GEOMETRIC AND ARITHMETIC SUBGROUPS OF
THE GROTHENDIECK-TEICHMULLER GROUP

HIDEKAZU FURUSHO

ABSTRACT. We compare two geometrically constructed subgroups
' and GTK of the Grothendieck-Teichmiiller group GT with an
arithmetically constructed subgroup GT A. We show that the in-
tersection of I' and GT K is contained in a certain modification of
GTA.

0. INTRODUCTION

The Grothendieck- Telchmuller group GT is a subgroup of the auto-
morphism group AutF2 of the free pro- ﬁnlte le_ group of FQ of rank 2. It
is parameterized by elements of 7Z* x [FQ, Fg] and is defined by three
relations (I), (II) and (III) (see §1). It is a pro-finite group version of
the pro-algebraic group GT [Dr]. In his study of Galois representa-
tions on fundamental groups, Y. Thara showed that the absolute Galois
group Gq = Gal(Q/Q) can be embedded into GT in [Th94]. It is still
open whether Gq is equal to GT or not. But recently there have been

discovered other several new-type relations satisfied by Gq in GT (see
[Th00], [LNS] and [NT]). In this article, we show a certain relationship

among them. In §1, we shall recall the definition of GT and make a
small remark (Proposition 1.3) which has been possibly unknown so
far. §2 is a review of the definitions of three variants I' ([LNS]), GT' K

([Ih00]) and GT'A ([Ih00]) of GT. In §3, we introduce main results of
the author’s master’s thesis [F|, concerning on a relationship among
defining equations of I', GT K and GT'A. In §4, we give many lemmas
to complete their proof.
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1. REVIEW OF THE DEFINITION OF GT

Let f’; be the pro-finite free group of rank 2 with generators z and
y. We define GT to be the set of pairs (A f) € 7* x ﬁ’;/ (where E/
means the topological commutator subgroup [E, E] of E) satisfying
the following three relations:

(D) flz,y)fly,2) =1 ((2-cycle relation))
(D) f(z,2)2" f(y, 2)y" f(w,y)z™ =1

form=4(A—1), ayz =1 ((3-cycle relation))
(I1) f (12, 233) f (@34, 45) f (w51, T12) f (@23, 030) f (45, ¥51) = 1 in Pr
\ ((5-cycle relation)).

I
I

Here fs* is the pro-finite pure sphere braid group with n strings and
T = (n) (1 < 4,5 < n) are its standard generators [[h94]. For
fe F2 and elements «, 3 of a pro-finite group H, f(«, 3) stands for
the image of f by the homomorphism ¢ : E — H defined by ¢(z) = «
gb( ) = (. An element 0 = (A, f) € é? induces an endomorphism of
2 by o(z) = 2%, oly) = fYf, from which we get an embeddlng
G’T — EndF2 and in fact we can regard GT' GT as a sub-monoid of Enng
([Dr]).

Definition 1.1 ([Dr]). The Grothendieck-Teichmiiller group GT is the
group of invertible elements of @:

GT = {a = (A, f) € Aut P | (A, f) satisfies (I) ~ (III).}.

Remark 1.2. The above 5-cycle relation (III) is different from the
original relation of GT' ([Dr])

4) (4 4) (4) (4
(I pr f(x12 ,xé3)$§4))f(x§3)$§3), 951(34))

1) (4 4 (4)  (4) (4 5
:f(xé:a)a x:(’,4))f($g2)$§3)a $g4)$:(),4))f($§2)7 153)) in By
which appeared in [NT], where B, (n € N) stands for the pro-finite

braid group with n-strings. But we can easily show that (I)+(III) is
equivalent to (I)+(IIT)pg.

Proposition 1.3. Relation (I1I) implies relation (I) .

Proof . Recall that we have a basic projection p : ]5; — Zﬁi‘ which
sends z;; = xf? € Pr to xl(»? € Pf(1<i,j<4) andux;s € Prto
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1 e Py (1<i<5). Itis immediate to see that (IIT) implies (I) because
p(f(iUlz, 5U23)f(9334, 9345)f($51> $12)f($23, $34)f(3345, 9351))
4 @ 4 @ 4) 4) (4
= f(aly o) flass), of)) = S o) g )
and P:f is a free pro-finite group of rank 2 with generators :v%) and
x%). O
With the Gq-action on the geometric fundamental group 7r1(P16 —
{0,1, 00}, 0_1)) of the projective line minus 3 points (with respect to a
ﬁ

certain tangential base point 01), we associate a pro-finite group homo-
— — —

morphism ¢ : Gq — AutF; ( recall that F, ~ 7T1(P16 —{0,1,00},01)
). It follows from Belyi’s theorem [Be| that ¢ is injective. In [Ih90)]

and [Th94], it was shown that ¢(Gq) lies in GT. Now to determine

whether Gq is equal to GT or not is a basic open problem, which is
also related to a project posed by A. Grothendieck in [Gr]. Recently
there have been discovered other new-type relations which Gq satisfies
in GT, for example (), ar), dIr), av), av’), (v), (A,), (K,) for
n =1,2,3,... (see [Ih00], [LNS], [NS] and [NT]). Although they do
not seem to be deduced from defining relations (I), (II) and (III) of
ET, it has not been shown yet whether they are really new ones and
whether they are enough to characterize Gq as a subgroup of GT.

2. REVIEW OF THE DEFINITIONS OF I', GTK AND GTA

Three subgroups I, GTK and GT A of GT were introduced in [ThOO]
and [LNS]. The subgroup II' (resp. GTK) was geometrically con-
structed by P. Lochak, H. Nakamura, and L. Schneps in [LNS] (resp.
by Y. Thara in [[h00]). On the other hand, GT A was arithmetically
constructed by Y. Ihara in [Ih00]. They all contain Gq, but it has

not been known whether they are really proper subgroups of GT and
whether they are equal to Gq.

2.1. .
Definition 2.1 ([LNS]). The new Grothendieck-Teichmiiller group I
is the subset of G'T" defined as follows:

I:= {0 = (A, f) € GT | (A, f) satisfies (IT1") and (IV) below. }

{(III/) g(l’45, $51)f(l‘12, $23)f($34, ZE45) = f(O'lO'g, O'%) n B5

— (0) o — (0) oz . 3
(V) flor,08) = 03" @ f(02,03)0, ™" (0201)0% @) in By,
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Here g(z,y) € F, is the auxiliary parameter (depending on o € ﬁ)
satisfying f(z,y) = g(y,x) 'g(z,y), which was introduced in [LS]. For
n e N, o; (1 <i<n)stand for standard generators of B, ([LNS]). For
the definition of U{”(¢)!, see §§2.2. In [LNS] and [NS], it was shown
that actually I forms a subgroup of GT. Note that (III") implies (III)
([NS]). These two relations (III') and (IV) just describe the condition

for elements of GT to act (as Gq does) on all types of pro-finite Te-
ichmiiller modular groups in a certain consistent way (for more details,

see [LNS]).

2.2. GTK. For a natural number n, let H, be the index n normal
subgroup of }7\2 which is freely generated by n + 1 elements z", vy,
vy, 2~ Dygn=l For o = (), f) € GT, f belongs to H,, since
H, D [E, E] In [Th99], Thara constructed the extended Kummer 1-
cocycle \IJ%O)(U) for o € é?, which is the image of f by the continuous
group homomorphism H,, — Z defined by 2" — 0, y — 1, 279y’ — 0
(1 < j < n). We remark that especially for o € Gq, \IJ%O)(U) is the
Kummer 1-cocycle which is characterized by o(¥/n) = ¥/n(, w0 for
k € N, where (, = ezp(%). Suppose that ¢, : H, — E is the
continuous group homomorphism defined by z" +— z, y — y, x7yz? —
1(1<j<n).

Definition 2.2 ([Ih00]). The Grothendieck- Teichmiiller-Kummer group
GTK is the subset of GT defined as follows:

GTK, = {0 =(\f) € GT | (A, f) satisfies (K,,) below.}
GTK = n GTK,
neN

(K)  oulf)=y"™@f

It follows immediately from [Ih00] Proposition 1 that GTK, and
GTK actually form subgroups of GT. Relation (K,,) just describes
the condition for elements of GT to act (as Gq does) on H, and
E consistently with two algebraic morphisms, the Kummer covering
Pla —{0, i, 00} — Pl@ —{0, 1,00} defined by ¢ +— t" and the natural
inclusion P%—{O, o, OO} — Pla—{(), 1,00} defined by ¢ + ¢ (for more
details, see [Ih00]).

"The 1-cocycles p2(0) and p3(o) studied in [LNS], [LS], [NS] and [NT] are equal
to f\Iléo) (o) and f\Il:gO)(a) respectively (see [NT]).
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2.3. GTA. By the Eab(:: E/E/)—action on (E/)ab = E//[E/,E/]
induced from the conjugation n — fnf~! for n € E/ and [ € E,
we can regard (E,)“b as a free Ay (= Z[[Fyab]])-module of rank 1,
generated by the class [z,y| € (E,)”b of [x,y] := xyz~ly™! € 5 (for
more details, see [Th99]). Thus the action of ¢ = (A, f) € GT on

(ﬁ’\gl)“b induced from that on F% is expressed as o([z,y]) = B, - [x,y],
where B! € AJ. The adelic beta function B, € A5 was defined by

B, = Z1v21p in [A] (for 0 € Gq) and [1h99] (for o € GT). By

z—1 y—1
the embedding constructed by G. W. Anderson in [A], B, can be re-

garded as a function on (Q/Z)%®? valued in 7 Q. where Q% stands
for the maximal abelian extension field over Q. In [Th99] Proposition
1.6.1, it was shown that the adelic beta function has much analogy
with the classical beta function. Especially it is remarkable that by
using the 5-cycle relation (III) Thara showed that the adelic beta func-
tion B,(s1,s2) (0 € GT, (s1,82) € (Q/Z)®?) can be split (but not
RE e
the adelic gamma function ', is a function (uniquely determined up
to a certain ambiguity) which is defined on Q/Z and is valued in the

product [[ W (F,) of the Witt vector ring W (F,,) of the algebraic
p:prime

closure of a finite field of characteristic p. In [A](i) Corollary 8.6.3,

Anderson showed, as an analogy of Gauf3’ n-th multiplication formula

of the classical gamma function, the n-th multiplication formula of the

adelic gamma function I', (for elements o of Gq):

uniquely) into the following product: B, (si,ss) = Here

(An) H For(j(j;c) : Fo(lns) = 1® exp[2mi - n¥ (0)s]

nc=0

by using Deligne’s theory of absolute Hodge cycles. Thara suggested
that this arithmetic relation (A,,) could be a key condition to distin-

guish Gq from GT and considered the following new subgroup of GT
containing Gq.

Definition 2.3 ([Ih00]). The Grothendieck- Teichmiiller-Anderson group
GT A is the subset of G'T" defined as follows:

GTA, = {a =(\f) e GT | o satisfies (An)}
GTA := N GTA, .

neN
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Remark 2.4. To state (A,) independently from (I)~(III), it is better
to re-formulate it as follows:

(A?) H B, (s, ks) H By(c,s) = 1® exp|2mi - n\I/flO)(a)s]

0<k<n—1 nc=0

because the existence of I, depends on (I)~(III). Here we use I',(0) =
1 ® 1 ([Ih99]Proposition 1.7.1.(i)).
It can be checked directly from the definitions of \117(10)(0) and T',(s)

that GT' A and GT A,, actually form subgroups of GT.

The relationship among the above three subgroups I', GTK and
GT A has not been fully understood yet. But we remark that it was
shown in [Ih99] that relation (K,,) implies (DlogA,), the logarithmic
derivative of equation (A,,).

3. MAIN RESULTS
Theorem 3.1. The combination of relations (I) , (II), (IV) and (Ks)
imply relation (A9).
Proof . At first, we introduce a new parameter f, in the rank 3

free group ﬁ; with generators W, X and Y. Recall that the index
2 subgroup H, (§§2.2) of Fy generated by zyr~!, z? and y can be

—

identified with £y by sending xyx~!, 2%, y into W, X, Y respectively.
Since y‘mgo)(”) f lies on Hs,, we obtain a unique element f, (W, XY
of F3 such that

O _
(1) y 2O f(ayy) = falzya™t 2, y).
We note that W @y ¥ © fi € [F3, F3]. Tt is immediate that rela-
tion (Ks) is equivalent to

©), _
(2) g O fi(eyat et y) = fa(lzy)

Here 1 stands for the unit element of E In Lemma 4.1, we shall see
that (IV) is re-expressed in terms of f, € F3 as follows:

(3) Fe W, X Y) (X TW Y LY X) = 1
In Lemma 4.2, we deduce the following equation from (I), (II) and (3):

Zmf (XY, Z)=1 for WXYZ=1
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~ —ab
Translating (A3) into the terms of Ay = Z[[F, ]] via Anderson’s em-
bedding (see §2.3), we get

B, (s, s)
By(3,5)

29

(A9 =1® exp|2mi - \I!go)(a)s}

<~ B, {x,x} = x’NgO)(")BU{—l,X}.

Here B,{x,x} (resp. B,{—1,x}) stands for the image of B, € A,
by the map As — Ay induced from x — x, y — x (resp. x — —1,
y — x), where boldfaces x, y stand for the images in Ay of standard

generators z, y of Fy. By properties [II]~[IV] of [Ih99]§2.3 which were
deduced from (I) and (II), we get

x* 4+ 1 1

A9 X T Bx. =t =x2"@RB ] x}.
( 2) <:>Xm(x+1) {X7 X2} X { 7X}

By [Ih99]Proposition 2.2.2,

(A) @%{1 —(x— 1)—f(x, i)} = X_Ng))(”){l + 2%(—1,){)}.

Here we denote the image of j—i €Ny = 2[[@]] by the map Ay — A
induced from x — —1, y — x by %(—1,){) (for the definition of

—~ab
% € Ay, see §4). For « € Ay and u, v € F;, , we denote the image of
a by the map Ay — Aj induced from =z — u, y — v by a(u,v) € A,.
By Lemma 4.3, which will be deduced from (1), we get

A9 = 2 Il e {0 ) - )

X" (x+1 AW 'x2 " T x x?
df, 1, 1

e ) )

—x 2O g0 [ 4y _ oW e
x 22 1+ 2x*2 (1 X)dW(X,l,x) QdX(X,l,x) 0.
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For df—* and Zf—;, see §4. By Lemma 4.4, which will be deduced from

(2) (namely (Kg)), we get

(AY) <=
(5) .
X1 [ 20 df+ 1
xm(x+1){1 x (- )dX(l * )}
_ x200) [1 + 2X2‘I’§0>(”){(1 - X) dﬁ; (x,1,x) — Qdf—;(x, l,x)H =0.

By formulae (6)~(14) in §4, which will be deduced from (I), (II), (III)
and (K3), we get the following

dry o0y dFYy
1,x) = 2 1

a X hx) =x dW(x2’X )

C;?;r (x,1,x) =0

dF, 1 x+1dF, 1 x20" () 1
d—X(;’X’ ) =% x2 dW< %1) x—1
L STy P x2¥8 (@) _ 1
dy ‘" x2’ dw T x2 2037 (0) (x — 1)
dF, dF,

1 1
dY< 1) = dW( %, 1)

By substituting (W, X,Y) = (1,x, %) and above formulae to (15) in
Lemma 4.6, we obtain equation (5), which implies the validity of the
Anderson duplication formulae (A9). O

Therefore the combination of geometric relations (I), (II), (IV) and
(Kz) implies arithmetic relation (AJ). Next we will consider three sub-
groups ', GT K and GT A.

Lemma 3.2. For n,m € N, the combination of relations (A,) and
(A,,) implies (Apm)-

Proof . Let n € N. By the slightly more detailed discussion on [Th00],
we find that relation (A,) implies

TO(5) = 0O(5) + 0 (g) for Va € N.
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Therefore the combination of (A,) and (A,,) implies the following:
nm—1

[T To(s+5)
k=0

nm—1

[y (nms) kl;lo FJ(%)

=1® exp|2mi - nmllfg%(a)s] O

=1® exp[2mi - nm{T (o) + T (0)} 5]

We also remark the following formulae, but it is not required to prove
Theorem 3.4 below.

Lemma 3.3. For n,m € N, the combination of relations (K,,) and
(Kpn) implies (Kpm).

Proof . Let n € N. As in the same way of the case of Lemma 3.2, we
get that relation (K,,) implies

TO(5) = 0O (5) + TO(0) for Va € N.

na

Therefore the combination of (K,,) and (K,,) implies the following:

© ©) ()50 (o © (o
Spnm(f) = Spn(yqjm ( ))(zpn(f) = yan @)+ ( )f = y‘Ifnm( )f- O
Theorem 3.4. GTK NT' C GT Ay, where GT Agoe := (| GT Agn.

neN
Proof . We note that one relation (Ag) implies infinite ones (Agn) for
n=1,2,3,---. Therefore, by combining Lemma 3.2 with Theorem 3.1,
we get the claim. O

Thus we get a relationship among the arithmetic subgroup GT Ass
and the geometric subgroups GT'K and II'. Relations (3) and (4) de-
scribe the Dy (not Dy) symmetry of P! — {0, 41, 00}. Since they were
essential in the proof of Theorem 3.1, it does not look possible, at
least to the author, to deduce Anderson’s n-th multiplication formula
(n > 5) from the D,-symmetry of P —{0, y1,,, 0c}. H. Tsunogai suggest
to the author the possibility of deducing (A3) from the &,-symmetry
of P! — {0, u3, 00}. Still we would expect the geometric interpretation
of arithmetic Anderson’s multiplication formulae which is originally of
arithmetic nature to be a key to distinguish Gq from GT.

4. MISCELLANEOUS LEMMAS

We present auxiliary lemmas which were required in the proof of
Theorem 3.1. Here we follow the notation in [Th99].

Lemma 4.1. Relation (IV) is equivalent to (3).
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denote the quotient pro-finite group of 27\2 by

Proof . Let }7\2/ ((2%)
2>> of 22 — (xy)_z. By [NS] Theorem 2.2.(22),

the normal closure ((z

(IV) =@ f (2, )" ) f(y,2%) = 1 in B /(%)
= fi(zy’a 2 ) fr(yaty Lyt a?) =1 in Fy /(%)
= fo(ayte ) fea Ty ey 2R et =1 in By /().

1

On the other hand, since zy?xr =1 2% and y? generate a free pro-finite

subgroup of rank 3 in Fy,

(3) = fr(ayPa et ) fr(aly 2y 2 et = 1 in P
From the argument in the proof of [NS] Theorem 2.2, the quotient
classes of z, y* in Fy / ((2%)) generate a free pro-finite subgroup of

rank 2. Thus the images of zy?z~!, 22, y* in £, / ((z?)) generate a
free pro-finite subgroup of rank 3, from which it follows that (IV) is
equivalent to (3). O

Lemma 4.2. The combination of relations (I), (II) and (3) implies
(4).

Proof . By the permutation x — y, y — xz, 2 — z ly~t (1) is
re-expressed as follows:

Sy, 2)y™ (292" f (2, 2)a™ = 1.

By combining this with (II) and applying (I), we get

2" f(,2) T f(y, )yt (g 2) T (e 2) =

Taking the image of the last equation by the continuous homomorphism
induced from z — y~ o7t y — 2, 2z +— y, we get

1 2m+1

(y ta )2 (y ey, y ey e ) Ty (e 2P )
1 2

folzyz™ 2 y) ™ oy e ey, y ey e y) = 1

By (3),
(y 'z ly )™ @y y ey ey fo (et 2R y) - ()
fey ey e ey 2?) - (wya )™ fe(y,y ey e ey ) = 1

m

Since the subgroup generated by x?, y and y~ 'z~ ly 127! is equal to

the one generated by 22, y and zyz~!, it is a free pro-finite subgroup
of rank 3 in F5, which implies (4). O
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By Anderson’s theorem (see [Ih99] Theorem A.1.), the element f €
F, can be written uniquely in Ay = Z[[Fg]] as follows:
df df
6 =1 . —1 - . —1).
) fa) =1+ 5 @-0+ 9 -1

Put As := Z[[F5]]. Similarly the element f, € I3 = (W, X,Y)" in §3
can be written uniquely in Aj as follows:

df+ f+ f+
XY)=1+—-X". —1 (X -1 Y -1
where flf_v1+/> Zf;, Zf; € As.
Lemma 4.3.
df © (o df _ -
(8)  o-(wy) =y™ s (ayah 2% y) - (1 - ayr ™)
+df—§(wyx ta?y) - 2w
()
df y2\112 (o) _ 1 ©) (4 df _
0) o) = O G )
df
+§(l’yw l,xQ,y)}'

Here for 6 € A3 and a,b,c € E, we denote the image of 3 by the
map Az — Ay induced from W+ a, X — b, Y — ¢ by ((a,b,c) € As.

Proof . It follows from (1) by a direct calculation. O

Lemma 4.4.

df ©) () df:
(10) ﬁ( s Ly ) = y‘ll dm—; (QZy.T 17 7y) ' (1 — TYT 1)
d
+y w)(")j—;(fvyx Laty) 2z
(0
df 4 y's @ —1 \1/(0’(0){ df+ 1,2

Proof . It follows from (2) by a direct calculation. O
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Lemma 4.5.
ar.
dW

&
dX

(W, X,Y) = fr(W,X,Y) d@( WYLy X)X W

.
dw

Y x—wty -y, X)}.

(12)

(13) SHWXY) = W, X 1)

_dfy
dy

YW X,Y) = f(W, X, Y){ I -y y, xo.

df,
dX

Proof . It follows from (3) by a direct calculation. O

(X'wlyty, x).- x!

df+

(14) v

Xty 4 Y (X*1W*1Y*1,Y,X)}.

Lemma 4.6.

(15)
df+
dWw

LY™FL (WX, Y)Xm{

(W, X, Y)

dfy dfy

(Z,W,X) - (=2) + (2, WX)}
W -1

W -1

YW X)X 2 W W Ve 2wy -2y + Loz o)
FYT LX) X L2 W, XOW (Y, 2 W) L (-2)

Y (WX V)X (ZW, X)W (Y, 2, W) 27

YW, X Y)X" L (ZW,.X)

df _ _
[55(x.v.2)- (-2)} =0 for  WXYZ=1.

Proof . It follows from (4) by a direct calculation. O
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