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Abstract

We construct representations of the Cuntz algebra Os from real
quadratic transformations of 1-dimensional dynamical systems. By in-
tertwining relations among transformations, we derive relations among
operators associated with representations of Os. From these relations,
we show properties of these representations.

1 Introduction

In the theory of dynamical system, 1-dimensional dynamical systems of real
quadratic functions on closed intervals are well known. In [3], such system
is introduced as a typical example of chaotic dynamical system. The key
point of this orbit analysis in [3] is some intertwining relation between a
quadratic transformation and some piecewise linear transformation but not
conjugation between them.

On the other hand, our interests are the construction of representa-
tions of Cuntz algebras and their analysis([1, 4, 8]). For these intentions,
we construct a representation from a 1-dimensional dynamical system by a
quadratic transformation as follows: Consider a real quadratic transforma-
tion @ on a closed interval [—2, 2] by

Q:[-2,2] —» [-2,2; Q(z)=z*-2. (1.1)

We define a representation (Lz[—2,2],m,) of the Cuntz algebra Oy arising
from @ by

(mq(1)¢) () = mi(2)¢(Q(x)) (i = 1,2, ¢ € La[-2,2]) (1.2)

where m;(z) = xp,(z)\/2|z|, xp, is the characteristic function on D;, i =
1,2, D1 =10,2], Dy = [-2,0] and sy, s2 are generators of Os.

Theorem 1.1 Let (L2[—2,2],m,;) be the representation of Oy defined in
(1.2).



(i) Put a function

1 1
Then 2 is unique eigen vector in Lo[—2,2] of an operator my(s1) +
mq(s2) up to scalar multiples and its eigen value is V2.

(ii) (L2[—2,2],mq) is unitarily equivalent to one of the GP representation

of Oz in [4].
(iii) (L2[—2,2],mq) is irreducible.

We introduce several representations of Cuntz algebras in section 2. In sec-
tion 3, we show intertwining relations of transformations of dynamical sys-
tems and derive relations of operators from them. By using these relations,
we show Theorem 1.1.

2 Representations of the Cuntz algebra

In this section we review some basic facts on the Cuntz algebras and their
representations on measure spaces. For NV > 2, a C*-algebra with generators
S1,...,sny which satisfy the following relations([2])

N
sisj =0l (i,j=1,...,N), Y sisi=1I (2.1)
=1

is called the Cuntz algebra and is denoted by On. Op is non commu-
tative, infinite dimensional, separable, simple and unique up to isomor-
phisms. Hence there is no finite dimensional representation of Oy except
O-representation.

2.1 GP representations of Oy with 1-cycle

We show only the 1-cycle case about GP representations of Cuntz algebras
with cycle in [4]. The GP representation is used to characterize represen-
tation introduced in § 2.3. In this paper, a representation always means a
unital *-representation on a complex Hilbert space.

Let S(CV)={z € CY : | 2| = 1} be the complex sphere in a complex
vector space CV.



Definition 2.1 (H,w, ) is the GP(= generalized permutative) representa-
tion of On by z = (21,...,2x5) € S(CN) if (H,n) is a cyclic representation
of On and 2 is the unit cyclic vector which satisfies the following equation:

7T(2181 + -+ ZNSN)Q = Q. (2.2)
We denote GP(z) = (H,m, ().

For two representations (Hi,71) and (Ha,m2) of On, (Hi,71) ~ (Hz,m2)
means the unitary equivalence between (H1, ) and (Ha, m2).

Theorem 2.2 (Properties of GP representation with 1-cycle)

(i) (Ezistence and Uniqueness) For any z € S(CV), GP(z) exists uniquely
up to unitary equivalence.

(ii) (Irreducibility) For any z € S(CV), GP(z) is irreducible.

(iii) (Equivalence) For any z,z € S(CN), GP(z) ~ GP(%) if and only if
z=1z.

(iv) (Uniqueness of eigen vector) For z € S(CN), Q in (2.2) is unique up
to scalar multiples.

Proof. (i) Proposition 3.4 and Proposition 5.4 in [4]. (ii), (iii) Example 6.3
(ii) in [4]. (iv) Corollary 5.3 in [4]. 1

We show examples of GP representation. Let l3(IN) be a Hilbert space
with the canonical basis {e, : n € N} where N = {1,2,3,...}. We make
the following representation (l2(N),7g) of the Cuntz algebra O which is
called the standard representation of On:

ms(si)en = enm-1y4i (i=1,...,N,n€N). (2.3)

From this definition, we have 7s(s;)*en(n—1)4+; = dijen for i,j = 1,..., N
and n € N. Note that (I3(IN, mg) is one of permutative representations of Oy
by [1]. Since mg(s1)e1r = e1, (I2(N),7s,e1) is GP(z) for z = (1,0,...,0) €
S(CN) and irreducible.

More about details for GP representations, see [4, 5, 6, 7].



2.2 Isometries arising from transformations on measure spaces

By simplicity and uniqueness of Oy, it is sufficient to define operators
Si,...,SNn on an infinite dimensional Hilbert space which satisfy (2.1) in
order to construct a representation of Oy.

We introduce an easy method to construct partial isometries from maps
on a measure space.

Let (X, 1) be a measure space and Y C X a measurable subset of X.

Definition 2.3 (i) RN(Y, X) is the set of measurable maps on'Y defined
by

RN(Y,X)={f:Y — X| there exists @y and P >0 a.e. Y}

where @7 is the Radon-Nikodym derivative of po f with respect to
onY.

(ii) RNie(X) = Uycx RN(Y, X) where Y is taken from all measurable
subsets of X.

For f,g € RN;y.(X), we denote the domain and the range of f by D(f) and
R(f), respectively and (fog)(x) = f(g(x)) for x € D(g) when D(f) D R(g).

Lemma 2.4 (i) If f € RNjoe(X), then f=! € RNjoe(X).
(ii) For f,g9 € RNioe(X), fog € RNjpe(X) when D(f) D R(g).
(ili) @fog = Py - ((Pf) 0 g).

Proof. These are easily checked by direct computation and property of
Radon-Nikodym derivative. I

Note that RNj,.(X) is a groupoid by Lemma 2.4 (ii).
Definition 2.5 For f € RNy,.(X) define an operator S(f) : Lo(X,p) —
L2(Xa ,LL) by

{0 (F @)} 2 o(r (@) (zeR(),
(S(Ho)(z) = (2.4)
0 ( otherwise )

for ¢ € La(X, 1) and z € X.



We simply denote
S(f) = LMy 1/2 (2.5)

where M, is the multiplication operator of g € Loo(X, p) defined by

(L5o)(@) = xr(p)(@)o(fH(2) (¢ € X)

and yy is the characteristic function on Y C X.

Lemma 2.6 (i) For f € RNj,.(X), S(f) is a partial isometry on La(X, 1)

with the initial projection M, and the range projection M,

D(f) R(f)*

(ii) For f € RNjpe(X), S(f)* =S(f71).

(iii) S(idy) = My, .

(iv) For f,9 € RNjoe(X), LfLy= Lsoq when D(f) D R(g).
)

(v) For f € RNipe(X) and g € Loo(X), LMy = My Mgor-1Ly.

Proof. (i), (iv) and (v) follow by simple computation. (ii) Since R(f~1) =
D(f), D(f~') = R(f) and the property of Radon-Nikodym derivative, it
follows. (iii) Since ®;4,, = v, it follows. 1

Let PIso(La(X, 1)) be the groupoid of partial isometries on La(X, 1)
by usual product of operators.

Lemma 2.7 A map S : RN;,.(X) — Plso(L2(X, p)) is a groupoid homo-
morphism, that is,

S()S(g) = S(feg) (2.6)
when f,g € RNjoo(X) and D(f) D R(g).

Proof. By Lemma 2.4 (iii) and Lemma 2.6 (iv),(v),
S(f)S(g) = [:fM(I);l/QﬁgM@;lN = EfogM((q)f)og)—l/QMq)g—l/Q = S(f o g).
1

Remark that fog in rhs of (2.6) is only the composition of two maps f and
g but not special product of them.



2.3 Representations of Cuntz algebra on a measure space

The notion of branching function system was introduced in [1] in order to
construct a representation of Oy from a family of maps. We introduce a
branching function system to define the representation from a dynamical
system in section 3.

Let N > 2 and (X, ;) a measure space.

Definition 2.8 f = {f;}, is a branching function system over (X, u) if
fi € RNjoe(X) and D(f;) = X, put R; = R(f;), then u(R; N R;) =0, i # j
and p (X \UY, Ri) =0.

Proposition 2.9 For a branching function system f = {fi}N., on (X, u),

TFf(SZ‘)ES(fi) (i:1,...,N),

defines a representation (La(X, p), m¢) of On where S is the map in Defini-
tion 2.5.

Proof. Tt is straightforward to show that S(f1),...,S(fn) satisfy the rela-
tions (2.1) by Lemma 2.6, Lemma 2.7 and Definition 2.8. 1
We show several examples of branching function systems associated with
1-dimensional dynamical systems in [8].

Lemma 2.10 Let (Y,v) be another measure space. Assume that p: X —Y
is a measurable bijection a.e. X and Y and its Radon-Nikodym derivative
@, is positive a.e. X.

(i) An operator Uy : La(X, p) — Lo(Y,v) defined by Uy = LoMy1/2 is a
unitary. ’

(ii) For f € RNioo(X), po fop™ € RNi(Y) and U,S(f)U} = S(po fo
).

(iii) If f = {f;}}X, is a branching function system over (X, u), then {¢ o

fio @ 1}, is a branching function system over (Y,v), too.

Proof. These are easily proved by direct computation. 1

Proposition 2.11 Let f = {f;}Y, and g = {g:}}¥, be branching function
systems over measure spaces (X, u) and (Y,v), respectively. Assume that
there is a map ¢ : X — Y which satisfies the assumption in Lemma 2.10 and
a map identity g; = ¢ o fiop~! holds fori=1,...,N. Then (La(X, p),7¢)
and (Lo (Y,v),mq) are unitarily equivalent.



Proof. By Lemma 2.10 (ii), we can show S(g;) = U,S(fi)Uy for i =
1,...,N. These relations induce a unitary equivalence between 7y and m,
in Proposition 2.9 immediately. 1

3 Operator relations arising from intertwiner among
transformations in dynamical systems

Under the preparation in section 2, we show the property of representation
of Oy arising from a quadratic transformation. The first, we consider in-
tertwining relations among transformations of dynamical systems. Next we
derive relations of operator on a Hilbert space which are associated with
representations of Q. The properties (2.6) of the map S plays important
role in this procedure.

3.1 Intertwining relations of transformations

For study of dynamical system, the strongest equivalence relation between
two systems is the conjugation([3]). For two dynamical systems (X, F') and
(Y, G) are conjugate if there is a bijective map ¢ : X — Y such that G =
@ o Fop ! with some conditions (continuity, measurability, conservation
of measure, differentiability and so on) of ¢ depending on the aim of study
and class of dynamical systems. ¢ is called a conjugacy.

In spite that we do not know the existence of conjugation map between
two dynamical systems, if we have an intertwiner ¢ : X — Y between F
and G, that is, G o p = ¢ o F, (where ¢ is not always injective), then it is
useful to consider relations between (X, F') and (Y, G) in some situation. ¢
is called a semiconjugacy([3]).

In order to introduce intertwining relations of transformations associ-
ated with @), we prepare two transformations except @ in (1.1) according to
§ 10.2 in [3]. Put two transformations

V.0 [-2,2] > [-2,2]; V(z) =2z -2, C(x)z—Qcosga:, (3.1)

and D; = [0,2], Dy = [-2,0]. Then every restriction V|p,,C|p,,Q|p; :
D; — [—2,2] is invertible for each ¢ = 1,2. Hence we can take inverse
transformations v;, ¢;, ¢; : [—2,2] — D; by

Vi = <V|Di)717 G = (C|Di)717 a4 = (Q|Di)71 (32)



for each ¢ = 1,2. Concretely we have the followings:

vi(z) = Sz+1, a(z) = Zarccos(—3x), @(x) = Vr+2,
voz) = —iz—1, co(z) = —2arccos(—1z), @(x)= —Vzr+2.

Lemma 3.1 {vi,ve},{c1,c2},{q1,q2} are branching function systems on [—2, 2]
for the case N = 2 with respect to Lebesque measure in Definition 2.8.

Proof. Note

% L (3.3)

1
—_—, 9, = -

for i = 1,2 and = € [-2,2]. Hence every Radon-Nikodym derivative of
v;, G, q; 1s positive a.e. [—2,2]. Other conditions in Definition 2.8 are easily
checked. I

Remark that the following intertwining relation holds on [—2,2]:
CoV=QoC. (3.4)

(3.4) follows immediately from the double angle’s formula and periodicity of
cosine function. C'is a semiconjugacy between V and @ but not a conjugacy
because C' is not injective on [—2,2]. We derive several identities among
v;, ¢, ¢; by dividing the domain of (3.4).

Let R; be a subinterval of [—2, 2] defined by

Ri=[-2+4(i—1), -2+4 (i=1,23,4).
Then both sides of (3.4) are injective on R;. V and C' map R;’s as follows:
V(R;)) =C(R;)) =D1, V(Rj)=C(R;)=Dy (i=1,4,j=2,3)

where we note D; = R3U Ry, Do = RiU R».
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Lemma 3.2 The following relations hold for v, c;,q; in (3.2):
V90C] = (20q), V10Cy =C10(2, V20Cy = C20@G2, wvi10c] =c10q. (3.5)
Proof. By (3.4), we have

(CoV)lr, = (Qe O)lr (3.6)

for each i = 1,2,3,4. When i =1, (CoV)|g, = (Covy")|r, = (C)|p, ©
(v )R, = ;" 0 (v3")|r,. In the same way, (Q o C)|r, = g5 o (¢c3")|r,-
Therefore c5 ' o (v 1) |r, = ¢5 "o (c3 )|k, - By taking inverse of both sides, we
get the third identity in (3.5). In the same way, we get others by checking
in cases i = 2, 3,4 for (3.6). 1

By Lemma 3.2, we have the following relations:

croqocy! (on Dy), cooqoc! (on Dy),
v = Vo = (37)
—1 —1
€10Gq200, (on Dy), C20(Q20Cy (on Do).
3.2 Relations of operators arising from a semiconjugacy
By Lemma 3.1 and Proposition 2.9, we have three representations m,, 7., 74

of Oy on Ly[—2,2] associated with three branching function systems v =

10



{vi,v2}, ¢ = {c1,e2}, ¢ = {q1,¢2}. By definition of m,,m., 7y, they are
given as couples of operators {S(v1),S(v2)}, {S(c1),S(c2)}, {S(q1),S(q2)}
on Ly[—2,2], and they are concretely obtained as follows:

(S)d)() = 2'2x(pa(2)6(22 — 2),

(S(2)d)(x) = 2"/°X(_pg(2)6(~22 — 2),
(S(e)d)(w) = /5 sin Flalx(o 2)(w)p(—2 cos(r/2)),
(S(e2)d)(w) = /5 sin §lalx(—2.0)(2)$(—2 cos(r/2)x),
(S(a)@)(@) = 2]/ 2x0z(2)(a? - 2),

(S(a2)0)(x) = 2'/2Jz['2x_g ) (x)d(2? — 2)

for ¢ € Ly]—2,2] and x € [—2,2] where we use simple notation like (2.5)
instead of (2.4).
By Lemma 2.7, (3.7) and Lemma 2.6 (ii), we have the followings:

S(v1) = S(c1)S(q1)S(c1)* + S(c1)S(q2)S(c2)", 59)
3.9
S(v2) = S(c2)S(q1)S(c1)* + S(c2)S(q2)S(c2)*

Note that (3.9) is essentially derived from (3.4). Let

Ap = S(v1) + S(v2), A2 =S5(q1) + S(q2), B=5(c1) +5(e2)
and Qg = B*1 where 1 is the constant function on [—2,2] with value 1.
Lemma 3.3 (i) 411 = +/21. (ii) 4200 = /2.

Proof. (i) By definition of S(v;), S(v;)1 = V2xp, for i = 1,2. Hence
the statement holds. (ii) Since S(c1)*1 = S(e2)*1, B*1 = 2S5(¢;)*1 for
i=1,2,

A2y = (S(q1)B* + S(q2)B")1 = 2(S(q1)S(e1)" + S(g2)S(c2)") 1.

Note B*A1 = 2(S(q1)S(c1)*+5(g2)S(c2)*) by (2.1) with respect to S(e1), S(c2).
Hence AQQO = B*All = \/§B*1 = \/590. 1

Let © be the normalization of €y and denote q; = ¢;, o--- o0 ¢;, for a
multiindex I = (iy,...,i) € {1,2}*, k > 1.

11



Lemma 3.4 For I € {1,2}%, k> 1, (S(q1)Q)(z) = xp, (x)2¥/?Q(z) where
D[ = QI([*QaQ])-

Proof.  Since ¢; o cz-_1 = cl-_1 o, S(¢:) = xp,v2Q for i = 1,2. For any
measurable subset Y C [-2,2], S(¢;)My, = My, S(¢) for i = 1,2 by

q;(Y)
Lemma 2.6 (v). Hence

S(an)Q = 228 (4 )My, 9 = (2Y2)25(qp)M Q= =220, 0

when I = (i1,...,i;) where I = (i1,...,ip—1) and I" = (i1,...,ip_2). 1
Since S(¢;)*1 = <I>éi/2, i =1,2, we have

1 1

Qr)=—=———. 1
Note that € is the following function:
Q) !
2
F- - - - - - === e |
| V2r |
| I
1 1
-2 0 2
Q(x) is positive on —2 < x < 2. Furthermore the followings hold:
Q(x) (x € Dy),
Yo xp =0, (xp,Q(x) = (I e{1,2}" k>1).

Te{1,2}* 0 (otherwise),

Theorem 3.5 Let (La[—2,2],7,) be the representation of Oz by q = {q1, q2}
in Proposition 2.9 and Q in (3.10). Then (L2[—2,2],74, Q) is GP(z) for
z = %(1, 1) in Definition 2.1.

Proof. By definition, ||Q2]] = 1. By Lemma 3.3,

. (%(81 + 32)) Q- %(S(ql) +S(g)2 = Q.

Hence (L2[—2,2], ;) satisfies (2.2) for z = %(1,1). By Lemma 3.4, K =
{xp, - Q: T €{1,2}*F k> 1} C 7,(O2)N2. Since Q(z) >0 for -2 < x < 2,

12



Ly[—2,2] = LinK C 74(02)QQ. Therefore (La[—2,2],m,) is a cyclic represen-
tation of Oy with a unit cyclic vector Q. Hence (Lo[—2,2], 7,4, Q) is GP(z)
by Definition 2.1 for z = %(1, 1). 1

Proof of Theorem 1.1. Note that the definition of 7, in (1.2) is same
in (3.8). The uniqueness of eigen vector § of my(s1) + my(s2) in Theorem
3.5 follows from Theorem 2.2 (iv). Hence (i) is proved. (ii) follows from
Theorem 3.5. (iii) follows from Theorem 2.2 (ii). 1

We check the eigen equation (2.2) for Theorem 3.5 by direct computa-
tion according to definitions of operators in (1.2) and the eigen function in
(3.10). Note

(e 0 Q)(x) = %%(z» (g 0 Q)(x) = ﬁ (3.11)
. 1 1 1
Qo (#)) = Q) = = or g = @) (312)

for i = 1,2 and x € [-2,2]. From these relations,

(S(@))(@) = xp,(2) {4, (Q(2))} 2 QQ(x)) = xp,(x)V2(x).

Hence %(S(ql)—i—S(qQ))Q = Q and () is the eigen vector of %(S(ql)—kS(qQ))

with eigen value 1 certainly.

4 Generalization

We generalize Theorem 3.5 slightly.

By Proposition 2.11, if we have a conjugacy between two branching
function systems, then we have a unitary equivalence between two repre-
sentations of Oy . Therefore we construct a new branching function system
from the system ([—2,2],Q) in (1.1) by the following conjugacy ¢, p): Let
a,b€R, a<band ¢y : [~2,2] — [a,b] defined by

b—a a+b  _ 4 a+b
Pap) () = 1t Sp(al,b)(x):b—ax_zb—a'

Note ¢(,p) satisfies the assumption in Lemma 2.10. Put Qlab) = Plap) 0 Qo

— ab) __ a
(P(a{b)a ¢ = <Q( b)

a 2 a —a)lr —a
Q(avb) (J}) _ 4 (.’13 . + b) +a, qz(g,b) ($) _ + b+ (b2 )( )

b—a 2

—1
ab) __ a ab) __ a
Dg:,b)) for D) = [a, b%], DSF ) = [b%,b]. Then

13



The 1-dimensional dynamical system ([a, b], Q(“’b)) is conjugate with
([—2, 2, Q = Q(72,2)> by construction. The representation (Ls]a, b],wq(a,b))

of Oy associated with the branching function system ¢(®?) = {qia ’b)} is given
by

(arb))

Ty (51) = S(q @y

Ty b (52) = S(q

Y

(5 (6" 0) () =2y H 2 outere (@) (a1

for ¢ € Lsla,b] and x € [a,b]. Put Q)

; U
Lemma 2.10 (i). Then

#(a,b)

) where U<P(a,b) is in

1 1
Va{(3b—a —2z)(b— 3a + 2z) /%

Q(a‘7b) ("L') =

For example, Q11 (z) = 222 -1, Q=00 () = %(az—g)Q, QU (z) = 2x2—b
for b > 0.

By Theorem 3.5 and Proposition 2.11, we have the following result
immediately.

Corollary 4.1 The representation (Lzla,b], 7 @) of Oz is GP(z) for z =

%(1,1). Specially, (Lz[a,b], 7 @v) is irreducible. Q@b s unique eigen

vector of %(qu,b) (1) + Ty (s2)) with eigen value 1.

Remark that a given quadratic function does not always appears as
Q@Y. For example a transformation P(z) = 22 on [0, 1] is impossible to
describe as Q(:).

/ / 0,1 r_ —
Example 4.2 Denote Q' (z) = Q1) gy = qi ), Vi =gponoVo 4,0(0%1)

and v/i = 0(0,1) © V4 © ‘P(oll) where vy = vy and v_ = vy in (3.2). Then

!/ /

Q(z) = (22 -1)%, qu(2) =

1+ / / 14+
S V@) =1, )=

for x € [0, 1].

14



For a branching function system ¢ = {q;_L} on [0, 1], we have a representation
{S(q)} of Oy on Ly[0,1] as follows:

(S(de)9) (@) = Xy, (2)y/2]22 = 1]¢ (22 — 1)?)

for ¢ € L5[0,1] and z € [0, 1] where D', = 3,1] and D =0, %]. The eigen

15



vector is given by

Q () = QO () = \Em

We can check directly that 2 is the eigen vector of %(wq/(sl) + 7 (s2))
with eigen vector 1.

5 Discussion

C*-algebras associated with dynamical systems are often studied([9]). How-
ever there are few studies about representations but not algebras themselves.
It is not clear that relations between the properties of dynamical systems
and those of representations of On by comparison with those between al-
gebras themselves and dynamical systems. Our interest is the construction
of representation of Oy and its characterization. Hence we list up forward
problems in this point of view.

(1) In the theory of dynamical system, a transformation
Qe(z) =2 +c

is more general. We give a representation of Oy arising from a quadratic
map ()_o and characterize it. Can we construct similar representation from
Q. when ¢ # —2 7 If it is possible, then how can we characterize it ?

For example, fi(z) = %xQ and fo(x) = %xQ +% gives a branching
function system f = {f1, fa} on [0,1]. However we have no idea to charac-
terize the representation (L[0,1],7¢) of Oy yet.

Can we treat the dynamical system of polynomial (transformation)
Px)=ap+arx+ -+ apa" ?

(2) Equations (3.9) is derived from (3.4). That is, equations of transforma-
tions(or real functions) change operator relations by the map S. We are
interest in other equation which is similar in this case.

(3) Equations (3.9) of six operators means a relation of three representations
Ty, Te, Tq 0f Oz on Ly[—2,2]. This relation seems unique. How should they
be studied 7 We expect that similar relations will be derived from other
semiconjugacies of dynamical systems.

(4) We can show easily that (Lao[—2,2],7,,3) in (3.2) is GP(z) for z =
1
5-

%(1,1) where  is the constant function on [—2,2] with value But

16



(L2[—2,2],m.) is not known yet. Is (L2[—2,2],7.) unitarily equivalent to
(La[—2,2],7,), too ?
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