MULTIPLE ZETA VALUES AND GROTHENDIECK-TEICHMÜLLER GROUPS

HIDEKAZU FURUSHO

Abstract. We get a canonical embedding from the spectrum of the algebra of multiple zeta values modulo π^2 into the graded version of the Grothendieck-Teichmüller group by using relations of the Drinfel’d associator. On the other hand, it is known that the rational pro-l Galois image algebraic group is embedded into the Grothendieck-Teichmüller pro-algebraic group for each prime l. Via these embeddings, we get two kinds of relationship between the spectrum of the algebra of multiple zeta values and the pro-l Galois image algebraic group.

Contents

0. Introduction 2 1. On weight filtrations by Hain-Matsumoto 5 1.1. Negatively weighted extension 5 1.2. Weight filtration 6 1.3. Filtered Hopf algebras 7 2. A detailed analysis on Drinfel’d’s GT’s 8 2.1. On GRT 8 2.2. On GT 12 2.3. On M and φ_{KZ} 14 3. Hodge Side 17 3.1. MZV’s 17 3.2. Main result 17 3.3. Related embedding into M_1 19 3.4. Spec Z_▪ / (π^2) = GRT_1? 21 4. Galois Side 23 4.1. The pro-l Galois representation 23 4.2. Gal^{(l)}_Q = GT_1? 24 4.3. The l-adic Galois image Lie algebra 25 5. GT_1=GRT_1 Part I 27 5.1. Comparison between GT and GRT 27

Date: May. 30, 2002.

2000 Mathematics Subject Classification: Primary 11M41. 1

2 HIDEKAZU FURUSHO

5.2. Digression on a candidate of a canonical free basis of the stable derivation algebra 29 5.3. Comparison between Galois Side and Hodge Side 30 6. GT_1=GRT_1 Part II 30 6.1. Weight filtration of O(M_1) 30 6.2. Comparison between M_1 and GRT_1 32 6.3. Comparison between GT_1 and GRT_1 33 6.4. Three embeddings on Galois Side 35 6.5. Comparison between Galois Side and Hodge Side 36 6.6. Chase 37 References 41

0. Introduction

The aim of this article is to establish a certain relationship among Grothendieck-Teichmüller groups, multiple zeta values and certain Galois image implicitly building in Drinfel’d’s great paper in 1991 [Dr]. In the pro-finite group case on Galois Side, Y. Ihara showed explicitly that the absolute Galois group G_Q := Gal(Q/Q) can be embedded into the Grothendieck-Teichmüller (pro-finite) group ^GT in [Ih94] following the lines suggested in [Dr] (another group theoretical proof can be found in [Na]). But here we work on the unipotent pro-algebraic group case, especially on Hodge Side. We concentrate on the construction of an embedding from the spectrum of the algebra of multiple zeta values modulo π^2 into one of Grothendieck-Teichmüller unipotent proalgebraic groups (§3) following the lines of [Dr], from which we shall get two kinds of interesting relationship (§5 and §6) between Hodge Side (§3) and Galois Side (§4).

In connection with the study of Galois representations on the algebraic fundamental group of the projective line minus 3 points, the Grothendieck-Teichmüller (pro-finite) group ^GT recently appeared in consecutive paper [HS], [Ih90]∼[Ih00], [LNS], [NS], [S] and [SL]. This pro-finite group ^GT was constructed by V.G. Drinfel’d in [Dr] and it is said that it may (or may not?) coincide with a certain combinatorial pro-finite group predicted by A. Grothendieck in [Gr]Ch 2. But, in fact, Drinfel’d originally invented and studied the pro-algebraic group GT instead of the pro-finite group ^GT in his study of the deformation of quasi-triangular quasi-Hopf quantized universal enveloping algebras. In this paper, we shall call this pro-algebraic group GT

MZV AND GT 3

the Grothendieck-Teichmüller (pro-algebraic) group. There he also introduced another pro-algebraic group GRT , which we call the graded Grothendieck-Teichmüller group as a graded version of GT . In this paper, their unipotent parts GT_1 and GRT_1 play a role in Galois Side and Hodge Side respectively.

In §4.2, from the pro-l Galois representation

p^{(l)}_1 : Gal ( Q/Q(μ_l∞ ) ) → Aut π^{(l)}_1 (P^1_Q − {0, 1, ∞}) ,

we shall associate the embedding of pro-algebraic group

Φ^{(l)}_Q : Gal^{(l)}_Q → GT_1

for each prime l, where Gal^{(l)}_Q is the associated pro-algebraic group over Q (for definition, see §4.2). On this embedding Φ^{(l)}_Q , we shall see that it is natural to conjecture that Φ^{(l)}_Q gives an isomorphism in §4.2. Namely

Conjecture B . Gal^{(l)}_Q ∼= GT_1 for all prime l.

In contrast, we get a Hodge counterpart of the embedding Φ^{(l)}_Q , which is our main result. Let Z_▪ be the graded Q-algebra generated by all multiple zeta values and Z_▪ / (π^2) be its quotient algebra modulo the graded principle ideal generated by π^2 (see §3.1). In §3.1, we shall associate a scheme Spec Z_▪ / (π^2) and show that Theorem 3.2.5. There is a canonical embedding of schemes Φ_{DR} : Spec Z_▪ / (π^2) → GRT_1 .

In §3.4, we shall also see that it is natural to conjecture that Φ_{DR} gives an isomorphism. Namely

Conjecture A . Spec Z_▪ / (π^2) ∼= GRT_1.

In §5 and §6, we will discuss two kinds of relationship between GT_1 and GRT_1. The first one is on the relationship between C-structures (cf. Notation 4.2.1) of GT_1 and GRT_1.

Proposition 5.1.2. There exists a natural isomorphism p : GT_1 ×_Q C^∼→ GRT_1 ×_Q C. If we identify their groups of C-valued points by this isomorphism, two groups of rational points GT_1(Q) and GRT_1(Q) become inner conjugate to each other in GRT_1(C).

By combining this proposition with two embeddings Φ^{(l)}_Q and Φ_{DR}, we get Figure 1. Here Hom_{Q-alg} ( Z_▪ / (π^2), Q ) stands for the set of Qalgebra homomorphisms from Z_▪ / (π^2) to Q.

The second one is

4 HIDEKAZU FURUSHO

GT_1(C) ^p∼ GRT_1(C)

GT_1(Q) GRT_1(Q)

conjugate

Conjecture B^?=^?= Conjecture A

Φ^{(l)}_Q Φ_{DR} Gal^{(l)}_Q (Q) Hom_{Q-alg} ( Z_▪ / (π^2), Q )

Galois Side Hodge Side

Figure 1

Theorem 6.3.2. The pro-algebraic group GrGT_1 (for definition, see (6.3.2)) is isomorphic to GRT_1, i.e. GrGT_1 ∼= GRT_1 . By combining this theorem with two embeddings Φ^{(l)}_Q and Φ_{DR}, we get Figure 2. GrGT_1 GRT_1 ∼

Conjecture B^?=^?= Conjecture A GrΦ^{(l)}_Q Φ_{DR} GrGal^{(l)}_Q Spec Z_▪ / (π^2) ?∼ Galois Side Hodge Side

Figure 2 In Remark 6.5.1, we shall see that the main result of our previous article [F] can be deduced from Figure 2. As a corollary of Theorem 6.3.2, we get an interesting correspondence between the l-adic Ihara associator Φ^{(l)}_{Ih} (§6.6.1) and the Drinfel’d associator Φ_{KZ} (§6.6.1).

MZV AND GT 5

Proposition 6.6.1. GrΦ^{(l)♯}_{Q⟨⟨A,B⟩⟩}(Φ_{GRT} ) = GrΦ^{(l)}_{Ih} , Φ^♯_{DR⟨⟨A,B⟩⟩}(Φ_{GRT} ) = Φ_{KZ} mod π^2, from which we get Figure 3.

l-adic Ihara associator GrΦ^{(l)}_{Ih} Gr^W_▪ O(Gal^{(l)}_Q )⟨⟨A, B⟩⟩ Galois Side GrΦ^{(l)♯}_{Q⟨⟨A,B⟩⟩} Φ_{GRT} O(GRT_1)_▪⟨⟨A, B⟩⟩ Φ^♯_{DR⟨⟨A,B⟩⟩}

Drinfel’d associator

Φ_{KZ} mod π^2 ( Z_▪ / (π^2) ) ⟨⟨A, B⟩⟩ Hodge Side

Figure 3

The pictures in Corollary 6.6.4 and Corollary 6.6.6 should be better called cases of meta-abelian quotient of Figure 3.

This paper is organized as follows. In §1, we shall make a brief review of the notion of weight filtrations of negatively weighted extensions [HM]. §2 is devoted to a (long) review and detailed description of GT , GRT and M constructed by Drinfel’d [Dr]. In §3, we shall recall the definition of multiple zeta values and construct an embedding Φ_{DR} in Theorem 3.2.5, which is our main result. In §4, we shall discuss the embedding Φ^{(l)}_Q . Finally in §5 and §6, we shall give two kinds of interesting relationship between GT_1 and GRT_1 and then make a interesting comparison between Hodge Side (§3) and Galois Side (§4) in §6.6.

Acknowledgments . The author express a special thanks to his previous advisor Professor Y. Ihara for his continuous encouragement and he is deeply grateful to Professor A. Tamagawa for carefully reading this manuscript.

1. On weight filtrations by Hain-Matsumoto

This section is devoted to a brief review of the notion of weight filtrations on modules of negatively weighted pro-algebraic groups, which is introduced in [HM]. In §1.3, we will introduce a helpful proposition (Proposition 1.3.2), which will be used later.

1.1. Negatively weighted extension. We recall the definition of negatively weighted extension in [HM]§3.

Notation 1.1.1. Let k be a field with characteristic 0. Let S be a reductive algebraic group over k. Let ϖ : G_m → S be a central cocharacter, which means a homomorphism whose image is contained in the

6 HIDEKAZU FURUSHO

center of S. Let G be an algebraic group over k which is an extension of S by a unipotent algebraic group U ; 1 → U → G → S → 1. By [HM]Proposition 2.3, the maximal abelian quotient H_1(U) of this algebraic group U becomes an S-module. Therefore it becomes a G_m - module via ϖ. Thus we can decompose uniquely as H_1(U) = ⊕_{k∈Z}W_k,

where W_k is the G_m -module whose G_m -action is given by the k-th power multiplication.

Definition 1.1.2. A pro-algebraic group over a field k is a projective limit of algebraic groups over k. A pro-algebraic group G = lim←− α G_α is

called unipotent if each G_α is unipotent.

Definition 1.1.3 ([HM]§3). The extension algebraic group G in Notation 1.1.1 is called negatively weighted with respect to ϖ if W_k = 0 for all k ⩾ 0. A pro-algebraic group G which is an extension of a reductive algebraic group S by a unipotent pro-algebraic group U is also called negatively weighted with respect to ϖ if it is a projective limit of algebraic groups which are negatively weighted extensions of S with respect to ϖ.

1.2. Weight filtration. We will review the fact shown in [HM]§3 that each representation of negatively weighted pro-algebraic group is equipped with a natural weight filtration.

Notation 1.2.1. Let G be a pro-algebraic group over a field k with characteristic 0 which is a negatively weighted extension of a reductive algebraic group S over k by a unipotent pro-algebraic group U over k with respect to a central cocharacter ϖ : G_m → S. By [HM] Lemma 3.1, there exists a homomorphism ϖ̃ : G_m → G which is a lift of ϖ. Let V be a finite dimensional k-vector space equipped with G-action. Then this G-module V becomes a G_m -module via ϖ̃. So we can decompose as V = ⊕_{a∈Z}V_a, where V_a is the G_m -module whose G_m -action is given by

the a-th power multiplication.

In this subsection, we assume Notation 1.2.1.

Definition 1.2.2 ([HM]§3). The weight filtration of G-module V is the ascending filtration W = {W_nV }_{n∈Z} of k-linear subspaces defined by W_nV = ⊕_{a⩽n}V_a for each n ∈ Z.

In [HM]Proposition 3.8, it was proved that this weight filtration is natural in the sense that it does not depend on the choice of lift ϖ̃ above and it was also shown that W_nV is stable by the G-action. Moreover,

MZV AND GT 7

Proposition 1.2.3 ([HM*]Proposition 4.10). The weight filtration W of a finite dimensional G-module V is the unique ascending filtration W = {W_nV }_{n∈Z} of G-submodules which is characterized by the following properties:

(a) ∩_{n∈Z}W_nV = 0, ∪_{n∈Z}W_nV = V .

(b) The action of U on Gr^W_n V (:= W_nV/W_{n−1}V ) is trivial for all n ∈ Z. (c) The action of G_m on Gr^W_n V via ϖ is given by the n-th power multiplication for all n ∈ Z.

1.3. Filtered Hopf algebras. Assume Notation 1.2.1.

Notation 1.3.1. Let U = lim←− α U_α denote a projective limit of unipo-

tent algebraic groups U_α. The regular function ring O(U) of U is defined to be the inductive limit O(U) := lim−→ α O(U_α) of those of U_α. This

k-algebra O(U) is equipped with a structure of Hopf algebra over k. Let A be an arbitrary k-algebra. Take any element g ∈ G(A). Then the inner automorphism τ^{−1}_g : U × A → U × A defined by x → g^{−1}xg induces the isomorphism (τ^{−1}_g )^♯ : O(U)_A → O(U)_A of Hopf algebras. By the correspondence τ : G → AutO(U) defined by g → (τ^{−1}_g )^♯, we regard O(U) as a left module of G.

Although O(U) is infinite-dimensional, it is equipped with the following weight filtration.

Proposition 1.3.2. The regular function ring O(U) is equipped with a weight filtration, which is an ascending filtration of finite dimensional k-linear sub-spaces:

W : · · · = W_{−2}O(U) = W_{−1}O(U) = 0 ⊆ W_0O(U) ⊆ W_1O(U) ⊆ · · · · · · · · · ⊆ W_nO(U) ⊆ W_{n+1}O(U) ⊆ · · · · · · . It satisfies the following properties as in Proposition 1.2.3: (a) ∩_{n∈Z}W_nO(U) = 0, ∪_{n∈Z}W_nO(U) = O(U).

(b) The action of U on Gr^W_n O(U) by τ is trivial for all n ∈ Z. (c) The action of G_m on Gr^W_n O(U) via τ and ϖ is the n-th power multiplication for all n ∈ Z.

Moreover this filtration is compatible with all structure morphisms of Hopf algebras, i.e. (O(U), W ) becomes a filtered Hopf algebra.

Proof . Regard LieU as a left G-module by its adjoint representation. In [HM] Proposition 4.5, it is shown that LieU is equipped with a

8 HIDEKAZU FURUSHO

weight filtration of finite dimensional k-linear subspaces W : · · · · · · ⊆ W_{−n−1}LieU ⊆ W_{−n}LieU ⊆ · · · · · · · · · ⊆ W_{−1}LieU = W_0LieU = W_1LieU = · · · · · · = LieU which satisfies properties (a)∼(c) in Proposition 1.2.3. Since U is unipotent, O(U) is isomorphic to the dual of the universal enveloping algebra ULieU of LieU as left G-modules. Thus O(U) is equipped with the induced filtration from the above one on LieU, from which the first half of our statement can be deduced. The second half is immediate since the G-action on O(U) by τ is consistent with all structure morphisms of Hopf algebras, i.e. the product map, the unit map, the co-product map, the co-unit map and the antipode map.

2. A detailed analysis on Drinfel’d’s GT’s

This section is devoted to a long review and detailed analysis on GT , GRT and M constructed by Drinfel’d [Dr] in terms of weight filtration (§1) by Hain-Matsumoto. In §2.1 (resp. §2.2), we shall recall the definition of GRT (resp. GT ) [Dr] and discuss the weight filtration of the regular function ring O(GRT_1) (resp. O(GT_1)). §2.3 will be devoted to a review of the definition of the Drinfel’d associator φ_{KZ} and the pro-torsor M [Dr].

2.1. On GRT . §2.1.1 is devoted to reviewing the definition of the proalgebraic group GRT that appeared in [Dr]. In §2.1.2, we will endow the regular function ring O(GRT_1) of the unipotent part GRT_1 of GRT with a grading and show that it becomes a graded Hopf algebra.

2.1.1. The graded Grothendieck-Teichmüller group.

Notation 2.1.1. Let k be any Q-algebra. Let k⟨⟨A, B⟩⟩ be the graded non-commutative formal power series ring over k with 2 variables A and B with degrees given by degA = degB = 1. Denote the subset of k⟨⟨A, B⟩⟩ consisting of formal Lie series in k⟨⟨A, B⟩⟩ by L^∧_k . Let R be a completed non-commutative k-algebra and ϕ : k⟨⟨A, B⟩⟩ → R be a completed k-algebra homomorphism uniquely defined by ϕ(A) = a, ϕ(B) = b for certain elements a, b ∈ R. For g ∈ k⟨⟨A, B⟩⟩, we denote the image ϕ(g) ∈ R by g(a, b).

Definition 2.1.2 ([Dr]§5). The graded^1 Grothendieck-Teichmüller (proalgebraic) group GRT is the pro-linear algebraic group over Q whose set of k-valued points is defined as follows: GRT (k) = {(c, g) ∈ k^× × k⟨⟨A, B⟩⟩ | | g satisfies (0)∼ (iii) below.}

1The word graded means the natural grading (see §2.1.2).

MZV AND GT 9 (0) g ∈ exp[L^∧_k , L^∧_k ] (i) g(A, B)g(B, A) = 1 (ii) g(C, A)g(B, C)g(A, B) = 1 for A + B + C = 0 (iii) g(X_{1,2}, X_{2,3})g(X_{3,4}, X_{4,5})g(X_{5,1}, X_{1,2})g(X_{2,3}, X_{3,4})g(X_{4,5}, X_{5,1}) = 1 in UP^{(5)}_▪ (k) ( see Note2.1.3).

The multiplication map^2 m^′ of the graded Grothendieck-Teichmüller group is given as follows: m^′ : GRT (k) × GRT (k) −→ GRT (k) (c_2, g_2) × (c_1, g_1) −→ (c_2, g_2) ∘ (c_1, g_1) ,

where (c_2, g_2)∘(c_1, g_1) := ( c_1c_2 , g_2(A, B) g_1 (_A c_2 , g2(A, B) −1 B c_2 g2(A, B) )) . Note 2.1.3. (1) The defining relation (i) (resp. (ii), (iii)) is sometimes called 2 (resp. 3, 5)-cycle relation.

(2) On (0), for any element h (in the topological commutator [L^∧_k , L^∧_k ]) of L^∧_k , we define exp h := 1 +^h_{1!} +^{h2}_{2!} +^{h3}_{3!} + · · · ∈ k⟨⟨A, B⟩⟩. This series converges since h has no coefficient (degree 0) term.

(3) On (iii), UP^{(5)}_▪ (k) means the completion by degree (i.e. that is respected to the filtration induced by degree) of the universal enveloping algebra of the pure sphere 5-braid graded Lie algebra P^{(5)}_▪ tensored with k and X_{i,j} (1 ⩽ i, j ⩽ 5) stand for the standard generators of P^{(5)}_▪ (for definitions, see [Ih90]∼[Ih92] and also [F] §2.1.).

(4) It can be checked easily that (iii) implies (i).

We remark that the same pro-algebraic group also appeared and was studied by Z. Wojtkowiak [Wo]. In this paper, especially we examine its unipotent part GRT_1.

Definition 2.1.4 ([Dr]§5). The unipotent graded Grothendieck-Teichmüller (pro-algebraic) group GRT_1 is the unipotent sub-pro-algebraic group of GRT whose set of k-valued points is GRT_1(k) ={ (1, g) ∈ GRT (k) } ={ g ∈ k⟨⟨A, B⟩⟩ | | g satisfies (0)∼ (iii) in Definition2.1.2.} .

Note that we get the following exact sequence of pro-algebraic groups 1 −→ GRT_1 −→ GRT −→ G_m −→ 1 (2.1.1) (c, g) −→ c . 2For our convenience, we reverse the original definition of the multiplication of GRT in [Dr]

10 HIDEKAZU FURUSHO

Remark 2.1.5. The above exact sequence is equipped with a standard section

s_0 : G_m → GRT c → (c, 1) . This property may distinguish GRT from GT (§2.2).

Lemma 2.1.6. The pro-algebraic group GRT is a negatively weighted extension (Definition1.1.3) of G_m by the unipotent pro-algebraic group GRT_1 with respect to the central cocharacter ϖ : G_m → G_m defined by x → x. Proof . It follows from (c, 1) ∘ ( 1, g(A, B) ) ∘ (c^{−1}, 1) = ( 1, g( A c , B c ) ) .

2.1.2. The graded Hopf algebra O(GRT_1)_▪. In this subsection, we will see that the regular function ring O(GRT_1)_▪ of GRT_1 is naturally equipped with a structure of graded Hopf algebra.

Notation 2.1.7. By a word we mean a monic and monomial element W of Q⟨⟨A, B⟩⟩ (§2.1.1) whose degree is greater than 0. Note that we do not include 1 among words. For each word W , we define wt W := degW and wt 1 := 0. Suppose that R is an arbitrary Q-algebra. Then each element g ∈ R⟨⟨A, B⟩⟩ can be expanded uniquely as g = x_1(g) + ∑ W :words

x_W (g)W where x_1(g) and x_W (g) ∈ R. Let W be a word

or 1. We define the map x_W : GRT_1(R) → R which is determined by g → x_W (g). Then these x_W ’s generate the algebra O(GRT_1) i.e. O(GRT_1) = Q[x_1, x_W ]_{W :words} . We remark that x_1(g) = 1 for all g ∈ GRT_1(R) because of Definition 2.1.2 (0).

By Proposition 1.3.2, O(GRT_1) is equipped with a weight filtration W = {W_nO(GRT_1)}_{n∈Z} satisfying properties (a)∼(c) in Proposition 1.3.2 with respect to ϖ (Lemma 2.1.6) and the pair (O(GRT_1), W ) becomes a filtered Hopf algebra. Recall that s_0 (Remark 2.1.5) is the standard section of the exact sequence (2.1.1). By imitating the prescription described in §1.2, O(GRT_1) and W_nO(GRT_1) can be decomposed into O(GRT_1) = ⊕_{0⩽a}V_a and W_nO(GRT_1) = ⊕_{0⩽a⩽n}V_a as

G_m -modules with respect to s_0, where V_a is the G_m -module whose G_m -action (given by τ ∘ s_0) is the a-th power multiplication. Since this grading on O(GRT_1)_▪ := ⊕_{0⩽a}V_a is natural, it provides a natural

MZV AND GT 11

isomorphism s̃_0 : Gr^W_▪ O(GRT_1) → O(GRT_1)_▪ .

(2.1.2)

Therefore it follows that

Proposition 2.1.8. (a) The Hopf algebra O(GRT_1) is equipped with a weight filtration W .

(b) The pair (O(GRT_1), W ) becomes a filtered Hopf algebra. (c) By (2.1.2), O(GRT_1) is equipped with a structure of graded Hopf algebra.

Note 2.1.9. This grading on O(GRT_1)_▪ = Q[x_W ]_{W :words} is given by deg x_W = wt W . 2.1.3. The stable derivation algebra. We shall review the definition of the stable derivation algebra D_▪ which was constructed by Y. Ihara in his successive works on the Galois representation on the pro-l fundamental group π^{(l)}_1 (P^1_Q − {0, 1, ∞}) (see [Ih90]∼[Ih92] and [Ih99]).

Notation 2.1.10. Let L_w (w ⩾ 1) denote the degree w-part of the free completed Lie algebra L^∧_Q (see §2.1.1) of rank 2 and let L▪ = ⊕_{w⩾1}L_w be the free (non-completed) graded Lie algebra over Q. For f in L▪, we define the special derivation D_f : L▪ → L▪ which is the derivation determined by D_f (A) = 0 and D_f (B) = [B, f]. It can be checked easily that [D_f , D_g] = D_h with h = [f, g] + D_f (g) − D_g(f).

Definition 2.1.11 ([Ih90] and [Ih92]). The stable derivation algebra D_▪ is the graded Lie subalgebra D_▪ of DerL_▪ which has the following presentation: D▪ = ⊕_{w⩾1}D_w , where

D_w = {D_f ∈ DerL_▪ | f ∈ L_w satisfies (0) ∼ (iii) below.}

(0) f ∈ [L▪, L▪] (:=^∞⊕_{a=2}L_a )

(i) f(A, B) + f(B, A) = 0 (ii) f(A, B) + f(B, C) + f(C, A) = 0 for A + B + C = 0 (iii) ∑ i∈Z/5 f(X_{i,i+1}, X_{i+1,i+2}) = 0 in P^{(5)}_▪ ( see Note2.1.3).

Here, for any Lie algebra H and α, β ∈ H, f(α, β) denotes the image of f ∈ L▪ by the homomorphism L▪ → H defined by A → α and B → β.

Remark 2.1.12. (1) Each derivation D ∈ D▪ determines a unique element f ∈ [L▪, L▪] such that D = D_f .

(2) The relation (iii) implies (i).

12 HIDEKAZU FURUSHO

(3) The completion by degree D^∧_▪ = ^⊕_{w⩾1}D_w of Ihara’s stable deriva-

tion algebra is equal to the pro-Lie algebra grt_1(Q) [Dr] which is the Lie algebra Lie GRT_1 of the graded Grothendieck-Teichmüller group.

On the structure of D_▪, there is a standard conjecture in [Ih99] which is related to conjectures on the associated graded Lie algebra of the image of the Galois representation on π^{(l)}_1 (P^1_Q−{0, 1, ∞}) by Ihara([Ih90]) and P. Deligne ([De]).

Conjecture 2.1.13 ([Ih99]). D_▪ is a free Lie algebra generated by f_m, where f_m is a suitable element of D_m (m = 3, 5, 7, · · · ).

Furthermore, Ihara proposed the following problem:

Problem 2.1.14 ([Ih99]). Construct f_m explicitly. Is there any canonical choice?

By his consideration of f_m (m = 3, 5, 7, · · · ), each f_m must be of depth 1 (see [Ih99]Ch II).

Remark 2.1.15. M. Matsumoto and H. Tsunogai ([Tsu]) calculated the dimensions of graded pieces of the stable derivation algebra on the lower weights. Especially Tsunogai verified Conjecture 2.1.13 up to weight 14.

Tsunogai posed the following problem (which arises from his computation table).

Problem 2.1.16 (H. Tsunogai). On the defining relations (Definition 2.1.11) of the stable derivation algebra, does 5-cycle relation (iii) imply 3-cycle relation (ii)?

2.2. On GT . §2.2.1 is devoted to reviewing the definition of the proalgebraic group GT [Dr]§4. In §2.2.2, we will endow the regular function ring O(GT_1) of its unipotent part GT_1 with a weight filtration (§1.2) and show that it is equipped with a structure of filtered Hopf algebra.

2.2.1. The Grothendieck-Teichmüller group. Let F_2 be the free group of rank 2 generated by X and Y and denote its Malcev completion (see, for example [HM] §A.1) by F_2. Let k be any Q-algebra.

Definition 2.2.1 ([Dr]§4). The Grothendieck-Teichmüller (pro-algebraic) group is the pro-linear algebraic group GT defined over Q whose set of k-valued points is the subset of that of G_m × F_2 defined as follows: GT (k) = {(λ, f) ∈ k^× × F_2(k) | | (λ, f) satisfies (0)∼ (iii) below.}

MZV AND GT 13

(0) f ∈ [F_2, F_2](k) (i) f(X, Y )f(Y, X) = 1 (ii) f(Z, X)Z^mf(Y, Z)Y^mf(X, Y )X^m = 1 for XY Z = 1, m =^{λ−1}_2 (iii) f(x_{1,2}, x_{2,3})f(x_{3,4}, x_{4,5})f(x_{5,1}, x_{1,2})f(x_{2,3}, x_{3,4})f(x_{4,5}, x_{5,1}) = 1 in P_5(k) ( see Note2.2.2.) .

The multiplication map^3 m of the Grothendieck-Teichmüller group is given as follows: m : GT (k) × GT (k) −→ GT (k) (λ_2, f_2) × (λ_1, f_1) −→ (λ_2, f_2) ∘ (λ_1, f_1) ,

where (λ_2, f_2)∘(λ_1, f_1) := ( λ_1λ_2 , f_2(X, Y )f_1 ( X^{λ2} , f_2(X, Y )^{−1}Y^{λ2} f_2(X, Y ) )) . Note 2.2.2. Here for any unipotent group scheme H over Q and morphism of group schemes Φ : F_2 → H with Φ(x) := α and Φ(y) := β ∈ H(Q), we denote the image of f ∈ F_2(Q) by Φ(f) ∈ H(Q). We note that in (ii), X^m, Y^m and Z^m also make sense since F_2 is unipotent. In the condition (iii), P_5 means the Malcev completion of the pure sphere 5-braid group P_5 and x_{i,j} (1 ⩽ i, j ⩽ 5) stand for standard generators of P_5 (cf. [Ih91]). The relation (iii) implies (i).

V. G. Drinfel’d constructed GT and GRT as deformation groups of quasi-triangular quasi-Hopf quantized universal enveloping algebras. They act in a different way on the classifying space of these algebras. In [Dr], it is shown that their actions are commutative to each other.

Definition 2.2.3 ([Dr]§5). The unipotent Grothendieck-Teichmüller (proalgebraic) group GT_1 is the unipotent sub-pro-algebraic group of GT whose set of k-valued points is

GT_1(k) := {f ∈ F_2(k) | (1, f) ∈ GT (k)}. Note that we get the following exact sequence of pro-algebraic group 1 −→ GT_1 −→ GT −→ G_m −→ 1 (2.2.1) (λ, f) −→ λ . Lemma 2.2.4. The pro-algebraic group GT is a negatively weighted extension (Definition1.1.3) of G_m by the unipotent pro-algebraic group GT_1 with respect to the central cocharacter^{4 1}_ϖ : G_m → G_m defined by x → x^{−1}. 3For our convenience, we reverse the original definition of the multiplication of GT in [Dr] 4On the contrary, GRT was a negatively weighted extension with respect to ϖ.

14 HIDEKAZU FURUSHO

Proof . It follows from a calculation slightly more complicated than Lemma 2.1.6 (however, by combining Lemma 2.1.6 with Proposition 5.1.2, we can find another easier proof.).

Remark 2.2.5. By [HM]Proposition A.8, there exists the pro-linear algebraic group AutF_2 defined over Q which represents the functor K → AutF_2 × K from field extensions over Q to groups (for the definition of AutF_2 × K, see [HM]). By the correspondence X → X^λ and Y → f^{−1}Y^λf, where (λ, f) ∈ GT (K), GT can be regarded as a sub-algebraic group of AutF_2.

2.2.2. The filtered Hopf algebra ( O(GT_1), W ). In this subsection, we will see that the regular function ring O(GT_1)_▪ of GT_1 is naturally equipped with a structure of filtered Hopf algebra.

As in the case of O(GT_1) (§2.1.2) we can show that O(GT_1) is equipped with a weight filtration W = {W_nO(GT_1)}_{n∈Z} satisfying properties (a)∼(c) (Proposition 1.3.2) with respect to^1_ϖ (Lemma 2.2.4). By Proposition 1.3.2,

Proposition 2.2.6. (1) The Hopf algebra O(GT_1) is equipped with a weight filtration W .

(2) The pair (O(GT_1), W ) becomes a filtered Hopf algebra.

Remark that we do not know any natural structure of graded Hopf algebra instead of that of filtered Hopf algebras on O(GT_1), since we do not know any natural section of the exact sequence (2.2.1) like Remark 2.1.5.

2.3. On M and φ_{KZ} . We shall review the definition of the pro-torsor M ([Dr]) in §2.3.1 and the original definition of the Drinfel’d associator φ_{KZ} ([Dr]) in §2.3.2 which plays a role to prove the main theorem in §3.

2.3.1. The middle Grothendieck-Teichmüller torsor. Let k be any Qalgebra.

Definition 2.3.1 ([Dr]§4). The middle Grothendieck-Teichmuller torsor is the pro-variety M defined over Q whose set of k-valued points is defined as follows: M(k) = {(μ, φ) ∈ k^× × k⟨⟨A, B⟩⟩ | | (μ, φ) satisfies (0)∼ (iii) below.}

MZV AND GT 15 (0) φ ∈ exp[L^∧_k , L^∧_k ] (i) φ(A, B)φ(B, A) = 1 (ii) e^μ2^Aφ(C, A)e^μ2^C φ(B, C)e^μ2^Bφ(A, B) = 1 for A + B + C = 0 (iii) φ(X_{1,2}, X_{2,3})φ(X_{3,4}, X_{4,5})φ(X_{5,1}, X_{1,2})φ(X_{2,3}, X_{3,4})φ(X_{4,5}, X_{5,1}) = 1 in UP^{(5)}_▪ (k) ( see Note2.1.3).

The right GT -action and the left GRT -action on M are defined as follows^5:

The right GT -action: M(k) × GT (k) −→ M(k) (μ, φ) × (λ, f) −→ (μ, φ) ∘ (λ, f) , where (μ, φ)∘(λ, f) := ( μλ , φ(A, B) f ( e^A , φ(A, B)^{−1}e^B φ(A, B) )) . The left GRT -action: GRT (k) × M(k) −→ M(k) (c, g) × (μ, φ) −→ (c, g) ∘ (μ, φ) , where (c, g)∘(μ, φ) := (_μ c , g(A, B) φ (_A c , g(A, B)^{−1} ·^B_c ·g(A, B) )) . Remark 2.3.2. It can be checked easily that the relation (iii) implies (i).

Drinfel’d showed the followings:

Proposition 2.3.3 ([Dr]Proposition 5.1). The right action of GT (k) on M(k) is free and transitive.

Proposition 2.3.4 ([Dr]Proposition 5.5). The left action of GRT (k) on M(k) is free and transitive.

Therefore M has a structure of bi-torsor by the right GT -action and the left GRT -action. In [Dr]§4, Drinfel’d considered the following subbi-torsor.

Definition 2.3.5 ([Dr]§4). The pro-variety M_1 is the pro-subvariety of M defined over Q whose set of k-valued points is as follows: M_1(k) = {φ ∈ k⟨⟨A, B⟩⟩ | | (1, φ) ∈ M(k) } 5The right and left are opposite to the original ones in [Dr]. Because we turned over the direction of its multiplication of GRT (k) (resp. GT (k)) in Definition 2.1.2 (resp. Definition 2.2.1).

16 HIDEKAZU FURUSHO

By restricting the the right action of GT and the left action of GRT to their unipotent parts, GT_1 and GRT_1, respectively, we see that M_1 has a structure of bi-torsor. The following was one of the main theorems in [Dr], which was proved in [Dr] §5.

Proposition 2.3.6 ([Dr] Theorem A^′). M_1(Q) ≠ ∅.

Remark 2.3.7. Z. Wojtkowiak constructed a pro-algebraic group G and a G-torsor T G in [Wo]Appendix §A. In fact, his G-torsor T G is isomorphic to Drinfel’d’s GRT -torsor M.

2.3.2. The Drinfel’d associator. Consider the Knizhnik-Zamolodchikov equation (KZ equation for short) ∂g ∂u (u) = 1 2πi ( A u + B u − 1 ) · g(u) , (KZ)

where g(u) is an analytic function in complex variable u with values in C⟨⟨A, B⟩⟩, where ‘analytic’ means each coefficient is analytic. The equation (KZ) has singularities only at 0, 1 and ∞. Let C^′ be the complement of the union of the real half-lines (−∞, 0] and [1, +∞) in the complex plane, which is a simply-connected domain. The equation (KZ) has a unique analytic solution on C^′ having a specified value at any given point on C^′. Moreover, at the singular points 0 and 1, there exist unique solutions g_0(u) and g_1(u) of (KZ) such that

g_0(u) ≈ u^{A2πi} (u → 0), g_1(u) ≈ (1 − u)^{B2πi} (u → 1),

where ≈ means that g_0(u)·u^{− A}2πi (resp. g_1(u)·(1−u)^{− B}2πi ) has an analytic continuation in a neighborhood of 0 (resp. 1) in C with value 1 at 0 (resp. 1). Here, u^a := exp(a·logu) := 1+^{(a·logu)}_{1!} +^{(a·logu)2}_{2!} +^{(a·logu)3}_{3!} +· · · and logu := ∫_u 1 dt t in C^′. In the same way, (1 − u)^b can be defined on C^′. Since g_0(u) and g_1(u) are both invertible unique solutions of (KZ) with the specified asymptotic behaviors, they must coincide with each other up to multiplication from the right by an invertible element of C⟨⟨A, B⟩⟩. Definition 2.3.8. The Drinfel’d associator is the element φ_{KZ} (A, B) of C⟨⟨A, B⟩⟩ which is defined by

g_0(u) = g_1(u) · φ_{KZ} (A, B) .

In [Dr], the following is shown:

Proposition 2.3.9 ([Dr]). The pair (1, φ_{KZ}) satisfies (0)∼ (iii) in Definition2.3.1, i.e. φ_{KZ} ∈ M_1(C) (for definition, see Definition 2.3.5).

MZV AND GT 17

3. Hodge Side

We shall make a brief review on MZV’s (multiple zeta values) in §3.1. We shall construct a canonical embedding from the spectrum of the Q-algebra generated by all MZV’s modulo the ideal generated by π^2 into the graded Grothendieck-Teichmüller group GRT_1 in §3.2, which is one of our main results in this paper. In §3.3, we shall make another analogous embedding into the middle Grothendieck-Teichmüller torsor M_1.

3.1. MZV’s. We make a short review on MZV’s.

Definition 3.1.1. For each (multi-)index k = (k_1, k_2, . . . , k_m) of positive integers with k_1, · · · .k_{m−1} ⩾ 1, k_m > 1, the corresponding multiple zeta value (MZV for short) ζ(k) is, by definition, the real number defined by the convergent series:

ζ(k) = ∑ 0<n_1<···<n_m n_i∈N 1 n^{k1}_1 · · · n^{km}_m .

The weight of k : wt(k) is defined as wt(k) = k_1 + · · · + k_m. For each natural number w, let Z_w be the Q-vector subspace of R generated by all MZV’s of indices with weight w : Z_w = ⟨ζ(k)|wt(k) = w⟩_Q ⊆ R, and put Z_0 = Q. Define Z▪ as the formal direct sum of Z_w for all w ⩾ 0: Z▪ = ⊕_{w⩾0}Z_w. On the dimension of the Q-vector space of MZV’s at each weight, we have the following conjecture.

Dimension Conjecture . ([Za]) dim_QZ_w is equal to d_w, which is given by the Fibonacci-like recurrence d_w = d_{w−2} + d_{w−3}, with initial values d_0 = 1, d_1 = 0, d_2 = 1.

More details on MZV’s and the above conjecture were discussed in the author’s previous article [F]. Recently T. Terasoma [Te] and A. Goncharov [Gon] showed its upper-bound; dimZ_w ⩽ d_w for all w ⩾ 0, by the theory of mixed Tate motives. On the contrary, to show its lower bound; dimZ_w ⩾ d_w (w ⩾ 1), seems to be quite difficult because we need to show their linear independency, which might be a difficult problem in transcendental number theory.

3.2. Main result. We shall construct a canonical embedding from Spec Z_▪ / (π^2) into GRT_1.

Property 3.2.1. The graded Q-vector space Z▪ has a structure of graded Q-algebra, i.e. Z_a · Z_b ⊆ Z_{a+b} for a, b ⩾ 0.

18 HIDEKAZU FURUSHO

This follows from definitions of MZV’s (for example, see [F]Property 1.2.2.). We call Z_▪ the MZV algebra.

Notation 3.2.2. Let Z_▪ / (π^2) = Z_▪ / π^2Z_▪ be the MZV-algebra Z_▪ modulo the principal homogeneous ideal (π^2) := π^2Z_▪ generated by π^2 = 6ζ(2) ∈ Z_2. This is the graded Q-algebra whose grading is given by Z_▪ / (π^2) = ⊕_{w⩾0} ( Z_▪ / (π^2) ) w, where ( Z_▪ / (π^2) ) w :=

Q w = 0 0 w = 1 Z_w / (π^2 · Z_{w−2}) w ⩾ 2 .

(3.2.1)

Remark 3.2.3. As far as the author knows, no point is known in Spec Z_▪ / (π^2) except one which is determined by the maximal ideal Z_{>0} / π^2Z▪, since it is related to transcendental problems in transcendental number theory.

Notation 3.2.4. Let A ▪ = ⊕_{w⩾0}A_w = Q⟨A, B⟩ be the non-commutative

graded polynomial ring over Q with two variables A and B with degA = degB = 1, where A_w is the homogeneous degree w part of A ▪.

Theorem 3.2.5. There is a surjection Φ^♯_{DR} : O(GRT_1)▪ ↠ Z_▪ / (π^2)

(3.2.2)

of graded Q-algebras, which associates an embedding of schemes Φ_{DR} : Spec Z_▪ / (π^2) → GRT_1 .

(3.2.3)

Proof . Put

Φ_{KZ} (A, B) = 1 + ∑ W :words I(W )W := φ_{KZ} (2πiA, 2πiB) ∈ C⟨⟨A, B⟩⟩, (3.2.4)

where φ_{KZ} is the Drinfel’d associator (Definition 2.3.8). For each word W with wt(W ) = w, I(W ) lies in Z_w (see [F]Property I §3.2.), i.e. Φ_{KZ} ∈ ^⊕_{w⩾0}(A_w ⊗_Q Z_w) . By Proposition 2.3.9, it satisfies

(0) log Φ_{KZ} (A, B) :=^∞ ∑ n=1 (−1)^{n−1} n { ∑ I(W )W }^n ∈ [L^∧_C , L^∧_C ] ( = ^⊕_{a⩾2}(L_a ⊗_Q C) ) (I) Φ_{KZ} (A, B)Φ_{KZ} (B, A) = 1 (II) e^{πiA}Φ_{KZ} (C, A)e^{πiC} Φ_{KZ} (B, C)e^{πiB}Φ_{KZ} (A, B) = 1 for A + B + C = 0 (III) Φ_{KZ} (X_{1,2}, X_{2,3})Φ_{KZ} (X_{3,4}, X_{4,5})Φ_{KZ} (X_{5,1}, X_{1,2})

Φ_{KZ} (X_{2,3}, X_{3,4})Φ_{KZ} (X_{4,5}, X_{5,1}) = 1 in UP^{(5)}_▪ (C) .

MZV AND GT 19

For each word W with wt(W ) = w, denote the quotient class of I(W ) ∈ Z_w in ( Z / (π^2) ) w by I(W ) and put

Φ_{KZ} (A, B) := 1 + ∑ W :words I(W )W ∈ ^⊕_{w⩾0} ( A_w ⊗_Q ( Z / (π^2) ) w ) . Then the above four formulae imply (0) log Φ_{KZ} (A, B) ∈ ^⊕_{w⩾2} ( L_w ⊗_Q ( Z / (π^2) ) w ) (I) Φ_{KZ} (A, B)Φ_{KZ} (B, A) = 1 in ^⊕_{w⩾0} ( A_w ⊗_Q ( Z / (π^2) ) w ) (II) Φ_{KZ} (C, A)Φ_{KZ} (B, C)Φ_{KZ}(A, B) = 1 for A + B + C = 0 in ^⊕_{w⩾0} ( A_w ⊗_Q ( Z / (π^2) ) w ) (III) Φ_{KZ} (X_{1,2}, X_{2,3})Φ_{KZ} (X_{3,4}, X_{4,5})Φ_{KZ} (X_{5,1}, X_{1,2})

Φ_{KZ} (X_{2,3}, X_{3,4})Φ_{KZ} (X_{4,5}, X_{5,1}) = 1 in ^⊕_{w⩾0} ( UP^{(5)}w ⊗_Q ( Z / (π^2) ) w ) . So Φ_{KZ} (A, B) determines a Z_▪ / (π^2)-valued point of GRT_1, i.e. Φ_{KZ} (A, B) ∈ GRT_1 ( Z_▪ / (π^2) ) . Thus we obtain the algebra homomorphism (3.2.2) by sending each x_W (Notation 2.1.7) to I(W ). Since x_W ’s (resp. I(W )’s) are algebraic generators of the graded algebra O(GRT_1) (resp. Z_▪ / (π^2)) whose degree is equal to wt W , Φ^♯_{DR} is a surjective algebra homomorphism preserving their degrees. From this surjective algebra homomorphism Φ^♯_{DR}, we obtain the embedding (3.2.3) of schemes.

3.3. Related embedding into M_1. In §3.2, we get an embedding from Spec Z_▪ / (π^2) into the graded Grothendieck-Teichmüller group GRT_1. But on the contrary, in this subsection, we get a related embedding from the spectrum of a modified algebra of the MZV algebra into the middle Grothendieck-Teichmüller torsor M_1.

Definition 3.3.1. For each index k = (k_1, k_2, . . . , k_m) of positive integers with k_1, · · · .k_{m−1} ⩾ 1, k_m > 1, we define the corresponding modified multiple zeta value by

~ζ(k) := 1 (2πi)^{wt k} ζ(k). For each natural number w, let Z_{⩽w} be the Q-vector subspace of C generated by all ~ζ(k)’s with wt(k) ⩽ w: Z_{⩽w} := ⟨ζ(k)|wt(k) ⩽ w⟩_Q ⊆ C, and put Z_{⩽0} := Q. Define Z to be the Q-vector subspace of C generated by all ~ζ(k)’s.

20 HIDEKAZU FURUSHO

Notation 3.3.2. By Property 3.2.1, Z becomes a filtered Q-algebra with ascending filtration W = {Z_{⩽a}}_{a⩾0}, i.e. Z_{⩽a} · Z_{⩽b} ⊆ Z_{⩽a+b} (a, b ⩾ 0). Let Gr^W_▪ Z denote the associated graded Q-algebra of Z : Gr^W_▪ Z = ⊕_{a⩾0}V_a where V_a = Z_{⩽a} / Z_{⩽a−1} for a ⩾ 1 and V_0 = Z_{⩽0} = Q.

For each a ⩾ 0, let f_a : Z_{⩽a} → Z_a denote the Q-linear map defined by sending each ~ζ(k) with wt(k) ⩽ a, to Re{(2πi)^a ~ζ(k)} ∈ Z_a ⊂ R, where Re stands for the real parts. If a ⩾ 2 and wt(k) ⩽ a − 1, then f_a(~ζ(k)) ∈ π^2Z_{a−2} ⊂ R. Thus f_a induces a Q-linear map g_a : Gr^W_a Z → ( Z_▪ / (π^2) ) a. Proposition 3.3.3. The Q-linear maps {g_a}_{a⩾0} induce the following canonical isomorphism of graded Q-algebras:

g := ⊕_{a⩾0}g_a : Gr^W_▪ Z^∼→ Z_▪ / (π^2) .

Proof . The surjectivity of g_a (a ⩾ 0) is trivial. The injectivity of g_a is trivial for a = 0, 1. Suppose that a ⩾ 2 and g_a (^m∑ i=1 r_i ~ζ(k_i) ) ≡ 0 for

m ∈ N, r_i ∈ Q and wt(k_i) = a (1 ⩽ i ⩽ m). Then f_a (^m∑ i=1 r_i ~ζ(k_i) ) ∈ π^2Z_{a−2} .

∴ m∑ i=1 r_iζ(k_i) ∈ π^2Z_{a−2} .

∴ m∑ i=1 r_i ~ζ(k_i) ∈ Z_{⩽a−2} .

Therefore g_a is injective for a ⩾ 2. To check that the linear map g is a homomorphism of graded Q-algebras is immediate.

The following proposition is an analogue of Theorem 3.2.5.

Proposition 3.3.4. There is a surjection

Φ^♯_{Hod} : O(M_1) ↠ Z

(3.3.1)

of Q-algebras, which associates an embedding of schemes Φ_{Hod} : Spec Z → M_1 . (3.3.2)

Proof . By imitating the proof of Theorem 3.2.5, we can construct the surjection Φ^♯_{Hod} thanks to Proposition 2.3.9.

MZV AND GT 21

It can be verified directly that, in fact, the surjection Φ^♯_{Hod} : O(M_1) ↠ Z is strictly compatible with the weight filtration of O(M_1) (§6.1) and that of Z (Notation 3.3.2), i.e. Φ^♯_{Hod}(W_aO(M_1)) = Z_{⩽a} for a ⩾ 0.

Here Hod stands for Hodge. The relationship between Theorem 3.2.5 and Proposition 3.3.4 will be discussed in Proposition 6.2.4. 3.4. Spec Z_▪ / (π^2) = GRT_1?. We will discuss the conjecture that the embedding Φ_{DR} in §3.2 might be an isomorphism.

Notation 3.4.1. For a graded vector space V_▪ = ⊕_{a∈Z}V_a, we denote its completion by degree by V^∧_▪ := ^⊕_{a∈Z}V_a and its graded dual vector space by V^∗_▪ := ⊕_{a∈Z}V^∗_a , where V^∗_a is the dual vector space of V_a.

For any two formal power series P (t), Q(t) in Q[[t]], we express P (t) ⩾ Q(t) when the formal power series P (t)−Q(t) has all coefficients non-negative.

Proposition 3.4.2. Assume the generatedness part of Conjecture2.1.13 which is equivalent to saying that D is a Lie algebra generated by one element in each degree m (m = 3, 5, 7, · · · ) and assume the lower bound part of Dimension conjecture (§3.1), which is equivalent to saying that dimZ_w ⩾ d_w holds for all w ⩾ 0. Then the embedding Φ_{DR} : Spec Z_▪ / (π^2) → GRT_1 must be an isomorphism.

Proof . By taking the differential of Φ_{DR} at the point e which corresponds to the unit element of GRT_1, we get an embedding (dΦ_{DR})_e : (NZ^∗_▪ )^∧ → Lie GRT_1 . Here (NZ^∗_▪ )^∧ is the completion by degree of the dual vector space of the new-zeta space NZ_▪ = ⊕_{w⩾2}NZ_w := (Z_{>2}/Z^2_{>0}) (see [F]§1.3.). Recall

that D^∧_▪ = ^⊕_{w⩾1}D_w ≃ Lie GRT_1 (see Remark 2.1.12). Thus we get an embedding of graded vector spaces (dΦ_{DR})_e : (NZ^∗_▪ )^∧ = ^⊕_{w⩾1}NZ^∗_w → D^∧_▪ = ^⊕_{w⩾1}D_w .

(3.4.1)

Then we have_∞ ∑ w=0 d_wt^w ⩽ ∞∑ w=0 dim_QZ_w · t^w by the above second assumption, ⩽ 1 1 − t^2 ∞∏ w=1 1 (1 − t^w)^{dimQNZw}

22 HIDEKAZU FURUSHO

by the definition of NZ_▪, ⩽ 1 1 − t^2 ∞∏ w=1 1 (1 − t^w)^{dimQDw} by (3.4.1) and ⩽ ∞∑ w=0 d_wt^w by [F]Lemma4.3.6 combined with the first assumption.

Therefore all above inequalities must be equalities, which implies that Z_▪ is a polynomial algebra and (dΦ_{DR})_e : (Z_{>2}/Z^2_{>0})^{∗∧} → D^∧_▪ is an isomorphism. Thus ∞∑ w=0 dim_Q ( Z / (π^2) ) w · t^w = ∞∏ w=1 1 (1 − t^w)^{dimQDw} . (3.4.2)

On the other hand, from the surjectivity (Theorem3.2.5) of Φ^♯_{DR} : O(GRT_1)▪ ↠ Z_▪ / (π^2), we get dim_Q ( Z / (π^2) ) w ⩽ dim_Q O(GRT_1)_w for all w.

(3.4.3) Put m_e = ⊕_{w>0}O(GRT_1)_w. Then this graded vector space m_e is the defining ideal of the unit element e in GRT_1. Since D^∧_▪ ≃ Lie GRT_1, D^∗_▪ = ⊕_{w⩾0}D^∗_w is canonically isomorphic to the graded vector space m_e /(m_e)^2 . Thus ∞∑ w=0 dim_Q O(GRT_1)_w · t^w ⩽ ∞∏ w=1 1 (1 − t^w)^{dimQ Dw} . (3.4.4)

From (3.4.2) ∼ (3.4.4), it follows that dim_Q ( Z / (π^2) ) w = dim_Q O(GRT_1)_w for all w.

Thus Φ^♯_{DR} must be an isomorphism, which means that the embedding Φ_{DR} (3.2.2) of the pro-algebraic group must be an isomorphism.

Therefore it may be natural to pose that Conjecture A . The above embedding Φ_{DR} of the affine scheme is an isomorphism, i.e. Φ_{DR} : Spec Z_▪ / (π^2) ∼= GRT_1

MZV AND GT 23

Remark 3.4.3. (1) This conjecture claims that Spec Z_▪ / (π^2) is naturally equipped with a structure of non-commutative group scheme, which is equivalent to saying that the quotient algebra Z_▪ / (π^2) has a structure of non-co-commutative Hopf algebra.

(2) A unipotent algebraic group is isomorphic to its Lie algebra (as varieties), hence to an affine space. Together with this, the above conjecture would imply that Z_▪ / (π^2) must be a polynomial algebra. By taking Remark 3.2.3 into account, it looks difficult to show this last statement, due to problems in transcendental number theory.

(3) In §6.2, we shall see that Conjecture A is equivalent to saying that Φ_{Hod} is an isomorphism (Conjecture A^′).

4. Galois Side

We will introduce pro-algebraic groups Gal^{(l)}_Q and Gal^{(l)}_{Ql} , and discuss their relationship to the Grothendieck-Teichmüller pro-algebraic group GT_1.

4.1. The pro-l Galois representation. The absolute Galois group Gal(Q/Q) acts on the algebraic fundamental group π_1(P^1_Q−{0, 1, ∞} , −→ 01) of the projective line minus 3 points, where −→ 01 means the tangential base point (see [De]§15). Let l be a prime. With this representation, we can associate the following continuous group homomorphism into the automorphism group of the free pro-l group ^F_2^{(l)} of rank 2

p^{(l)}_1 : Gal ( Q/Q(μ_l∞ ) ) → Aut ^F_2^{(l)} for each prime l, where μ_l∞ stands for the group of all l-powerth roots of unity. By [HM]Corollary A.10, there exists a natural topological group homomorphism into AutF_2(Q_l) (cf. Remark 2.2.5)

p^{(l)}_2 : Aut ^F_2^{(l)} → AutF_2(Q_l) .

By combining these two homomorphisms, we get the following Galois representation

φ_l := p^{(l)}_2 ∘ p^{(l)}_1 : Gal ( Q/Q(μ_l∞ ) ) → AutF_2(Q_l) . By imitating the construction of the embedding Gal(Q/Q) → ^GT in [Ih94], we can show that its image is contained in the following pro-l

group version of the Grothendieck-Teichmüller group ^GT^{(l)}_1 .

Lemma 4.1.1.

Im p^{(l)}_1 ⊆ ^GT^{(l)}_1 .

24 HIDEKAZU FURUSHO

Here ^GT^{(l)}_1 := { σ ∈ Aut ^F_2^{(l)} | | | | σ(x) = x, σ(y) = f^{−1}yf for^∃f ∈ ^F_2^{(l)} which satisfies (0) ∼ (iii) below. } . (0) f ∈ [^F_2^{(l)}, ^F_2^{(l)}] (i) f(X, Y )f(Y, X) = 1 (ii) f(Z, X)f(Y, Z)f(X, Y ) = 1 for XY Z = 1 (iii) f(x_{1,2}, x_{2,3})f(x_{3,4}, x_{4,5})f(x_{5,1}, x_{1,2})f(x_{2,3}, x_{3,4})f(x_{4,5}, x_{5,1}) = 1 in ^P_5^{(l)} (see Note 4.1.2) .

Note 4.1.2. Here [^F_2^{(l)}, ^F_2^{(l)}] means the topological commutator subgroup of ^F_2^{(l)} and ^P_5^{(l)} is the pro-l completion of the pure sphere braid group P_5 and x_{i,j}’s (1 ⩽ i, j ⩽ 5) are its standard generators ([Ih91]). Note that σ ∈ ^GT^{(l)}_1 determines f ∈ ^F_2^{(l)} uniquely because of the condition (0).

Since there exists a natural topological group homomorphism ^F_2^{(l)} → F_2(Q_l) with Zariski dense image, it follows from definitions Lemma 4.1.3.

p^{(l)}_2 (^GT^{(l)}_1 ) ⊆ GT_1(Q_l) ( ⊆ AutF_2(Q_l) ) . But it seems not so clear that Problem 4.1.4. Is p^{(l)}_2 (^GT^{(l)}_1 ) Zariski dense in GT_1(Q_l) or not?

By Lemma 4.1.1 and Lemma 4.1.3, it follows Proposition 4.1.5. Im φ_l ⊆ GT_1(Q_l) .

4.2. Gal^{(l)}_Q = GT_1?. In this subsection, we will construct a pro-algebraic group version of the Galois image Imφ_l.

Notation 4.2.1. Let k be a field extension of Q. For any pro-algebraic group G = lim←− r G^{(r)} over Q, we define the k-structure of G to be the pro-algebraic group G ×_Q k := lim←− r (G^{(r)} ×_Q k) over k.

Definition 4.2.2. The pro-algebraic group Gal^{(l)}_Q over Q is the smallest pro-sub-variety of GT_1 defined over Q whose set of Q_l-rational points contains the image of Im φ_l.

MZV AND GT 25

Note that Gal^{(l)}_Q has a structure of pro-linear algebraic group defined over Q.

Definition 4.2.3. The pro-algebraic group Gal^{(l)}_{Ql} over Q_l is the smallest pro-sub-variety of GT_1 ×_Q Q_l defined over Q_l whose set of Q_lrational points contains the image of Im φ_l.

Note that Gal^{(l)}_{Ql} has a structure of pro-linear algebraic group defined over Q_l.

Notation 4.2.4. From these definitions, we get the following embeddings of pro-algebraic groups.

T_l : Gal^{(l)}_{Ql} → Gal^{(l)}_Q ×_Q Q_l

(4.2.1) Φ^{(l)}_Q : Gal^{(l)}_Q → GT_1

(4.2.2) Φ^{(l)}_{Ql} : Gal^{(l)}_{Ql} → GT_1 ×_Q Q_l

(4.2.3)

Note that Φ^{(l)}_{Ql} = ( Φ^{(l)}_Q × id_{Ql} ) ∘ T_l. On these embeddings it may be natural to state the following two conjectures which are related to those of [De] and [Ih99]. Conjecture B . The embedding Φ^{(l)}_Q (4.2.2) of the pro-algebraic group is an isomorphism, i.e.

Φ^{(l)}_Q : Gal^{(l)}_Q ∼= GT_1 for all prime l Conjecture C . The embedding T_l (4.2.1) of the pro-algebraic group is an isomorphism, i.e. T_l : Gal^{(l)}_{Ql} ∼= Gal^{(l)}_Q ×_Q Q_l It seems possible to deduce from the unpublished result in [DG] (announced in [Gon]) that there exists a sub-algebraic groups M of AutF_2 defined over Q such that Gal^{(l)}_{Ql} ∼= M ×_Q Q_l for all prime l. We remark that especially this implies the validity of Conjecture C.

4.3. The l-adic Galois image Lie algebra. In this subsection, we make a short review of the l-adic Galois image Lie algebra g^{(l)}_▪ [Ih90] and give a relationship among Conjecture B, Conjecture C and Ihara’s conjecture (see Conjecture 4.3.2 below) [Ih99].

26 HIDEKAZU FURUSHO

Notation 4.3.1. Let {^F_2^{(l)}(m)}_{m∈N} be the lower central series of the free pro-l group ^F_2^{(l)} of rank 2 which is defined inductively by ^F_2^{(l)}(1) := ^F_2^{(l)}, ^F_2^{(l)}(m + 1) := [^F_2^{(l)}, ^F_2^{(l)}(m)] (m ⩾ 1), where [ , ] means the topological commutator.

For each filtered vector space ( V, {W_nV }_{n∈Z} ) where {W_nV }_{n∈Z} is the ascending family of sub-vector spaces of V , we define the graded vector space Gr^W_▪ V := ⊕_{n∈Z}Gr^W_n V , where Gr^W_n V := W_nV / W_{n−1}V . Let p^{(l)}_1 (m) : Gal ( Q/Q(μ_l∞ ) ) → Aut ( ^F_2^{(l)} / ^F_2^{(l)}(m + 1) )

be the induced homomorphisms from p^{(l)}_1 (§4.1) (m ⩾ 1). We denote Q^{(l)}(m) by the field corresponding to Ker p^{(l)}_1 (m). The formal direct sum g^{(l)}_▪ := ⊕_{m⩾1}g^{(l)}_m where g^{(l)}_m := Gal ( Q^{(l)}(m + 1)/Q^{(l)}(m) ) ⊗_{Zl} Q_l

has a structure of the graded Lie algebra over Q_l by taking the commutator as the bracket (see [Ih90]). This l-adic graded Lie algebra g^{(l)}_▪ is called the l-adic Galois image Lie algebra. In [Ih90], it was shown that there is a natural (graded) embedding from the l-adic Galois image Lie algebra g^{(l)}_▪ into the l-adic stable derivation (Lie-)algebra D_▪ ⊗_Q Q_l (Definition 2.1.11)

Ψ_l ( = ⊕_{w⩾2}Ψ_{(l),w} ) : g^{(l)}_▪ ( = ⊕_{w⩾2}g^{(l)}_w ) → D_▪ ⊗_Q Q_l ( = ⊕_{w⩾2}D_w ⊗_Q Q_l ) . (4.3.1)

On this embedding of l-adic graded Lie algebras, we have the following

Conjecture 4.3.2 ([Ih99] Conjecture 1). The above embedding Ψ_l of l-adic graded Lie algebras is an isomorphism, i.e.

Ψ_l : g^{(l)}_▪ ∼= D_▪ ⊗_Q Q_l for all prime l.

In fact, the validity of Conjecture 4.3.2 is equivalent to the validity of Conjecture B and Conjecture C:

Proposition 4.3.3. The embedding Φ^{(l)}_{Ql} : Gal^{(l)}_{Ql} → GT_1 ×_Q Q_l (4.2.3) of pro-algebraic groups is an isomorphism if and only if the embedding Ψ_l : g^{(l)}_▪ → D ▪ ⊗_Q Q_l (4.3.1) of l-adic graded Lie algebras is an isomorphism.

MZV AND GT 27

Proof . Recall that GT_1 is a unipotent pro-algebraic group. Therefore

the embedding Φ^{(l)}_{Ql} : Gal^{(l)}_{Ql} → GT_1 × Q_l is an isomorphism ⇐⇒

(4.3.2)

the embedding of Lie algebras dΦ^{(l)}_{Ql} : Lie Gal^{(l)}_{Ql} → Lie (GT_1 × Q_l) is an isomorphism.

We regard Lie GT_1 as a GT -module by the adjoint action. Since GT is a negatively weighted extension with respect to^1_ϖ : G_m → G_m (Lemma 2.2.4), the pro-Lie algebra Lie GT_1 is naturally equipped with a weight filtration ([HM]Proposition 4.5). With this filtration, Lie GT_1 becomes a filtered Lie algebra ([HM]Proposition 3.4). Since the weight grade functor Gr^W_▪ is exact ([HM]Theorem 3.12), it follows that

the embedding dΦ^{(l)}_{Ql} : Lie Gal^{(l)}_{Ql} → Lie (GT_1 × Q_l) is an isomorphism ⇐⇒

(4.3.3)

its associated embedding Gr^W_▪ dΦ^{(l)}_{Ql} : Gr^W_▪ Lie Gal^{(l)}_{Ql} → Gr^W_▪ Lie (GT_1 × Q_l) is an isomorphism

It was shown that Gr^W_▪ Lie Gal^{(l)}_{Ql} ∼= g^{(l)}_▪ in [HM]Theorem 8.4 and that Gr^W_▪ Lie GT_1 ∼= D_▪ in [Dr]Theorem 5.6. Together with these two isomorphisms, the embedding dΦ^{(l)}_{Ql} yields Ψ_l. Namely

Gr^W_▪ dΦ^{(l)}_{Ql} = Ψ_l.

(4.3.4)

From (4.3.2) ∼ (4.3.4), the statement of the proposition follows.

5. GT_1=GRT_1 Part I In §5 and §6, we shall discuss a relationship between GT_1 and GRT_1 and then compare “Galois Side” (§4) and “Hodge Side” (§3) via these two Grothendieck-Teichmüller pro-algebraic groups.

In this section, we prove two kinds of isomorphism between GT and GRT in §5.1. In §5.3, we shall explain Figure 1 (§0).

5.1. Comparison between GT and GRT . Here we shall prove a few propositions, which may be regarded as corollaries of Drinfel’d’s results.

5.1.1. Non-canonical isomorphism between their Q-structures. Let k be any field of characteristic 0.

28 HIDEKAZU FURUSHO

Proposition 5.1.1. Between k-structures (Notation 4.2.1) of GT and GRT , there exists an isomorphism of group schemes S_φ : GT × k^∼→ GRT × k (5.1.1)

which arises from each point of φ of M(k).

Proof . Take any point φ on M(k). Recall that its existence follows from Proposition 2.3.6. Assume that R is an arbitrary k-algebra. Then it is immediate that each φ determines an isomorphism S_φ : GT (R)^∼→ GRT (R) of groups such that φ ∘ f = S_φ(f) ∘ φ for all f ∈ GT (R), by regarding φ ∈ M(R).

Especially by taking a rational point φ of M, we obtain an isomorphism between their Q-structures. This isomorphism is non-canonical since it depends on the choice of φ.

5.1.2. Standard isomorphism over C. Recall that φ_{KZ} is a standard point on M_1(C) (Proposition 2.3.9). Especially by taking the above (Proposition 5.1.1) point φ by φ_{KZ} ∈ M_1(C), we get

Proposition 5.1.2. Between C-structures of GT and GRT , there exists a standard isomorphism

p = S_{φKZ} : GT ×_Q C^∼→ GRT ×_Q C.

If we identify their groups of C-valued points by p, their subgroups of Q-rational points are conjugate to each other in this common Cstructure. Namely, p (GT (Q)) = a ∘ (GRT (Q)) ∘ a^{−1} ⊆ GRT (C) for some a ∈ GRT (C). Moreover, we can take this a as an element of GRT_1(C).

Thus by restricting p to unipotent parts, we get Figure 4.

GT_1(C) ^p∼ GRT_1(C)

GT_1(Q) GRT_1(Q)

conjugate

Figure 4

Proof . Choose any rational point φ ∈ M_1(Q) (cf. Proposition 2.3.6). By Proposition 2.3.4, there should exist a unique C-valued point a ∈

MZV AND GT 29

GRT_1(C) such that φ_{KZ} = a ∘ φ. Thus φ_{KZ} ∘ f =p(f) ∘ φ_{KZ} = (p(f) ∘ a) ∘ φ φ_{KZ} ∘ f =a ∘ φ ∘ f = (a ∘ s_φ(f)) ∘ φ. for each f ∈ GT (Q). This implies that p(f) = a∘s_φ(f)∘a^{−1} for all f ∈ GT (Q). Therefore p(GT (Q)) = a ∘ s_φ(GT (Q)) ∘ a^{−1}. By combining it with s_φ(GT (Q)) = GRT (Q), we get p(GT (Q)) = a∘GRT (Q)∘a^{−1}.

We remark that this isomorphism p does not descend to that of Qstructure, since there appear periods in each coefficient of φ_{KZ} (A, B) such as^{ζ(3)}_{(2πi)3} ,^{ζ(2,3)}_{(2πi)5} , ........, which do not belong to Q.

5.2. Digression on a candidate of a canonical free basis of the stable derivation algebra. In this subsection, we make a few extra remarks on Ihara’s Problem 2.1.14.

Notation 5.2.1. Denote the logarithmic isomorphism of GRT_1(C) by Log : GRT_1(C)^∼→ ( D_▪ ⊗_Q C )_∧ , where ( D_▪ ⊗_Q C )_∧ means the completion

by degree of the stable derivation algebra D_▪ = ⊕_{w⩾1}D_w (§2.1.3) tensored with C.

Since M_1 is defined over Q, the complex conjugate φ_{KZ} of φ_{KZ} also lies in M_1(C). Thus by Proposition 2.3.4, there should exist a unique element g ∈ GRT_1(C) such that g ∘ φ_{KZ} = φ_{KZ} . In the proof of [Dr] Proposition 6.3, Drinfel’d get an element ψ̃ := Log g ∈ ( D_▪ ⊗_Q C )_∧ , which has the following presentation:

ψ̃ = ∑ m⩾3: odd

ψ_m where ψ_m = 2ζ(m) (2πi)^m (adA)^m(B) + · · · ∈ D_m ⊗ C. The essentially same element was also obtained in [Ra]. It can be checked that ψ_m (m ⩾ 3 : odd) lie on D_m ⊗_Q^1_{(2πi)m} Z_m. Since each ψ_m

is an element of D_m ⊗ C with depth 1 in the sense of [Ih99]Lecture II §2, these ψ_m’s might be a candidate of canonical free basis of D_▪ ⊗ C asked by Ihara in Problem 2.1.14.

Problem 5.2.2. These ψ_m (m ⩾ 3 : odd) generate a free Lie subalgebra of D_▪ ⊗ C ?

But Ihara asked for the free basis of the Q-structure of the stable derivation algebra. On the above elements, we cannot expect that all ψ^′_m :=^{(2πi)m}_{2ζ(m)} ψ_m lies in D_m. Since, for example, to show that ψ^′_{11} lies in

30 HIDEKAZU FURUSHO

D_{11}, we must show the linear dependency of 9 MZV’s on the list of Z_{11} on [F] Example 4.3.4, which are predicted to be linearly independent by Dimension conjecture (§3.1).

5.3. Comparison between Galois Side and Hodge Side. By combining Proposition 5.1.2 with the embedding Φ_{DR} (3.2.3) and Φ^{(l)}_Q (4.2.2), we get Figure 1 in §0.

Validities of Conjecture A (§3.4), Conjecture B (§4.2) and Conjecture C (§4.2) would imply the following relationship between Galois Side and Hodge Side.

“ In Galois Side, there should exist a common Q-structure of Gal^{(l)}_{Ql} for all prime l, i.e. Gal^{(l)}_{Ql} = GT_1 ×_Q Q_l. On the other hand, in Hodge Side, Spec Z_▪ / (π^2) should be equipped with a structure of pro-algebraic group and it should provide a different Q-structure of the above common Q-structure. After tensored with C, these two Qstructures should be isomorphic. Moreover their two Qstructures should be conjugate with each other in this common C-structure.”

6. GT_1=GRT_1 Part II

In §6.1, we shall introduce a weight filtration on the regular function ring O(M_1). §6.2 will be devoted to a relationship between M_1 and GRT_1. In §6.3, we shall discuss a relationship between GT_1 and GRT_1 which is different from that of §5 and then compare “Galois Side” and “Hodge Side” via these two Grothendieck-Teichmüller pro-algebraic groups again in §6.5 and §6.6. We shall also explain Figure 2 (§0) in §6.5.

6.1. Weight filtration of O(M_1). We introduce two kinds of weight filtration on the regular function ring O(M_1) of M_1 (Definition 2.3.5) W_{rφ} and W_{lφ} by the right GT_1-action and the left GRT_1-action respectively for each element φ ∈ M_1(Q). And then in Proposition 6.1.1 and Proposition 6.1.2, we shall show that their filtration are canonical (do not depend on the choice of φ ∈ M_1(Q)) and coincide with each other.

Fix a point φ on M_1(Q). By Proposition 2.3.3 and Proposition 2.3.4, we get isomorphisms of schemes r_φ : GT → M and l_φ : GRT → M such that r_φ(f) = φ ∘ f for all f ∈ GT (A) and l_φ(g) = g ∘ φ for all g ∈ GRT (A), where A is an arbitrary Q-algebra. Note that S_φ = l^{−1}_φ ∘ r_φ (5.1.1). Especially by restricting r_φ (resp. l_φ) to GT_1 (resp. GRT_1), we get an isomorphism of Q-algebras r^♯_φ : O(M_1) → O(GT_1) (resp. l^♯_φ : O(M_1) → O(GRT_1)). Denote r^♯_φ ∘(l^{−1}_φ )^♯ : O(GRT_1) → O(GT_1) by S^♯_φ.

MZV AND GT 31

By transporting the weight filtration W = {W_nO(GT_1)}_{n∈Z} (§2.2.2) on O(GT_1) via r^♯_φ, we get a weight filtration W_{rφ} = {W_{n,rφ} O(M_1)}_{n∈Z} on O(M_1) such that r^♯_φ(W_{n,rφ} O(M_1)) = W_nO(GT_1) for n ∈ Z.

Similarly we get another filtration W_{lφ} = {W_{n,lφ} O(M_1)}_{n∈Z} on O(M_1) from W = {W_nO(GRT_1)}_{n∈Z} (§2.1.2) by l^♯_φ.

Proposition 6.1.1. W_{rφ} = W_{lφ} .

Proof . Recall that the weight filtration on O(GRT_1) (resp. on O(GT_1)) was intrinsically defined by its adjoint action in §1.3. Since GT and GRT are isomorphic via S_φ (5.1.1) and the isomorphism S_φ is consistent with their central cocharacter (i.e. S^{−1}_φ ∘ s_0 ∘ ϖ (Remark 2.1.5 and Lemma 2.1.6) becomes a lift of^1_ϖ (Lemma 2.2.4)), we get r^♯_φ ∘ (l^{−1}_φ )^♯(W_nO(GRT_1)) = S^♯_φ(W_nO(GRT_1)) = W_nO(GT_1) for each n ∈ Z. Therefore W_{n,rφ} O(M_1) = W_{n,lφ} O(M_1) for n ∈ Z.

Proposition 6.1.2. The filtration W_{lφ} on O(M_1) does not depend on the choice of φ ∈ M_1(Q).

Proof . Take any two points φ, φ^′ of M_1(Q). By Proposition 2.3.4, there should exist a unique element a ∈ GRT_1(Q) such that φ^′ = a∘φ. Denote R_a : GRT_1 → GRT_1 to be the right action, deduced from x → x ∘ a for x ∈ GRT_1(A), where A is an arbitrary Q-algebra. Then l_φ′ = l_φ ∘ R_a. Thus for each n ∈ Z,

(l^{−1}_φ′ )^♯(W_nO(GRT_1)) = (l^{−1}_φ )^♯(R_a−1 )^♯(W_nO(GRT_1)).

(6.1.1)

Recall that O(GRT_1) is a graded Hopf algebra whose grading is given by deg x_W = wt W for each word W (Note 2.1.9), from which we can deduce that

(R_a−1 )^♯(W_nO(GRT_1)) = W_nO(GRT_1)

(6.1.2)

for each n ∈ Z. Thus by (6.1.1) and (6.1.2)

W_{n,lφ′} O(M_1) = (l^{−1}_φ′ )^♯(W_nO(GRT_1))

= (l^{−1}_φ )^♯(W_nO(GRT_1)) = W_{n,lφ} O(M_1)

for n ∈ Z.

Notation 6.1.3. From now on, we denote briefly this filtration W_{lφ} (or equivalently W_{rφ} ) by W .

From the algebra isomorphism l^♯_φ and the construction of this filtration W , it immediately follows that W is compatible with the structure of Q-algebra of O(M_1). Namely (O(M_1), W ) becomes a filtered Q-algebra.

32 HIDEKAZU FURUSHO

6.2. Comparison between M_1 and GRT_1. In this subsection, we introduce a relationship among filtered algebras O(GRT_1) and O(M_1) in Theorem 6.2.2 and make a remark on a relationship between Theorem 3.2.5 and Proposition 3.3.4.

Notation 6.2.1. We denote by Gr^W_▪ O(M_1) := ⊕_{n⩾0}Gr^W_n O(M_1) the

graded algebra of the regular function ring O(M_1) with respect to the filtration W (Notation 6.1.3).

Since (O(M_1), W ) is a filtered Q-algebra, Gr^W_▪ O(M_1) is a graded Q-algebra. Recall that O(GRT_1)_▪ is also a graded Hopf algebra over Q (§2.1.2).

Theorem 6.2.2. Between two Q-structures of graded algebra Gr^W_▪ O(M_1) and O(GRT_1)_▪, there exists a canonical isomorphism

r^♯ : Gr^W_▪ O(M_1)^∼→ O(GRT_1)_▪ .

(6.2.1)

Proof . At first, fix any rational point φ ∈ M_1(Q). By the definition of weight filtration W on O(M_1) and l^♯_φ (§6.1), we obtain the isomorphism of graded Q-algebras

Gr^W_▪ l^♯_φ : Gr^W_▪ O(M_1)^∼→ Gr^W_▪ O(GRT_1)_▪ .

We put r^♯ = s̃_0 ∘ Gr^W_▪ l^♯_φ (for s̃_0, see (2.1.2)). Then the theorem follows from the following lemma.

Lemma 6.2.3. The above isomorphism Gr^W_▪ l^♯_φ is canonical in the sense that it does not depend on the choice of rational points φ ∈ M_1(Q).

Proof . We proceed the way as in the proof on Proposition 6.1.2. Take another rational point φ^′ ∈ M_1(Q). Then there exists a unique element a ∈ GRT_1(Q) such that l^′_φ = l_φ ∘ R_a. Thus it is enough to show that the graded algebra homomorphism Gr^W_▪ R^♯_a : Gr^W_▪ O(GRT_1) → Gr^W_▪ O(GRT_1) does not depend on the choice of a ∈ GRT_1(Q), where Gr^W_▪ R^♯_a means the associated graded quotient map of R^♯_a : O(GRT_1) → O(GRT_1) (cf. (6.1.2)). Recall that for all a ∈ GRT_1(Q), the first term x_1(a) of its word expansion is always equal to 1 (Notation 2.1.7). By combining it with the fact that O(GRT_1) = Q[x_1, x_W ]_{W :words} is equipped with a structure of graded Hopf algebra whose grading is given by deg x_1 = 0 and deg x_w = wt W for each word W , we see that Gr^W_▪ R^♯_a induces the map on each graded component of Gr^W_▪ O(GRT_1), which is independent from a ∈ GRT_1(Q).

Put GrM_1 := Spec Gr^W_▪ O(M_1). Then the map (6.2.1) induces the following isomorphism of schemes over Q. r : GRT_1^∼→ GrM_1 . (6.2.2)

MZV AND GT 33

We relate the two embeddings Φ_{DR} : Spec Z_▪ / (π^2) → GRT_1 (3.2.3) and Φ_{Hod} : Spec Z → M_1 (3.3.2). It is easy to see that the surjective algebra homomorphism Φ^♯_{Hod} : O(M_1) ↠ Z (3.3.1) is strictly compatible with the filtrations of O(M_1) (§6.1) and Z (Notation 3.3.2). Therefore we obtain the surjective graded Q-algebra homomorphism Gr^W_▪ Φ^♯_{Hod} : Gr^W_▪ O(M_1) ↠ Gr^W_▪ Z . (6.2.3)

Thus by Proposition 3.3.3, we get the associated embedding of schemes GrΦ_{Hod} : Spec Z_▪ / (π^2) → GrM_1 .

(6.2.4)

It is easy to see the following proposition.

Proposition 6.2.4. Φ_{DR} = r^{−1} ∘ GrΦ_{Hod} .

Therefore Conjecture A (§3.4) is equivalent to the following:

Conjecture A^′ . The embedding Φ_{Hod} of affine schemes is an isomorphism, i.e. Φ_{Hod} : Spec Z ∼= M_1 Remark 6.2.5. (1) This conjecture claims that all Q-linear relations among modified MZV’s (Definition 3.3.1) must be deduced from the defining equations (0)∼(iii) of M_1 (Definition 2.3.5) (Remark 2.3.1 and Tsunogai’s problem 2.1.16 more strongly suggest that (0) and (iii) should be enough). In particular, it may be our interesting problem to try to check whether all various algebraic relations among (modified) MZV’s, which was found by many mathematicians (for example, see [HO], [Ihk-K] and [O]) could be deduced from (0)∼(iii) or not.

(2) In contrast, G. Racinet introduced a certain pro-algebraic group DMR_0 over Q and a DMR_0-torsor DMR_1 in [Ra]. With his result, we also associate the embedding Φ_{Rac} : Spec Z → DMR_1. The conjecture ([Ra]) by D. Zagier and M. Kontsevich can be reformulated that Φ_{Rac} is an isomorphism. But it is not clear whether his DMR_1 is isomorphic to M_1 or not, which is left to our future research.

6.3. Comparison between GT_1 and GRT_1.

Notation 6.3.1. Denote by Gr^W_▪ O(GT_1) := ⊕_{n⩾0}Gr^W_n O(GT_1) the graded

algebra of the regular function ring O(GT_1) by the filtration W (§2.2.2).

Since (O(GT_1), W ) has a structure of filtered Hopf algebra over Q (Proposition 2.2.6), Gr^W_▪ O(GT_1) becomes a graded Hopf algebra over Q. Recall that O(GRT_1)_▪ is also a graded Hopf algebra over Q (Proposition 2.1.8).

34 HIDEKAZU FURUSHO

Theorem 6.3.2. Between two Q-structures of graded Hopf algebra Gr^W_▪ O(GT_1) and O(GRT_1)_▪, there exists a canonical isomorphism of graded Hopf algebras q^♯ : Gr^W_▪ O(GT_1)^∼→ O(GRT_1)_▪ .

(6.3.1)

Proof . At first, pick up and fix any rational point φ = ( 1, φ(A, B) ) ∈ M_1(Q) ⊆ M(Q). By restricting the map S_φ (5.1.1) to unipotent parts, we get the isomorphism of unipotent pro-algebraic groups S_φ : GT_1^∼→ GRT_1. Denote by S^♯_φ : O(GRT_1) → O(GT_1) the isomorphism of Hopf algebra (over Q) induced by S_φ. The following two diagrams are commutative for each g ∈ GT (Q). (for τ, see Notation 1.3.1). GT −−−→ G_m 1 ϖ←−−− G_m S_φ ≃^1_ϖ id GRT −−−→ G_m^ϖ←−−− G_m

O(GT_1)^{τ (g)=(ι−1g )♯} −−−−−−→ O(GT_1) (S^♯_φ)^{−1} ≃_{(S♯φ)−1} ≃ O(GRT_1)^{τ (Sφ(g))=(ι} −1 Sφ (g)) ♯ −−−−−−−−−−→ O(GRT_1) Namely we get a morphism of weighted modules ([HM]§3.3.)

(O(GT_1), G_m , 1 ϖ , GT ) −→ (O(GRT_1), G_m , ϖ, GRT ) , which means that (S^♯_φ)^{−1} : O(GT_1) → O(GRT_1) is an isomorphism of modules preserving weight filtrations of O(GT_1) and O(GRT_1). Since S^♯_φ : O(GRT_1) → O(GT_1) is a natural isomorphism of Hopf algebras, (S^♯_φ)^{−1} is an isomorphism of filtered Hopf algebras. By taking the graded quotient of (S^♯_φ)^{−1} by these weight filtrations, we get an isomorphism Gr^W_▪ (S^♯_φ)^{−1} : Gr^W_▪ O(GT_1) −→ Gr^W_▪ O(GRT_1) of graded Hopf algebras.

Lemma 6.3.3. The above isomorphism Gr^W_▪ (S^♯_φ)^{−1} is canonical in the sense that it does not depend on the choice of rational points φ ∈ M_1(Q).

Proof . Take another rational point φ^′ ∈ M_1(Q). By Proposition 2.3.4, there should exist a unique element a ∈ GRT_1(Q) such that φ^′ = a ∘ φ. It follows that S_φ′ = τ_a ∘ S_φ, which implies that

(S^♯_φ′ )^{−1} = (τ_a−1 )^♯ ∘ (S^♯_φ)^{−1} : O(GT_1)^{(S} ♯ φ)^{−1} −→ O(GRT_1)^{(τa−1 )♯}−→ O(GRT_1) . Since the GRT_1-action on Gr^W_▪ O(GRT_1) by τ is trivial by Proposition 1.2.3.(b),

Gr^W_▪ (S^♯_φ)^{−1} = Gr^W_▪ (S^♯_φ′ )^{−1} : Gr^W_▪ O(GT_1)^∼−→ Gr^W_▪ O(GRT_1)_▪ .

MZV AND GT 35

Thus we see that this isomorphism Gr^W_▪ (S^♯_φ)^{−1} does not depend on the choice of rational points of M_1(Q).

The rest of the proof of theorem 6.3.2. : By composing the above isomorphism Gr^W_▪ (S^{−1}_φ )^♯ (Lemma 6.3.3) with the natural isomorphism s̃_0 : Gr^W_▪ O(GRT_1) → O(GRT_1) (2.1.2), we finally obtain a canonical isomorphism q^♯ of graded Hopf algebras over Q q^♯ := s̃_0 ∘ Gr^W_▪ (S^{−1}_φ )^♯ : Gr^W_▪ O(GT_1)^∼−→ O(GRT_1)_▪ .

Put GrGT_1 := Spec Gr^W_▪ O(GT_1). Then (6.3.1) induces the following isomorphism q : GRT_1^∼−→ GrGT_1 (6.3.2) of pro-algebraic groups over Q.

Remark 6.3.4. We can relate the above canonical isomorphism q : GRT_1^∼−→ GrGT_1 (6.3.2) with the isomorphism p : GT_1 ×_Q C → GRT_1 ×_Q C (Proposition 5.1.2) of pro-algebraic groups, as follows. Recall that the map p is induced from φ_{KZ} (A, B) ∈ M_1(C), i.e. p = S_{φKZ} . As we have seen in the proof of Theorem 6.3.2, Gr^W_▪ S^♯_φ does not depend on the choice of points φ on M_1. Therefore s̃_0 ∘ Gr^W_▪ p^♯ = q^♯ ⊗_Q id_C.

6.4. Three embeddings on Galois Side. We describe here the prescription how to associate embeddings of pro-algebraic groups with T_l, Φ^{(l)}_Q and Φ^{(l)}_{Ql} (§4.2).

1. Suppose that O(Gal^{(l)}_Q ) (resp. O(Gal^{(l)}_{Ql} )) is the regular function ring of the unipotent pro-algebraic group Gal^{(l)}_Q (cf. Definition 4.2.2) over Q ( resp. Gal^{(l)}_{Ql} (cf. Definition 4.2.3) over Q_l ) , which is a Hopf algebra over Q (resp. over Q_l). With the embeddings T_l, Φ^{(l)}_Q and Φ^{(l)}_{Ql} (cf. (4.2.1)∼(4.2.3)) of unipotent pro-algebraic groups, we obtain the following surjective homomorphisms of Hopf algebras.

T^♯_l : O(Gal^{(l)}_Q ) ⊗_Q Q_l ↠ O(Gal^{(l)}_{Ql} )

(6.4.1)

Φ^{(l)♯}_Q : O(GT_1) ↠ O(Gal^{(l)}_Q )

(6.4.2)

Φ^{(l)♯}_{Ql} : O(GT_1) ⊗_Q Q_l ↠ O(Gal^{(l)}_{Ql} )

(6.4.3)

Notice that Φ^{(l)♯}_{Ql} = T^♯_l ∘ ( Φ^{(l)♯}_Q ⊗_Q id_{Ql} ) .

36 HIDEKAZU FURUSHO

2. By the surjection Φ^{(l)♯}_Q (resp. Φ^{(l)♯}_{Ql} ), the Hopf algebra O(Gal^{(l)}_Q ) over Q (resp. O(Gal^{(l)}_{Ql} ) over Q_l) is equipped with a structure of filtered Hopf algebra over Q (resp. over Q_l) by the filtration { W_nO(Gal^{(l)}_Q ) } n∈Z (resp. { W_nO(Gal^{(l)}_{Ql} ) } n∈Z ) induced from

that of O(GT_1)(§2.2.2). Let Gr^W_▪ O(Gal^{(l)}_Q ), Gr^W_▪ O(Gal^{(l)}_{Ql} ) and Gr^W_▪ O(GT_1) be the associated graded algebras of O(Gal^{(l)}_Q ), O(Gal^{(l)}_{Ql} ) and O(GT_1) by these filtrations respectively. Note that they are equipped with structures of graded Hopf algebra. Thus from (6.4.1)∼(6.4.3), we obtain surjective homomorphisms of graded Hopf algebras as follows:

Gr^W_▪ T^♯_l : Gr^W_▪ O(Gal^{(l)}_Q ) ⊗_Q Q_l ↠ Gr^W_▪ O(Gal^{(l)}_{Ql} )

(6.4.4)

Gr^W_▪ Φ^{(l)♯}_Q : Gr^W_▪ O(GT_1) ↠ Gr^W_▪ O(Gal^{(l)}_Q )

(6.4.5)

Gr^W_▪ Φ^{(l)♯}_{Ql} : Gr^W_▪ O(GT_1) ⊗_Q Q_l ↠ Gr^W_▪ O(Gal^{(l)}_{Ql} )

(6.4.6)

Notice that Gr^W_▪ Φ^{(l)♯}_{Ql} = Gr^W_▪ T^♯_l ∘ ( Gr^W_▪ Φ^{(l)♯}_Q ⊗_Q id_{Ql} ) . 3. Suppose that GrGal^{(l)}_Q (resp. GrGal^{(l)}_{Ql} ) is the pro-algebraic group over Q (resp. over Q_l) whose regular function ring is isomorphic to the graded Hopf algebra Gr^W_▪ O(Gal^{(l)}_Q ) over Q (resp. Gr^W_▪ O(Gal^{(l)}_{Ql} ) over Q_l). Recall that GrGT_1 is isomorphic to GRT_1 by q (6.3.2). Therefore, from (6.4.4)∼(6.4.6), we get the following embeddings of unipotent pro-algebraic groups: GrT_l : GrGal^{(l)}_{Ql} → GrGal^{(l)}_Q ×_Q Q_l (6.4.7) GrΦ^{(l)}_Q : GrGal^{(l)}_Q → GRT_1 (6.4.8) GrΦ^{(l)}_{Ql} : GrGal^{(l)}_{Ql} → GRT_1 ×_Q Q_l (6.4.9)

Notice that GrΦ^{(l)}_{Ql} = ( GrΦ^{(l)}_Q × id_{Ql} ) ∘ GrT_l. Remark 6.4.1. Note that Conjecture B (§4.2) implies that GrΦ^{(l)}_Q is an isomorphism and Conjecture C (§4.2) implies that GrT_l is an isomorphism.

6.5. Comparison between Galois Side and Hodge Side. By combining Theorem 6.3.2 with the embeddings GrΦ^{(l)}_Q (6.4.8) and Φ_{DR} (3.2.3), we get Figure 2 in §0. Note that we can compare two objects, GrGal^{(l)}_Q in Galois Side and Spec Z_▪ / (π^2) in Hodge Side, in the same box GRT_1. In contrast, we could not make a direct comparison

MZV AND GT 37

between two objects in Galois Side and in Hodge Side inside a common box (over Q) in §5.3.

Validities of Conjecture A (§3.4), Conjecture B (§4.2) and Conjecture C (§4.2) would imply the following relationship between Galois Side and Hodge Side.

“ In Galois Side, GRT_1 should be a common structure of GrGal^{(l)}_{Ql} for all prime l, i.e. GrGal^{(l)}_{Ql} ∼= GRT_1 ×_Q Q_l. On the other hand, in Hodge Side, Spec Z_▪ / (π^2) should become a pro-algebraic group GRT_1. Therefore Spec Z_▪ / (π^2) is the common Q-structure of GrGal^{(l)}_{Ql} , i.e. GrGal^{(l)}_{Ql} ∼= Spec Z_▪ / (π^2) ×_Q Q_l for all prime l.”

Roughly speaking, MZV might be a regular function of the graded Galois image.

Remark 6.5.1. The two surjections Ψ_{DR} : D^∗_▪ ↠ NZ_▪ (for NZ_▪, see Proposition 3.4.2) and Ψ^∗_l : D^∗_▪ ⊗_Q Q_l ↠ g^{(l)∗}_▪ of graded vector spaces are

concerned in [F]§5 (see the picture below).

Galois Side Hodge Side

g^{(l)∗}_▪^Ψ ∗ l ↞ D^∗_▪ ⊗_Q Q_l D^∗_▪^{ΨDR}↠ NZ_▪

We can deduce these surjections from Φ_{DR} (3.2.3) and Φ^{(l)}_{Ql} (4.2.3) in the following way:

Take the dual of the differential (i.e. the cotangent space) of the embedding Φ_{DR} : Spec Z_▪ / (π^2) → GRT_1 at the unit element e of GRT_1. Then by (3.4.1) we get a surjection of graded vector spaces (dΦ_{DR})^♯_e : D^∗_▪ ↠ NZ_▪, which is equal to the above map Ψ_{DR}. On the other hand, take the dual of the differential of the embedding GrΦ^{(l)}_{Ql} : GrGal^{(l)}_{Ql} → GRT_1 ×_Q Q_l (6.4.9) at the unit element e of GRT_1. Then by (4.3.4) we get a surjection of graded vector spaces (dGrΦ^{(l)}_{Ql} )^♯_e : D^∗_▪ ⊗_Q Q_l ↠ g^{(l)∗}_▪ , which is equal to the above map Ψ^∗_l .

6.6. Chase. Here we present a few relationships between Galois Side and Hodge Side deduced from Figure 2. §6.6.2 and §6.6.3 are just special cases of §6.6.1.

38 HIDEKAZU FURUSHO

6.6.1. Non-abelian case.

GRT_1: Recall that GRT_1(Q) is defined as a subset of the noncommutative formal power series ring Q⟨⟨A, B⟩⟩ (Definition 2.1.4). Thus we obtain an embedding g_1 : GRT_1(Q) → Q⟨⟨A, B⟩⟩. This embedding determines an invertible element Φ_{GRT} = 1 + ∑ W :words d_W W ∈ ( O(GRT_1)_▪⟨⟨A, B⟩⟩ )_× of the O(GRT_1)_▪-coefficient

non-commutative formal power series ring with two variables. GT_1: Recall that GT_1(Q) is defined as a subset of the pro-algebraic group F_2(Q) (Definition 2.2.3). By sending free generators X and Y into e^A and e^B respectively, we get an embedding g_2 : F_2(Q) → Q⟨⟨A, B⟩⟩. Galois Side: With the composition of embeddings g_2∘Φ^{(l)}_Q : Gal^{(l)}_Q (Q) → Q⟨⟨A, B⟩⟩, we associate an invertible element Φ^{(l)}_{Ih} = 1+ ∑ W :words κ^{(l)}_W W ∈ ( O(Gal^{(l)}_Q )⟨⟨A, B⟩⟩ )_× . We call it as the l-adic Ihara associa-

tor^6. Note that for each word W with wt W = n, κ^{(l)}_W lies in W_nO(Gal^{(l)}_Q ). Denote by Gr κ^{(l)}_W its quotient class in W_nO(Gal^{(l)}_Q ) / W_{n−1}O(Gal^{(l)}_Q ). Put GrΦ^{(l)}_{Ih} := 1+ ∑ W :words Grκ^{(l)}_W W ∈ ( Gr^W_▪ O(Gal^{(l)}_Q )⟨⟨A, B⟩⟩ )_× , which is also an invertible element associated with the composition g_1 ∘ GrΦ_l.

Hodge Side: With the composition of embeddings g_1 ∘ Φ_{DR}, we obtain an invertible element of ( Z_▪ / (π^2) ) ⟨⟨A, B⟩⟩. From the definition of Φ_{DR} (see Theorem 3.2.5), It is equal to Φ_{KZ} mod π^2, which stands for the image of Φ_{KZ} (A, B) = φ_{KZ} (2πiA, 2πiB) ∈ Z_▪⟨⟨A, B⟩⟩ (cf. Definition 2.3.8 and (3.2.4)) by the natural pro- jection Z_▪⟨⟨A, B⟩⟩ ↠ ( Z_▪ / (π^2) ) ⟨⟨A, B⟩⟩. Proposition 6.6.1. Let GrΦ^{(l)♯}_{Q⟨⟨A,B⟩⟩} : O(GRT_1)_▪⟨⟨A, B⟩⟩ ↠ Gr^W_▪ O(Gal^{(l)}_Q ) ⟨⟨A, B⟩⟩ be the surjection induced from Gr^W_▪ Φ^{(l)♯}_Q (6.4.5) and Φ^♯_{DR⟨⟨A,B⟩⟩} : O(GRT_1)_▪⟨⟨A, B⟩⟩ ↠ ( Z_▪ / (π^2) ) ⟨⟨A, B⟩⟩ be the surjection induced from Φ^♯_{DR} (3.2.2). Then GrΦ^{(l)♯}_{Q⟨⟨A,B⟩⟩}(Φ_{GRT} ) = GrΦ^{(l)}_{Ih} , Φ^♯_{DR⟨⟨A,B⟩⟩}(Φ_{GRT} ) = Φ_{KZ} mod π^2. Proof . This follows from definitions of GrΦ^{(l)}_{Ih} and Φ_{KZ} mod π^2.

Thus we get Figure 3(§0).

6This should be an appropriate name since essentially the same series was studied in his successive papers [AI88], [AI90] and [Ih86a]∼[Ih00].

MZV AND GT 39

Remark 6.6.2. Recall that Conjecture B and Conjecture A claim that both GrΦ^{(l)♯}_{Q⟨⟨A,B⟩⟩} and Φ^♯_{DR⟨⟨A,B⟩⟩} are isomorphisms. Therefore “ If Conjecture A and Conjecture B hold, then GrΦ^{(l)}_{Ih} must be identified with Φ_{KZ} mod π^2 via (Φ^♯_{DR⟨⟨A,B⟩⟩}) ∘ (GrΦ^{(l)♯}_{Q⟨⟨A,B⟩⟩})^{−1} for all prime l.”

6.6.2. Meta-abelian case.

Definition 6.6.3. Suppose that R is a commutative ring. Let ψ be any invertible element of the non-commutative formal power series ring R⟨⟨A, B⟩⟩ with two variables. Decompose ψ^{−1} uniquely ψ^{−1} = C_ψ + X_ψA + Y_ψB as in the way of [Ih99b]. Here C_ψ ∈ R and X_ψ, Y_ψ ∈ R⟨⟨A, B⟩⟩. The meta-abelian quotient of ψ is the image of C_ψ +X_ψA by the natural surjection R⟨⟨A, B⟩⟩ ↠ R[[A, B]] into the commutative formal power series ring.

GRT_1: We denote by B_{GRT} ∈ O(GRT_1)_▪[[A, B]] the meta-abelian quotient of Φ_{GRT} ∈ ( O(GRT_1)_▪⟨⟨A, B⟩⟩ )_× . Galois Side: The meta-abelian quotient of the l-adic Ihara associator Φ^{(l)}_{Ih} ∈ ( O(Gal^{(l)}_Q )⟨⟨A, B⟩⟩ )_× is equal to the l-adic universal power series for Jacobi sums B^{(l)}(A, B) ∈ O(Gal^{(l)}_Q )[[A, B]](see [Ih90]§6.4.)^7, whose presentation is calculated in [A89], [C] and [IKY] as follows: B^{(l)}(A, B) = exp [ ∑ m⩾3:odd κ^{(l)∗}m m! {(A + B)^m − A^m − B^m} ] ∈ O(Gal^{(l)}_Q )[[A, B]]. Here κ^{(l)∗}m ∈ O(Gal^{(l)}_Q ) is the l-adic m-th Soulé character (see [Sou] and also [F]§5.) and we note that κ^{(l)∗}m belongs to W_mO(Gal^{(l)}_Q ). We denote Grκ^{(l)∗}m by its quotient class in W_mO(Gal^{(l)}_Q ) / W_{m−1}O(Gal^{(l)}_Q ) and put Gr^W_▪ B^{(l)}(A, B) :=exp [ ∑ m⩾3:odd Grκ^{(l)∗}m m! {(A + B)^m − A^m − B^m} ]

∈ Gr^W_▪ O(Gal^{(l)}_Q )[[A, B]]. In fact, Gr^W_▪ B^{(l)} is the meta-abelian quotient of GrΦ^{(l)}_{Ih} ∈ ( Gr^W_▪ O(Gal^{(l)}_Q )⟨⟨A, B⟩⟩ )_× (§6.6.1).

7According to the notation in [Ih90], B^{(l)}(A, B) = ψ^{ab}(e^A − 1, e^B − 1).

40 HIDEKAZU FURUSHO

Hodge Side: Recall that the classical gamma function Γ(z) has a

presentation Γ(1 − z) = exp { γz +^∞ ∑ n=2 ζ(n) n z^n } (γ: Euler con-

stant), from which we can deduce the following formula of the classical beta function B(x, y) : (1 − x − y) · B(1 − x, 1 − y) = exp [_∞ ∑ m=2 ζ(m) m {x^m + y^m − (x + y)^m} ] . By expanding this into C-coefficient commutative formal power series, we see that (1 − A − B) · B(1 − A, 1 − B) naturally determines the element of Z_▪[[A, B]]. We denote by (1 − A − B) · B(1 − A, 1 − B) mod π^2 its image by the natural projection Z_▪[[A, B]] ↠ ( Z_▪ / (π^2) ) [[A, B]], which is in fact equal to the meta-

abelian quotient of Φ_{KZ} mod π^2 ∈ (( Z_▪ / (π^2) ) ⟨⟨A, B⟩⟩ )_× ([Dr]).

Therefore by taking the meta-abelian quotient part of Proposition 6.6.1, we get

Corollary 6.6.4. Let GrΦ^{(l)♯}_{Q[[A,B]]} : O(GRT_1)_▪[[A, B]] ↠ Gr^W_▪ O(Gal^{(l)}_Q ) [[A, B]]

be the surjection induced from Gr^W_▪ Φ^{(l)♯}_Q (6.4.5) and Φ^♯_{DR[[A,B]]} : O(GRT_1)_▪[[A, B]] ↠ ( Z_▪ / (π^2) ) [[A, B]] be the surjection induced from Φ^♯_{DR} (3.2.2). Then GrΦ^{(l)♯}_{Q[[A,B]]}(B_{GRT} ) = Gr^W_▪ B^{(l)}(A, B) , Φ^♯_{DR[[A,B]]}(B_{GRT} ) = (1 − A − B) · B(1 − A, 1 − B) mod π^2.

Galois Side Hodge Side

Gr^W_▪ O(Gal^{(l)}_Q )_▪[[A, B]] GrΦ^{(l)♯}_{Q[[A,B]]} ↞ O(GRT_1)_▪[[A, B]] Φ^♯_{DR[[A,B]]} ↠ ( Z_▪ / (π^2) ) [[A, B]] Gr^W_▪ B^{(l)}(A, B) ←− B_{GRT} (A, B) −→ (1 − A − B) · B(1 − A, 1 − B) l-adic universal power series mod π^2 for Jacobi sums classical beta function

Remark 6.6.5. (1) We recall that ∏ l:prime

B^{(l)}(A, B) was named the

adelic beta function as an analogue of the classical beta function in [A87], and has been widely studied in [A87], [A89], [C], [Ich], [Ih86a]∼[Ih90] and [IKY] (for a pro-finite group analogue, see also [Ih99b] and [Ih00]).

MZV AND GT 41

(2) We recall that Conjecture B and Conjecture A claim that both GrΦ^{(l)♯}_{Q[[A,B]]} and Φ^♯_{DR[[A,B]]} are isomorphisms. Therefore

“ If Conjecture A and Conjecture B hold, then Gr^W_▪ B^{(l)} must be identified with (1 − A − B) · B(1 − A, 1 − B) mod π^2 via (Φ^♯_{DR[[A,B]]}) ∘ (GrΦ^{(l)♯}_{Q[[A,B]]})^{−1} for all prime l.”

We hope that this formulation is the desired direct correspondence.

6.6.3. Special case. Especially let d_m := d_Am−1_B ∈ O(GRT_1)_▪ be the coefficient of W = A^{m−1}B of Φ_{GRT} ∈ O(GRT_1)_▪⟨⟨A, B⟩⟩ (§6.6.1) for m = 3, 5, 7, · · · . Then by restricting the correspondence in Proposition 6.6.1 to each coefficient of A^{m−1}B, we get Corollary 6.6.6. For m = 3, 5, 7, · · · ,

Gr^W_▪ Φ^{(l)♯}_Q (d_m) = 1 (m − 1)!

Gr κ^{(l)∗}_m and Φ^♯_{DR}(d_m) = −ζ(m) mod π^2 .

Galois Side Hodge Side Gr^W_▪ O(Gal^{(l)}_Q )^{Gr} W ▪ Φ^{(l)♯}_Q ↞ O(GRT_1)_▪^Φ ♯ DR ↠ Z_▪ / (π^2) 1 (m − 1)! Gr κ^{(l)∗}_m ←− d_m −→ −ζ(m) mod π^2 l-adic Soulé character Riemann zeta value

Recall that Conjecture B and Conjecture A claim that both Gr^W_▪ Φ^{(l)♯}_Q and Φ^♯_{DR} are isomorphisms. Therefore

“ If Conjecture A and Conjecture B hold, then Riemann zeta values are identified with Soulé characters via (Gr^W_▪ Φ^{(l)♯}) ∘ (Φ^♯_{DR})^{−1} .”

Remark 6.6.7. We note that each coefficient of Φ_{KZ} is calculated in [LM] and [F] and remark that each coefficient of Φ^{(l)}_{Ih} can be also calculated in principle by Anderson-Ihara theory ([AI90]), from which we can get analogous correspondence to Corollary 6.6.6 associated with any given MZV’s. Therefore the above correspondence is merely one of special corollaries of Proposition 6.6.1.

References

[A87] Anderson, G. W. ; The hyperadelic gamma function: a précis. ; Galois representations and arithmetic algebraic geometry (Kyoto, 1985/Tokyo, 1986), 1–19, Adv. Stud. Pure Math., 12, North-Holland, Amsterdam, 1987.

42 HIDEKAZU FURUSHO

[A89] The hyperadelic gamma function. ; Invent. Math. 95 (1989), no. 1, 63–131.

[AI88] Anderson, G. W., Ihara, Y. ; Pro-l branched coverings of P^1 and higher circular l-units. ; Ann. of Math. (2) 128 (1988), no. 2, 271–293.

[AI90] Pro-l branched coverings of P^1 and higher circular l-units. II. ; Internat. J. Math.1 (1990), no. 2, 119–148.

[C] Coleman, R. F. ; Anderson-Ihara theory: Gauss sums and circular units.

; Algebraic number theory, 55–72, Adv. Stud. Pure Math., 17, Academic Press, Boston, MA, 1989.

[De] Deligne, P. ; Le groupe fondamental de la droite projective moins trois points. ; Galois groups over Q (Berkeley, CA, 1987), 79–297, Math. Sci. Res. Inst. Publ., 16, Springer, New York-Berlin, 1989.

[DG] Deligne, P., Goncharov, A. B. ; To appear.

[Dr] Drinfel’d, V. G. ; On quasitriangular quasi-Hopf algebras and a group closely connected with Gal(Q/Q). ; Leningrad Math. J. 2 (1991), no. 4, 829–860 [F] Furusho, H. ; The multiple zeta value algebra and the stable derivation algebra. ; RIMS-1318, preprint (2001), also available at

arXiv:math.NT/0011261.

[Gon] Goncharov, A. B. ; Periods and mixed motives. ; available at

arXiv:math.AG/0202154, preprint in 2002.

[Gr] Grothendieck, A. ; Esquisse d’un programme. ; 1, 5–48, in [SL]. [HM] Hain, R., Matsumoto, M. ; Weighted Completion of Galois Groups and Some Conjectures of Deligne. ; available at arXiv:math/AG0006158, preprint in 2000.

[HM*] The first version of [HM] available at arXiv:math.AG/0006158v1. [HO] Hoffman, M. E., Ohno, Y. ; Relations of multiple zeta values and their algebraic expression. ; available at arXiv:math.QA/0010140, preprint in 2000.

[HS] Harbater, D., Schneps, L. ; Fundamental groups of moduli and the Grothendieck-Teichmüller group. ; Trans. Amer. Math. Soc. 352 (2000), no. 7, 3117–3148.

[Ich] Ichimura, H. ; On the coefficients of the universal power series for Jacobi sums. ; J. Fac. Sci. Univ. Tokyo Sect. IA Math. 36 (1989), no. 1, 1–7.

[Ih86a] Ihara, Y. ; Profinite braid groups, Galois representations and complex multiplications. ; Ann. of Math. (2) 123 (1986), no. 1, 43–106.

[Ih86b] On Galois representations arising from towers of coverings of P^1 − {0, 1, ∞}. ; Invent. Math. 86 (1986), no. 3, 427–459.

[Ih90] Braids, Galois groups, and some arithmetic functions. ; Proceedings of the International Congress of Mathematicians, Vol. I, II (Kyoto, 1990), 99–120, Math. Soc. Japan, Tokyo, 1991.

[Ih91] Automorphisms of pure sphere braid groups and Galois representations. ; The Grothendieck Festschrift, Vol. II, 353–373, Progr. Math., 87, Birkhäuser Boston, Boston, MA, 1990.

[Ih92] On the stable derivation algebra associated with some braid groups.

; Israel J. Math. 80 (1992), no. 1-2, 135–153.

[Ih94] On the embedding of Gal(Q/Q) into ^GT. ; 289–321, in [S]. [Ih99] Some arithmetic aspects of Galois actions on the pro-p fundamental group of P^1 − {0, 1, ∞}. ; RIMS-1229, preprint 1999.

MZV AND GT 43

[Ih99b] On beta and gamma functions associated with the Grothendieck- Teichmüller groups. ; Aspects of Galois theory, 144–179, London Math. Soc. Lecture Note Ser., 256, Cambridge Univ. Press, Cambridge, 1999.

[Ih00] On beta and gamma functions associated with the Grothendieck- Teichmüller group II. ; J. Reine Angew. Math.527 (2000), 1–11.

[Ihk-K] Ihara, K., Kaneko, M. ; Derivation relations and regularized double shuffle relations for multiple zeta values. ; preprint in 2001.

[IKY] Ihara, Y., Kaneko, M., Yukinari, A. ; On some properties of the universal power series for Jacobi sums. ; Galois representations and arithmetic algebraic geometry (Kyoto, 1985/Tokyo, 1986), 65–86, Adv. Stud. Pure Math., 12, North-Holland, Amsterdam, 1987.

[LM] Le, T.T.Q., Murakami, J. ; Kontsevich’s integral for the Kauffman polynomial. ; Nagoya Math. J. 142 (1996), 39–65.

[LNS] Lochak, P., Nakamura, H., Schneps, L. ; On a new version of the Grothendieck-Teichmüller group. ; C. R. Acad. Sci. Paris Sér. I Math. 325 (1997), no. 1, 11–16.

[Na] Nakamura, H. ; Galois rigidity of pure sphere braid groups and profinite calculus. ; J. Math. Sci.Univ. Tokyo 1 (1994), no. 1, 71–136.

[NS] Nakamura, H., Schneps, L. ; On a subgroup of the Grothendieck-Teichmüller group acting on the tower of profinite Teichmüller modular groups. ; Invent. Math. 141 (2000), no. 3, 503–560.

[O] Ohno, Y. ; A generalization of the duality and sum formulas on the multiple zeta values. ; J. Number Theory 74 (1999), no. 1, 39–43.

[Ra] Racinet, G. ; Séries génératrices non commutatives de polyzetas et associateurs de Drinfel’d.; École Normale Supérieure Ph.D. thesis (2000).

[S] Schneps, L. ; The Grothendieck theory of dessins d’enfants. ; (Luminy, 1993), London Math. Soc. Lecture Note Ser., 200, Cambridge Univ. Press, Cambridge, 1994.

[SL] Schneps, L., Lochak, P. ; Geometric Galois actions. 1 and 2. ; London Mathematical Society Lecture Note Series, 242 and 243. Cambridge University Press, Cambridge, 1997.

[Sou] Soulé, C. ; On higher p-adic regulators. ; Algebraic K-theory, Evanston 1980 (Proc. Conf., Northwestern Univ., Evanston, Ill., 1980), pp. 372–401, Lecture Notes in Math., 854, Springer, Berlin-New York, 1981.

[Te] Terasoma, T. ; Mixed Tate Motives and Multiple Zeta Values. ; available at

arXiv:math.AG/0104231, preprint in 2001.

[Tsu] Tsunogai, H. ; On ranks of the stable derivation algebra and Deligne’s problem. ; Proc. Japan Acad. Ser. A Math. Sci. 73 (1997), no. 2, 29–31.

[Wo] Wojtkowiak, Z. : Monodromy of iterated integrals and non-abelian unipotent periods. ; 219–289, in [SL] vol 2.

[Za] Zagier, D. ; Values of zeta functions and their applications. ; First European Congress of Mathematics, Vol. II (Paris, 1992), 497–512, Progr. Math., 120, Birkhäuser, Basel, 1994.

Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502 Japan

E-mail address: furusho@kurims.kyoto-u.ac.jp