3.3.4. There is a surjection
(3.3.1) B og : O(M) — 3
of Q-algebras, which associates an embedding of schemes
(3.3.2) Drroq : Spec 3 — M, .

Proof . By imitating the proof of Theorem 3.2.5, we can construct the
surjection @ﬁ%d thanks to Proposition 2.3.9. [
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3 is strictly compatible with the weight filtration of O(M ) (§6.1) and
that of 3 (Notation 3.3.2), i.e. ¥, (W,O(M,)) = 3<q for a > 0.

Here Hod stands for Hodge. The relationship between Theorem 3.2.5
and Proposition 3.3.4 will be discussed in Proposition 6.2.4.

3.4. Spec Z_/(ﬂ'z) = GRT:?. We will discuss the conjecture that the
embedding @pg in §3.2 might be an isomorphism.

It can be verified directly that, in fact, the surjection &, , : O(M,) —

Notation 3.4.1. For a graded vector space V. = @ V,, we denote its
a€Z

completion by degree by V" := ée\az\/; and its graded dual vector space
a

by V*:= @V}, where V" is the dual vector space of V.
a€Z

For any two formal power series P(t), Q(t) in QI[t]], we express
P(t) > Q(t) when the formal power series P(t)—Q(t) has all coefficients
non-negative.

Proposition 3.4.2. Assume the generatedness part of Conjecture2.1.13
which s equivalent to saying that © 1s a Lie algebra generated by

one element in each degree m (m = 3,5,7,-- ) and assume the lower

bound part of Dimension conjecture (§3.1), which is equivalent to say-

ing that dimZ, > d, holds for all w > 0. Then the embedding

dpr : Spec Z_/(7r2) — GRT, must be an isomorphism.

Proof . By taking the differential of ®pr at the point e which corre-
sponds to the unit element of GRT';, we get an embedding
(ddaDR)e . (NZ*)/\ — Lie GRTl

Here (NZ*)" is the completion by degree of the dual vector space of
the new-zeta space NZ, = & NZ, = (Z-o/Z2,) (see [F]§1.3.). Recall
w>2

that D" = @ D, ~ Lie GRT, (see Remark 2.1.12). Thus we get an

w>1
embedding of graded vector spaces

(3.4.1) (dDpR). : (NZ) = @INZ;; — D= D,
w>

w>1

=

Then we have
D dt" < dimqZy, - "
w=0 w=0

by the above second assumption,

[e.e]

1 1
<
B 1— t2 11 (1 _ tw)dimQNZw
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by the definition of NZ,,

[e.9]

1 1
< .
1 — ¢2 ]1 (1 _ tw)dlin)w

by (3.4.1) and

w=0

by [F]Lemmaj.3.6 combined with the first assumption.

Therefore all above inequalities must be equalities, which implies that
Z. is a polynomial algebra and (dPpg). : (Z-2/Z%,)" — " is an
isomorphism. Thus

(3.4.2) Z dimq (Z/(WQ))w Y = H (1- tw%dimQDW

On the other hand, from the surjectivity (Theorem3.2.5) of &% . :
O(GRT,). — Z./(7*), we get

(3.4.3) dimq(Z/(7?)),, < dimq O(GRT))., for all w.
Put m, = @& O(GRT,),. Then this graded vector space m, is the

w>0
defining ideal of the unit element e in GRT,. Since ®" ~ Lie GRT,,
D* = @ D} is canonically isomorphic to the graded vector space

w>0

m, /(m.)?. Thus
(3.4.4) Y dimq O(GRT,), -t <[] 7o) mas
w=0 w=1
From (3.4.2) ~ (3.4.4), it follows that
dimq (Z/(W2))w = dimq O(GRT,), for all w.

Thus @ﬁD r must be an isomorphism, which means that the embedding
@pr (3.2.2) of the pro-algebraic group must be an isomorphism. O

Therefore it may be natural to pose that

Conjecture A . The above embedding @pg of the affine scheme is an
isomorphism, i.e.

Ppr: Spec Z_/(7r2) ~ GRT,
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Remark 3.4.3. (1) This conjecture claims that Spec Z. /(n?) is nat-
urally equipped with a structure of non-commutative group scheme
which is equivalent to saying that the quotient algebra Z, / ) has

a structure of non-co-commutative Hopf algebra.

(2) A unipotent algebraic group is isomorphic to its Lie algebra (as
varieties), hence to an affine space. Together with this, the above
conjecture would imply that Z. / (7%) must be a polynomial alge-
bra. By taking Remark 3.2.3 into account, it looks difficult to
show this last statement, due to problems in transcendental num-
ber theory.

(3) In §6.2, we shall see that Conjecture A is equivalent to saying that
D104 is an isomorphism (Congecture A').

4. GALOIS SIDE

We will introduce pro-algebraic groups @8 and @g)l, and discuss
their relationship to the Grothendieck-Teichmiiller pro-algebraic group
GT,.

4.1. The pro-/ Galois representation. The absolute Galois group
Gal(Q/Q) acts on the algebraic fundamental group 7; (Pla—{(), 1,00}, 01)

of the projective line minus 3 points, where 01 means the tangential
base point (see [De]§15). Let [ be a prime. With this representation,
we can associate the following continuous group homomorphism into

—~(
the automorphism group of the free pro-l group F; = of rank 2
_ —~(
D Gal (Q/Qu)) — Aut "

for each prime [, where o stands for the group of all I-powerth roots
of unity. By [HM]Corollary A.10, there exists a natural topological
group homomorphism into AutF5(Q;) (cf. Remark 2.2.5)
—~(
D Aut Fg() — AutF5(Q) .

By combining these two homomorphisms, we get the following Galois
representation

o=y ot Gal (Q/Qu=)) — AutF3(Q;) .

By imitating the construction of the embedding Gal(Q/Q) — GT in
[Th94], we can show that its image is contained in the following pro-I

—(
group version of the Grothendieck-Teichmiiller group GTg)
Lemma 4.1.1.

—(
Im pgl) CGT i)
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O] o(x) ==, oly) = f'yf for f € F

— (1 —
Here GTg) =<0 € Aut F, ' _
which satisfies (0) ~ (iii) below.

=) =)
0) f [ 2 7F2

(( €[F ]
(i) Y)Y, X)=1
(i) f(Z, X)f(Y,2)f(X,Y)=1 for XYZ =1
(it))  f(z12, 223) (w34, 2a5) (051, 212) [ (2,3, X3.4) f(Ta5,51) = 1

-0

L in P (see Note 4.1.2)

—~(1)
Note 4.1.2. Here [FQ( ), Fz( )] means the topological commutator sub-

group of FQ( ) and P5( ) is the pro-I completion of the pure sphere braid
group P5 and z;;’s (1 < ¢,j < 5) are its standard generators ([Ih91]).

Note that ¢ € GT i) determines f € Fg() uniquely because of the
condition (0).

—(
Since there exists a natural topological group homomorphism FQ( : —

F5(Qq) with Zariski dense image, it follows from definitions
Lemma 4.1.3.
—=()
pY(GT,") C GT,(Q)) (C AutF5(Qi) )
But it seems not so clear that

——(
Problem 4.1.4. Is pg)(GTi)) Zariski dense in GT',(Q;) or not?
By Lemma 4.1.1 and Lemma 4.1.3, it follows

Proposition 4.1.5.
Im ¢ CGT,(Q) -

4.2. @8 = GT17. In this subsection, we will construct a pro-algebraic
group version of the Galois image I'm;.

Notation 4.2.1. Let k be a field extension of Q. For any pro-algebraic
group G = lim G over Q, we define the k-structure of G to be the
pro-algebraic group G xq k := lim (G xq k) over k.

T

Definition 4.2.2. The pro-algebraic group @8 over Q is the small-
est pro-sub-variety of GI'; defined over (Q whose set of Q;-rational
points contains the image of I'm ;.

@ }
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Note that @8 has a structure of pro-linear algebraic group defined
over Q.

Definition 4.2.3. The pro-algebraic group @g over Q; is the small-
est pro-sub-variety of GT'; xq Q; defined over Q; whose set of Q-
rational points contains the image of Im ;.

Note that @8 has a structure of pro-linear algebraic group defined
over Q.

Notation 4.2.4. From these definitions, we get the following embed-
dings of pro-algebraic groups.

(4.2.1) Ti: Gall) — Gal) xq Qu
(4.2.2) oy« Galy) — GT,
(4.2.3) o, : Galg, — GT, xq Q

Note that ¢ = (@ x idq, ) o T

On these embeddings it may be natural to state the following two
conjectures which are related to those of [De] and [Ih99].

Conjecture B . The embedding @8) (4.2.2) of the pro-algebraic group
is an isomorphism, i.e.
(138) : @g = GT, for all prime [
Conjecture C . The embedding T; (4.2.1) of the pro-algebraic group
is an isomorphism, i.e.
T Galy) = Galy xq Qu
It seems possible to deduce from the unpublished result in [DG]

(announced in [Gon]) that there exists a sub-algebraic groups M of
AutF, defined over Q such that

@g =M xqQ

for all prime [. We remark that especially this implies the validity of
Congecture C.

4.3. The [-adic Galois image Lie algebra. In this subsection, we
make a short review of the [-adic Galois image Lie algebra g_(l) [Th90]
and give a relationship among Conjecture B, Conjecture C and Thara’s
conjecture (see Conjecture 4.3.2 below) [Th99].
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—~
Notation 4.3.1. Let {FQ( )(m)}meN be the lower central series of the

free pro-l group E(l) of rank 2 which is defined inductively by E(l) (1) :=
=0 =0 =) =0
Fy ' By (m+1) :=[F, ,F, (m)] (m > 1), where | ,] means the
topological commutator.

For each filtered vector space (V, {WHV}nez) where {W,V},cz is
the ascending family of sub-vector spaces of V', we define the graded

vector space Gr'V := @ Gr)VV, where Gr)V'V .= W,V /| W, _,V.

nez
Let

P (m) : Gal (Q/QUu)) — Aut (B [ B (m+1))

be the induced homomorphisms from pgl) (84.1) (m > 1). We denote

QW(m) by the field corresponding to Ker p(l)(m). The formal direct
sum

g_(l) = D gff@) where gﬁfl) = Gal (Q(l) (m + 1)/Q(l) (m)) (%9 Q
l

has a structure of the graded Lie algebra over Q; by taking the commu-
tator as the bracket (see [Ih90]). This l-adic graded Lie algebra g is
called the [-adic Galois image Lie algebra. In [Ih90], it was shown
that there is a natural (graded) embedding from the l-adic Galois image

Lie algebra g_(l) into the [-adic stable derivation (Lie-)algebra ©, ® Q;
Q

(Definition 2.1.11)
(4.3.1)

7 (: N W(l)ﬂu) gV (: © 95},)) —0.0Q (: S Dy ® Ql)
w>2 w>2 Q w>2 Q

On this embedding of [-adic graded Lie algebras, we have the following

Conjecture 4.3.2 ([Ih99] Conjecture 1). The above embedding ¥; of
[-adic graded Lie algebras is an isomorphism, i.e.

7 gV 2D ® Q,  for all prime [.

In fact, the validity of Conjecture 4.3.2 is equivalent to the validity
of Conjecture B and Conjecture C:

Proposition 4.3.3. The embedding (158)1 : @8 — GT, xqQy (4.2.3)

of pro-algebraic groups is an isomorphism if and only if the embedding

v g_(l) — D .®Q; (4.3.1) of l-adic graded Lie algebras is an isomor-
Q

phism.
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Proof . Recall that GT, is a unipotent pro-algebraic group. Therefore
(4.3.2)
the embedding 958)1 : @8 — GT';, x Q is an isomorphism <=
the embedding of Lie algebras d@g)l : Lie @g — Lie (GT, x Q)
is an isomorphism.

We regard Lie GT, as a GT-module by the adjoint action. Since

GT is a negatively weighted extension with respect to % -G, — G,

(Lemma 2.2.4), the pro-Lie algebra Lie GT is naturally equipped with
a weight filtration ([HM]Proposition 4.5). With this filtration, Lie GT',
becomes a filtered Lie algebra ([HM] Proposition 3.4). Since the weight
grade functor Gr" is exact ([HM] Theorem 3.12), it follows that
(4.3.3)

the embedding d@g)l . Lie @8 — Lie (GT, x Q) is an isomorphism <=
its associated embedding Gr_Wd@%)l : Gr¥ Lie @g)l — Gr" Lie (GT, x Q)

is an isomorphism

It was shown that Gr" Lie @8 ~ ¥ in [HM] Theorem 8.4 and
that GrY Lie GT, = @, in [Dr| Theorem 5.6. Together with these two
isomorphisms, the embedding d@g)l yields ¥;. Namely

l
(4.3.4) GrlVdoy) = .

From (4.3.2) ~ (4.3.4), the statement of the proposition follows. [

5. GT1=GRT; PART 1

In §5 and §6, we shall discuss a relationship between GT'; and GRT,
and then compare “Galois Side” (§4) and “Hodge Side” (§3) via these
two Grothendieck-Teichmiiller pro-algebraic groups.

In this section, we prove two kinds of isomorphism between GI" and

GRT in §5.1. In §5.3, we shall explain Figure 1 (8§0).

5.1. Comparison between GT and GRT. Here we shall prove a
few propositions, which may be regarded as corollaries of Drinfel’d’s
results.

5.1.1. Non-canonical isomorphism between their Q-structures. Let k
be any field of characteristic 0.
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Proposition 5.1.1. Between k-structures (Notation 4.2.1) of GT and
GRT, there exists an isomorphism of group schemes

(5.1.1) S,:GT x k= GRT x k
which arises from each point of ¢ of M (k).

Proof . Take any point ¢ on M (k). Recall that its existence follows
from Proposition 2.3.6. Assume that R is an arbitrary k-algebra. Then
it is immediate that each ¢ determines an isomorphism S, : GT'(R) =
GRT(R) of groups such that p o f = S,(f) o ¢ for all f € GT(R), by
regarding ¢ € M(R). O

Especially by taking a rational point ¢ of M, we obtain an isomor-
phism between their Q-structures. This isomorphism is non-canonical
since it depends on the choice of .

5.1.2. Standard isomorphism over C. Recall that pg, is a standard
point on M, (C) (Proposition 2.3.9). Especially by taking the above
(Proposition 5.1.1) point ¢ by ¢z € M,(C), we get

Proposition 5.1.2. Between C-structures of GT and GRT, there ex-
1sts a standard isomorphism

P =S, : GT xq C 5 GRT xq C.

If we identify their groups of C-valued points by p, their subgroups
of Q-rational points are conjugate to each other in this common C-
structure. Namely, p(GT(Q)) = ao (GRT(Q))oa™! C GRT(C) for
some a € GRT(C). Moreover, we can take this a as an element of

GRT,(C).
Thus by restricting p to unipotent parts, we get Figure 4.

\GT,(C)_&, GRT,(C)

GT,(Q) GRT,(Q)

conjugate

FIGURE 4

Proof . Choose any rational point ¢ € M,(Q) (cf. Proposition 2.3.6).
By Proposition 2.3.4, there should exist a unique C-valued point a €
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GRT,(C) such that pxz = ao . Thus

wrz o f=p(f)ovrkz=(p(f)oa)oyp
wrzof=aopof=/(aos,(f)) o

for each f € GT(Q). This implies that p(f) = aos,(f)oa ! forall f €
GT(Q). Therefore p(GT(Q)) = a0 s,(GT(Q)) oa™'. By combining it
with s,(GT(Q)) = GRT(Q), we get p(GT(Q)) = aoGRT(Q)oa™ . O

We remark that this isomorphism p does not descend to that of Q-
structure, since there appear periods in each coefficient of ¢z (A, B)

such as (247(33, (42(;‘;’2,, ........ , which do not belong to Q.

5.2. Digression on a candidate of a canonical free basis of the
stable derivation algebra. In this subsection, we make a few extra
remarks on Thara’s Problem 2.1.14.

Notation 5.2.1. Denote the logarithmic isomorphism of GRT',(C) by
Log : GRT,(C) & (D.® C)A, where (D, ® C)A means the completion
Q Q
by degree of the stable derivation algebra ®, = & D,, (§2.1.3) tensored
w21
with C.

Since M, is defined over Q, the complex conjugate P, of ¢z also
lies in M, (C). Thus by Proposition 2.3.4, there should exist a unique
element g € GRT,(C) such that g o iz = Prz. In the proof of [Dr]
Proposition 6.3, Drinfel’d get an element @ = Log g € (’D % C)A,

which has the following presentation:

=D, Wm  where =

m2>3: odd

2¢(m)
(2mi)m

(adA)™(B) + -+ € D,, ® C.

The essentially same element was also obtained in [Ra]. It can be
checked that 1, (m > 3 : odd) lie on ®,, ® s~ Z,,. Since each 1,
Q

(2mi)™
is an element of ©,, ® C with depth 1 in the sense of [Th99] Lecture II

§2, these ¥,,,’s might be a candidate of canonical free basis of ®, @ C
asked by IThara in Problem 2.1.14.

Problem 5.2.2. These ¢, (m > 3 : odd) generate a free Lie subalge-
bra of ®, ® C ?

But Thara asked for the free basis of the Q-structure of the stable
derivation algebra. On the above elements, we cannot expect that all

Y = %dzm lies in ©,,. Since, for example, to show that ¢}, lies in
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11, we must show the linear dependency of 9 MZV’s on the list of 77,
on [F] Ezample 4.3.4, which are predicted to be linearly independent
by Dimension conjecture (§3.1).

5.3. Comparison between Galois Side and Hodge Side. By com-
bining Proposition 5.1.2 with the embedding $pr (3.2.3) and &) (4.2.2),
we get Figure 1 in §0.

Validities of Conjecture A (§3.4), Conjecture B (§4.2) and Conjecture
C(§4.2) would imply the following relationship between Galois Side and
Hodge Side.

“In Galois Side, there should exist a common Q-structure
of @8)1 for all prime [, i.e. %8 =GT, xq Q. On
the other hand, in Hodge Side, Spec Z./(w?) should be
equipped with a structure of pro-algebraic group and it
should provide a different Q-structure of the above com-
mon Q-structure. After tensored with C, these two Q-
structures should be isomorphic. Moreover their two Q-
structures should be conjugate with each other in this
common C-structure.”

6. GT1=GRT, PArrII

In §6.1, we shall introduce a weight filtration on the regular function
ring O(M,). §6.2 will be devoted to a relationship between M, and
GRT,. In §6.3, we shall discuss a relationship between GT'; and GRT
which is different from that of §5 and then compare “Galois Side” and
“Hodge Side” via these two Grothendieck-Teichmiiller pro-algebraic
groups again in §6.5 and §6.6. We shall also explain Figure 2 (§0) in
66.5.

6.1. Weight filtration of O(M;). We introduce two kinds of weight
filtration on the regular function ring O(M,) of M, (Definition 2.3.5)
W, and W, by the right GT';-action and the left GRT'-action respec-
tively for each element ¢ € M,(Q). And then in Proposition 6.1.1 and
Proposition 6.1.2, we shall show that their filtration are canonical (do
not depend on the choice of ¢ € M,(Q)) and coincide with each other.

Fix a point ¢ on M,(Q). By Proposition 2.3.3 and Proposition 2.3.4,
we get isomorphisms of schemes r, : GI' — M and l, : GRT — M
such that r,(f) = ¢o f forall f € GT(A) and l,(g) = goyp forall g €
GRT(A), where A is an arbitrary Q-algebra. Note that S, =" or,
(5.1.1). Especially by restricting r, (resp. l,) to GT; (resp. GRT,),
we get an isomorphism of Q-algebras %, : O(M,) — O(GT,) (resp. I :
O(M,) — O(GRT))). Denote rLo(I ') : O(GRT,) — O(GT,) by S%.
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By transporting the weight filtration W = {W,,O(GT)}nez (§2.2.2)
on O(GT,) via r%, we get a weight filtration W, = {W,,,,O(M,)}nez
on O(M,) such that 7% (W, O(M,)) = W,O(GT,) for n € Z.

Similarly we get another filtration Wy, = {W,,;, O(M) }nez on O(M,)
from W = {W,O(GRT,)}nez (§2.1.2) by IL.

Proposition 6.1.1. W, =W,

Proof . Recall that the weight filtration on O(GRT) (resp. on O(GT)))
was intrinsically defined by its adjoint action in §1.3. Since GT' and
GRT are isomorphic via S, (5.1.1) and the isomorphism S, is consis-
tent with their central cocharacter (i.e. S;l o s9ow (Remark 2.1.5
and Lemma 2.1.6) becomes a lift of £ (Lemma 2.2.4)), we get rf o

(M) (W,O(GRT,)) = SL(W,O(GRT,)) = W,O(GT,) for each n €
Z. Therefore W, , O(M,) = W,; O(M,) for n € Z. O

Proposition 6.1.2. The filtration Wi, on O(M,) does not depend on
the choice of ¢ € M,(Q).

Proof . Take any two points ¢, ¢ of M,(Q). By Proposition 2.3.4,
there should exist a unique element a € GRT,(Q) such that ¢’ = aog.
Denote R, : GRT, — GRT, to be the right action, deduced from
x+— xoafor v € GRT,(A), where A is an arbitrary Q-algebra. Then
lyy = 1,0 R,. Thus for each n € Z,

(6.1.1) (I (WaO(GRLY)) = (1" (Ro1 )} (WaO(GRL)).

Recall that O(GRT)) is a graded Hopf algebra whose grading is given
by deg xw = wt W for each word W (Note 2.1.9), from which we can
deduce that

(6.1.2) (Ry1)H(W,O(GRT,)) = W,O(GRT,)
1

for each n € Z. Thus by (6.1.1) and (6.1.2)
W, O(M,) = (I} (W,O(GRT,))
= (I W,O(GRT,)) = Wiy, O(M,)
for n € Z. O

Notation 6.1.3. From now on, we denote briefly this filtration 1,
(or equivalently W, ) by W.

From the algebra isomorphism lf@ and the construction of this filtra-
tion W, it immediately follows that W is compatible with the struc-
ture of Q-algebra of O(M,). Namely (O(M,), W) becomes a filtered
Q-algebra.
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6.2. Comparison between M; and GRT;. In this subsection, we
introduce a relationship among filtered algebras O(GRT';) and O(M,)
in Theorem 6.2.2 and make a remark on a relationship between Theorem
3.2.5 and Proposition 3.3.4.

Notation 6.2.1. We denote by Gr'YO(M,) = & GrlYO(M,) the
n>0

graded algebra of the regular function ring O(M,) with respect to the
filtration W (Notation 6.1.3).

Since (O(M,),W) is a filtered Q-algebra, Gr'VO(M,) is a graded
Q-algebra. Recall that O(GRT,). is also a graded Hopf algebra over
Q (§2.1.2).

Theorem 6.2.2. Between two Q-structures of graded algebra Gr'V O(M,)
and O(GRTY)., there exists a canonical isomorphism

(6.2.1) rf GrO(M,) = O(GRT)). .

Proof . At first, fix any rational point ¢ € M,(Q). By the definition
of weight filtration W on O(M,) and %, (§6.1), we obtain the isomor-
phism of graded Q-algebras

G GV O(M,) = GrY O(GRT)). .

We put r# = 550 Gr'VI% (for sy, see (2.1.2)). Then the theorem follows
from the following lemma.

Lemma 6.2.3. The above isomorphism Gr_Wlfa is canonical in the sense
that it does not depend on the choice of rational points ¢ € M,(Q).

Proof . We proceed the way as in the proof on Proposition 6.1.2. Take
another rational point ¢’ € M,(Q). Then there exists a unique element
a € GRT,(Q) such that I}, = [, o R,. Thus it is enough to show
that the graded algebra homomorphism Gr'VRf : Gr'WO(GRT,) —
GrWO(GRT,) does not depend on the choice of a € GRT,(Q), where
Gr'W R means the associated graded quotient map of R, : O(GRT,) —
O(GRT,) (cf. (6.1.2)). Recall that for all a« € GRT,(Q), the first
term x1(a) of its word expansion is always equal to 1 (Notation 2.1.7).
By combining it with the fact that O(GRT,) = Q[z1, 2w ]w words 1S
equipped with a structure of graded Hopf algebra whose grading is
given by deg x1 = 0 and deg =, = wt W for each word W, we see that
Gr" R? induces the map on each graded component of Gr'Y O(GRT),),
which is independent from a € GRT,(Q). O

Put GrM, := Spec Gr'YO(M,). Then the map (6.2.1) induces the
following isomorphism of schemes over Q.

(6.2.2) r:GRT, = GrM, .
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We relate the two embeddings ®pg : Spec Z, /(7?) — GRT (3.2.3)
and Ppoq : Spec 3 — M, (3.3.2). It is easy to see that the surjective al-
gebra homomorphism &}, : O(M,) — 3 (3.3.1) is strictly compatible
with the filtrations of O(M,) (§6.1) and 3 (Notation 3.3.2). Therefore
we obtain the surjective graded Q-algebra homomorphism

(6.2.3) Ve, GrVoM,) - GriV3
Thus by Proposition 3.3.3, we get the associated embedding of schemes
(6.2.4) Grdpoq : Spec Z.[(7%) — GrM, .

It is easy to see the following proposition.
Proposition 6.2.4. $pr =11 o Grdgea -
Therefore Congecture A (§3.4) is equivalent to the following:

Conjecture A’ . The embedding @y, of affine schemes is an isomor-
phism, i.e.

Proq : Spec 3= M,

Remark 6.2.5. (1) This conjecture claims that all Q-linear relations
among modified MZV’s (Definition 3.3.1) must be deduced from
the defining equations (0)~(iii) of M, (Definition 2.3.5) (Remark
2.3.1 and Tsunogai’s problem 2.1.16 more strongly suggest that
(0) and (iii) should be enough). In particular, it may be our
interesting problem to try to check whether all various algebraic
relations among (modified) MZV’s, which was found by many
mathematicians (for example, see [HO], [Ihk-K] and [O]) could be
deduced from (0)~(iii) or not.

(2) In contrast, G. Racinet introduced a certain pro-algebraic group
DMR, over Q and a DM R,-torsor DM R, in [Ra]. With his
result, we also associate the embedding ®g,. : Spec 3 — DMR,.
The conjecture ([Ra]) by D. Zagier and M. Kontsevich can be
reformulated that ®g,. is an isomorphism. But it is not clear
whether his DM R, is isomorphic to M, or not, which is left to
our future research.

6.3. Comparison between GT; and GRT.

Notation 6.3.1. Denote by Gr'VO(GT,) := @& Gr)Y O(GT),) the graded
n2>0

algebra of the regular function ring O(GT) by the filtration W (§2.2.2).

Since (O(GT,),W) has a structure of filtered Hopf algebra over Q
(Proposition 2.2.6), Gr'V O(GT,) becomes a graded Hopf algebra over
Q. Recall that O(GRT),), is also a graded Hopf algebra over Q (Propo-
sition 2.1.8).
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Theorem 6.3.2. Between two Q-structures of graded Hopf algebra Gr'Y O(GT,)
and O(GRT,)., there exists a canonical isomorphism of graded Hopf al-
gebras

(6.3.1) ¢ GrVO(GT,) = O(GRT)). .

Proof . At first, pick up and fix any rational point ¢ = (1, (A, B)) €
M,(Q) C M(Q). By restricting the map S, (5.1.1) to unipotent parts,
we get the isomorphism of unipotent pro-algebraic groups S, : GT'; =
GRT,. Denote by S% : O(GRT,) — O(GT,) the isomorphism of
Hopf algebra (over Q) induced by S,,. The following two diagrams are
commutative for each g € GT(Q). (for 7, see Notation 1.3.1).

1 T(9)=(cq )"
GT —— G,, —=— G,, O(GT,) : O(GT,)
Se | =~ él idl (Sﬁ,)—ll: (Sg)—ll:
RT G w G T(Sw(g)):(LE;(g))ﬁ
GRT —— Gy —— Gy, O(GRT,) O(GRT),)

Namely we get a morphism of weighted modules ([HM]§3.3.)
1
(O(ﬂ1)7Gm)57ﬂ) — <O<M1)7Gm7waﬂ) )

which means that (S%)~' : O(GT,) — O(GRT)) is an isomorphism of
modules preserving weight filtrations of O(GT;) and O(GRT;). Since
St . O(GRT,) — O(GT,) is a natural isomorphism of Hopf alge-

bras, (Sﬁ,)’1 is an isomorphism of filtered Hopf algebras. By taking

the graded quotient of (Sii,)’1 by these weight filtrations, we get an
isomorphism

Gri(sE)~t: Grl" O(GT,) — Gr!" O(GRT )
of graded Hopf algebras.

Lemma 6.3.3. The above isomorphism GT_W(Sfp)_l is canonical in the
sense that it does not depend on the choice of rational points p €

M, (Q).

Proof . Take another rational point ¢’ € M,(Q). By Proposition
2.3.4, there should exist a unique element a € GRT,(Q) such that
¢ = ao . It follows that S, = 7, 0 S,, which implies that

fy—1 T f
(S?p')_l = (thl)ti © (Sfo)_l : O(ﬂﬁ (Si) O(Ml) (a_)) O(Mﬁ :

Since the GRT-action on Gr'Y O(GRT,) by 7 is trivial by Proposition
1.2.3.(b),

GriV(SE)™ = GrlV(S%)7h: GV O(GT,) = GrVO(GRLY). .



MZV AND GT 35

Thus we see that this isomorphism Gr_W(Sfi)_l does not depend on the
choice of rational points of M,(Q). O

The rest of the proof of theorem 6.3.2. : By composing the
above isomorphism Gr"(S_')* (Lemma 6.3.3) with the natural iso-

morphism sy : GrVO(GRT,) — O(GRT,) (2.1.2), we finally obtain a
canonical isomorphism ¢* of graded Hopf algebras over Q

qﬁ = SNO o G('I"VV(;S(;I)ﬁ . GTWO(ﬂl) ; O(Ml) .

U
Put GrGT, := Spec Gr'WO(GT,). Then (6.3.1) induces the follow-

ing isomorphism
(6.3.2) q:GRT, — GrGT,
of pro-algebraic groups over Q.

Remark 6.3.4. We can relate the above canonical isomorphism ¢ :
GRT, — GrGT, (6.3.2) with the isomorphism p : GT; xq C —
GRT, xq C (Proposition 5.1.2) of pro-algebraic groups, as follows.
Recall that the map p is induced from pxz(A, B) € M,(C), i.e. p =
Sew,- As we have seen in the proof of Theorem 6.3.2, GT_WSPP does
not depend on the choice of points ¢ on M ;. Therefore 55 0 Gr'Vp# =

¢* ®idc.
Q

6.4. Three embeddings on Galois Side. We describe here the pre-
scription how to associate embeddings of pro-algebraic groups with 77,

oY) and 0F) (§4.2).

1. Suppose that O(@g)) (resp. (’)(@8)) is the regular function
ring of the unipotent pro-algebraic group %%) (cf. Definition
4.2.2) over Q (resp. @g)l (cf. Definition 4.2.3) over Ql), which
is a Hopf algebra over Q (resp. over Q;). With the embeddings
13, 5258 and gﬁg (cf. (4.2.1)~(4.2.3)) of unipotent pro-algebraic
groups, we obtain the following surjective homomorphisms of Hopf

algebras.
(6.4.1) T O(Gall) 9 Qi O(Gal))
(6.4.2) oy O(GT,) » O(Galy)
(6.4.3) 24} : O(GL,) § Qu — O(Galy)

Notice that QB%)lﬁ = Tlﬁ o (@8” % idg,).
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2. By the surjection @%)ﬁ (resp. @8?), the Hopf algebra O(@%))

over Q (resp. O(@g) over Q) is equipped with a structure
of filtered Hopf algebra over Q (resp. over Q;) by the filtra-

. 0 ) ;
tion {WnO(%Q )}nEZ (resp. {WnO(@QZ)}nEZ) induced from
that of O(GT,)(§2.2.2). Let Gr'VO(Galy), Gr¥ O(Galy) and

Gr'VO(GT,) be the associated graded algebras of O(Mg)), O(@g)

and O(GT,) by these filtrations respectively. Note that they are
equipped with structures of graded Hopf algebra. Thus from
(6.4.1)~(6.4.3), we obtain surjective homomorphisms of graded
Hopf algebras as follows:

(6.4.4) GV} : Gr O(Galy)) 2 Q — GrY O(Galy))
(6.4.5) Vel GrVO(GT,) - GrV O(GalY)
(6.4.6) GrVedt - G O(GT) @Q—~Gr’ O(Galg))

Notice that Gr_W@g)lﬁ = GrVT} o (GT_WCI)%)li %) idg,).

3. Suppose that GrGalg) (resp. GrGalg)l) is the pro-algebraic group
over Q (resp. over Q;) whose regular function ring is isomor-
phic to the graded Hopf algebra GT_WO(@EQ) over Q (resp.
GT_WO(@%)I) over Q;). Recall that GrGT, is isomorphic to

GRT, by q (6.3.2). Therefore, from (6.4.4)~(6.4.6), we get the
following embeddings of unipotent pro-algebraic groups:

(6.4.7) GrTy : GrGaly) — GrGaly xq Q
(6.4.8) G?"(I)g) : GrGal%) — GRT,
(6.4.9) Groy) : GrGaly) — GRT, xq Q

Notice that Grfﬁg)l = (G?@%) x idg,) o Gr1j.

Remark 6.4.1. Note that Conjecture B (§4.2) implies that G?@Q is
an isomorphism and Conjecture C' (§4.2) implies that GrT; is an iso-
morphism.

6.5. Comparison between Galois Side and Hodge Side. By com-
bining Theorem 6.3.2 with the embeddings Gr@%) (6.4.8) and Ppp
(3.2.3), we get Figure 2 in §0. Note that we can compare two ob-
jects, GrGalg) in Galois Side and Spec Z_/(7r2) in Hodge Side, in the
same box GRT. In contrast, we could not make a direct comparison
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between two objects in Galois Side and in Hodge Side inside a common
box (over Q) in §5.3.

Validities of Conjecture A (§3.4), Conjecture B (§4.2) and Conjecture
C (§4.2) would imply the following relationship between Galois Side and
Hodge Side.

“In Galois Side, GRT'| should be a common structure
of GrGal%)l for all prime [, 1.e. GrGal%)l = GRT,| xq
Q;. On the other hand, in Hodge Side, Spec Z_/(7T2>
should become a pro-algebraic group GRT,. Therefore
Spec Z_/(7r2) is the common Q-structure of GrGal(l)l,

i.e. GrGalg)l = Spec Z_/(7T2) xq Qi for all prime 1.”

Roughly speaking, MZV might be a regular function of the graded
Galois image.

Remark 6.5.1. The two surjections Ypr : ®* — NZ, (for NZ, see
Proposition 3.4.2) and ¥ : D* ® Q; — g_(l)* of graded vector spaces are
Q

concerned in [F]§5 (see the picture below).

Galois Side Hodge Side
W*
g DT e Q
Q

YpR

D* — NZ

We can deduce these surjections from @pp (3.2.3) and @8)1 (4.2.3) in
the following way:

Take the dual of the differential (i.e. the cotangent space) of the
embedding ®pr : Spec Z. [/(x?) — GRT, at the unit element e of
GRT,. Then by (3.4.1) we get a surjection of graded vector spaces
(dPpRr)f : ®* — NZ., which is equal to the above map ¥pr. On the

other hand, take the dual of the differential of the embedding Gr@g)l :
GrGal%)l — GRT, xqQ; (6.4.9) at the unit element e of GRT,. Then
by (4.3.4) we get a surjection of graded vector spaces (dGr@g)l)g :

DR Q —» g_(l)*, which is equal to the above map ;.
Q

6.6. Chase. Here we present a few relationships between Galois Side
and Hodge Side deduced from Figure 2. §6.6.2 and §6.6.3 are just
special cases of §6.6.1.
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6.6.1. Non-abelian case.

GRT,: Recall that GRT,(Q) is defined as a subset of the non-
commutative formal power series ring Q((A, B)) (Definition 2.1.4).
Thus we obtain an embedding ¢; : GRT,(Q) — Q((A, B)).
This embedding determines an invertible element @grr = 1 +

X
Yo dwW e (O(GRTQ_((A, B>>> of the O(GRT,).-coefficient

W :words
non-commutative formal power series ring with two variables.

GT,: Recall that GT,(Q) is defined as a subset of the pro-algebraic
group F5(Q) (Definition 2.2.3). By sending free generators X and
Y into e? and e respectively, we get an embedding gs : Q) —
Q((4, B)).

Galois Side: With the composition of embeddings 920915%) : @8((@) —

Q((A, B)), we associate an invertible element @f,l})L =1+ > /{E,QW €
W :words

((’)(@8))(@4, B})) g We call it as the l-adic Thara associa-

tor 5. Note that for each word W with wt W = n, /f%,l[; lies in
Wn(’)(M%)). Denote by Gr lﬁ%} its quotient class in WnO(@g) /

X
W, 10(Gall). Put Gra®) =14 ¥ Grell W e (ero<@g)<</x, B>)> ,
W:words
which is also an invertible element associated with the composi-

tion g1 o Grd;.
Hodge Side: With the composition of embeddings ¢, o @pgr, we
obtain an invertible element of (Z_ / (7r2)> ((A, B)). From the def-

inition of ®pr (see Theorem 3.2.5), It is equal to Pr, mod 72,
which stands for the image of @iz (A, B) = vxz(2miA,21iB) €
Z{(A,B)) (cf. Definition 2.3.8 and (3.2.4)) by the natural pro-

jection Z.((A, B)) —» (Z_/(7r2))<(A, B)).

Proposition 6.6.1. Let GroQ) , .« O(GRT,).((A, B)) — Gr'VO(Galy)) ((A, B))
be the surjection induced from GT_WQP%)ﬁ (6.4.5) and @ﬂDR«A’B» : O(GRT,).{(A, B)) —
(Z_/(W2)> ((A, B)) be the surjection induced from &, (3.2.2). Then

l l
Grog gy (@orr) = Grél) . &g (Popr) = Pz mod 72,

Proof . This follows from definitions of Gr@% and P, mod w2. O

Thus we get Figure 3(§0).

6This should be an appropriate name since essentially the same series was studied
in his successive papers [AI88], [AI90] and [Th86a]~[Th00].
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Remark 6.6.2. Recall that Conjecture B and Conjecture A claim that
both Gr@g)& ALB)) and @ﬁD R((A,B)) ATe isomorphisms. Therefore

“If Conjecture A and Conjecture B hold, then Gr@%

must be identified with i, mod 72 via (&

DR((A,B))) ©

(Grsb%)(ﬁ(A’B»)*l for all prime 1.”
6.6.2. Meta-abelian case.

Definition 6.6.3. Suppose that R is a commutative ring. Let ¢ be
any invertible element of the non-commutative formal power series ring
R{(A, B)) with two variables. Decompose ¢! uniquely ¢! = Cy +
XyA+Y,B as in the way of [Th99b]. Here Cy € R and X,,Y, €
R((A, B)). The meta-abelian quotient of ¢ is the image of Cy,+ X, A
by the natural surjection R{(A, B)) — R[[A, B]] into the commutative
formal power series ring.

GRT,: We denote by Bgrr € O(GRT,).[[A, B]] the meta-abelian
quotient of grr € (O(MJ_((A, B))) :

Galois Side: The meta-abelian quotient of the [-adic Ihara associ-
ator cpﬁf,{ € <C’)(@8)<(A, B)>> " s equal to the [-adic universal
power series for Jacobi sums BY (A, B) € O(@%))[[A, B]|(see

[Th90]§6.4.) 7, whose presentation is calculated in [A89], [C] and
[IKY] as follows:

rON
> W{(A +B)™ — A™ — B™}

m2>3:odd

B(Z)(A, B) = exp S O(M@)HABH-

Here k)" € (9(@8) is the [-adic m-th Soulé character (see

[Sou] and also [F]§5.) and we note that %" belongs to Wm(’)(@g)).

We denote Grr'Y* by its quotient class in WmO(M%)) / Wm,l(’)(Mg)
and put

W n() GT'%%)* m m m
GrY BY (A, B) :=exp Z {(A+B)" - A™ - B™}

m!
m2>3:odd

e GrV O(Gad)[A, B]).

In fact, Gr'V BY is the meta-abelian quotient of GT@% € (GT_WO(MEQ)((A, B>>> -
(66.6.1).

7 According to the notation in [Th90], BV (A, B) = ¢ (e — 1,8 —1).
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Hodge Side: Recall that the classical gamma function T'(z) has a
presentation I'(1 — z) = exp{”yz + > @z“} (v: Euler con-

n=2

stant), from which we can deduce the following formula of the
classical beta function B(z,y) :

(l1-z—y)-Bl—z,1-y)=exp [Z%{x“rym—(%y)m}

By expanding this into C-coefficient commutative formal power
series, we see that (1 — A— B) - B(1 — A, 1 — B) naturally deter-
mines the element of Z [[A, B]]. We denote by (1 — A — B) -
B(l1 — A,1 — B) mod 7? its image by the natural projection

Z[[A, B]] - (Z_/(W2)> [[A, B]], which is in fact equal to the meta-
abelian quotient of @, mod 72 € ((Z_/(?TQ))<<A, B>)> " ([Dr]).

Therefore by taking the meta-abelian quotient part of Proposition
6.6.1, we get

Corollary 6.6.4. Let Groy), , - Ol(GRTl)_[[A, B)] - GrVO(Galy) [[A, B]]
be the surjection induced from Gr_W@g)ﬂ (6.4.5) and QsﬁDR[[AB]] : O(GRT,).[[A, B]] -
(Z_/(T('2)) [[A, B]] be the surjection induced from &, (3.2.2). Then

Grogia g (Barr) = Grl'BU(A,B) |
gzsji:)R[[A,B”(BGRT) =(1-A—-B)-B(1-A,1—B) mod 7%

Q) #
Gro QDR[[A,B]]

e oGal) (4B = OGR4 B)] TS (2/6)(14B)
GrVBYW(A,B) «— Bggrr(A,B)— (1—A—B)-B(1-A,1-DB)

[-adic universal power series mod 7?
for Jacobi sums classical beta function

Remark 6.6.5. (1) We recall that [[ BY(A, B) was named the
l:prime
adelic beta function as an analogue of the classical beta function
in [A87], and has been widely studied in [A87], [A89], [C], [Ich],
[Th86a]~[Ih90] and [IKY] (for a pro-finite group analogue, see also
[Th99b] and [Ih00]).
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(2) We recall that Conjecture B and Conjecture A claim that both

Gr@%)[? AB] and QS%R[[ A,p) are isomorphisms. Therefore

“If Conjecture A and Conjecture B hold, then Gr'V BY

must be identified with (1 — A— B) - B(1 — A,1 —

. l _

B). mod 72 via (@ﬁDR[[A,B]]) o (GTQSSQ)[?A,B]]) L for all

prime [.”
We hope that this formulation is the desired direct correspon-
dence.

6.6.3. Special case. Especially let d,, := dam-15 € O(GRT),). be the
coefficient of W = A™ !B of ®grr € O(GRT,).((A, B)) (§6.6.1) for
m =3,5,7,---. Then by restricting the correspondence in Proposition
6.6.1 to each coefficient of A™ 1B, we get

Corollary 6.6.6. For m = 3,5,7,---,

1

W 51 _
Gr" oq (dm) = 1]

Gr k" and % ,(dy) = —C(m) mod 7 .

. Griv ol o
G o@Gall)) <" O@GRT). 3 7))
1
WGT gD* 0 d, —  —((m) mod 7*
m — 1)!
l[-adic Soulé character Riemann zeta value

Recall that Conjecture B and Conjecture A claim that both GT_W(P%W
and &4 r are isomorphisms. Therefore

“If Conjgecture A and Congecture B hold, then Riemann zeta
values are identified with Soulé characters via (Gr'V@W#) o

(@) 7
Remark 6.6.7. We note that each coefficient of @x; is calculated
in [LM] and [F| and remark that each coefficient of (P(Ilg can be also
calculated in principle by Anderson-Thara theory ([AI90]), from which
we can get analogous correspondence to Corollary 6.6.6 associated with

any given MZV’s. Therefore the above correspondence is merely one
of special corollaries of Proposition 6.6.1.
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