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We introduce a class of endomorphisms of the Cuntz al-
gebras which are defined by polynomials of generators. We
show their classification under unitary equivalence by help of
permutative representations.

1. Introduction

1.1. Main theorem. In usual, the irreducible decomposition of a repre-
sentation of an operator algebra does not make sense because there is no
uniqueness of such decomposition in general. This fact disturbs an intention
to study an ordinary representation theory of operator algebras like that of
semisimple Lie algebras and quantum groups. In spite of this, permutative
representations of the Cuntz algebra On([3, 5, 6]) are completely reducible
and their irreducible decompositions are unique up to unitary equivalences.
Roughly speaking, there are two kinds of (cyclic)permutative representa-
tions, “cycle” and “chain”. This remarkable property assists to characterize
endomorphisms of Oy, too, in the following way: For N > 2, let s1,...,sn
be generators of Oy and {1,..., N} = {(j)F,:ii=1,...,N, l=1,...,k}
for k > 1.

Theorem 1.1. For a permutation o on {1,..., N}, k > 1, let 1, be an
endomorphism of Oy defined by

(1.1) Vo(si) =ugs; (i=1,...,N)

where uo = 3 jeq1, Ny So()(80)" and s; = sj, -+ s, when J = (j1, ..., jk).
If (H,7) is a permutative representation, then (H,mo,) is, too. Specially,
if (H,7) has only cycles, then (H, o 1,) does, too.

Theorem 1.1 assures the completely reducibility of (H, 7 o 1),) for any per-
mutative representation (H, ) and any permutation o.

The first aim of this article is a preparation of tools of analysis of
endomorphisms of Oy by representations.
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1.2. Origin of study of endomorphisms. Endomorphisms of operator
algebras are studied in fields of operator algebras and quantum field theory([2,
7, 8,9, 10]) for aims of computation and construction of the indices of sub-
algebras, and formulation of super selection sectors. In these theories, we are
interest in concrete endomorphisms of Oy which are defined by polynomials
of generators si,...,sy and their conjugates. For example, we showed the
branching law of representations of the CAR algebra which are associated
with endomorphisms of Oy in [1]. In fact, ¢, in (1.1) is not only an endo-

morphism of Oy but also that of UHFy = (’)J[\J,(l) because ), is covariant
with respect to the gauge action of Op. This tame class of endomorphisms
of On, N > 2, was obtained by generalizing the following endomorphism p,,
of 032

pu(s1) = s1828% + 528387 + $35185,
(1.2) pu(s2) = 525185 + s35287 + 515385,

pu(83) = s1518] + s25285 + 535385,

N.Nakanishi found p, in (1.2) by trial and error([18]). (Reader can check
that three elements p,(s1), pu(s2), pu(s3) satisfy the relations of generators
of O3. Therefore they define an endomorphism p, of O3.) Such wild type
of endomorphism of C*-algebra is beyond someone’s reach by well known
method because there is no general assumption from index theory and quan-
tum field theory. In other words, we need new approach for p, which depends
on just the definition of p,. Fortunately, we develop tools of analysis of p,
and show the following:

Theorem 1.2. p, in (1.2) is a unital x-endomorphism of O3 which is irre-
ducible, that is, pl,((’)g), N O3 = CI and not an automorphism. Specially, p,
is not unitarily equivalent to the canonical endomorphism of Os.

In this way, we can construct many naive nontrivial examples of en-
domorphisms of Oy systematically as ¥, in (1.1). The second aim of this
article is an introduction of our studies of endomorphisms and a notion of
sector of C*-algebras in the next work([16]). For this purpose, we show ele-
mentary examples and naive methods of classification of endomorphisms of

On. After discovery of p, in (1.2), we studied the following endomorphisms
of OQ.

Theorem 1.3. Put Ey 5 the set of 1, in (1.1) by a permutation o on a set
{1,232 = {(1,1),(1,2),(2,1),(2,2)}. Then the followings hold:
(i) The number of unitary equivalence classes of elements in Es o is 16.
(ii) G2 = AutO2N Ey 3 is a subgroup of the automorphism group AutOy of
Oy which is isomorphic to the Klein’s four-group. Ga consists of two
outer, and two inner automorphisms.
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(iii) Eo2 \ Gg consists of 10 irreducible and 10 reducible endomorphisms.
Numbers of equivalence classes in them are 5 and 9, respectively. Spe-
cially, the (class of Jcanonical endomorphism of Og belongs to the set
of reducible classes in Ea .

For example, the following irreducible endomorphisms p, p, n of Oy are in
E272 \ GQZ

p(s1) = s121+ 8112, p(s2) = s2,
ﬁ(sl) = 85211 + 512,2, ﬁ(Sg) = 5111 + $22.2,
"7(81) = 5221 + 511,2, 77(82) = S21,1 + 5122

where ;5 = sis;57 for 4,5,k = 1,2.(p and p are “conjugate” each other in
a sense of super selection sector. We show relations among p, p,n in [17].)
Endomorphisms in Theorem 1.3 are called the second order permutative en-
domorphisms of O2(§ 6-1 [1]). They play an important role in representation
theory of CAR algebra.

In § 2, we prepare branching function systems and transformation of
them by permutations. In § 3, we review the permutation representation of
On. In § 4, we introduce a generalization of p, and Ey 9 for Oy for N > 2,
that is, ¥, in (1.1), and show Theorem 1.1. In § 5, we prove Theorem 1.2
and Theorem 1.3 as examples of Theorem 1.1.

2. Action of permutations on branching function systems

We introduce several sets of multi indices which consist of numbers 1,..., N
for N > 2. Put
x __ k * k
{1,..., Ny =][€,.... N, {1, Ny =]]{. . N,
k>0 E>1

{1,...,N} = {0}, {1,..., N} = {(G), 1= 1,...,N, Ll = 1,...,k}
for k > 1. For J € {1,...,N}*, the length |J| of J is defined by |J| =
k when J € {1,...,N} k > 0. For Ji,Jo € {1,....,N}, 1 UJy =
(jlv"' 7jk7j17"'7jl> when Jl = (.7177jk) and J2 = (jlv"' 7jl)' Specjauy:
we define JU {0} = {0} uJ = J for J € {1,...,N}* and (3,J) = (1) UJ
for convention. For J = (ji,...,j%) € {1,...,N}* and 7 € Zj, denote
7(J) = (Grys - -5 Jr(h))-

Definition 2.1. (i) J = (j1,...,jx) € {1,...,N}* is periodic if there is
T € Zi \ {0} such that 7(J) = J.
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(ii) For Jy,Jo € {1,...,N}i, Ji ~ Ja if there are k > 1 and T € Zj, such
that Ji,Jp € {1,..., N} and 7(J;) = Jo.

2.1. Branching function systems. Let A be an infinite set and N > 2.

Definition 2.2. f = {f;}}¥, is a branching function system on A if f; is
an injective transformation on A fori=1,..., N such that a family of their
images coincides a partition of A.

A branching function system was introduced by [3] in order to study rep-
resentation of Opy. It is convenient to construct concrete examples of rep-
resentations easily. It is possible to consider branching function systems
on any set with infinite cardinality. About the measure theoretical gen-
eralization of branching function system, see [15]. We often treat cases
A =N ={1,2,3,...},Z. Put BFSy(A) the set of all branching function
systems on A. For f = {f;}, € BFSy(A), we denote f; = fj, o---0 fj,
when J = (j1,...,jk) € {1,...,N}¢, k> 1, and define fy = id.

Definition 2.3. Let f = {f;}}¥, € BFSy(A).

(i) For x,y € A, x ~ y(with respect to f) if there are J1,Jo € {1,...,N}*
and z € A such that f7,(z) =z and fr,(z) =y.

(ii) Forxz € A, denote A¢(z) ={y € A:x ~y}.

(iii) f is cyclic if there is an element x € A such that A = Ay(x).

(iv) For k > 1, R = {ny,...,nx} C A is a k-cycle of f if ny # ny when
1 # 1 and there is J € {1,...,N}* such that f;(n;) = neq) for | =
1,...,k where T is a shift on Zy,.

(v) R = {n}ien C A is a chain of f if n # ny when 1 # 1 and there is
{j1ef{l,...,N} : 1l € N} such that f];l(nl) =nyy1 forl e N.

(vi) f has a k-cycle(chain) if there is a k-cycle(resp. chain) of f in A.
Specially, we call simply that f has a cycle if f has a k-cycle some
E>1.

The definition of cyclicity of branching function system is corresponded with
that of representation of Op. In order to treat the decomposition of repre-
sentations, we prepare the followings:

Definition 2.4. Let = be a set.

(i) For a branching function system fl“l = {fi[w]}f\;l on an infinite set
A, for w € Z, f is the direct sum of {f“}yez if f = {fi}N, is a
branching function system on a set A = [[ .= Ao which is defined by
filn) = fi[w](n) whenn € A, fori=1,...,N andw € =Z.

(ii) For a branching function system f € BFSy(A), f = ®wezf“ is a
decomposition of f into a family { f)} ez if there is a family {Ay}oes
of subsets of A such that f is the direct sum of { !} c=.
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Proposition 2.5. Let f = {f;}Y, € BFSy(A).

(i) There is a decomposition A = [] .= Ao such that #A, = oo, fla, =
{fila, 3, € BFSN(Ay) and f|a, is cyclic for each w € E.

(ii) Assume that f is cyclic. Then there is only one case in the followings:
a) f has just one cycle. b) f has just one chain where we identify two
chains R ={n; € A:1 € N} and R = {m; € A : | € N} when there

are M,L > 0 such that ni4.;, = my for each I > M.

Proof. See Appendix A. O

Definition 2.6. (i) For Jc {1,...,N}* k> 1, f € BFSn(A) is P(J) if
f is cyclic and has a cycle R = {ni,...,ng} such that fj(ng) = ny.

(ii) For N >2, f = {f;}¥Y, € BFSn(A1) and g = {g;}}¥., € BFSy(Asg) are

equivalent if there is a bijection @ from Ay to Ay such that po fiop™t =

g; fori=1,... N.

By Proposition 2.5, Definition 2.6 (i) makes sense. In this article, we treat
only cycle case.

Lemma 2.7. Let A1 and As be infinite sets.
(1) If f = {fi}, € BFSn(A1) and ¢ is a bijection from Ay to Aa, then
pofop t={pofiop ' }¥, € BFSy(A2).
(ii) If f = {f;}}¥, € BFSn (A1) with a cycle R and ¢ is a bijection from
A1 to As, then o(R) is a cycle of ¢ o fop™ 1.
(iii) Let f € BFSn(A1) and g € BESn(A2). Assume that there are Jy, J2 €
{1,...,N}} such that f is P(J1) and g is P(J2). Then f and g are
equivalent if and only if J; ~ Ja.

Proof. (i) By checking the condition of branching function system for
wo foe~! we have the assertion.

(ii) By direct computation, we have the statement.
(iii) Let R and R’ be cycles of f and g, respectively.

If f and g are equivalent, then there is a bijection ¢ from A; to Ay such
that po fop™t =g;fori=1,...,N. By (ii) and po fj, 00"t = gj,, ¢(R) is
a cycle of g such that ¢(R) satisfies cycle condition of g by J;. Furthermore
¢(R) = R’ by Proposition 2.5 (ii). From this, we see J; ~ Ja.

Assume J; ~ Jy. Then we have a map ¢g from R to R’ such that
ppo fo (pal = g on R'. Because of cyclicity of f on A; and that of g on Ao,
we can extend (g to a map ¢ such that po fop™ = g. Therefore f ~¢g. O

In order to show the completely reducibility about the action of permu-
tative endomorphisms on permutative representations(Theorem 1.1, Theo-

rem 4.11), we use the order structure of a set A = N.
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Lemma 2.8. Let f = {f; Z-]\Ll be a branching function system on N. If
there is a subset C' of N such that f;(C) C C and f; is strictly monotone
increasing on C' for each i = 1,..., N, then f has neither cycle nor chain

m C.

Proof. Assume that f has a cycle R in C. Put ng the minimum
number in R. Then there are i € {1,...,N} and m € R such that
film) = mg < m. This contradicts the assumption of f. Hence f has
no cycle in C. In the same way, we see that f has no chain in C, too. [J

Lemma 2.9. Let f = {f;}Y, be a branching function system on N. Assume
that there is a subset C C N such that

(2.1) filCycdc, filn)=Nn-1)+i (neC)
fori=1,...,N. Then the followings hold:
(i) Forn € C, N**F +1 < f;(n) < NF*+1 when J € {1,..., N}, 1> 1
and N¥ +1 <n < Nkt1,

(ii) For J,J € {1,....,N}; andn € C, f;(n) < f,(n) when |J| < |J|.
(iii) f has neither cycle nor chain in C.

Proof. (i) Note that fi(N!'+1) = N +1 and fy(N') = N'*! when
NUN'4+1 € C. Because f1(n) < fi(n) < fy(n) fori=1,...,Nandn € C,
fj(n) > f{(Nk + 1) — NE+ +1, fj(n) < f]lV(NkJrl) — Nk+HI+1
(ii) Assume N* +1 < n < N¥*1. By (i), fs(n) < NPT < NITHE <
NVIFE 1< f(n).

(iii) By Lemma 2.8, it holds. O

2.2. Transformation of branching function systems. Let Gy, be the
set of all bijective transformations on {1,..., N}*¥ for k > 1. Put a bijec-
tive map s from {1,...,N}* to a set & = {1,2,3,...,N¥ — 1, N*} by
K(i1, ..., i) = Zle N*=L(i, — 1) + 1. We often identify & x and the (sym-
metric)group &y« of all permutations on ¥y« by corresponding o € Gy
and koo ok~ ! € G pyi. Specially, k = id on {1,..., N} = ¥y. By a natural
identification Gy and a subset Gy x {id} of Gy i1, kK > 1, we can
consider Gy, = li_r)n kSN’k'

For 0 € Gy and f = {fi}, € BFSy(A), put flo) = {fi(o) N e
BFSN(A) by

(2.2) = o k=1, FOUs) = foun(n) (k> 2)
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forn € A,i=1,...,Nand J € {1,...,N}}¥1. For 0 € Sy, define a
transformation ®, on BFSx(A) by

(2:3) o (f) = 17 (f € BFSy(A)).
Remark ®, o ®_, # ®__  in general.

Lemma 2.10. Let J = (j1,...,5x) € {1,...,N}, k> 1 and 0 € &y =
Gn1. If f € BFSn(A) is P(J) in Definition 2.6, then f(©) is P(J,-1).
where J,-1 = (67 (1), ..., 07 ().

Proof. Let {nj}§:1 C A be unique cycle of f such that f;,(n;) = n.()

for | = 1,. . .,k. Then fcsci)l(jl)(nl) = fg(gfl(jl))(nl) = fjl (nl) = nT(l) for
l=1,...,k. Hence {nj}§:1 is a cycle of f(9), too. From this, the assertion
holds. [l

Lemma 2.11. Let f = {f; fil be a branching function system on N. As-
sume that there is a subset C' of N which satisfies (2.1).

(i) Foro € Gyy, 1 > 2, fi(a) in (2.2) is strictly monotone increasing on
C=Ujeq,. Ny [4(C) fori=1,...,N.
(i) In (i), 9 has neither cycle nor chain in C.

Proof. (i) By definition of fi(g) and Lemma 2.9 (ii), fi(a)(fJ(n)) =
foty(n) > fi(n) forn e C, J € {1,..., N}~1. Therefore fi(g) (m) > m for
each m € C.

(ii) By definition and the choice of C, f;o) (C’) c C foreach j =1,...,N.
By (i) and Lemma 2.8, the statement holds. O

Next we show concrete examples of branching function system on N
and its transformation by permutations.

Lemma 2.12. For J € {1,...,N}}, define a branching function system
f={fi}Y, on N defined as follows: When J = (j) € {1,..., N}, put

i+1  (1<i<j),

fi(l)=4 1 (i=17), filn)=Nn—-1)+i (n>2)



fori=1,...,N. When J = (j1,...,5x) € {1,...,N}*, k>2, put
k+i (1<i<j),
fi(1) = k (i =),

k+i—1  (j1<i<N),

k+(N—=1)(1—1)+m (1<i<g),
fil)= ¢ 1-1 (i =3,

E+(N-D(I-1)+i—-1 (jy<i<N),
filn)= N(n—1)+i

forl=2,....)k,n>k+1andi=1,...,N. Then the followings hold:
(i) f is P(J).

(ii) Foro e Gny, 1> 1, 19 has no chain.
(i) For o € Gny, | > 1, 1) is decomposed into a finite direct sum of
cycles.

Proof. (i) Note {fi(n) : i =1,...,N,n =1,...,k} = {1,...,Nk}
and {f; (1) : J e€{1,...,N}*} = N. Furthermore f;(k) = k. Hence the
assertion holds by definition of P(J).

(ii) Let C = {n € N :n > k+ 1}. Then f satisfies (2.1). Hence f(°) has
neither cycle nor chain in ¢' = {n € N:n > N'"'k+1} by Lemma 2.11 (ii).
Because N\ C' = {1,..., N'=1k} is a finite set, f(°) has no chain in N\ C.
Therefore f(°) has no chain in N.

(iit) By (ii) and Proposition 2.5 (i), f(?) is decomposed into a direct sum of
cyclic branching function systems with cycle. By proof of (ii), if f (@) has a
cycle, then it is in {1,..., N'"1k}. Hence £(@) has finite number of cycles in
N at most. Therefore the statement holds. (]

Theorem 2.13. For J € {1,...,N}*, |J| > 1, let f be P(J) on an infinite
set A. Then for each o0 € Gy, 1 > 1, 9 s a direct finite sum of cycles.

Proof. Let f be P(J). Then the assumption of cyclicities of f on A,
A is countable. Hence we can take a bijection ¢ from A to N such that f
is equivalent to a branching function system f = ¢ o f o ¢~ !. By Lemma
2.12 and Lemma 2.7 (iii), the statement holds. O



3. Permutative representations

For N > 2, let On be the Cuntz algebra([4]), that is, it is a C*-algebra
which is universally generated by generators si, ..., sy satisfying

(31) S:Sj:(sijf (i,jzl,...,N), 818>{+--'—|—$N8}<V:I.

In this paper, any representation and endomorphism are assumed unital and
s-preserving. By simplicity and uniqueness of Oy, it is sufficient to define
operators S, ..., Sy on an infinite dimensional Hilbert space which satisfy
(3.1) in order to construct a representation of Oy. In the same reason, it
is sufficient to define elements T1,..., Ty in On which satisfy (3.1) in order
to construct an endomorphism of Q.

Put o an action of a unitary group U(N) on Oy defined by ag4(s;) =
Zévzl gjisj fori=1,..., N. Specially we denote v, = a(,,) when g(w) = w-
ICUN)forweU(l)={z€C:|z|=1}. Wedenote UHFy = {z € On :
Yo(x) =z, w € U(1)}. For multiindices J = (j1,...,jx) € {1,...,N}*, we
denote s; = sj, -+ 55, and s =87 -+ 57

In order to consider properties of endomorphisms of Oy, we review
the permutative representations of Opn. The permutative representation was
introduced by [3, 5, 6]. We generalize and give another characterization of
them in [11, 12, 13, 14]. In this article, we treat only cyclic permutative
representation with cycle.

Definition 3.1. (i) (H,n) is a permutative representation of Oy if there
are a complete orthonormal basis {e,}nen of H and a branching func-
tion system f = {fi}, on A such that 7(s;)e, = e, (n) forn € A and
i=1,...,N.

(ii) (H,m) is a generalized permutative(=GP) representation of On with
cycle by J € {1,...,N}*, k > 1 if there is a cyclic unit vector Q €
H such that w(s;)Q = Q and {m(sj, ---s;)Q : | = 1,...,k} is an
orthonormal family in H. We denote P(J) = (H,w,Q) simply.

(iii) (I2(A),7y) is the permutative representation of Oy by f = {fi}}, €
BEFSN(A) if mp(si)en = efyn) form€ A andi=1,...,N.

(i) in Definition 3.1 contains non-cyclic cases. (ii) is another characterization
of cyclic case in (i). (iii) is a realization of (i) by branching function system.
In Definition 3.1 (ii), we use a symbol P(.J) for representation again because
such definition is justified in later.

Recall Definition 2.1 about multiindices.

Theorem 3.2. (i) Any permutative representation is completely reducible.
(ii) For each J € {1,...,N}i, P(J) exists and unique up to unitary equiv-
alences. Furthermore, P(J) is a permutative representation.
(iii) For J € {1,...,N}i, P(J) is irreducible if and only if J is non peri-
odic.



(iv) For Ji,J2 €{1,...,N}7, P(J1) ~ P(J2) if and only if J; ~ Ja.

Proof. Note P(J) = GP(e;) in [11] where {g;}YY, is the canonical
coordinate of CN and ey =¢j, ® --- ® ¢, when J = (ji,. .., jk)-
(i) This follows from [3, 5, 6].
(ii) The existence is shown in Proposition 3.4 in [11]. If J is non periodic,
then the uniqueness is shown in Proposition 5.4 in [11]. If J is periodic, the
uniqueness is shown in Corollary 5.6 (v) in [12].

In § 4 in [11], we construct a canonical basis of P(J) = GP(e;). By
this basis, P(J) satisfies the condition of permutative representation.
(iii) The irreducibility is proved in Proposition 5.5 in [11].
(iv) This is shown in Proposition 5.11 in [11]. O

By Theorem 3.2 (i), it is sufficient for a statement about P(.J) to shown by
a suitable concrete representation which is P(J).

The characterization of permutative representations are given by ter-
minology of branching function systems.

Proposition 3.3. Let f be a branching function system on an infinite set

A.

(i) If g is a branching function system on an infinite set A" such that
f~g, then (ZQ(A)v’]Tf) ~ (ZQ(A ),7Tg).
(ii) If f is cyclic, then (Ia(A),7f) is cyclic.
(iii) If f is P(J), then (la(A),7f) is P(J), too.
(v) If f = fO @ f@ and A = Ay U Ay is the associated decomposition,
then (l2(A), mp) ~ (la(A1), mp) @ (l2(A2), Tye2).

Here ~ means the unitary equivalence of representations.

Proof. (i) Put ¢ a bijection from A to A such that g o fop™' =g.
Let U, be a unitary from la(A) to lz(A’) naturally defined from ¢. Then we
see AdU, oy = my.

(ii) For J,J € {1,...,N}*, we see Tf(s78% )en = e(fJof;,l)(n) for n € A.

Hence the statement holds.

(iii) If R is a cycle in A, then {e,, € l2(A) : n € R} is an orthonormal family
which satisfies the condition of P(J). By (ii) and this, the statement holds.
(iv) By definition of the direct sum decomposition of branching function
system and 7y, it holds. O
However it is not sufficient to show properties of a representation (I2(A), 7f)
by using only those of a branching function system f, a branching function
system is convenient to study of representation of Op.
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4. Permutative endomorphisms

4.1. General properties of endomorphisms of C*-algebras. In order
to classify endomorphisms of C*-algebras, we prepare several notions about
properties of endomorphisms. Assume that EndA is the set of all unital
x-endomorphisms of a unital *-algebra A and p, p1, p2 € EndA in this sub-
section.

Definition 4.1. (i) p is proper if p(A) # A.
(ii) p is irreducible if p(A)’ NA = CI.
(iii) p s reducible if p is not irreducible.
(iv) p1 and p2 are equivalent if there is a unitary u € A such that ps =
Adu o py. In this case, we denote p1 ~ po.

Of course an automorphism is a special endomorphism, but we are mainly
interest in an endomorphism which is not an automorphism. Hence the
notion of “proper” is important and we treat an automorphism as a trivial
endomorphism. The notion of “reducible” is more reasonably explained in
[17]. One of the aim of study of endomorphisms is an analogy of repre-
sentation theory. The minimal object of endomorphism is an “irreducible”
endomorphism. In [17], we show the analogy of tensor product, irreducible
decomposition and representation ring of endomorphisms.
Immediately, we have the followings without topological argument:

Lemma 4.2. (i) If py is proper and po is not proper, then pi % pa.
(ii) If p1 is irreducible and py is not irreducible, then py 7 po.
(iii) If p is an automorphism, then p is irreducible and not proper. If A is
simple, p is an automorphism if and only if p is not proper.

Our method of study of endomorphism is a practical use of representa-
tion. By using representation, we can look endomorphisms more closely and
easily in some situation. Let RepA be the set of all unital x-representations
of A. We simply denote 7 for (H,7) € RepA,

Lemma 4.3. (i) Assume that A is simple. If there is m € Rep A such that
7 1s irreducible and m o p is irreducible, too, then p is irreducible.
(ii) Assume that A is simple. If there is m € Rep.A such that 7 is irreducible
and equivalent to wo p, then p" = po---o0p, n > 1, is irreducible.
—_——

n
(iii) If there is m € RepA such that mo p; and w o pa are not unitarily
equivalent, then p1 % ps.
(iv) If there is m € RepA such that 7 is irreducible and 7 o p is not irre-
ducible, then p is proper.

(i) By assumption, m; = wop is irreducible. CI = 71(A)" = n(p(A)) D
7(p(A)) Nr(A). Therefore w(p(A) N A) = n(p(A)) N7(A) = CI. On the
other hand, p is injective since A is simple. Therefore p(A) N A = CI.
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(ii) By assumption, there is a unitary u on H such that 7o p = Adu o 7.
Therefore mo p" = (Adu)™ o m. Because (Adu)” o 7 is irreducible and (i),
the assertion holds for each n > 1.

(iii) For p1, p2 € EndA, if p; ~ pg, then wo p; ~ 7o py. Hence the statement
holds.

(iv) For an irreducible representation, if p(A) = A, then 7o p is irreducible.
Hence the assertion holds. (|

4.2. Definition of permutative endomorphisms. Consider the follow-
ing canonical inclusions:

where &y is the symmetric group with order N*. We identify & . and
G, the set of all bijective transformations on {1,. .., N}* for k > 1 by the
method in § 2.2. The inclusion of Gy = Sk into O in (4.1) is defined
by

(4.2) O Uy = Z S(J)57
Je{l,...,N}k

Definition 4.4. For 0 € Gy, 1o € EndOy is defined by
%(Si) = UsSi (Z =1,... ,N).
1y 18 called the permutative endomorphism of Oy by o where u, is in (4.2).

Reader can check that {1,(s;)}Y, satisfies (3.1). By the first paragraph
in § 3, ¥, is an endomorphism of Op. There are many other methods of
construction of endomorphism of Oy ([1]). We treat only this type in this
article.

Put the following sets:

(4.3) Eng={¢s € EndOyN :0 € &GNy} (E>1).

Note #Eni = N kI Before a complete characterization of v, by o, we
aspire a goal to classify elements in Ey , for concrete N and k.
Immediately, we see the followings:

Proposition 4.5. (i) If o = id, then ;g = id on Oy.
(ii) Ifo € Gy, then vV, is an automorphism of On which satisfies Yy (s;) =
Se(iy fort=1,...,N.
(iii) If o € G2 is defined by o(i,j) = (j, i) fori,j=1,...,N, then ¢, is
the canonical endomorphism of Op.
(iv) 72 0 Ys = 1Py 0, for each z € U(1) and 0 € Gy .

12



When 0,7 € Gy = Gy 1, then ¥y 0 9y, = 1g0,. However

g © % 7é %on

for o0 € Gng, m € Gy, k1 > 1, (k1) # (1,1) in general. In order to
consider the composition v, o v, we introduce a new product on a set of
permutations. When M > m, for F € Gy, define F; € Gy p by

(4.4) R =Fxid'™™, Fj=id~ ' x Fxid/mit
for2<j<M-m+1.

Proposition 4.6. (product rule) For 0 € Gny and n € Gy, k,l > 1,
define o %1 € G jt1-1 by

ocom (l=1),
(4.5) oxn=

0'10(Ad(0’20--~001)) (?’]1) <ZZ2)
where o1,...,01 and n1 are in Sy 1 which are defined by (4.4) with
respect to o and 1. Then o x (n* () = (o *n) * ¢ and the followings hold:
(4.6) Oy 0 Py = Py,
(47) wo‘j = 1o (]: 17""l)>
(4'8) Yy 0 11%7 = 7/}0*17

where @ is in (2.3). Specially (S, *) is a semigroup and Yy 0 Py = Pon
when k=1=1.

Proof. The associativity of x-product and (4.6) can be checked by
(4.5). (4.7) holds by (3.1). By checking both sides of (4.8), it follows by
definition of *-product and v, and v,. The compatibility between inclusion
SNk — GNjt1, k> 1, and =-product is verified directly. O

We see En i, C En g1 for each k> 1 by (4.7) when [ = 2. From this,

we can define Ey, = lim Eyyj. Recall Gy, in § 2.2. Although Gy is
— k

a semigroup by ordinary composition of transformations, it is important to

consider another product “#” in (4.5) on Gy 4 in the following sense:

Corollary 4.7. (Gy ., *) and (En ., 0) are isomorphic as a semigroup with
unit.

Proof. By Proposition 4.6, ¢ — 1), is a homomorphism between
(SN, x) and (Eny,0). Because ¢, = 1, if and only if us, = wu,, the
injectivity of a map ¢ is checked. O

13



The meaning of (4.5) is illustrated as follows:

1 2 Ik [+k—1
(020---005)_1
1 Eo 1 l
................ 771
o * 7 =
................ g9 0-+-00;
1 | l l
01
® --- O -
1 2 Ik I+k—-1

where we use an electronic circuit-like figure by explaining a permutation on
the set {1,..., N}* k > 1. There are k wirings and o € G as a part of
the electronic circuit changes the input signals into the output. o * n means
a king of composition of two circuits o and n. From top down, the electronic
signal is changed by this integrated circuit.

In § 4.1, we introduce equivalence and irreducibility of endomorphisms
of C*-algebras. In this sense, we consider the following problem:

Problem 4.8. For N,k > 2, classify elements in Eny. More concretely,
solve the following questions:

(i) When is p € Eny, proper ¢

(ii) When is p € En, irreducible ¢

(iii) When are p,p € Eny, equivalent ?
Since we are interest in proper endomorphisms of Oy, we neglect the case
k =1 by Proposition 4.5 (ii). We solve Problem 4.8 by using permutative
representation in § 3. By fixing N > 2 and k£ > 2, we check elements in Fy .
individually.

4.3. Action of permutative endomorphisms on permutative rep-
resentations. For a representation (H,7) and an endomorphism p of Oy,
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(H,mop) is a representations, too. That is, an endomorphism brings a trans-
formation of representation. In order to show the properties of permutative
endomorphisms, we consider this transformation.

Recall BFSy(A) in § 2.1

Lemma 4.9. Let A be an infinite set. For 0 € Gy, k > 1, and f €
BFSn(A), let (I2(A),7s) be in Definition 3.1 (iii) and f(°) in (2.2). Then
we have Ty 0P, = T f(o) -

Proof. By definition, we can directly check (7ot )(si)en, = T f(o) (si)en
formeAandi=1,...,N. O

Theorem 4.10. (i) If p is a permutative endomorphism and (H,7) is a
permutative representation of Oy, then wo p is a permutative repre-
sentation, too.

(ii) If p is a permutative endomorphism of O, then the restriction of any
permutative representation on a subalgebra p(On) C On is completely
reducible.

Proof. (i) By Lemma 4.9, it holds immediately.
(i) Because any permutative representation is completely reducible, it holds
from (i). O

Theorem 4.11. If (H,n) is P(J) for J € {1,...,N}} and 0 € Gny,
| > 1, then there are a finite family {J,;}M, C {1,...,N}; and a family
{(Hq, 7)) Y™, of subrepresentations of (H, T o,) such that

M
(4.9) (H, 7o) = P (Hi, m)

i=1
and (H;,m;) is P(Jg;) fori=1,..., M.

Proof. By definition, (H, ) is equivalent to (I2(IN), ms) for a suitable
branching function system on N. Hence we identify (H,7) and (I2(N), 7).
By Lemma 4.9, w09, = (o). By Theorem 2.13, the statement holds. U

In consequence, Theorem 1.1 is proved. From this and uniqueness of
irreducible decomposition of permutative representations, it is worth to con-
sider the branching law of an endomorphism on a representation and char-
acterization of an endomorphism by its branching law. We simply denote
(4.9) as

(4.10) P(J) 0t = D P(Jri).



Specially, if 0 € Gy = Gn,1, then P(J) o ¢y = P(J,-1) by Lemma 2.10.
Roughly speaking, we can say that a permutative endomorphism transforms
cycles to cycles.

Problem 4.12. For 0 € Gy, and J € {1,...,N};, find {J,;}}L, C
{1,...,N}} in (4.10).
The solution of Problem 4.12 is the branching law of 1,. We show concrete

examples of Theorem 4.11 in § 5 and treat the subject about branching law
in [16] for real.

5. Examples

5.1. Properties of p,. Recall p, in (1.2) and § 4.2.
Proposition 5.1. (i) p, is in E3p.
(ii) If o is an action of Zg on Og defined by - (si) = sq(;) fori=1,2,3
and T € Zs, then a; o p, = p, for each T € Zs.
(i) p, is proper.
Proof. (i) Put og a transformation on {1, 2, 3}? defined by the follow-
ing:

(1,1) (1,2) (1,3) (2,3) (3,1) (1,2)
(5.1)  oo: | 2,1) (2,2) 2,3 |~ 3,2) (1,3) (2,1)
(3,1) (3,2) (3,3) (1,1) (2,2) (3,3)

Then we see p, = Vq,.

(ii) By definition of p, in (1.2), we can check the assertion directly.

(iii) By (ii), ar(py(x)) = p(x). for each z € O3 and 7 € Z3. Hence
pv(03) C OF = {z € O3 : ar(xz) = x, for each 7 € Zz} # O3. There-
fore p, is proper. O

In order to show Theorem 1.2, we prepare a permutative representation
of O3. Recall Definition 3.1.

Lemma 5.2. Let og be in (5.1) and f = {f1, fo, f3} a branching function
system on N defined by
fl(l) 527 f1(2)557 f2(1)547 .]02(2)E 17 f3(1)537 f3(2)567
fim)=3n—-1)+4i (i=1,2,3, n>3).
Then the followings hold:
(i) (Ia(N),7s) in Definition 3.1 (i) is equivalent to P(12) of Os.
(ii) f(90) has neither cycle nor chain in {n € N :n > T7}.
Proof. (i) Note (fiof2)(2) =2and {f;(2) : J € {1,2,3}*} = N. From

these, m¢(s152)ea = e and ey is a cyclic vector of (Io(IN),7¢). Therefore
(I2(N), s, e2) is P(12).
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(ii) Let C = {n € N : n > 3}. By Lemma 2.11, f(°0) has neither cycle nor
chain inC:U?Zlfj(C):{neN:nzﬂ. O

Proposition 5.3. P(12) o p, = P(113223).
Proof.  Put (I2(N),7f) in Lemma 5.2. By Lemma 5.2 (i), it is sufficient
to show that (I2(N), mrop,) is P(113223). Because mrop, = Tr0thg = T 4o,
compute the value of h; = fi(go) on a subset {1,...,6} C N for i = 1,2,3.

Then we have the following:

n | hi(n) | ha(n) | hs(n)
12 16 )
4

1

2 8 15

3| 13 1 9
4| 17 3 10
) 6 7 14

6 2 11 18

From this, we can find the following cycle by h = {hy, ho, h3}:

ho

(5.2) 1M elolaylaglisg

Therefore f((ffg223)(2) = h(113223)(2) = 2. From this, (77 0 ¢s,)(57)e2 = ea.

By Lemma 5.2 (ii), any n > 7 belongs to K = {fyo)(m) :m=1,...,6,J €
{1,2,3}*}. Hence N = K and there is no cycle except (5.2). Because 7f0p,
is cyclic and has a cycle (5.2), (Io(N),7; 0 p,) is P(113223). O

Corollary 5.4. p, is irreducible.

Proof. Note that both P(12) and P(113223) are irreducible because
(12) and (113223) are non periodic. By Lemma 4.3 (i) and Proposition 5.3,
the statement holds. g

From these, Theorem 1.2 is proved.

5.2. Classification of FE5,. We show the complete classification of ele-
ments in Epo in (4.3). A classification of Es9 in the point of view from
quantum field theory is already shown by [1]. Note #FE22 = 22! = 24. De-
spite of small number of elements of Fs 2, Fs o contains sufficiently various
examples of non trivial inequivalent endomorphisms of O,. By the map &
in § 2.2, we identify between {1,2,3,4} and {(1,1),(1,2),(2,1),(2,2)} by
A1) = (1L1), A12) = (1,2), 513) = (2,1), 5 1(4) = (2,2). For
o € &4, we identify o and K71 o g o k. Denote Sijk = sisjsy, for i, 5,k = 1,2.

We show the classification of 24 endomorphisms of Oy in Ea 5. First,
we introduce a rough classification of them by the following:
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Table 5.5. (Elements in E32)

Vo Yy (s1) Yy (s2) property | Adu o v,
Yid 51 52 inn.aut | P1a)(23)
P12 512,1 + 11,2 52 irr.end 1324
P13 S21,1 + 5122 | S11,1 + 8222 | rr.end 1432
P14 5221 + 8122 | S21,1 + s11,2 | red.end P14
o3 | S11,1+ S21.2 | S12,1 + S22,2 | red.end o3
Poq | S11,1 + 8222 | S21,1 + S122 | rT.end 1234
P34 51 8221 + Sa12 | irr.end 1423
Y123 | S12,1 + 8212 | S11,1 + S222 | red.end 243
Y132 | S21,1 + 8112 | S12,1 + S2222 | red.end 132
Y124 | S12,1 + 8222 | S21,1 + s11,2 | red.end Y124
Y142 | S22,1 + 8112 | S21,1 + S122 | irr.end 134
Y134 | S21,1 + 8122 | S22.1 + S11,2 | irr.end 142
Y143 | S22,1 + 8122 | S11,1 + S21,2 | red.end 143
o34 | S11,1 + 8212 | S22,1 + S12.2 | Ted.end 934
Y243 | S11,1 + 8222 | S12,1 + S21,2 | red.end 123
Y1234 | S12,1 + S21,2 | S22,1 + S11,2 | irr.end oy
Y1243 | S12,1 + 8222 | S11,1 + S212 | red.end | 1243
1324 52 s12,1 + 8112 | irr.end P12
Y1342 | S21,1 + S11,2 | S22,1 + S12,2 | red.end | Y1342
Y1423 | S22.1 + 5212 51 irr.end Y34
Y1432 | S22.1 + S11,2 | S12,1 + S21,2 | drr.end Y13
Y12)(34) | S12,1 + 8112 | S221 + S21,2 | out.aut | P13)(24)
Y(13)(24) 52 51 out.aut | (12)(34)
Y14y(23) | S22,1 + 8212 | S121 + S11,2 | inn.aut Yia

where “inn.aut”, “out.aut”, “irr.end” and “red.end” mean an inner auto-
morphism, an outer automorphism, a proper irreducible endomorphism and
a proper reducible endomorphism, respectively, and u = 5155 + s257.

We prove Table 5.5 step by step. The column of Adu o1, follows from
direct computation. From this, there are 16 unitary equivalence classes at
most in Ea 9. Because notions “inn.aut”, “out.aut”, “irr.end” and “red.end”
are preserving unitary equivalence, it is sufficient for the column of property
to representative elements of 16 endomorphisms v, for o =

id, (12),(13),(14),(23),(24), (34), (123), (132), (124), (142), (143), (234),
(1243), (1342), (12)(34).

We see the following immediately:

Lemma 5.6. Let V; = {id, (12)(34), (13)(24), (14)(23)} C G4 be the Klein’s
four-group. Then Go = {1, : 0 € Vy} is a family of automorphisms of O,.
Specially g 0 Yy = g0y for each o,m € Vy.
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Hence it is sufficient to consider only 14 endomorphisms v, except o =
(id), (12)(34). The results of branching law of 1, in (4.10) are followings:

Table 5.7.

Yy P oy, | P(2) o, P(12) 0 1)y
Vid P(1) P(2) P(12)
P2)(34) P(2) P(1) P(12)
Y12 P(12) P(1)® P(2) P(1122)
13 P(2) P(2) P(11)
P24 P(1) P(1) P(22)
Y34 | P(1) @ P(2) P(12) P(1122)
Y142 P(12) P(12) P(11) @ P(22)
Y14 P(22) P(11) P(12) ® P(12)
Yoz | P(1)@ P(1) | P(2) ® P(2) | P(12) © P(12)
Y123 | P(1)@ P(2) | P(1) @ P(2) | P(12) @ P(12)
Y124 P(22) P(1)® P(1) P(1212)
Y132 P(11) P(2)® P(2) P(1212)
Yz | P(2) @ P(2) P(11) P(1212)
Po3s | P(1) @ P(1) P(22) P(1212)
Y1a3 | P(2) @ P(2) | P(1) @ P(1) | P(12) @ P(12)
Y1342 P(11) P(22) P(12) ® P(12)

These branching laws are computed as the case may be in the same way with
py in § 5.1. For example, we show the sketch of proof about P(2) o 915 =
P(1) ® P(2). For a branching function system f = {f1, f2} on N which is

P(2) defined by lhs of Table 5.8, its transformation f(1%) = {f1(12)7 f2(12)} by

o = (12) is rhs of Table 5.8 where the symbol % means a suitable number
(12) (12)

in N. We see that there are two cycles 1 "%~ 1 and 2 "~ 2 in the table
of f1?). From this, we see that 7 o 12 is P(1) & P(2). By uniqueness of
P(1), P(2), this shows P(2) o 912 = P(1) & P(2).

Table 5.8.
n | filn) | fo(n) n | P m) | 157 ()
1 2 1 1 3 1
2 3 4 2 2 4
k *k ES * ES *

Lemma 5.9. (i) All equivalence classes in E 3 is

id, (12), (13), (14), (23), (24), (34),
(5.3) {[¢b1: o= (123),(132), (124), (142), (143), (234), }
(1243), (1342), (12)(34)

where [Yy] ={p € Ea2: p~1s}.
(ii) v, is proper except o = id, (12)(34).
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(iii) If o € {(12),(13),(24), (34), (142)}, then 1, is irreducible.

Proof. (i) Because any two branching laws in Table 5.7 are different,
they are inequivalent each other by Lemma 4.3 (iii).
(ii) Note that all of P(11), P(22), P(1212) is reducible by Theorem 3.2 (iii).
Any 1, in (5.3) except o = id, (12)(34) transforms one of irreducible rep-
resentations P(1), P(2), P(12) to reducible one. By Lemma 4.3 (iv), the
assertion holds.
(iii) For each o = (12),(13),(24), (34), (142), we see that there is a repre-
sentation w of Qg in {P(1), P(2), P(12)} such that 7 o 1), is irreducible. By
Lemma 4.3 (i), the statement holds. O

By the proof of Lemma 5.9, we see that branching law is an excellent tool
to understand the difference among many endomorphisms at a glance.

Lemma 5.10. Any element in
{tho € Eag : 0 = (14),(23), (123), (124), (132), (143), (234), (1243), (1342)}

18 reducible.

Proof. Put uj = s157 + s285,  ua = 6107 + 0205, 61 = 2_1/2(51 — S9),
Jo = 2*1/2(31 + s2). Then we see that 9,(s1) and ¥,(s2) commute u;
for o = (23),(123),(1243) and 9,(s1) and 1, (s2) commute uy for o =
(14), (124), (132), (143), (234). Furthermore 11342 = a0 914 for a € AutOs,
a(s1) = sa, afs2) = s1. Since up,ug are self adjoint, they belong to
Ve (0O3) N Oy, respectively. Hence the statement holds. O

In consequence, the column of property in Table 5.5 is proved. Toward
Problem 4.8, we put the following “homework” for readers:

Problem 5.11. (i) Classify elements in F3 5 in (4.3). Note #FE39 = 32! =
362880. The cardinality of E39 is too many to classify by the same
method for Ea 2. How many is the number of irreducible proper endo-
morphisms in F32? How many is the number of equivalence classes in
E372?

(ii) For p, in (1.2), characterize an inclusion

,0,/((93) C (93

by index theory of C*-algebras. We show this answer and compute
fusion rules about elements in Ey o in [17].

Acknowledgement: We would like to thank N. Nakanishi for an excellent
present to us. Our study had never happen without his discovery. Every-
thing started from p, in (1.2).
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Appendix A. Proof of Proposition 2.5

(i) For = € A, f is a cyclic branching function system on A, = Af(x). For
z,y € A, if Ap(x) N Ap(y) # 0, then As(z) = As(y). We see that z ~ y
is equivalent to Af(xz) = A¢(y). In this way, ~ is an equivalence relation
on A and we can choose {2, }wez C A such that A = [] .z Af(z,) and
Ap(xy) # Ap(z,) when w # w" where Z = A/~.

(ii) Assume that f has a cycle R C A. For z,y € A, we call that there
is a path from x to y when there is J € {1,..., N}* such that f;(z) = v.
Note there is no incoming path into R because of injectivity of f; for each
i =1,...,N. If f has another cycle R C A, then there is a finite path
in A from R to R by f because f is cyclic. However this is forbidden
because there is no incoming path into both R and R’ from outside of them.
Therefore there is no cycle except R.

Assume that f has no cycle. Fix z € A. By definition of branching
function system, there are unique j € {1,...,N} and y € A, such that
fj(y) = z. Denote j; = j and y; = y. For y;, we can take a pair (j2,%2)
such that fj,(y2) = y1 in the same way. In this way, we have {j;};en and

wEE

Sz = {yhien. Wy =yp for | # I, then, there is a cycle in R. Therefore
Y1 # yy when [ # I'. Hence f has a chain R. If f has another chain R, then
there is only one path frO}n R and R in A because f is cyclic and f has no
cycle. Therefore R and R are identified in the statement of proposition. In
consequence, the assertion is verified.
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