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For a Hilbert C*-module X over a C*-algebra A, we construct a
vector bundle Ex associated with X. We represent X as a vector space
I'x of some class of holomorphic sections on £x with the following
properties:

(i) I'x is a Hilbert A-module and I'y = X,
(ii) £x has a flat connection which defines the action of A on I'x,

(ili) €x has a hermitian metric H which induces the C*-inner product
of PX .

This section representation of modules is a kind of generalization of the
Serre-Swan theorem to non commutative C*-algebras. We show that
Ex is isomorphic to an associated bundle of an infinite dimensional
Hopf bundle with the structure group U(1).
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Introduction

The Serre-Swan theorem is described as follows:

Theorem 1.1 (Serre-Swan) Let Q2 be a connected compact Hausdorff space
and C(Q) the algebra of all complex valued continuous functions on 2. As-
Then X is finitely generated projective iff
there is a complex vector bundle E on € such that X is isomorphic onto the

sume X is a module over C(£2).

module of all continuous sections of E.

Proof. See [9].



By this theorem, finitely generated projective modules over C'(£2) and com-
plex vector bundles on ) are in one-to-one correspondence up to isomor-
phisms. In non commutative geometry [5, 13], some class of module over
non commutative C*-algebra A is treated as a vector bundle of “non com-
mutative space” A by generalizing Serre-Swan theorem for commutative C*-
algebra, for example, 2x2 matrix algebra My(C) and its free (right)module
My (C)™ = M3(C) @ --- @ M3(C) of rank m. Specially, it is believed that
a finitely generated projective module is regarded as a non commutative
vector bundle because the condition of modules is used in Theorem 1.1.

On the other hand, for a unital general non commutative C*-algebra A,
there is a uniform K&hler bundle (P, p, B) [3] unique up to equivalence class
of A, such that A is * isomorphic onto the uniform Kahler function algebra
with s-product on (P,p, B) which is a natural generalization of Gel’fand
representation.

Example 1.1 We show the example of a functional representation of the
simplest, nontrivial and non commutative C*-algebra A4 = M3(C). The
uniform Kéhler bundle (P, p, B) of M3(C) is given as follows: Let P = CP!,
B = {b}, where B is a one-point set and p is the trivial surjection from P
to B. The functional representation of Ms(C),

f: My(C) — C=(CP")

is defined by fa([z]) = @Az/||z|? for A € M5(C) and [z] € CP! where
#-product on C*°(CP?') is defined by

Lim=1-m+V=1X,l  (l,meC™(CPY)).

Non-commutativity of this sx-product comes from the second term of the
right hand side on the above equation.

We review the uniform Ké&hler bundle and the functional representation
of non commutative C*-algebras in section 2 intimately. Under the above
consideration, we state the following theorem which is a version of the Serre-
Swan theorem generalized to non commutative C*-algebras under weaker
condition.

Theorem 1.2 ((Main theorem) Serre-Swan theorem for non commutative
C*-algebras) Let X be a Hilbert C*-module over a unital C*-algebra A,
(P,p, B) the uniform Kdhler bundle of A, IC,(P) the C*-algebra of uni-
form Kdhler functions on P and f : A= Kyu(P) the Gel’fand representation
of A.



(i) (Construction of vector bundle) There is a complex vector bundle Ex
on P such that Ex has a flat connection D and a hermitian metric H.
Furthermore there is a bundle map Px from a trivial bundle X x P
on P to Ex which image is dense in Ex at each fiber.

(i) (x-action and hermitian metric) Let Tx = Pxi(Teonst(X x P)) C
Thot(Ex) where Teonst(X X P) is the set of all constant sections on
X X P and Tpo(Ex) is the set of all holomorphic sections of Ex. Then
I'x is a Hilbert K,,(P)-module with right x-action

FXxICu(P) — Fx,

(s,1) — sxl=s-14++/—1Dx;s ((s,0) eTTx x Kyu(P))
and a C*-inner product
H|FX><FX : FX X FX — ]CU(P)

where X is the holomorphic part of the complex Hamiltonian vector
fields of I € KC,(P) C C°(P) with respect to the Kdhler form of P.

(iii) (Reconstruction) Under an identification f : A = K,(P), I'x is iso-
morphic to X as a Hilbert A-module.

Remark 1.1 In spite that the finitely generated projective property (=FP
property) is ingredient of modules in the origianl Serre-Swan theorem (The-
orem 1.1), reader may note that there is no condition about FP property
of Hibert C*-module in Theorem 1.2. We wish to explain for this natural
question here.

In the field of non commutative geometry [4, 5, 13], Serre-Swan theorem
has been applied as a kind of guiding principle to make theory and give corre-
spondence between modules of non commutative algebra and virtual vector
bundles. In this context, the rigid mathematical statement is stretched as a
guiding principle of “non commutative-commutative correspondence” along
with quantum-classical correspondence in quantum mechanics. In analogy
with the case of quantum mechanics, there are many ambiguities and unor-
ganized interpretations about non commutative geometry and there is no ex-
act theory which unifies them because the meaning of this correspondence is
not clear and principle itself is not mathematics. Despite of these ambiguity,
the non commutative geometry gives us strong interest and desire to study
the virtual geometry associated with non commutative algebra. Therefore



we regard Serre-Swan theorem as a guiding principle of non commutative-
commutative correspondence in the field of non commutative geometry in
this paper. We neglect the FP property here because we have no idea to
treat the notion of FP property in our theory suitably. In this reason, we
decide to use a word “Serre-Swan” in our paper in order to stress the sig-
nificance of the role of guiding principle in non commutative geometry. FP
property may be a problem which may be studied in future. Inversely, we
can regard the Hilbert C*-structure is more essential than FP property ac-
cording to our theorem. Here we would mention that there is a kind of FP
property of Hilbert C*-module by Kasparov stability theorem [10].

In subsection 3.2, we introduce £x in Theorem 1.2. Ex is called the
atomic bundle of a Hilbert C*-module X which is a Hilbert bundle on the
uniform Kahler bundle. We show its geometrical structure in subsection
3.4 (e.g. A= M(C) and X = M(C)™, then Ex = S xy(;) C*™ which
is an associated vector bundle of a Hopf bundle (S3,u, CPY,U(1))). In
subsection 4.1, we give a flat connection D in Theorem 1.2. D is called
the atomic connection of the atomic bundle. In subsection 4.2, by using a
connection of the vector bundle, we define a *-action of a function algebra
on the vector space of holomorphic sections on a vector bundle under more
general situation than the case of Hilbert C*-modules. In section 5, we give
a proof of Theorem 1.2.

Here we summarize correspondences between geometry and algebra.

Gel’fand representation Serre-Swan theorem
. loebr vector module
pace algebra bundle
c()
CG Q oint wise L(E)
P CG E — Q | point wise
product action
NCG |P— B Ku(P) NCG | Ex S P Tx
x-product .
*-action

where we call respectively, CG = commutative geometry as a geometry
associated with commutative C*-algebras, and NCG = non commutative
geometry as a geometry associated with non commutative C*-algebras by
following A.Connes [4].



2 C*-geometry

In a naive sense of correspondence between algebraic objects and geometric
ones defined by algebraic equations, we propose a version of the algebraic
geometry for non commutative C*-algebras. Or, it may be considered as a
generalized Gel’fand representation for non commutative C*-algebraic ob-
jects ( = the automorphism group, modules, etc.) [3]. As a preparation,
we review the basic for an assurance that such correspondence exits by the
following [3].

What do we want to do 7 It is often stated that usual geometry is com-
mutative geometry in comparison to non commutative geometry ([4, 5, 13]).
Commutative geometry means a topological, or geometrical space consist-
ing points or its function algebra. On the other hand, non commutative
geometry means the algebra which is non commutative and not function
algebra in general, and it is considered as a virtual function space on a vir-
tual topological, or virtual geometrical space. But there exist several kind
of non-commutativity outside the region of genuine non commutative ge-
ometry, too. For example, the fundamental group of topological spaces,
transformation group, the Lie algebra of vector fields of a differential mani-
fold are generally non commutative. Furthermore, for a symplectic manifold
M, the set C*°(M) of all smooth functions on M has the Poisson bracket
determined by the symplectic form of M [6]. It is nothing but which is non
commutative Lie bracket. In this sense, the function algebra is not always
commutative. As a special case, for a Kdhler manifold, the smooth function
algebra has Kéhler bracket from its Kéhler form [11] which is the special
case of symplectic form. For example, a complex projective space CP" is a
Kahler manifold with a metric called Fubini-Study type. Cirelli, Mania and
Pizzocchero realize non-commutativity of C*-algebra by Kahler bracket of
projective space. We are trying to explain the non-commutativity appearing
in non commutative geometry by that inherent in commutative geometry,
such as the automorphism group, module, subalgebra, Atiyah-Singer index,
K-group and so on in the theory of C*-algebras.

2.1 Uniform Kahler bundle

We start from the geometric characterization of the set of all pure states
and the spectrum of a C*-algebra [3].
Assume now that £ and M are topological spaces.



Definition 2.1 (E, pu, M) is called a uniform Kdhler bundle if it satisfies
the following conditions:

(i) w is an open, continuous surjection between topological spaces E and
M,

(ii) the topology of E is a uniform topology,
(iii) each fiber E,, = p~*(m) is a Kdihler manifold.

Remark 2.1 This definition of uniform Kéahler bundle is weaker than the
original one [3]. We do not use the condition of equivalence of Kéhler topol-
ogy and uniform topology in this paper.

The local triviality of uniform Kéahler bundle is not assumed. M is always
neither compact nor Hausdorff.

We simply denote (E, u, M) by E. For a uniform topology, see [2]. Any
metric space is a uniform space. Examples and relations with C*-algebra are
given later. Roughly speaking, the fiber of uniform Ké&hler bundle is related
to non-commutativity of C*-algebra.

Definition 2.2 Two uniform Kaihler bundles (E,u, M), (E/,MI,M/) are
isomorphic if there is a pair (8,¢) of homeomorphisms 3 : E — E' and
¢:M—>M/, such that,u/oﬂch)ou

R =

E E
T l/u
M M

< IR

/

and any restriction B|,-1(my : 1~ Ym) — () Y (p(m)) is a holomorphic
Kadhler isometry for any m € M. We call (B, ¢) a uniform Kdhler isomor-
phism, between (E, pu, M) and (E', i’ M).

Example 2.1 (i) Any Kéhler manifold N is a uniform Ké&hler bundle
with a one-point set as the base space. In the same way, the direct
sum of Kéhler manifolds { N;}!_; as a metric space is a uniform Kéhler
bundle with a n-point set as the base space endowed with discrete
topology.



(ii) Any compact Hausdorff space X is a uniform space. X is a uniform
Kahler bundle with 0-dimensional fiber which itself as the base space

[2].
We explain the nontrivial third example of uniform Ké&hler bundles as fol-

lows.
Let A be a unital C*-algebra. Denote

P . the set of all pure states on A, and
B : the set of all equivalence classes of irreducible representations of A.

B is called the spectrum of A. The weak* topology on P is a uniform
topology. By the GNS representation of A, there is a natural projection
from P onto B :
p:P— B.
If A is commutative, then P = B = “the set of all maximal ideals of A” as
a compact Hausdorff space. We consider (P, p, B) as a map of topological
spaces where P is endowed with weak* topology and B is endowed with the
Jacobson topology [12].
In Ref.[3], the following results are proved.

Theorem 2.1 (Reduced atomic realization) For any unital C*-algebra A,
(P,p, B) is a uniform Kdhler bundle.

For a fiber P, = p~'(b), let (Hp,m) be an irreducible representation
belonging to b € B. p € P, corresponds [z,] € P(Hy) = (Hp \ {0})/C*
where p = w;, o m, with w,, denoting a vector state w,, =< z,|(-)z, >.
Then Py has a Kahler manifold structure induced by this correspondence
from the projective Hilbert space P(Hp). We denote this correspondence by

b
T
Py — P(Hy);  T(p) = [z,). (2.1)
The Kahler distance dj, of a fiber P is given by
dy(p, p') = V2arcos| < zplxy > (p, p €Py)
which is the length of shortest geodesic between p and p' in Py.

Theorem 2.2 Let A; be C*-algebras with associated uniform Kdhler bun-

dles (Pi,pi, Bi), i = 1,2. Then A; and Az are * isomorphic if and only if

(P1,p1, B1) and (P2,p2, B2) are isomorphic as a uniform Kdhler bundle.
By this theorem (P, p, B) associated with A is uniquely determined up

to a uniform Kéhler isomorphism. From now, we call (P, p, B) in Theorem
2.1 the uniform Kdhler bundle associated with C*-algebra A.



2.2 A functional representation of non commutative C*-algebras

We reconstruct A from the uniform Kéahler bundle (P, p, B) associated with
A. Since P, = p~1(b) C P is a Kéhler manifold for each b € B, consider the
fiberwise smooth (= smooth in P, for each b € B) function. Let

C°(P) : the set of all fiberwise smooth complex valued functions on P.
Define a product * on C*°(P) denoted by [« m for [,m € C*°(P) by
lxm=10-m+vV-1Xpl (2.2)

Define an involution * on C'°°(P) by complex conjugate. Then (C*°(P), )
becomes a * algebra with unit which is not associative in general, where X;
is the holomorphic Hamiltonian vector field of | defined by an equation

wp (X)), ¥,) =3,1(Y,) (Y, eT,P) (2.3)

for each p € P, Kihler form w on P which is defined each fiber, 0 is
the anti-holomorphic differential operator on C*°(P), and T,P is the anti-
holomorphic tangent space of P at p € P. By using Eq.2.3, Eq.2.2 can be
written as follows:

lxm=1-m+vV—-1w(X;, Xm).

If {-,-} is the Kéahler bracket with respect to w, then the following equality
holds:
lxm—mxl=+v-1{l,m} (I,meC>®(P)). (2.4)

Theorem 2.3 (Gel’fand representation of non commutative C*-algebras)
For a non commutative C*-algebra A, the Gel’fand representation

falp) = p(A), (A A peP)
gives an injective * homomorphism of unital * algebras :
fi A — C®P); Aw fa

where C*°(P) is endowed with *-product defined by (2.2). For a function l
in the image f(A) of a map f,

(SIS

]l = sup [(Ix1) (p)| (2.5)
pEP



defines a C*-norm of * algebra f(A). By this norm, an associative * subal-
gebra (f(A),*) is a C*-algebra which is * isomorphic onto A.
Furthermore f(A) is equal to a subset IC,,(P)(C C®(P)) defined by

D=0, D=0,
I«1, Ixl, 1 are uniformly continuous on P [’
(2.6)
where D, D are the holomorphic and anti-holomorphic part, respectively, of
covariant derivative of Kahler metric defined on each fiber of P. Hence, the
following equivalence of C*-algebras holds:

K“P)z{lecmﬂﬂ:

A=K, (P).

We call these objects C*-geometry since any C*-algebra can be recon-
structed from the associated uniform Kéahler bundle [3] and, therefore, any
C*-algebra is determined by such a geometry.

Remark 2.2 In Theorem 2.3, the function f4 of the image of a functional
representation on A € A is not holomorphic. It is a complex quadratic form
on a Hilbert projective space like Example 1.1. Furthermore, f4 satisfies
not only continuous on across fiber but also more strong uniform continuity
like the definition of Ky (P).

Remark 2.3 (Non-commutativity and differential structure) It is not known
yet whether the function space of uniform Kéahler functions on a general
uniform Kéahler bundle satisfying conditions in Definition 2.1 becomes a C*-
algebra. In this sense, the class of uniform K&hler bundles may be larger
than the class of C*-algebras.

Remark 2.4 In [4], non commutative generalization of differential geom-
etry is claimed by using the theory of C*-algebras. A non commutative
C*-algebra is treated as a function algebra C°°(M) with respect to a wvir-
tual smooth manifold M. On the other hand, the smooth structure of the
uniform Ké&hler bundle of a C*-algebra A appears only when A is not com-
mutative since statements above Theorem 2.1. Furthermore it is known
that a commutative C*-algebra has no continuous derivation except 0. Un-
der these considerations, our opinion is that the differential structure of a
geometry makes a C*-algebra non commutative. In commutative case, the
differential structure do not arise from algebraic structure of a C*-algebra.



Hence the geometry of non commutative C*-algebras is necessarily differ-
ential geometry with the w* topology of the space of states, and that of
commutative C*-algebras is only (compact Hausdorff)topology.

By the above results, we obtain a fundamental correspondence between al-
gebra and geometry as follows:

unital commutative C*-algebra < compact Hausdorff space
N N
unital generally non commutative < uniform K&hler bundle.
C*-algebra associated with a C*-algebra

The upper correspondence above is just the Gel’fand representation of unital
commutative C*-algebra. Since Remark 2.3, we must restrict the class of
uniform Ké&hler bundles to like the above.

Example 2.2 Assume that H is a separable infinite dimensional Hilbert

space.

(1)

When A = L(H) which is the algebra of all bounded linear operators
on H, the uniform Kaher bundle of A is (P(H) U P_, p, 20U U {b})
where P(H) is the projective Hilbert space of H, P_ is the union
of projective Hilbert spaces of continuous dimensional Hilbert space
indexed by 201 2001] i5 the power set of closed interval [0,1] and
{bo} is the one-point set corresponding to the equivalence class of
identity representation (H,idz () of L(H) on H. Since the primitive
spectrum of £(H) is a two-point set, the topology of 2[01 U {by} is
equal to {0, 291 {by}, 200 U {by} } [8]. In this way, the base space
of the UKB is not always a one-point set when an algebra is type I.

For a C*-algebra A generated by the Weyl form of 1-dimensional
canonical commutation relation

Us)V(t) = eV SV () U(s) (s,t€R),

its uniform Kahler bundle is (P(H), p, {1pt}). The spectrum is a one-
point set {1pt} since von Neumann uniqueness theorem [1].
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(ili) CAR-algebra A is a UHF algebra with the nest {Man(C)}pen. The
uniform Kahler bundle has the base space 2N and each fiber on 2N is
a separable infinite dimensional projective Hilbert space where 2N is
the power set of the set N of all natural numbers with trivial topology,
that is, the topology of 2N is just {@,2N}. In general, the Jacobson
topology of the spectrum of a simple C*-algebra is trivial [8].

3 The atomic bundle of a Hilbert C*-module

The aim of this section is the construction of a vector bundle by a given
Hilbert C*-module for a C*-algebra.

3.1 Hopf bundles, Hilbert modules, deformation and canon-
ical quantization

We start from a naive geometric example related to some Hilbert C*-module
in this section.

In the text book of fiber bundles, a Hopf bundle is one of typical examples
of U(1)-principal bundle where the total space is 3-sphere, the base space
1-dimensional complex projective space ( = 2-sphere) and the typical fiber
U(1)(2 circle). The Hopf bundle (S3, u, CP') is defined as follows:

Definition 3.1 (Hopf bundle) (S3, u, CP') is called the Hopf bundle if

S3 = {(21,22) € C?: |z1]? + |22|* = 1},

CP'= (C*\{0})/C* =S%/U(1),
w: 83— CP!,
p(z1,22) = [(21,22)]

= {ew(zbm) el e U(l)} ((21,22) € S3)~

The base space CP! of a Hopf bundle is the total space of the uniform Kéahler
bundle of C*-algebra My(C) by Theorem 2.1. Some examples of vector
bundles of CP! can be obtained from associated vector bundles S3 x v C™
of the Hopf bundle defined by the space of all U(1)-orbits in a direct product
space S% x C™ associated to a U(1)-action on C™. Such vector bundle has
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the structure group U(1). By Serre-Swan theorem for vector bundles of a
smooth compact manifold, a finitely generated projective C°°(CP*!)-module
X corresponds to a vector bundle E of CP! unique up to isomorphisms [9,
13]. In this situation, C°°(CP!)-action on T's(E) is an action by pointwise
product

T'oo(E) x C®°(CPY) 3 (5,1) — s -1 € Too(E),

(s-1)(z) = s(x)l(z) (xeCP.

Let
{-,-}: C®(CP) x C>®(CP') — C>(CP)

be the Kéhler bracket of CP!. To define an action of a Lie algebra (C*°(CP!),
{-,-}), we define a x-action by deforming the above action by a connection
D of E (deformation of action):

sl = sxl=s-1++v—1Dx;s (3.7)
where X is defined in (2.3). Rewrite a right action of C*°(CP*)
M;:T(F) — T'w(E); sM; = s *1.
Then we obtain a deformed homomorphism of Lie algebras by curvature.

Lemma 3.1 For s € T'oo(E) and I,m € C®°(CP), we have the following
equation:

(1) S[Mb Mm] =V _18M{l,m} + RXZ7Xm3

where R is the curvature of D.

(ii) If M is associated with a flat connection, then
[My, M) = vV —=1Mg my (3.8)

on Too(E). That is, M is a rescaled homomorphism between Lie alge-
bras C*°(CP') and End(T'«(F)) with scaled factor v/—1.

Proof. See Lemma 4.2. 1

By a flat connection D of E, we obtain a right action M of a Lie algebra
(C°(CPY),{-,-}) on T'o(E) rescaled by \/—1. Define a Lie algebra

h(C=(CP")) = { M, € End(Toe(E)) : L € C(CP") }.

12



Then h(C>°(CP?')) is just the canonical quantization of a classical algebra
(C>=(CP*'), {-,-}) as operators on the space of sections by the quantum-
classical correspondence principle.

In this way, we obtain an operator Lie algebra h(C°(CP')) on I'w(E).
By using Example 1.1 and Eq.2.4, M3(C) is embedded in C°°(CP!). Hence
we obtain an injective homomorphism M o f from a Lie algebra gla(C) =
M3 (C) to h(C>(CP')) which is the following southeast arrow by composed
other two arrows M and f:

gh(c) L o=cp
Mof N\ LM
h(C>=(CP")).

In fact, for A, B € gly(C),

[(Mo f)(A), (Mo f)(B)]= [Ms,, Mg]

= V-1IMy, 1y)
M\/—_l{fA,fB}
Myssfp—fpefa
MfAB—fBA

= Mg pa
= (Mo f)([A, B]).

We obtain an action of gla(C) on I'no(E) by a flat connection D. We finish
to explain a naive example. Note that there is no associativity of M3(C) in
general for E in this example.

In the general case, we construct a vector bundle F associated with a
Hilbert C*-module, and a * isomorphism ¢ from a general C*-algebra .4
with a uniform Kéhler bundle (P, p, B) into an associative * algebra Bp =
xAlg < h(C*°(P)) > and an isomorphism ¥ from Hilbert C*-module X into
' (F) so as for the following diagram to be commutative:

X x A = X

Uxe ! v

POO(E) x Bg — Foo(E)~

13



By this case, we can always construct F which satisfies the associativity of
A. On the other hand, we define the atomic bundle as a kind of vector
bundle from a Hilbert C*-module and show the bundle structure by using a
Hopf bundle.

3.2 The construction of the atomic bundle

Before starting to construct the atomic bundle of a Hilbert C*-module, we
state the definition of a Hilbert C*-module.

Definition 3.2 ([7]) X is a Hilbert C*-module over a C*-algebra A if X is

a right A-module and there is an A valued-sesquilinear form
<> XxX—-A

which satisfies the following conditions:

<nléa>= <nl{>a (n,§€X),
(<nlg>) = <&n> (§&meX,aeA),
<gE>> 0 (e X),
<EE>=0 =¢£=0 (e X)

and X is complete with respect to a morm defined by

lElx =1 <&le>1"* (£eX). (3.9)

Let X be a Hilbert C*-module over a unital C*-algebra A and (P, p, B) the
uniform Kéhler bundle associated with 4 defined in Theorem 2.1. Defining
a closed subspace N, of X with p € P by

Ny={cexp(lel>) =0} (3.10)
( note ||€]|? =< £|¢ >€ A ), we consider the quotient vector space
55)(,,) = X/N,
equipped with a sesquilinear form < :|- >, on &%, o defined by
<> E%,xE%, — C,

<[Elpllnlp >p =p(<&n>) ([, nlp € €% )

14



where

lp=¢+N,€&%, (EeX). (3.11)
Then < -|- >, becomes an inner product on £% . Let Ex,, be the completion
of £% , by the norm || - [[, = (< | >,)1/2. We obtain a Hilbert space

(Ex,ps < |- >,) from a Hilbert C*-module X for each pure state p € P.

Definition 3.3 (Atomic bundle) An atomic bundle Ex = (Ex,lx,P) of a
Hilbert C*-module X is defined as a fiber bundle Ex on P:

SX = U 8X,p7
pEP

where the projection map Ilx : Ex — P is defined by Ux(z) = p for x €
Ex,p- Forb e B, a B-fiber &4 = (€%, 1%, Py) of X is defined by

&= U Exp

pEPy
b b b

The name of the atomic bundle comes from the (reduced)atomic represen-
tation of a C*-algebra. The atomic bundle is a collection of its B-fibers:

ex = | &

beB
In this way, £x has a two-step fibration (€x,Ilx,P) and (Ex, p o Illx, B):

&x TP

pollx N ! P
B

where their fibers are £x , = 1" (p) and &% = (p o IIx) ' (b), respectively
for pe P and b € B.
3.3 Unitary group action on the atomic bundle

The aim of this subsection is to give the canonical definition of the typi-
cal fiber of the atomic bundle in order to state the structure theorem in
subsection 3.4.
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Let G be the group of all unitary elements in A. Define an action y of
G on P by
Xu(p) =poAdu* (ueG, peP).

We note that any pure state is moved to a pure state by any inner automor-
phism of A. Hence x, maps Pj to P for each b € B and u € G.

Lemma 3.2 G acts on Py by transitively.

Proof. Because the GNS representation of any element of P is irreducible,
any two unit vectors in Hj are transformed by m,(u) for some v € G. Assume
that p1, p2 € Py. Then there are h,h' € Hy, ||h|| = 1 = ||1'|| such that p; =<
hlmy()h > and py =< A'|my(-)h" >, there is u € G such that m(u)h = '
and

Xu(p1) = p1 o Adu* =< h|my(u*)m()m(u)h >=< h'|mp(-)h >= ps.
Hence the action x of G is transitive on P. I

Next, define an action t* of G on E% by

tg)=lew],, (veG (€ eek,).

t* is well defined since a map & — &u* maps N, p to Ny, (p)- In fact,

xa(p) (lewI?) = p ((Adu?) (uliglPu” ) = p (11€12)

Then ¥ is a unitary map from £% p 10 €% . (p)-Hence we can extend th as a

unitary map from Ex , to Ex,y, (). We note that
() =ctl(x) (ueG, celU(l)). (3.12)

We define an action ¢ of G on £x by t|g§( =1’ b€ B. Then T = (t, ) is an
action of G on (£x,Ilx,P), that is, the following diagram is commutative
for each u € G:

ty
Ex = Ex
ny | Iy
Xu
P = P.



In fact,

(I o tu)([€]p) = Mx ([€u7 ]y, (p) = Xulp) = (xu 0 Tx)([€],)-

Hence Il x ot,, = x4 ollx holds on S;’Q o By continuity, it holds on the whole
Ex,p for each p € P.

This action preserves B-fiber (£%,11%,P), b € B, too.

For two fibrations (€%, 114, Ps) and (S(Hy), fup, Pp), define a fiber prod-

uct E2YM € g4 x S(Hy) of them by

eV = gt xp S(Hy)

For a Hopf bundle (S(Hp), up, Py), see a sentence after Theorem 2.1 and

Appendix A.

Define an action o® of G on Sg(’U(l) by

ob@,h) = (tu(@), m(wh)  ((2,h) € &Y ueq).
In fact
% (tu(2)) = xu([% (2)) = xu(p) = po Adu* = py(myh)

when (z,h) € S)b(’U(l) and I (z) = p = up(h). Therefore 0¥ (z, h) € S)bgU(l).
Hence o? is well defined.
We note that a representation (Hy, ;) of A induces an action of G on

S(Hp).
Lemma 3.3 For (xz,h) € 5?(’[](1) and u € G, if ab(z,h) = (y,h), then
T =1.

Proof. 1t is sufficient to show for the case z € £% ,. Assume z = [{],. By
assumption,
(y,h) = oy(x,h)
= (tu(x), m(u)h)
= (KU*]Xu(p)a 7Tb(u)h)

Hence h = m,(u)h. Equivalently we have

mp(u*)h = h. (3.13)
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By definition of fiber product,

t (mp(u)h)
= w(h)
= p‘

Therefore we have x,(p) = p and y = [{u*],. By using the above results, we
obtain the following equation:

lz —yll2 = p(lE — Eu*||?)
p(IEN?) + p(ll€u]1?) — p(< Eléu* >) — p(< Eu*|€ >)
p(IENP) + p(ull€llPu*) — p(< €€ > u*) — p(u < €JE >)
= p(lIEIP) + xulp)(IEN?)

— < hlmy(< §|€ >)mp(u*)h > — < mp(u*)h|mp(< €] >)h >
= 2p([€]?) — p(< €J€ >) —p(< €€ >) (by (3.13))
= 0.

We note that p =< h|m(-)h > here. Hence we obtain z = y. 1

Definition 3.4 F% is the set of all orbits of G in Sg(’U(l).

Let O(z,h) € F% be an orbit containing (x,h) € E)b(’U(l). Since G acts on

S(Hp) transitively,

O(x,h) = {o’(z,h):uc G}
{(ful), my(u)h) - u € G}

for each (z,h) € SgéU(l). Hence F% is a family of spheres which is home-
omorphic to S(Hp) in Eg(’U(l). By Lemma 3.3, any element of O(x,h) is
written as (y,,, h') where y,s is an element of % determined by K e S(Hy)
uniquely.

Lemma 3.4 For (y,h') in O(x,h), ify =x #0, then h=h'.

Proof. By choice of (z,h), there is u € G such that o(z,h) = (z,h).
t®(x) = x and m,(u)h = h'. Since

pp(R) = i () = py(h),

18



there is ¢ € U(1) such that A" = ch. Hence we can choose u = cI. If x # 0,
then we have
z=1(x) =1t () = ety (x) = cx

by (3.12). Therefore ¢ = 1 and we obtain h = h" when z # 0. 1

Corollary 3.1 Force U(1),
O(z,ch) = O(cx, h).

Proof. 1If (y,h) € O(z,ch), then we can take u € G as u = ¢I. Then

ol

y = ty(x) = cx = cz.

1
Furthermore O(0,h) = {(0,h") : K’ € S(Hyp)} because t’. is unitary for

each u € G. Let (y,h') € O(z, h)N (SX’%(,L) X S(Hb)>. Then thereis u € G

such that (y,h') = ou(z,h). By choice of (y,h'), h' € p, *(up(h)). Hence
there is ¢ € U(1) such that A = ch.
We note that £x, and &y , are equivalent as a Hilbert space when

p.p € Py

Proposition 3.1 Fg} is a Hilbert space which is isomorphic to Ex , for each
p € Py.

Proof. Fix hg € S(H) such that uy(hg) = p. Define a map
R:E&x,— F%; R(x)= O(z,hy).

Then R is surjective. If R(x) = R(y) for z,y € Ex,p, then O(x, hy) =
O(y, ho). By Lemma 3.4, x = y when x # 0. If z = 0, then y = 0. Hence R
is bijective. We define a structure of Hilbert space of F% from Ex,p by R.
Then we have the statement of the proposition. I

We denote calculations in F)b(.

Ola,h) + Oy, ) = R(ty, (@) + R(tu, (4))
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where oy, (z,h) = (ty, (x), ho) and Ou,, (y,h') = (tuh, (y), ho). For k € C,

k-O(z,h) = kR(ty, ()
R(k - ty, ()
R(tu, (kx))
= O(kz, h).

Specially, ¢ € U(1),
c-O(z,h) = O(z,ch)

by Corollary 3.1.

3.4 Structure of the atomic bundle

We show that the atomic bundle has a Hilbert bundle structure in order to
define sections on it in the next section. Let (S(Hp) x (1) F%, Ty, P(Hy))
be the associated bundle of (S(H), uup, P(Hyp)) by F% where a Hilbert space

F )b( is defined in Definition 3.4. By definition of the associated bundle(Appendix
A.3), an element of S(Hy) X /(1) F¥% is written as the U(1)-orbit [(h, O(z, k))]
which contains (h, O(z,k)) € S(Hp) x F%.

Lemma 3.5 Any element of S(Hy) x 1) F% can be written as [(h, O(z, h))]
where O(x,h) € F%.

Proof. Take an element [(h, O(y,k))] € S(Hs) Xy1y Fk. By definition of
O(y, k) and the transitivity of the action of G on S(H), there is u € G such
that h = uk and (t2(y),h) € O(y,k). Denote x = t,(y) Then O(z,h) =
O(y, k). Hence

[(h, O(y, k)] = [(h, Oz, h))].

For h € S(H) and x € €%, we denote
[h7 ZE] = [(hv O(CE, h))] € S(Hb) XU(1) F)b(

from here.
Recall for each b € B, Py is a Kéhler manifold which is isomorphic to a
projective Hilbert space P(Hj) by a map 7° in (2.1).

20



Theorem 3.1 For eachb € B, the B-fiber (£%,11%,Py) at b is a local trivial
Hilbert bundle which is isomorphic to (S(Hp) X (1) F%, TR P(Hs) ):

(€% T, Po) = (S(Hy) xu) Fy. mp . P(H))

where F)b( 1s a complex Hilbert space defined in Definition 3.4 which is iso-
morphic to Ex , for each p € Py,.

Proof. Define a map ¥° : % — S(H,) Xu(1) F% by
U(z) = [hy,2] (2 € &%)

where h, € py (% (x)). We show this definition is independent in the
choice of h,. If B’ € p; '(IT% (z)), then there is ¢ € U(1) such that h' = ch,.
We denote h = h, for simplicity. Then we have

(', O(z,h")) = (ch, O(x,ch))
(h757 CO(I’,h))
= (h, O(z,h))-c

where « is an action of U(1) defined in Appendix A.3. Hence
(h, 2] = [(h, Oz, )] = [(W, O, h)] = [Wx].

In this way, U’ is well defined. If W°(x) = W(y) for z,y € %, then [h,z] =
[A',y]. Therefore there is ¢ € U(1) such that (h, O(z,h))e = (', Oy, h)).
By h' = ¢h and Corollary 3.1,

O(y,ch) = O(y, 1)
cO(zx, h)
= O(z,ch).

By Lemma 3.3, = y. Hence ¥ is injective. By definition of F%, W’ is
surjective. WP is a bijection. Furthermore the following diagram is commu-
tative:

b v b
Ex = S(Hp) xuay Fx
Hg{ l lTng(
Tb
Ps = P(Hp)
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We obtain a set-theoretical isomorphism (¥°, 7°) of fibrations between (£%,
1%, Py) and (S(Hy) Xy(1) F%, TR Py ) such that any restriction \Ilb|gx7p
of U’ at a fiber £x , is unitary between £x , and w;bl (p) for p € Py.

X

We define a Hilbert bundle structure of (%, 5, P) from (S(Hs) X1y
F;’{, Tt s Py) by (TP, 7%). We have the statement. 1

We have constructed a Hilbert bundle from a Hilbert C*-module by
Definition 3.3 and Theorem 3.1.
Let (X x P,t,P) be a rivial complex vector bundle on P. Then there is
a map
PX:XXP—>gx, (314)

defined by

The map Px has a dense image in £x at each B-fiber. For p € P and
T € Px(X X P) ﬁg)gp,
(Px)"!(z) = N,

where N, is a vector space defined in (3.10).
The following diagram is commutative:

X xP 12( EX

t l l ITx

P ©p
Hence (Px, id) is a bundle map from (X x P, t, P) to (£x, Ux,P).
By Theorem 3.1 and Definition 3.3, the atomic bundle of a Hilbert C*-
module is a family of associated bundles of Hopf bundles indexed by spec-
trum B:

Ex = U (S(Hb) XU(1) F%) .
beB

Example 3.1 If A is commutative, then 2 =P = B and each B-fiber is
E% — Py = {b}.

Hence the smooth structure of B-fiber collapses at each b € B. Furthermore,
fX=A"=A® - -0 A= C(Q)", then N, = {{fi}l-, € C(Q)" : fi(w) =0}
for each w € Q. Since A/N, = C, Ex,, = C". Hence Ex = Q x C™.
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Example 3.2 If A = M,(C), then P = CP"!( = n — 1 dimensional
complex projective space), B is a one-point set. Hence the atomic bundle of
a Hilbert C*-module over M, (C) is a locally trivial smooth Hilbert bundle
on CP" 1. Furthermore the atomic bundle of a Hilbert C*-module over a
finite dimensional C*-algebra is a family of locally trivial smooth Hilbert
bundles on complex projective spaces.

4 Connection and *-action

In this section, we define a flat connection D on the atomic bundle and show
a relation between the associativity of x-action defined by D and the flatness
of D.

4.1 The atomic connection of the atomic bundle

To define the *-action of (C°°(P),*) on the smooth sections of the atomic
bundle of a Hilbert C*-module X, we define some connection D of £x which
is called the atomic connection.

Let £x = (Ex,I1x,P) be the atomic bundle of a Hilbert C*-module X
over a C*-algebra A defined in section 3. Let I'(£x) be the set of all bounded
sections of Ex, that is, I'(£x) 2 s : P — Ex is a right inverse of IIx and
satisfies

Jsll = sup ls(o)ll, < oc. (4.15)
pEP

By the following operations, I'(£x) is a complex linear space:

s(p) + 5 (p) (peP,ss el(Ex)),

(s+5)(p)

(ks)(p)

Furthermore I'(€x) is isometric onto a Banach space @ ,cp €x p of the direct
sum of { £x,, },ep. By Theorem 3.1, we can consider the differentiability of
s € I'(Ex) at each B-fiber

ks(p) (peP,sel(€x), keC).

b
slp, : Pp — Ex

for each b € B in the sense of Fréchet differential of Hilbert manifolds.
Define I'o(€x) the set of all B-fiberwise smooth sections in I'(Ex).
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Let X(P) be the set of all B-fiberwise smooth vector fields of P. H is a
hermitian metric of £x defined by

/

Hy(s,5') = (s(p)

$(0)), (4.16)

for p € P, s,5 € I'oo(Ex) [11].

Definition 4.1 D is a connection of Ex if D is a bilinear map of complex
vector spaces
D:X(P)xTw(Ex) — T'o(Ex)

which is C*°(P)-linear with respect to X(P) and satisfies the Leibniz law
with respect to I'so(Ex):

Dy(S-l):ayl-8+l~Dys
for s e I'x(Ex), L € C®(P) and Y € X(P).

For Y € X(Py), h € S(H;) and p € V), we denote Y a tangent vector
at p in a local coordinate Hj. We define a linear map

Ay Py — FY
by multiplying a number

1< 6h(p)|yph >

214 B2
That is, for z = Br(p) € Hp,
1< 2|YP >
Ah o= 2" & e F%). 4.17
Y,pe 9 1+”2H2€ (e X) ( )

For the space of sections of E%, we show that

Proposition 4.1
D?/,p = 8yph + Agb/w

defines a flat connection D of 5})’(.

Proof. Appendix B. 1
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Definition 4.2 We call the connection in Proposition 4.1 the atomic con-
nection of the atomic bundle.

We note that the atomic connection of the atomic bundle £x is independent
in a Hilbert C*-module X.

We prepare some equations for the main theorem. For p € V},, define a
vector in QZ in Hp by

Bn(p) + R
V180>

Assume that p = w, o, for a © € Hy. Then

h —
Q, =

_1_|<h]x>|

< hlz >

% = s | <]
P <hlz>|<hlz>

Hence [z] = [QZ] and
< hjQ >> 0.

Let s be a section in I'(€x) such that for each p € P, C P, there is {, € X
s(p) =€, € Ex,p- Let z = By(p) for h € S(Hp) such that p € V.

Lemma 4.1 The following equations hold:

(O |m(< €'lg >)(z+h) )
R

< e|Yan(s(p)) >= (4.18)

fore= (’)([fl]p/,h) € FY%,

ay¢h<p><s<p>>—0([ayép+fp (K{;—%)} h) (4.19)

where an element KQP € A is defined by
(K ) (h+2) =Y (4.20)
and [Oyfp]p € Ex,p is defined by
(s |[OvER, >p = p(Oy <nl&, >)

for ], € Ex,p-
Proof. Appendix C. 1
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4.2 The x-action of a function algebra on sections of the
atomic bundle

By (2.2), the function space C*°(P) is a * algebra with x-product which
is not generally associative. We define the *-action of (C*°(P),*) on the
smooth sections of the atomic bundle of a Hilbert C*-module by using the
atomic connection D of £x. And we characterize algebraic properties, com-
mutativity, associativity, of x-action by D and the curvature of £x with
respect to D.

Let D be any connection of £x.

Definition 4.3 We define the (right) *-action of C*°(P) on I'wo(Ex) by
sxl=s-14++vV—-1Dx,s

forl € C®(P) and s € T'o(Ex) where X; is the holomorphic Hamiltonian
vector field of I with respect to the Kahler form of P.

Remark 4.1 (i) By this lemma, the non-commutativity of #-action of
C>®(P) on ' (Ex) depends on the connection D of Ex and the Kahler
form of P.

(ii) We use three different notions, x-action, *-product and involution by
the same symbol “x¥” when they do not make confusions.

We show the geometric characterization of *-action.

Lemma 4.2 For each s € T'o(Ex) and l,m € C°(P), the following equa-
tion holds:

(s*l)xm— (sxm)*l= (\/—71{l, m} + [Dx,, DXm]) s,

sx(lxm)—sx(mxl)= (J?l{l,m} + D[thm})s.

Proof. According to Definition 4.3, we have

(s*xl)xm— (sxm)x*l
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- (g-l—l—\/—_lDXls)*m—<s-m—|—\/—_1DXms)*l

= V=1Dx,(s-1) + V=1 ((Dx;s) -m + v=1Dx,, Dx;5s)
_\/__1DXZ(5 . m) — \/—_1 ((DXmS) L+ \/__1DXZDXMS>

= +—1s- (Xml — le) — DXmDXZS + DXZDXmS

= V-, m}s+ [Dx,, Dx,]s

since

(X)) — Om(X)) = w(Xy, Xin) — w(Xim, X7) = {l, m}.
Similarly we see

sk(lxm)—sx(mxl)= s*x(lxm—mxl)
= =1sx{l,m}
= \/—_1({l,m}s+ \/—_lDX{l,m}s)
= V=U{l,m}s — D_[x, x,,]5
= (\/—_1{l,m} +D[Xl,Xm])3

since
X{l,m} = _[Xb Xm]

for I,m € C*°(P). 1

Let the associator a(l,m) of [,m € C*°(P) be an operator
a(l,m) : Teo(Ex) — Too(Ex)
defined by
a(l,m)s = (sx1)xm —sx (lxm) (s € To(€x))-
Then we have a relation between associativity and curvature.

Proposition 4.2 OnT'(Ex) and forl,m € C*(P), the following equation
holds:
a(l,m) —a(m,l) = Rx, x,,,

where R is the curvature of Ex with respect to D defined by
Ryz =[Dy, Dz] = Diy,z1 (Y, Z € X(P)).
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5 A sectional representation of Hilbert C*-modules

Before starting the main part of Theorem 1.2, we summarize notations in
this article. Let X be a Hilbert C*-module over a unital C*-algebra A,
Kw(P) the image of the Gel'fand representation of A and £x = (Ex,1x,P)
the atomic bundle of X. For the map Px defined in (3.14), define a linear

map
Px.: T(X xP)—I(Ex),

(Pxs«(s)) (p) =Px(s(p)) (s€el(XxP),peP).
We define a subspace I'x of T'(Ex) as follows:
Definition 5.1

FX = PX* (Fconst(X X P))

where Teonst (X X P) is the subspace of T'(X x P) consisting of all constant
sections.

Remark 5.1 I'x is quite smaller that the set of all holomorphic sections
of £x. In fact, by Theorem 5.1, the hermitian form restricted on I'x is in
Ku(P). Hence I'yx is small as same as KC,,(P).

We state a reconstruction theorem of a Hilbert C*-module by the atomic
bundle.

Theorem 5.1 (i) Any element in T x is holomorphic.
(ii) I'x is a Hilbert C*-module over ICy(P).
(iii) There is an isomorphism between two Banach spaces
U X =Ty
such that the following diagram is commutative:

X x A — X

uxf | v

I'x x ICU(P) - I'x,

where two horizontal arrows mean module actions. Hence, under the
identification f : A = Ky(P), T'x is isomorphic onto X as a Hilbert
A-module.
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We prepare some lemmata for the proof of Theorem 5.1 and explain how the
structure of Hilbert C*-module is interpreted as the geometrical structure
of the atomic bundle.

For £ € X, we define a section s¢ € I'(Ex) of Ex by

se(p) = [€lp (peP).

Consider *-action defined in Definition 4.3 by the atomic connection D in
Proposition 4.1 of £x. Recall that X and I'(€x) have norms defined by (3.9)
and (4.15), respectively. Then, the following lemma holds.

Lemma 5.1 For each £ € X,
(i) &+ s¢ is linear and isometric,
(ii) s¢ € T'o(Ex) and it is holomorphic,
(ili) s¢* fa=sca4 for Ae A

Proof. (i) £ — s¢ is linear by definition of linear structure of each fiber of
Ex, and we have
lsell = sup flse(p)ll,
p
sup |p(< €J¢ >)['?
peEP
= [l <éele> 12
= Jl¢llx-

Hence s¢ is bounded on P and a map s is an isometry.

(ii) Let p € P. Assume p € Py for some b € B. Let (H, 7) be a representative
irreducible representation of b. Take local trivialization g 1, at (Vp, Bn, Hp)
and at p with a typical fiber F% defined in Definition 3.4. By (4.19), we
obtain

ay¢h<p><55<p>>=o<[s<K¢,p—%)}, h). (5.21)
p

Owing to (4.20), the right-hand side of (5.21) is smooth with respect to
2 = Bn(p) € Hp, and hence, s¢ is smooth at P, for each b € B. For pg € Py,
we can choose hg € S(Hp) such that

po =< ho|my(-)ho > .
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Then Bp,(po) = 0. By (4.18), we have

@

7Tb(< fl‘f >)(Z + h0)>
1+ |22

< el ony(p)(s¢(p)) >=

for z = Bp,(p), p € Vhy- For an anti-holomorphic tangent vector Y of P,
we have

Oy on(p) <sg<p>>—o<[—§2(<1§7m] , h)
P

from which follows B
Ay on(p) (se(p)],—g = 0.

We see that the anti-holomorphic derivative of s¢ vanishes at each point in
Py. Hence s¢ is holomorphic.

(iii) Let A € A. For b € B and py € Py, take local coordinate (Vy,, On, Hp)
at pg where h is a unit vector in H and (H, ) is a representative irreducible
representation of b. Then for z € Hj,, we have

<(z+h)|m(A)(z+ h) >
14|22

(fA o 5{1> (2) =

Then the representation X ]’}A of the Hamiltonian vector filed X ¢, at (Vy, By, Hp)
is

(X?A)Z = —V=1(m(A)(z + h)— < hlm(A)(z + h) > (= + b))
for z € Hj,. If we take h such that (;,(pg) = 0, then it holds that

(X}LA)O = —V=1(n(A)h= < hlx(A)h > h).
D satisfies
< 0l(Dx;, 9)(p0) >po= Do (< VIs() >p0 ) (X1,
for v € Ep, s € I'(Ex). Hence we have
(Dx;,5¢)(po) = [éaXfA,o]pO

where ax, o € A satisfies

™ (aXpr) h = XfA
= —V=1(m(4)= < hl(A)h >)h,
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Therefore we have

V=1(Dx, s¢)(po) = v—1[&ax;, 0]p
= V=T [e (—V=T(A- < hln(A)h >))]
= [€A]p — [Elpo < hIm(A)h >
= sea(po) — se(po)falpo)

PO

from which follows

(s¢ * fa)(po) = se(po)fa(po) + v =1(Dx;, s¢)(po)
= sealpo).

Therefore we arrive at
(s¢ * fa)(p) = scalp)  (p€P)

which proves lemma (iii). 1

Proof of Theorem 5.1 (i). Define a map
U:X —-T(€x); W) =se (e X).

Then V¥ is a linear isometry by Lemma 5.1. For each 7 € I'const(X X P),
there is £ € X such that 7(p) = (£, p) for p € P. We denote such 7 by 3.
Then

s€'x & thereis £ € X such that s = Px.,5

& s(p)=1[l, (peP)

< 8= 8¢
& s=U(6)
& se U(X).

Hence I'x = ¥(X). Therefore Theorem 5.1 (i) follows from Lemma 5.1 (ii). g

Lemma 5.2 (i) I'x is a right K, (P)-module by *-action defined in Def-
nition 4.3.

(ii) For a hermitian metric H of Ex which is defined by Equation (4.16),
let b be the restriction H|r, of H of Ex on I'x. Then a function-
valued sesquilinear form

h:FX XPX%COO(’P)
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satisfies

H(s,s)e  Ku(P) (s,s €I'x),

D55 =  B(shs) (5.5 cTx),

b(s,s) > 0 (seTlx), (5.22)
h(s, s «f)= B(s,s)«f (s,s €Tx, feKulP)),
(s, )"/ = [Is]] (selx)

where the positivity in (5.22) means H(s,s) being a positive-valued
function on P and the norm of §(s,s) is the one defined in (4.15).

(iii) The following equation holds:

b, (L), ¥(n) =p(<&n>) (&meX, peP).
Proof. (i) From the proof of Theorem 5.1 (i), I'x = ¥(X). Since Lemma
5.1 (iii) and K, (P) = f(A), the following map
Fx x Ku(P) =9 (X) x f(A) 3 (s,]) — sxl e U(X) =Tx

is bilinear. Hence, I'x is a right IC,,(P)-module. Thus (i) is verified.
(ii) and (iii): Next, we have the following equations

b,(0(6), W(E)) = b (56, 50)

= Hpy(se,s¢)
< s¢(p)|sg (p) >p
p(< €lg >),

which proves (iii). Furthermore,
p(<ELE >) = fogers (0)-

Therefore h(T(€), U(£')) = feele> € Ku(P). Hence h(s,s') € Ku(P) for
each s,s € Dy. For £,ne X, A€ A,

hp(sn7 S¢ * fA) = bp(sn? SEA)
= p(<nl§A>)  ( by using (iii) )
= p(<nlg>A)
= (f<n\§>A)(P)
= f<n\§> * fA)(P)

= (Bsy, 5) + fa)(p)-
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Hence it is shown that
B(s, s x1)=h(s, s)*l (s,s €Tx,leKu(P)).

Remain equations appearing in the statement (ii) follow from the property
of C*-valued inner product of X and the proof of Lemma 5.1 (i). This com-
pletes the proof of (ii). 1

Proof of Theorem 5.1 (ii), (ii): (i) By Lemma 5.2 (i), (ii) and Definition
3.2,
h:Tx x 'x — Kyu(P) (5.23)

is a positive definite C*-inner product of I'x. Hence I'x is a Hilbert C*-
module over a C*-algebra K, (P).
(iii) By the proof of Lemma 5.1 (i) and Lemma 5.2 (i), ¥ is an isomorphism
between X and I'x. If we rewrite module actions ¢ and ¥ of X and Iy,
respectively, by

¢(§7 A) = (A,

(s, 1) = sxl

foré e X, Ae A, seT'x and | € K, (P), then we have
(o (¥ x[f)(&A)= V&) *fa
== SE*fA

= SeA
= V(¢4

= (Vog)(£A)
by Lemma 5.1 (iii). Hence we obtain the following equation:

Yo (U xf)=Wodp.
Therefore the diagram in the statement (iii) is commutative. 1
We summarize our results. The functional representation f of a non

commutative unital C*-algebra A with the set P of all pure states on A,
and the sectional representation s of a Hilbert A-module X are given as
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follows:

A L kP coxp),

A = fa; falp) = p(A),
(A€ A, peP),

X 2 Ty CThuolx)

£ = 86 se(p) = [€]p,

EeX, peP)

where Ex is the atomic bundle of X and T'j00(Ex) is the set of all holomor-
phic sections on £x. The correspondence of module structures of them is
the following:

(f,A) e X xA = FXX’CU(P) > (Sg,fA)

! !

EA S X = I'x =] Sg*fA.

Remark 5.2 Compairing the characterization of non commutative Gel’fand
representation of C*-algebra by [3], it seems that our characterization is not
sufficient. Reader may request that another characterization which is de-
fined by uniformity and etc, is necessary. Of course, we have tried to find
more suitable characterization of section. Despite of our effort, we have not
suceeded yet. The difficulty of characterization is similar to Remark 2.3.
This is a problem in our future study.

Acknowledgement I would like to thank Prof. 1.Ojima for a critical read-
ing of this paper.

Appendix

A Hopf bundle

We summarize about Hopf bundle and its associated bundle.
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A.1 Definition

We denote H a Hilbert space over C such that dim’H > 1. Denote C* =
C\ {0}. Define

S(H)= {zeH: |z =1},

P(H) = (H\{0})/C*.

We call S(H) and P(H) a Hilbert sphere and a projective Hilbert space over
H, respectively. We denote an element of P(H) by [z] for z € H \ {0}. We
define a topology of S(H) the relative topology of H, and that of P(H) the
quotient topology from H \ {0} C H by the natural projection. Define a
projection u from S(H) to P(H) by

p: S(H) — PH),

wz) =l (=€ SH)).
Definition A.1 We call (S(H),, P(H)) a Hopf (fiber)bundle over H.
Clearly, = 1([2]) = S for each [2] € P(H).
Example A.1 When H = C, then
S(H)=5", P(H)={1pt}.

When H = C2,
S(H) =83 P(H)=CP.

We define local trivial neighborhoods of a Hopf bundle ([3]).
Fix h € S(H) and define

Wh= {z€S(H):<h|z>> 0},

Vi {[z] € P(H) :< h|z ># 0},

Hp = {z€H:<h|z >= 0},

o z
< hlz>

Bn: Vi— Hn;  Bu([2]) —h ([z] € Vn).

Then {(Vh, Br Hr) thes(r) is a system of local coordinates of P(H). P(H)
is a Kédhler manifold by this local coordinate system [3].
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Let 1y, be the local trivialization of S(H) at V, defined by
Pp s~ (Vh) 2V, x U(1)

1/1h(2’) = ([Z], ¢h(z) )7
o= SH (renn ),
e = oS (e Vg eu).

Hence {Vi}nes(n) is a system of local trivial neighborhoods of P(H) for
(S(H),u, P(H)). Let R be a right action of U(1) on S(H) defined by

S(H) xU(1) = S(H); (z,¢) > z-¢c= R.z = ¢z.
Then the following conditions are satisfied:
() u(Rez) = p(2),
(ii) R is free, that is, if R,z = z, then ¢ =1,
(iii) for each h € S(H),

< zlh >

B = TG>T

(z€ S(H), ceU(1)).

Hence (S(H), 1, P(H)) is a principal U(1)-bundle.
Lemma A.1 For h,h € S(H), assume V,y NV, # 0. For z, X € Hy, we
have

h + z . ’
<h|h+z>

)

(By 0 By, (=) =

1 <H|X >
<h|h+z> <KW |h+z>?2

028,y 0 B, (X)) = (h+ 2).

Definition A.2 For a local trivial neighborhood Vy,

Qn:Vp, — S(H)
1s a local section defined by
< z|h >
o) = oo (e PO

where z € S(H).
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By definition, < h|Qx(p) >> 0 for p € V.

A.2 Transition function

If h,h’ € S(H) such that A" € V},, then the transition function
Qup: VNV, —U(Q)

is defined by

Q)= > ( < 2fh > )

| <h'|z>]\| <h|z>]

<zh > <hlz>
| <h'|lz>||<hlz>]|

Fact A.1 (i)
Qur([2) =1 ([z] € V).
(i) If h,h' € S(H) satisfy < h'|h ># 0, then
Qu'n = Q-
(iil) If h, k', A" € S(H) are mutually non orthogonal, then
Qur ([2]) - Qprp([2]) = @y ([2]) - ([2] € VNV V).

Lemma A.2 Let X be a tangent vector of P(H) at p € Vi, NV, which is
realized in H, and B,/ (p) = z. Then we have

1<z+hh>*<hX >
2 | <hlz+n >3

0. (@} 0 B1) (X) =
Proof. For w € 'H,/, we have
(@ 080" ) (@) = (Quy 0 8,") (w)

<w+h'lh> <h|w+h>
| <hlw+h >]|<h|w+h>]|

<w+h|h>
| < hlw+h" > |
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because < h'|w >= 0 by definition of H,.

C1<z4hh>*<hX >
2 | <hlz4+h >3

0. (Quly 0 07") () =

Lemma A.3

1 <hlX>

(QuaoBt) ()00 (@, 0 8,) (X) = -5 s

Proof. By the previous lemma,

(Qh’h ° 5;/1) (w) - Ow (nglh o B}?l) (X)

<hw+h > [ 1<hX><w+h[h>*
| <w+h'|h> | 2 | <hlw+h >3

C1<hlw+h ><hX ><w+h[h>?
2 <w+h'|h>2 <hlw+h >2

1 <hlX>
2<hlw+h" >’

A.3 Associated bundles of Hopf bundles

Let F' be a C*°-manifold with left U(1)-action o and S(H) x F' the direct
product space of S(H) and F. Define a right U(1)-action v on S(H) by

zve=c¢z (ceU(l), ze S(H)).

We define S(H) xy1) F by the set of all orbits of U(1) in S(H) x F
where a U(1)-action is defined by

(2, f)e= (27, (@) f) (€ UQ), (z,f) € S(H) x F).
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The topology of S(H) X1y F' is induced from S(H) x F' by the natural pro-
jection 7 : S(H)x F' — S(H) <1y F. We denote the element of S(H) x (1) F
containing (z, f) by [(z, f)]. Define a projection

TF . S(H) XU(].) F — P(H)

by
e ) = p@) (@ )] € S(H) xpp) F).

Definition A.3 A fibration F = (S(H) xumF, 7, P(’H)) is called the
associated bundle of (S(H),u, P(H)) by F.

For h € S(H), define a map

Yan T (Vn) — Vp x F

Yan ([(2, )])
¢o¢,h([(z7 f)])

Hence we have

on(l(z 1)) = (

(1(2); Gan(l(z,)]))
a(on(2))f ([(z, ] € 75" (Vi))-

( < z|lh >
| < hl|z>|

I

5

)1) (et on),

vab @ = [(5 a(S5E201)] (L evxr)

| < hlz > |

The definition of v, is independent choice of (z, f). In fact, if (z/, f/) =
(z, f)e for ¢ € U(1), then (2, f') = (¢z,(¢)f) and

dan(l(z, )] = ([z’L 2 (%) f/>
= z alc <zh> alc
a (H’ <|<hlz>|> ()f)

= (8 = (5E)0)

= Yan(((z, 1))
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Y, is a local trivialization of F at V},. The transition function is given by
Qa,h',h = ¢a,h/ o LZJ;}L : (Vh' N Vh) xF — (Vh/ N Vh) X F,

([ /) = ([, a(@p (D)) -

Each vector space V over C has the scalar multiplication as U(1)-action «.
If F =V, then we have

< z|h >
| < hlz > |

Qo nll2), 1) = ([z], <zh > <hlz> f)

v () = (18] £) () e o),

| <h|z>|| <hlz>]
(([2]: ) € Wy NV) x F).

A.4 Recovery of the typical fiber

Let (S(H),u, P(H)) be a Hopf bundle and F' a complex Hilbert space. We
consider S(H) X1y F' by the scalar multiple of U(1).

Proposition A.1 There is the following equivalence relation of fiber bun-
dles on P(H):

(S(H) xva) F) xpay S(H) = S(H) x F

where the left hand side is the fiber product of (S(H) xyqy F,mr, P(H)) and
(S(H), 1, P(H)), and (S(H) x F,up,P(H)) is the trivial bundle.

Proof. Let
X1 = (S(H) XU(l) F) X'P('H) S(H)

We note that any element of X is written as ([(h,v)],h) where [(h,v)] €
S(H) Xy F because
mr([(h, 0)]) = p(h)

and we can choose phase factor of (h,v) according to h. Let

7r: X1 — P(H); 7r((h,v)],h)=h.
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Define a map
O:X; — S(H)x F;  @([(h,v)], h) = (h,v).
If (h',v") € [(h,v)], then there is ¢ € U(1) such that
(W, v") = (h,v)e = (hye, ev) = (¢h, ev).

But our notation restricts ¢ = 1 since b = h. Hence ® is well defined. ® is
bijective. Furthermore

(MF © @)([(h,?))], h) - ZF(hﬂ))
= ﬁF([(}% 'U)], h’)

Therefore pup o ® = #p and (®@,id) is a bundle map between X; and
(S(H) x F,up,P(H)). Hence we have the statement. 1

Let G be a group such that G acts on S(H) transitively and acts on F
trivially. Then we have the following proposition.

Proposition A.2 There is the following equivalence of linear spaces:

((8(H) xuay F) xpay S(H)) / G = F.

Proof. We use the symbol in the previous proposition. Let a and 3 be
actions of G on S(H) and F, respectively. Denote the action

d = (Oé XU(l) 1) XP(H) 6
of G on X7 and
Y, = ((S(H) XU F) X p(r) S(H))/G.

For [z] = [([(h, v)], h)] € Y1,

Hence we can extend ® as

:Y, = SH) x F; ®([z]) = [@(z)].
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Then
O([([(h, )], M)]) = [@([([(h;v)], h))]
{® ([(agh,v)], agh) : g € G}
= {(ag4h,v): g€ G}
= S(H) x {v}.

Note & is bijection, too. Hence we denote & = &([([(h,v)], h)]).] We define
a linear structure for Y7 by

av + bw = (avq—\bw) (v,w € F, a,b e C).

Then
YT = F

is a linear isomorphism. 1

A.5 Connections of an associated bundle of a Hopf bundle

Let F = (S(H) xy(1) F, 7r, P(H)) be an associated vector bundle of a Hopf
bundle (S(H), i, P(H)) by a complex Hilbert space F. Let I'(F) be the set
of all smooth sections of F, that is the set of right inverses of a projection
mr. By the following operations, I'(F) is a complex linear space:

(s+5)p)= slp)+5(p)  (peP(H), s 5 T(F))

(ks)(p) = ks(p) (peP(H), s I'(F), ke C).

Definition A.4 D is a connection of F if D is a bilinear map of complex
vector spaces

D : X(P(H)) x I(F) — I(F)

which is C*°(P(H))-linear with respect to X(P(H)) and satisfies the Leibniz
law with respect to T'(F):

Dy(s'l) =0yl-s+1-Dys
for s eT'(F), 1 € C*(P(H) and Y € X(P(H)).

For Y € X(P(H)), h € S(H) and p € V;, we denote Y a tangent vector at
p in a local coordinate Hy. We consider a linear map

A}{/,p:F—>F

such that 8y|2 + A}{/p is a connection of F.
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Fact A.2
D=0+ A

s a connection of F if and only if a family {Ah}hes(m satisfies the following
equality:
W 1 <hlY > h

Ay )= ——-———— + A ' A24
Y.p 2<h|z+h/>+ Y,p (pevhmvh) ( )

where Y is a holomorphic tangent vector of P(H) at p which is realized on
H, and z = [,/ (p).

Proof. By using Leibniz rule and Lemma A.3,

o 1 <hlYy > _

h 1 _ h 1
(AY ° b ) (=3 mars T Wes) @) (2€8 M),
We have the statement. 1

B The atomic connection

Proof of Proposition 4.1.
At the beginning, we show the cocycle condition for A = {A"},,c S(Hy)

defined by (4.17). For p € Py, choose h,h" € S(H,) such that p € VN V-
The cocycle condition for A is given by (A.24) in Appendix A.2.
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Let 2 = By (p); 2 = Br(p). Then we have

<z Xh>

2%, TP

< (Buo B, 10, (Buo B)XE) >
1+ [(Bro BHE)IP

< R ‘ X < hXE > (4R >
_ <hlZ +0 > | <nl +0 > <hlz' +h >?
Z/ —|—h/ 2
<hlZ +h >

, , ’ ! "2 h,
SO EE 1 ¢

= <hlZ +h >
12"+ K|J?
<Z|xt > < X" > . A
= b~ — o - (since <h|X, >=0)
1+ 2] <hlZ + 10 >
h/
= —92. ?{p_ <h/|Xp />
’ <hlz +h >.

We obtain (A.24). Therefore D which is defined in Proposition 4.1 is a
connection.
The curvature R of D is written by using A defined in (4.17) as follows:

Rxy = (dA)(X,Y) + (AN A)(X,Y) (X, Y € X(Py)).

Since A is scalar,
ANA=0.
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In a local coordinate (Vy, On, Hy) of p € Py and z = (,(p) € Hp, we have

(dZA) (X’ Y) = XA}}E',Z - YASL(,Z - AFX,Y],Z

X <zlY >-Y <z|X >
2(1+[|211%)

<z X >< 2]V > — < z|X ><z[Y >
| 2(1+[|2]1%)?

<z|[X,Y] >
201+ []%)

d.(< z| - >)(X,Y)
2(1 + [|=[1*)

(d2k)(X,Y)
2(1+[|2%)

= 0,
where a one-form < z|- > is defined by
<zl>(X)=<z|X >
and a function k(z) = ||2||* =< z|z > defined on Hj,. Hence we arrive at
R =0.

Thus D is flat.

C Proof of Lemma 4.1
Proof. Let ¢op : (I1%)~1(V) — F% be a map defined by

wa,h(:p) = (Mb(h)v d)a,h(x)) .
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For e = (’)([{l]p/,h) € F% such that h € p; *(p), we have

< eldan(s(p) >= < O([€],,h) |0 h) >
= (e, )
= o(<€lon, >)
= (lm(< gl >))
= (G (<€l >) m () 25)
= (im (<1 >) 24)

(0 Imy(< €16, >)(=+ b))
VIFT=P

From this, the following equality holds:
< e|dvon(p)(s(p)) >= Oy < e|dn(p)(s(p)) >

o ( ( my(< €1, >)(z + ) )
VI TP

(O Imy(0x < €€y >)(z+h))
T+ 1P

(b my(< €16, >)Y)
T+

(Qh]m(< 'l6 >)(z+R)) < 2V >
- 2(v/T+ [=[P)3.

Hence we have

O 6n(p) (s(p)) = O ( o+ 6 (K - 2(<1+’—“”‘>‘))] h> - (©5)
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We finish to prove Lemma. 1
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