Polynomial endomorphisms of the Cuntz algebras arising from permutations. III —Branching laws and automata—

Katsunori Kawamura Research Institute for Mathematical Sciences Kyoto University, Kyoto 606-8502, Japan

In order to compute branching laws of representations of the Cuntz algebras by endomorphisms, we construct automata which are called Mealy machines associated with endomorphisms, and show that outputs from these machines for inputs of information of representations give their branching laws.

1. Introduction

In [11, 12], we introduce a class of endomorphisms of the Cuntz algebra O_N and show branching laws of permutative representations by them. These branching laws are interesting subjects themselves and they are useful to classify endomorphisms effectively. It is expected that they are computed more smartly and their meanings are well understood clearly. On the other hand, an automaton is a typical object to consider algorithm of computation in the computer science([5, 6, 7]). An automaton is a machine which changes the internal state by an input. A Mealy machine is a kind of automaton with output. In this paper, we show that the better algorithm of computation of branching law is given by a semi-Mealy machine associated with an endomorphism.

For N ≥ 2, put {1, . . . , N}^∗_1 ≡ ∐ k≥1{1, . . . , N}^k, {1, . . . , N}^k ≡ {(j_n)^k_{n=1} : j_n = 1, . . . , N, n = 1, . . . , k} for k ≥ 1. For J ∈ {1, . . . , N}^∗_1, we have a representation P (J) = (H, π) of O_N in [11] which is equivalent to a cyclic permutative representation of O_N with a cycle in [1, 3, 4]. Let S_{N,l} be the set of all bijections on the set {1, . . . , N}^l for l ≥ 1. For an element σ ∈ S_{N,l}, we have an endomorphism ψ_σ of O_N in [11]. We denote π ∘ ψ_σ by P (J)∘ψ_σ in this case. In [11], we show that for each J, there are J_1, . . . , J_m, 1 ≤ m ≤ N^{l−1} such that P (J) ∘ ψ_σ can be always uniquely decomposed into the direct sum of P (J_1), . . . , P (J_m) up to unitary equivalences:

(1.1) P (J) ∘ ψ_σ ∼ P (J_1) ⊕ · · · ⊕ P (J_m).

e-mail:kawamura@kurims.kyoto-u.ac.jp.

Concrete several branching laws by ψ_σ are already given in [11, 12](precise their definitions are given in § 2). We show an algorithm to seek J_1, . . . , J_m for J by reducing problem to a semi-Mealy machine as an input(= J) and outputs(= J_1, . . . , J_m).

A semi-Mealy machine is a data (Q, Σ, Δ, δ, λ) which consists of non empty finite sets Q, Σ, Δ and two maps δ from Q × Σ to Q, λ from Q × Σ to Δ([6, 7, 13]). For q_0 ∈ Q, a Mealy machine is a data (Q, Σ, Δ, δ, λ, q_0). For an input word x = a_1 · · · a_α which consists of alphabets a_1, . . . , a_α in Σ, we have an output word y = b_1 · · · b_β which consists of alphabets b_1, . . . , b_β in Δ according to rule of δ and λ. Let Σ^∗ and Δ^∗ be free semigroups generated by Σ and Δ, respectively. δ̂ is a map from Q × Σ^∗ to Q and λ̂ is a map from Q × Σ^∗ to Δ^∗ which are defined by δ̂(q, wa) ≡ δ(δ̂(q, w), a), λ̂(q, wa) ≡ λ̂(q, w)λ(δ̂(q, w), a) for q ∈ Q, w ∈ Σ∗ and a ∈ Σ. We denote δ̂, λ̂ by δ, λ simply(further their explanation is given in § 3). For symbols a_1, . . . , a_N , b_1, . . . , b_N , J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k, r ≥ 1, we denote a_J = a_{j1} · · · a_{jk} , b_J = b_{j1} · · · b_{jk} and a^r_J ≡ a_J · · · a_J r . Under these preparations, we have the following result:

Theorem 1.1. Let σ ∈ S_{N,l}, l ≥ 1. Then there is a semi-Mealy machine M_σ = (Q, Σ, Δ, δ, λ) such that Σ = {a_1, . . . , a_N }, Δ = {b_1, . . . , b_N } and the followings hold: For each J ∈ {1, . . . , N}^∗_1, there are p_1, . . . , p_m ∈ Q and r_1, . . . , r_m ∈ N such that δ(p_j , a^{rj}_J ) = p_j for j = 1, . . . , m and (1.1) holds where J_1, . . . , J_m ∈ {1, . . . , N}^∗_1 are taken as b_{Ji} = λ(p_i, a^{ri}_J ) for i = 1, . . . , m.

In § 2, we review branching function systems, permutative representations and permutative endomorphisms of O_N . In § 3, we review automata, Mealy machine and introduce that arising from a permutation. From these preparations, Theorem 1.1 is proved. In § 4, we show examples of Mealy diagram of a semi-Mealy machine M_σ and branching laws of ψ_σ for concrete σ ∈ S_{N,l}. 2. Branching of representations of the Cuntz algebras by endomorphisms

We introduce several notions of multi indices which consist of numbers 1, . . . , N for N ≥ 2 in order to describe invariants of representations of O_N . Recall {1, . . . , N}^∗_1 in § 1. For J ∈ {1, . . . , N}^∗_1, the length |J| of J is defined by |J| ≡ k when J ∈ {1, . . . , N}^k, k ≥ 1. For J_1 = (j_1, . . . , j_k), J_2 = (j^′_1, . . . , j^′_l ) ∈ {1, . . . , N}^∗_1, put J_1 ∪ J_2 ≡ (j_1, . . . , j_k, j^′_1, . . . , j^′_l ). Specially, we define (i, J) ≡ (i) ∪ J for convenience. For J ∈ {1, . . . , N}^∗_1 and k ≥ 2, J^k ≡ J ∪ · · · ∪ J k . For J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k and τ ∈ Z_k, denote

τ(J) = (j_{τ (1)}, . . . , j_{τ (k)}). J ∈ {1, . . . , N}^∗_1 is periodic if there are m ≥ 2 and

J_0 ∈ {1, . . . , N}^∗_1 such that J = J^m_0 . For J_1, J_2 ∈ {1, . . . , N}^∗_1, J_1 ∼ J_2 if there are k ≥ 1 and τ ∈ Z_k such that J_1, J_2 ∈ {1, . . . , N}^k and τ(J_1) = J_2. For J_1 = (j_1, . . . , j_k), J_2 = (j^′_1, . . . , j^′_k) ∈ {1, . . . , N}^k, k ≥ 1, J_1 ≺ J_2 if ∑_k l=1(j^′_l − j_l)N^{k−l} ≥ 0. J ∈ {1, . . . , N}^∗_1 is minimal if J ≺ J^′ for each J^′ ∈ {1, . . . , N}^∗_1 such that J ∼ J^′ . Put [1, . . . , N]^∗ ≡ {J ∈ {1, . . . , N}^∗_1 : J is minimal and non periodic}. [1, . . . , N]^∗ is in one-to-one correspondence with the set of all equivalence classes of non periodic elements in {1, . . . , N}^∗_1. 2.1. Branching function systems. Let Λ be an infinite set and N ≥ 2. f = {f_i}^N_{i=1} is a branching function system on Λ if f_i is an injective transformation on Λ for i = 1, . . . , N such that a family of their images coincides a partition of Λ. Put BFS_N (Λ) the set of all branching function systems on Λ. For N ≥ 2, f = {f_i}^N_{i=1} ∈ BFS_N (Λ_1) and g = {g_i}^N_{i=1} ∈ BFS_N (Λ_2) are equivalent if there is a bijection φ from Λ_1 to Λ_2 such that φ ∘ f_i ∘ φ^{−1} = g_i for i = 1, . . . , N. For f = {f_i}^N_{i=1} ∈ BFS_N (Λ), we denote f_J ≡ f_{j1} ∘· · ·∘f_{jk} when J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k, k ≥ 1, and define f_0 ≡ id. For x, y ∈ Λ, x ∼ y(with respect to f) if there are J_1, J_2 ∈ {1, . . . , N}^∗ and z ∈ Λ such that f_{J1} (z) = x and f_{J2} (z) = y. For x ∈ Λ, denote A_f (x) ≡ {y ∈ Λ : x ∼ y}. Let f = {f_i}^N_{i=1} ∈ BFS_N (Λ). f is cyclic if there is an element x ∈ Λ such that Λ = A_f (x). For k ≥ 1, {n_1, . . . , n_k} ⊂ Λ is a kcycle of f if n_l ≠ n_l′ when l ≠ l^′ and there is J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k such that f_{jl} (n_l) = n_{l−1} for l = 2, . . . , k and f_{j1} (n_l) = n_k. {n_l}_{l∈N} ⊂ Λ is a chain of f if n_l ≠ n_l′ when l ≠ l^′ and there is {j_l ∈ {1, . . . , N} : l ∈ N} such that f^{−1}_{jl} (n_l) = n_{l+1} for each l ∈ N ≡ {1, 2, 3, . . .}. f has a k-cycle(chain) if there is a k-cycle(resp. chain) of f in Λ. Specially, we call simply that f has a cycle if f has a k-cycle for some k ≥ 1.

Let Ξ be a set and Λ_ω be an infinite set for ω ∈ Ξ. For f^{[ω]} = {f^{[ω]}_i }^N_{i=1} ∈ BFS_N (Λ_ω), f is the direct sum of {f^{[ω]}}_{ω∈Ξ} if f = {f_i}^N_{i=1} ∈ BFS_N (Λ) for a set Λ ≡ ∐ ω∈Ξ Λ_ω which is defined by f_i(n) ≡ f^{[ω]}_i (n) when n ∈ Λ_ω for i = 1, . . . , N and ω ∈ Ξ. For f ∈ BFS_N (Λ), f = ⨁ ω∈Ξ f^{[ω]} is a decomposition of f into a family {f^{[ω]}}_{ω∈Ξ} if there is a family {Λ_ω}_{ω∈Ξ} of subsets of Λ such that f is the direct sum of {f^{[ω]}}_{ω∈Ξ}. For each f = {f_i}^N_{i=1} ∈ BFS_N (Λ), there is a decomposition Λ = ∐ ω∈Ξ Λ_ω such that #Λ_ω = ∞, f|_{Λω} ≡ {f_i|_{Λω} }^N_{i=1} ∈ BFS_N (Λ_ω) and f|_{Λω} is cyclic for each ω ∈ Ξ. Assume that f is cyclic. Then there is only one case in the followings: a) f has just one cycle. b) f has just one chain where we identify a chain {n_l ∈ Λ}_{l∈N} with a chain {m_l ∈ Λ}_{l∈N} when there are M, L ≥ 0 such that n_{l+L} = m_l for each l > M(see Proposition 2.5 in [11]).

Definition 2.1. (i) For J ∈ {1, . . . , N}^k, k ≥ 1, f ∈ BFS_N (Λ) is P (J) if f is cyclic and has a cycle {n_1, . . . , n_k} such that f_J (n_k) = n_k.

(ii) For f ∈ BFS_N (Λ) and J ∈ {1, . . . , N}^∗_1, g is a P (J)-component of f if g is a direct sum component of f and g is P (J).

Recall S_{N,l} in § 1. For σ ∈ S_{N,l} and f = {f_i}^N_{i=1} ∈ BFS_N (Λ), put f^{(σ)} = {f^{(σ)}_i }^N_{i=1} ∈ BFS_N (Λ) by

(2.1) f^{(σ)}_i ≡ f_{σ(i)} (l = 1), f^{(σ)}_i (f_J (n)) ≡ f_{σ(i,J)}(n) (l ≥ 2) for n ∈ Λ, i = 1, . . . , N and J ∈ {1, . . . , N}^{l−1}. Let J ∈ {1, . . . , N}^∗_1 and σ ∈ S_N = S_{N,1}. If f ∈ BFS_N (Λ) is P (J), then f^{(σ)} is P (J_σ−1 ) where J_σ−1 ≡ ( σ^{−1}(j_1), . . . , σ^{−1}(j_k) ) for J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k, k ≥ 1. Lemma 2.2. Put J ∈ {1, . . . , N}^∗_1. Then the followings hold:

(i) There is f ∈ BFS_N (Λ) for some set Λ such that f is P (J). (ii) For σ ∈ S_{N,l}, l ≥ 1, there is 1 ≤ m ≤ N^{l−1} such that f^{(σ)} is decomposed into a direct sum of m cycles. Furthermore the length of each cycle is a multiple of the length of J.

Proof. See Lemma 2.7 in [12]. □

2.2. Permutative representations. For N ≥ 2, let O_N be the Cuntz algebra([2]), that is, it is a C^∗-algebra with generators s_1, . . . , s_N which satisfy

(2.2) s^∗_i s_j = δ_{ij} I (i, j = 1, . . . , N), s_1s^∗_1 + · · · + s_N s^∗_N = I. In this paper, any representation and endomorphism are assumed unital and ∗-preserving. By simplicity and uniqueness of O_N , it is sufficient to define operators S_1, . . . , S_N on an infinite dimensional Hilbert space which satisfy (2.2) in order to construct a representation of O_N . In the same reason, it is sufficient to define elements T_1, . . . , T_N in O_N which satisfy (2.2) in order to construct an endomorphism of O_N . For a multiindex J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k, we denote s_J = s_{j1} · · · s_{jk} and s^∗_J = s^∗_{jk} · · · s^∗_{j1} .

Let (H, π) be a representation of O_N . (H, π) is a permutative representation of O_N if there are a complete orthonormal basis {e_n}_{n∈Λ} of H and f = {f_i}^N_{i=1} ∈ BFS_N (Λ) for some infinite set Λ such that π(s_i)e_n = e_{fi(n)} for each n ∈ Λ and i = 1, . . . , N. (H, π, Ω) is a generalized permutative(=GP) representation of O_N with cycle by J ∈ {1, . . . , N}^k, k ≥ 1 if Ω ∈ H is a cyclic unit vector such that π(s_J )Ω = Ω and {π(s_{j1} · · · s_{jl} )Ω : l = 1, . . . , k} is an orthonormal family in H. We denote P (J) = (H, π, Ω) simply. (l_2(Λ), π_f ) is the permutative representation of O_N by f = {f_i}^N_{i=1} ∈ BFS_N (Λ) if π_f (s_i)e_n ≡ e_{fi(n)} for n ∈ Λ and i = 1, . . . , N.

Permutative representations were introduced in [1, 3, 4]. By [10], any permutative representation is completely reducible. Any cyclic(resp. irreducible)permutative representation with cycle is equivalent to P (J) for some J ∈ {1, . . . , N}^∗_1(resp. some J ∈ [1, . . . , N]^∗). For each J ∈ {1, . . . , N}^∗_1, P (J) exists uniquely up to unitary equivalences. P (J) is equivalent to a cyclic permutative representation with cycle.

Theorem 2.3. (i) For J ∈ {1, . . . , N}^∗_1, P (J) is irreducible if and only if J is non periodic.

(ii) For J_1, J_2 ∈ {1, . . . , N}^∗_1, P (J_1) ∼ P (J_2) if and only if J_1 ∼ J_2 where P (J_1) ∼ P (J_2) means the unitary equivalence of two representations which satisfy the condition P (J_1) and P (J_2), respectively.

(iii) [1, . . . , N]^∗ is in one-to-one correspondence with the set of equivalence classes of irreducible permutative representations of O_N with cycle. Proof. See Theorem 2.12 in [12]. □

The followings hold by definition of branching function system and (l_2(Λ), π_f ).

Proposition 2.4. Let f ∈ BFS_N (Λ) for an infinite set Λ.

(i) If g ∈ BFS_N (Λ^′ ) for an infinite set Λ^′ such that f ∼ g, then (l_2(Λ), π_f ) ∼ (l_2(Λ^′ ), π_g).

(ii) If f is cyclic, then (l_2(Λ), π_f ) is cyclic.

(iii) For J ∈ {1, . . . , N}^∗_1, if f is P (J), then (l_2(Λ), π_f ) is P (J), too. (iv) If f = f^{(1)} ⊕ f^{(2)} and Λ = Λ_1 ⊔ Λ_2 is the associated decomposition of f, then (l_2(Λ), π_f ) ∼ (l_2(Λ_1), π_f (1) ) ⊕ (l_2(Λ_2), π_f (2) ).

2.3. Permutative endomorphisms. We review endomorphisms of O_N arising from permutations in [11, 12]. Assume that EndA is the set of all unital ∗-endomorphisms of a unital ∗-algebra A and ρ, ρ^′ ∈ EndA in this subsection. ρ is proper if ρ(A) ≠ A. ρ is irreducible if ρ(A)^′ ∩ A = CI where ρ(A)^′ ∩ A ≡ {x ∈ A : ρ(a)x = xρ(a)^∀a ∈ A}. ρ is reducible if ρ is not irreducible. ρ and ρ^′ are equivalent if there is a unitary u ∈ A such that ρ^′ = Adu ∘ ρ. In this case, we denote ρ ∼ ρ^′ . Let RepA(resp. IrrRepA) be the set of all unital (resp. irreducible)∗-representations of A. We simply denote π for (H, π) ∈ RepA.

Lemma 2.5. (i) If ρ, ρ^′ ∈ EndA and π, π^′ ∈ RepA satisfy ρ ∼ ρ^′ and π ∼ π^′ , then π ∘ ρ ∼ π^′ ∘ ρ^′ .

(ii) Assume that A is simple. If there is π ∈ IrrRepA such that π ∘ ρ ∈ IrrRepA, too, then ρ is irreducible.

(iii) If there is π ∈ RepA such that π ∘ ρ ≁ π ∘ ρ^′ , then ρ ≁ ρ^′ . (iv) If there is π ∈ IrrRepA such that π ∘ ρ ∉ IrrRepA, then ρ is proper.

For σ ∈ S_{N,l}, l ≥ 1, ψ_σ ∈ EndO_N is defined by ψ_σ (s_i) ≡ u_σs_i (i = 1, . . . , N) where u_σ ≡ ∑ J∈{1,...,N}^l sσ(J)s ∗ J . ψ_σ is called the permutative endomorphism of O_N by σ. Put the following sets:

(2.3) E_{N,l} ≡ {ψ_σ ∈ EndO_N : σ ∈ S_{N,l}} (l ≥ 1). If σ ∈ S_N , then ψ_σ is an automorphism of O_N which satisfies ψ_σ(s_i) = s_{σ(i)} for i = 1, . . . , N. Specially, if σ = id, then ψ_{id} = id. If σ ∈ S_{N,2} is defined by σ(i, j) ≡ (j, i) for i, j = 1, . . . , N, then ψ_σ is just the canonical endomorphism of O_N . If ρ ∈ E_{N,l} and ρ^′ ∈ E_{N,l}′ , then ρ ∘ ρ^′ ∈ E_{N,l+l}′_{−1} for each l, l^′ ≥ 1(see Proposition 3.3 in [12]).

Theorem 2.6. (i) Let Λ be an infinite set. For σ ∈ S_{N,l}, l ≥ 1, and f ∈ BFS_N (Λ), let f^{(σ)} be in (2.1). Then we see that π_f ∘ ψ_σ = π_f (σ) .

(ii) If ρ is a permutative endomorphism and (H, π) is a permutative representation of O_N , then π ∘ ρ is a permutative representation, too.

(iii) If (H, π) is P (J) for J ∈ {1, . . . , N}^∗_1 and σ ∈ S_{N,l}, l ≥ 1, then there are 1 ≤ m ≤ N^{l−1}, a family {J_i}^m_{i=1} ⊂ {1, . . . , N}^∗_1 and a family {(H_i, π_i)}^m_{i=1} of subrepresentations of (H, π ∘ ψ_σ) such that

(2.4) (H, π ∘ ψ_σ) = m⨁ i=1 (H_i, π_i)

and (H_i, π_i) is P (J_i) for i = 1, . . . , m. Furthermore if J ∈ {1, . . . , N}^k, k ≥ 1, then {J_i}^m_{i=1} ⊂ ∐_N l−1 a=1 {1, . . . , N}^{ak}. (iv) The rhs in (2.4) is unique up to unitary equivalences.

Proof. See Theorem 3.4 in [12]. □

(2.4) is called the branching law of (H, π) by ψ_σ. By uniqueness of P (J) and Theorem 2.6 (iv), we can simply denote (2.4) as

(2.5) P (J) ∘ ψ_σ = m⨁ i=1 P (J_i). Definition 2.7. (i) For J ∈ {1, . . . , N}^∗_1, a representation (H, π) of O_N has a P (J)-component if (H, π) has a subrepresentation (H_0, π|_{H0} ) which is P (J). Specially, a component of a representation P (J) ∘ ρ of O_N is a subrepresentation of (H, π) which is equivalent to P (J^′ ) for some J^′ ∈ {1, . . . , N}^∗_1.

(ii) For an endomorphism ρ ∈ EndO_N , P (J) ∘ ρ has a trivial branching if there is some J^′ ∈ {1, . . . , N}^∗_1 such that P (J) ∘ ρ = P (J^′ ).

According to (2.5) and the above discussion, we have the following problems:

Problem 2.8. (i) Computation of branching law: Find {J_i}^m_{i=1} in (2.5) for a given J ∈ {1, . . . , N}^∗_1 for σ ∈ S_{N,l}, l ≥ 1. In usual, the determination of {J_i}^m_{i=1} is executed by the following step:

a) Prepare a representation (H, π) which is P (J). We often take H = l_2(N) and π = π_f for some branching function system f on N.

b) Compute π(ψ_σ (s_i))e_n for each n ∈ N and i = 1, . . . , N. By [12], we see that it is sufficient to check for 1 ≤ n ≤ N^{l−1}k when |J| = k.

c) Find all cycles in H by using results in (b).

d) Show that cycles in (c) spans the whole of H.

In this way, the direct computation of branching law is too much of a bother because of a great number of calculated amount when N, k, l are large.

(ii) Classification of ψ_σ: Classify elements in E_{N,l} for each N, l ≥ 1 under unitary equivalences. If we know branching laws of ψ_σ, then it is useful for the classification by Lemma 2.5 (i). However, the computation of branching law of every element in E_{N,l} is impracticable because #E_{N,l} = #S_{N,l} = N^l!. Therefore it is necessary to find an effective invariant of ψ_σ.

3. Automata and branching laws

3.1. Finite automata and semi-Mealy machines arising from permutations. Automata theory is the study of abstract computing devices, or “machines”. We review several basic notions about automata and their variations in this subsection according to [5, 6, 7]. M = (Q, Σ, δ) is a (finite)semiautomaton if Q and Σ are non empty finite sets and δ is a map from Q × Σ to Q. Q, Σ and δ are called the set of (internal)states, the set of input alphabets and the transition function, respectively. Elements of Q and Σ are called a (internal)state and an input of M, respectively. M̂ = (Q, Σ, δ, q_0, F ) is an (deterministic finite)automaton if M = (Q, Σ, δ) is a semiautomaton with q_0 ∈ Q and a non empty subset F of Q. q_0 and an element of F are called the initial state and a final state of M̂, respectively. Recall Σ^∗ and the extension of δ on Q × Σ^∗ in § 1. For x ∈ Σ^∗, define Q(x) ≡ {q ∈ Q :^∃n ∈ N s.t. δ(q, x^n) = q}. We see that Q(x) ≠ ∅ for each x ∈ Σ^∗ by finiteness of Q.

Definition 3.1. Let M = (Q, Σ, δ) be a semiautomaton and x = a_{j1} · · · a_{jk} ∈ Σ^∗.

(i) A sequence C = (q_1, . . . , q_k) in Q is a cycle in M by x if q_1, . . . , q_k satisfy that δ(q_t, a_{jt} ) = q_{t+1} for t = 1, . . . , k−1 and δ(q_k, a_{jk} ) = q_1 when k ≥ 2, and δ(q_1, a_{j1} ) = q_1 when k = 1. We often denote C = q_1 · · · q_k simply.

(ii) For q ∈ Q(x), put r_x(q) ≡ min{n ∈ N : δ(q, x^n) = q}. (iii) For q, q^′ ∈ Q(x), q ∼ q^′ if there is n ∈ N ∪ {0} such that δ(q, x^n) = q^′ . We see that ∼ is an equivalence relation in Q(x). Put R(x) ≡ {[q] : q ∈ Q(x)} where [q] ≡ {q^′ ∈ Q(x) : q ∼ q^′ }. Definition 3.2. For a semiautomaton M = (Q, Σ, δ), {p_1, . . . , p_m} is a cyclic basis of M for x ∈ Σ^∗ if p_1, . . . , p_m ∈ Q(x) are mutually inequivalent and #R(x) = m.

Lemma 3.3. Let M = (Q, Σ, δ) be a semiautomaton and x ∈ Σ^∗. For q, q^′ ∈ Q(x), if q ∼ q^′ , then r_x(q) = r_x(q^′ ).

Proof. Denote qD_a ≡ δ(q, a) for q ∈ Q and a ∈ Σ. Then we see that D_aD_b = D_{ab} for each a, b ∈ Σ. By assumption, there is m ∈ N ∪ {0} such that δ(q, x^m) = q^′ . If n ∈ N satisfies δ(q, x^n) = q, then δ(q^′ , x^n) = q^′ D_xn = qD_xm D_xn = qD_xn+m = qD_xn D_xm = qD_xm = q^′ . Hence we see that r_x(q) ≥ r_x(q^′ ). By the same argument, we see that r_x(q^′ ) ≥ r_x(q), too. Therefore the statement holds. □

Next we consider semi-Mealy machines([13]) in order to describe branching law. Recall § 1. For a semi-Mealy machine (Q, Σ, Δ, δ, λ), Δ and λ are called the set of output alphabets and the map of outputs, respectively. When q_i = δ(q_{i−1}, a_i) for i = 1, . . . , n and x = a_1 · · · a_n ∈ Σ^∗, we see that λ(q_0, x) = λ(q_0, a_1)λ(q_1, a_2) · · · λ(q_{n−1}, a_n). λ(q_0, x) is called the output by an input x. A transition diagram(Mealy diagram) D(M) of a semi-Mealy machine M = (Q, Σ, Δ, δ, λ) is a directed graph with labeled edges which has a set Q of vertices and a set E ≡ {(q, δ(q, a), a) ∈ Q × Q × Σ : q ∈ Q, a ∈ Σ} of directed edges with labels. The meaning of (q, δ(q, a), a) is an edge from q to δ(q, a) with a label a/λ(q, a) for a ∈ Σ: q δ(q, a) a/λ(q,a) We show an example in § 2.7, [7]. Let M = ({q_0, p_0, p_1}, {0, 1}, {y, n}, δ, λ, q_0) be a Mealy machine with the following D(M):

q_0 p_0

p_1

Start 0/n

1/n 1/n 0/n

0/y

1/y Mealy machine

For an input 01100, the output from M is nnyny and the path is q_0p_0p_1p_1p_0p_0. C = p_0p_1 is a cycle in a semi-Mealy machine M_0 = ({q_0, p_0, p_1}, {0, 1}, {y, n}, δ, λ) by x = 10 and λ(p_0, x) = nn.

Definition 3.4. For a semi-Mealy machine M = (Q, Σ, Δ, δ, λ), x ∈ Σ^∗ and p ∈ Q(x), κ_x(p) ≡ λ(p, x^r) ∈ Δ (r ≡ r_x(p)) is called the principal output of M for x from p.

Finally, we introduce semi-Mealy machines arising from permutations. For σ ∈ S_{N,l}, l ≥ 2 and J ∈ {1, . . . , N}^l, we define σ_1(J), . . . , σ_l(J) ∈ {1, . . . , N} by σ(J) = (σ_1(J), . . . , σ_l(J)) and σ_{n,m}(J) ≡ (σ_n(J), . . . , σ_m(J)) for 1 ≤ n < m ≤ l. Denote {1, . . . , N}^0 ≡ {0} for convenience.

Definition 3.5. For N ≥ 2 and l ≥ 1, M_σ ≡ (Q, Σ, Δ, δ, λ) is called the semi-Mealy machine by σ ∈ S_{N,l} if Q ≡ {q_J : J ∈ {1, . . . , N}^{l−1}}, Σ ≡ {a_1, . . . , a_N }, Δ ≡ {b_1, . . . , b_N } and maps δ : Q × Σ → Q, λ : Q × Σ → Δ are defined by δ(q_J , a_i) ≡ q_0 (l = 1), q_{(σ}−1_{)2,l(J,i)} (l ≥ 2), λ(q_J , a_i) ≡ b_σ−1_{(i)} (l = 1),

b_{(σ}−1_{)1(J,i)} (l ≥ 2) for i = 1, . . . , N and J ∈ {1, . . . , N}^{l−1}. We see that M̂_{σ,J0} ≡ (Q, Σ, Δ, δ, λ, q_{J0} ) is a Mealy machine for each J_0 ∈ {1, . . . , N}^{l−1}. By Definition 3.5, there are N^{l−1} states in M_σ for σ ∈ S_{N,l}. We have a family {M̂_{σ,J0} : J_0 ∈ Q} of Mealy machines associated with σ ∈ S_{N,l}. We show examples of M_σ in § 4.

3.2. The main theorem. In order to show the main theorem, we prepare several tools and lemmata.

Definition 3.6. Let σ ∈ S_{N,l} and J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k, l ≥ 2, k ≥ 1. (i) A sequence I = (I_i)^α_{i=1} in {1, . . . , N}^{l−1} is an intertwining system of σ for J if there are a ∈ N and T = (t_1, . . . , t_α) ∈ {1, . . . , N}^α such that α = ka, σ(t_1, I_1) = (I_α, j_α) and σ(t_i, I_i) = (I_{i−1}, j_{i−1}) for each i = 2, . . . , α where j_{lk+i} ≡ j_i for l ≥ 1 and i = 1, . . . , k. In this case, we denote σ(T, I) = (I, J^a). We denote ITS(σ, J) the set of all intertwining system of σ for J and put ITS(σ, J; T, a) ≡ {I ∈ ITS(σ, J) : σ(T, I) = (I, J^a)}. (ii) I_0 = (I^′_i )^β_{i=1} is a subsystem of an intertwining system I = (I_i)^α_{i=1} of σ for J if I_0 ∈ ITS(σ, J) such that β ≤ α and I^′_i = I_i for i = 1, . . . , β. In this case, we denote I_0 ≺ I.

(iii) I ∈ ITS(σ, J) is minimal if I is minimal with respect to ≺. (iv) I = (I_i)^α_{i=1}, I^′ = (I^′_i )^{α′}_{i=1} ∈ ITS(σ, J) are equivalent if α = α^′ and there is β ∈ N ∪ {0} such that (I^′_1, . . . , I^′_α) = (I_{βk+1}, . . . , I_α, I_1, . . . , I_{βk}). In this case, we denote I ∼ I^′ .

Recall a cycle of a branching function system in § 2.1 and put Λ a countably infinite set.

Lemma 3.7. Let σ ∈ S_{N,l}, J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k, k ≥ 1, I = (I_i)^α_{i=1} ∈ ITS(σ, J; T, a) and f ∈ BFS_N (Λ) be P (J) for T = (t_1, . . . , t_α) ∈ {1, . . . , N}^α and a ∈ N. Then the followings hold:

(i) Let {n_1, . . . , n_k} be a cycle of f in Λ such that f_{ji} (n_i) = n_{i−1} for i = 2, . . . , k and f_{j1} (n_1) = n_k. Put a sequence (m_1, . . . , m_α) in Λ by m_1 ≡ f_{I1} (n_α) m_j ≡ f_{Ij} (n_{j−1}) (j = 2, . . . , α), n_{kμ+j} ≡ n_j (μ ≥ 1, j = 1, . . . , k). Then it satisfies that f^{(σ)}_{ti} (m_i) = m_{i−1} for i = 2, . . . , α and f^{(σ)}_{t1} (m_1) = m_α. Specially, we have f^{(σ)}_T (m_α) = m_α.

(ii) Let (m_1, . . . , m_α) be in (i). Then I is minimal if and only if m_i ≠ m_j when i ≠ j for each i, j = 1, . . . , α.

Proof. (i) f^{(σ)}_{tα} (m_α) = f_{σ(tα,Iα)}(n_{k−1}) = f_{(Iα−1,jα−1)}(n_{k−1}) = f_{Iα−1} (n_{k−2}) = m_{α−1}. In the same way, we have the statement.

(ii) By proof of (i), we see that f^{(σ)}_T (m_α) = m_α. By definition of m_i and the injectivity of f_i, if m_i = m_j for some i < j, then there is β ∈ N such that β < α and m_β = m_α. From this, f_T (m_β) = m_β and I_0 ≡ {I_i}^β_{i=1} is a subsystem of I. Hence I is not minimal. If I is not minimal, we see that m_i = m_{i+ka} for some a ≥ 1. Hence the statement holds. □

By Lemma 3.7, we denote C(I) = {m_1, . . . , m_α} which is obtained by a minimal intertwining system I. C(I) is a cycle of f^{(σ)}. We denote Λ(I) ≡ {f^{(σ)}_J (m_i) ∈ Λ : J ∈ {1, . . . , N}^∗_1, i = 1, . . . , α}. Then (Λ(I), f^{(σ)}|_{Λ(I)}) is a component of f^{(σ)}. We see that Λ(I) = {f^{(σ)}_J (f_{Iα} (n_1)) ∈ Λ : J ∈ {1, . . . , N}^∗_1} by cyclicity of Λ(I) under f^{(σ)}.

Lemma 3.8. Let f ∈ BFS_N (Λ) be P (J) for J ∈ {1, . . . , N}^∗_1 and σ ∈ S_{N,l} for l ≥ 2. Assume that I, I^′ ∈ ITS(σ, J) are minimal. Then the followings are equivalent: (i) I ∼ I^′ . (ii) Λ(I) = Λ(I^′ ).

Furthermore the followings are equivalent: (i) I ≁ I^′ . (ii) Λ(I)∩Λ(I^′ ) = ∅.

Proof. Assume that J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k for k ≥ 1. Let {n_1, . . . , n_k} be the cycle of f. By Lemma 3.7, we have two cycles {m_1, . . . , m_α} and {m^′_1, . . . , m^′_α′ } of f^{(σ)} by I and I^′ , respectively. Then Λ(I) = Λ(I^′ ) if and only if {m_1, . . . , m_α} = {m^′_1, . . . , m^′_α′ }. By definition of m_i and m^′_i in Lemma 3.7 and injectivity of f_i, this is equivalent that I ∼ I^′ . From this, we have the former statement.

By the first half of the statement and its proof, we see that I ≁ I^′ if and only if Λ(I) ≠ Λ(I^′ ) if and only if {m_1, . . . , m_α} ≠ {m^′_1, . . . , m^′_α′ }. By the uniqueness of a cycle in a cyclic component of a branching function system, we see that {m_1, . . . , m_α} ≠ {m^′_1, . . . , m^′_α′ } if and only if Λ(I) ∩ Λ(I^′ ) = ∅. Hence we have the last half of the statement. □

Let I = (I_i)^α_{i=1} ∈ ITS(σ, J; T, a) for σ ∈ S_{N,l}, J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k, T ∈ {1, . . . , N}^∗_1 and a ≥ 1. Assume that I is minimal. Then we see that p_I ≡ q_{I1} ∈ Q(x) for x ≡ a_J . On the other hand, if p ∈ Q(x), then there are I_1, . . . , I_α such that q_{I1} = p and q_{Ii+1} = δ(q_{Ii} , a_{ji} ) for i = 1, . . . , α − 1. We see that I_p ≡ (I_i)^α_{i=1} ∈ ITS(σ, J; T, a), a ≡ r_x(p) and it is minimal. In this way, Q(x) ∋ p → I_p is a one-to-one correspondence. Lemma 3.9. For p, p^′ ∈ Q(x), p ∼ p^′ if and only if I_p ∼ I_p′ .

Proof. Assume that p = q_{I1} and p^′ = q_I′_1 . Then we have q_{I1} , . . . , q_{Iα} , q_I′_1 , . . . , q_I′_α ∈ Q such that q_{Ii+1} = δ(q_{Ii} , a_{ji} ) and q_I′_{i+1} = δ(q_I′_i , a_{ji} ).

Assume that p ∼ p^′ . If we denote I_p = (I_i)^α_{i=1} and I_p′ = (I^′_i )^{α′}_{i=1}, then we see that α = α^′ by Lemma 3.3. If p = p^′ , then it is clear. If p ≠ p^′ , then there is n ∈ N such that δ(p, x^n) = p^′ . This is equivalent that (q_I′_1 , . . . , q_I′_α ) = (q_{Ink+1} , . . . , q_{Iα} , q_{I1} , . . . , q_{Ink} ). Furthermore this is equivalent that (I^′_1, . . . , I^′_α) = (I_{nk+1}, . . . , I_α, I_1, . . . , I_{nk}). From this, I_p ∼ I_p′ . We see that this argument shows the inverse direction, too. □

Corollary 3.10. For p, p^′ ∈ Q(x), p ∼ p^′ if and only if Λ(I_p) = Λ(I_p′ ). p ≁ p^′ if and only if Λ(I_p) ∩ Λ(I_p′ ) = ∅.

Proof. By Lemma 3.9 and Lemma 3.8, it holds. □

Lemma 3.11. Let f ∈ BFS_N (Λ), σ ∈ S_{N,l} and T, J ∈ {1, . . . , N}^∗_1 for l ≥ 2. Assume that f is P (J) and M_σ = (Q, Σ, Δ, δ, λ) is the semi-Mealy machine by σ. Then the followings are equivalent:

(i) There are a ≥ 1 and I ∈ ITS(σ, J; T, a). (ii) There is Λ_0 ⊂ Λ such that (Λ_0, f^{(σ)}|_{Λ0} ) is P (T ). (iii) There is p ∈ Q(x) such that b_T = κ_x(p) for x ≡ a_J .

Proof. See Appendix A. □

Lemma 3.12. Let σ ∈ S_{N,l}, l ≥ 2, f ∈ BFS_N (Λ) be P (J) for J ∈ {1, . . . , N}^∗_1, M_σ = (Q, Σ, Δ, δ, λ) be the semi-Mealy machine by σ and x ≡ a_J ∈ Σ^∗.

(i) Assume that n_0 ∈ Λ such that f_J (n_0) = n_0, I ∈ {1, . . . , N}^{l−1} and T = (t_1, . . . , t_α) ∈ {1, . . . , N}^α, α ≥ 1 satisfy that p = q_I ∈ Q(x) and b_T = κ_x(p). If n_p ≡ f_{σ(t1 ,I)}(n_0), then f^{(σ)}_T (n_p) = n_p.

(ii) For p ∈ Q(x), denote Λ_p ≡ {f^{(σ)}_{J ′} (n_p) : J^′ ∈ {1, . . . , N}^∗_1} where n_p ∈ Λ is in (i). Then (Λ_p, f^{(σ)}|_{Λp} ) is P (T ).

(iii) Let {p_1, . . . , p_m} be a cyclic basis of M_σ for x. Then the following decomposition of branching function system holds:

f^{(σ)} = f^{[1]} ⊕ · · · ⊕ f^{[m]}

where f^{[i]} ≡ f^{(σ)}|_{Λi} , Λ_i ≡ Λ_{pi} for i = 1, . . . , m. If J_1, . . . , J_m ∈ {1, . . . , N}^∗_1 satisfy κ_x(p_i) = b_{Ji} for i = 1, . . . , m, then f^{[i]} is P (J_i) for i = 1, . . . , m. Proof. (i) By Lemma 3.7 (i) and the argument above Lemma 3.9, it holds.

(ii) We see that Λ_p = Λ(I_p). By (i), the statement holds. (iii) By (ii) and Corollary 3.10, we see that f^{[i]} ∈ BFS_N (Λ_i). The decomposition holds by Lemma 3.11. By (ii), the last statement holds. □

Under these preparations, we show the main theorem.

Theorem 3.13. Let M_σ = (Q, Σ, Δ, λ, δ) be the semi-Mealy machine by σ ∈ S_{N,l}, l ≥ 1 and J ∈ {1, . . . , N}^∗_1. Assume that {p_1, . . . , p_m} is a cyclic basis of M_σ for x ≡ a_J . If J_1, . . . , J_m ∈ {1, . . . , N}^∗_1 satisfy b_{Ji} = κ_x(p_i) for i = 1, . . . , m, then the following holds: P (J) ∘ ψ_σ ∼ P (J_1) ⊕ · · · ⊕ P (J_m). Proof. Assume that J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k. When l = 1, we see that P (J) ∘ ψ_σ = P (J_σ−1 ) by Lemma 2.10 in [11] where J_σ−1 ≡ (σ^{−1}(j_1), . . . , σ^{−1}(j_k)). Then we see that λ(q_0, a_J ) = b_{Jσ−1} . When l ≥ 2, it holds by Proposition 2.4, Theorem 2.6 (iv) and Lemma 3.12. □

It seems that the statement in Theorem 3.13 depends on the choice of {p_1, . . . , p_m}. For p, p^′ ∈ Q(x), if p ∼ p^′ , then we see that T ∼ T^′ when b_T = κ_x(p) and b_T ′ = κ_x(p^′ ). By this reason and Theorem 2.3 (ii), we see that the result in Theorem 3.13 is unique up to unitary equivalences for any cyclic basis of M_σ.

By Theorem 3.13, Theorem 1.1 is shown and the complexity to compute branching law in Problem 2.8 (i) is reduced, for example, it is not necessary to prepare representation space for calculating a branching law in Theorem 3.13.

Lemma 3.14. Let S_{N,l}, l ≥ 1. If the Mealy diagram of M_σ has m connected components, then P (J)∘ψ_σ has m components of direct sum at least for each J ∈ {1, . . . , N}^∗_1. Proof. Assume that M_σ = {Q, Σ, Δ, δ, λ} and J ∈ {1, . . . , N}^∗_1. Then there is one cycle at each connected component of Q at least. Therefore there are m cycles in Q at least. By Theorem 3.13, P (J) ∘ ψ_σ has m components of direct sum. □

4. Examples

For concrete permutations, we show examples of semi-Mealy machine and permutative endomorphism of O_N and compute their branching laws by using Mealy diagrams according to Theorem 3.13. Recall E_{N,l} in (2.3).

4.1. E_{2,2}. In [11], we show that there are 16 inequivalence classes in E_{2,2} and there are 5 irreducible and proper classes E in them. We treat 3 elements in E here. For each σ ∈ S_{2,2}, M_σ = (Q, Σ, Δ, δ, λ) consists of Q = {q_1, q_2}, Σ = {a_1, a_2} and Δ = {b_1, b_2}.

Let σ ∈ S_{2,2} be a transposition by σ(1, 1) ≡ (1, 2). Then M_σ = ({q_1, q_2}, {a_1, a_2}, {b_1, b_2}, δ, λ) where δ and λ are given by p δ(p, a_1) δ(p, a_2) λ(p, a_1) λ(p, a_2) q_1 q_2 q_1 b_1 b_1 q_2 q_1 q_2 b_2 b_2 ψ_σ and the Mealy diagram D(M_σ) of M_σ are as follows:

a_2/b_1 a_2/b_2

a_1/b_2 a_1/b_1

q_1 q_2 ψ_σ(s_1) ≡ s_1s_2s^∗_1 + s_1s_1s^∗_2,

ψ_σ(s_2) ≡ s_2,

where a/b on p to q means δ(p, a) = q and λ(p, a) = b for p, q ∈ Q = {q_1, q_2}. ψ_σ is irreducible and proper(Table 5.5 in [11]). We denote ψ_σ by ψ_{12} in convenience. We show several branching laws by ψ_{12}:

input cycles outputs branching law a_1 q_1q_2 b_1b_2 P (1) ∘ ψ_{12} = P (12) a_2 q_1, q_2 b_1, b_2 P (2) ∘ ψ_{12} = P (1) ⊕ P (2) a_1a_2 q_1q_2q_2q_1 b_1b_2b_2b_1 P (12) ∘ ψ_{12} = P (1122) a_1a_1a_2a_2 q_1q_2q_1q_1, b_1b_2b_1b_1, P (1122) ∘ ψ_{12} q_2q_1q_2q_2 b_2b_1b_2b_2 = P (1112) ⊕ P (1222) where we use Theorem 2.3 (ii).

Proposition 4.1. For J = (j_1, . . . , j_k) ∈ {1, 2}^k , k ≥ 1, define n_1(J) ≡ #{j ∈ J : j = 1}. Then we have P (J) ∘ ψ_{12} has just two-branching when n_1(J) is even and P (J) ∘ ψ_{12} has no trivial branching when n_1(J) is odd.

Proof. Because such transition of two states q_1 and q_2 in the above diagram happens only when j = 1, n_1(J) is the number of changes two states. If n_1(J) is even, then a path from a state always comes back to itself. Therefore just two cycles occur. On the other hand, If n_1(J) is odd, then one cycle occurs. The number of cycles is just that of branching of P (J) ∘ ψ_{12}. Therefore the assertion holds. □ By Proposition 4.1, for each J ∈ {1, 2}^∗_1, there are some J_1, J_2 or J_3 which satisfy the following:

P (J) ∘ ψ_{12} =

P (J_1) ⊕ P (J_2) (n_1(J) = even),

P (J_3) (n_1(J) = odd).

In this way, it is remarkable that the graph theoretical property of Mealy diagram gives information of branching.

Let σ ∈ S_{2,2} be a transposition by σ(1, 1) ≡ (2, 1). Then ψ_σ, D(M_σ) and branching laws of ψ_σ are as follows:

a_1/b_2 a_2/b_2

a_1/b_1 a_2/b_1

q_1 q_2 ψ_σ(s_1) ≡ s_2s_1s^∗_1 + s_1s_2s^∗_2,

ψ_σ(s_2) ≡ s_1s_1s^∗_1 + s_2s_2s^∗_2,

input cycles outputs branching law a_1 q_1 b_2 P (1) ∘ ψ_σ = P (2) a_2 q_2 b_2 P (2) ∘ ψ_σ = P (2) a_1a_2 q_2q_1 b_1b_2 P (12) ∘ ψ_σ = P (11) a_1a_1a_2 q_2q_1q_1 b_1b_2b_1 P (112) ∘ ψ_σ = P (112) a_1a_2a_2 q_2q_1q_2 b_1b_1b_2 P (122) ∘ ψ_σ = P (112) Let σ ∈ S_{2,2} be defined by σ(1, 1) ≡ (2, 2), σ(1, 2) ≡ (1, 1), σ(2, 1) ≡ (2, 1), σ(2, 2) ≡ (1, 2). Then ψ_σ, D(M_σ) and branching laws of ψ_σ are as follows:

a_1/b_2 a_2/b_2

a_2/b_1 a_1/b_1

q_1 q_2 ψ_σ(s_1) ≡ s_2s_2s^∗_1 + s_1s_1s^∗_2,

ψ_σ(s_2) ≡ s_2s_1s^∗_1 + s_1s_2s^∗_2,

input cycles outputs branching law a_1 q_1q_2 b_1b_2 P (1) ∘ ψ_σ = P (12) a_2 q_1q_2 b_2b_1 P (2) ∘ ψ_σ = P (12) a_1a_2 q_1q_2, q_2q_1 b_1b_1, b_2b_2 P (12) ∘ ψ_σ = P (11) ⊕ P (22) 4.2. E_{3,2}. Note that #E_{2,2} = 2^2! = 24 and #E_{3,2} = 3^2! ∼ 3.6 × 10^5. Hence it is difficult to classify every element in E_{3,2} by computing its branching laws by comparison with the case E_{2,2}. We see that M_σ = ({q_1, q_2, q_3}, {a_1, a_2, a_3}, {b_1, b_2, b_3}, δ, λ) for each σ ∈ S_{3,2}. Put σ_0 a transformation on {1, 2, 3}^2 by

(4.1) σ_0 :

11 12 13 21 22 23 31 32 33 → 23 31 12 32 13 21 11 22 33 .

Then ρ_ν ≡ ψ_{σ0} and D(M_{σ0} ) are as follows: a_1/b_3

a_2/b_3 a_3/b_3 a_3/b_1 a_2/b_1

a_1/b_1 a_1/b_2 a_3/b_2 a_2/b_2

q_2 q_1

q_3 ρ_ν (s_1) ≡ s_{23,1} + s_{31,2} + s_{12,3},

ρ_ν (s_2) ≡ s_{32,1} + s_{13,2} + s_{21,3},

ρ_ν (s_3) ≡ s_{11,1} + s_{22,2} + s_{33,3},

where s_{ij,k} ≡ s_is_js^∗_k for i, j, k = 1, 2, 3. ρ_ν is proper and irreducible by Theorem 1.2 in [11]. We show several branching laws by ρ_ν :

input cycles outputs branching law a_1 q_1, q_2q_3 b_3, b_1b_2 P (1) ∘ ρ_ν = P (3) ⊕ P (12) a_1a_2 q_1q_1q_3q_2q_2q_3 b_3b_1b_1b_3b_2b_2 P (12) ∘ ρ_ν = P (113223) a_1a_2a_3 q_1q_1q_3q_3q_2q_2, b_3b_1b_3b_1b_3b_1, P (123) ∘ ρ_ν q_2q_3q_1 b_2b_2b_2 = P (131313) ⊕ P (222) a_1a_3a_2 q_1q_1q_2q_2q_3q_3, b_3b_2b_3b_2b_3b_2, P (132) ∘ ρ_ν q_3q_2q_1 b_1b_1b_1 = P (232323) ⊕ P (111)

Let σ ∈ S_{3,2} be a transposition by σ(1, 1) ≡ (1, 2). ψ_σ, D(M_σ) and branching laws of ψ_σ are as follows:

a_2/b_1

a_2/b_2 a_3/b_3 a_1/b_2 a_3/b_1

a_2/b_3 a_3/b_2 a_1/b_1 a_1/b_3

q_2 q_1

q_3 ψ_σ(s_1) ≡ s_{12,1} + s_{11,2} + s_{13,3},

ψ_σ(s_2) ≡ s_2,

ψ_σ(s_3) ≡ s_3, input cycles outputs branching law a_1 q_1q_2 b_1b_2 P (1) ∘ ψ_σ = P (12) a_2 q_1, q_2 b_1, b_2 P (2) ∘ ψ_σ = P (1) ⊕ P (2) a_3 q_3 b_3 P (3) ∘ ψ_σ = P (3) From this, we see that ψ^n_σ is proper and irreducible by Lemma 2.5 (ii), (iv) for each n ≥ 1. By Lemma 2.5 (ii), ψ_σ and ρ_ν are not equivalent.

4.3. E_{4,2}. Note #E_{4,2} = 16!. Let σ ∈ S_{4,2} be defined by:

σ^{−1} :

11 12 13 14 21 22 23 24 31 32 33 34 41 42 43 44 → 11 21 33 43 12 22 32 42 13 31 34 44 14 24 23 41 . Then ψ_σ and D(M_σ) are as follows:

ψ_σ(s_1) ≡ s_{11,1} + s_{21,2} + s_{31,3} + s_{41,4}, ψ_σ(s_2) ≡ s_{12,1} + s_{22,2} + s_{43,3} + s_{42,4},

ψ_σ(s_3) ≡ s_{32,1} + s_{23,2} + s_{13,3} + s_{33,4}, ψ_σ(s_4) ≡ s_{44,1} + s_{24,2} + s_{14,3} + s_{34,4},

a_2/b_3 a_3/b_3

a_4/b_4 a_3/b_3

a_4/b_4

a_4/b_4 a_3/b_2

a_1/b_1

a_2/b_2 q_1 q_2 a_1/b_1

a_2/b_2 a_4/b_4

a_3/b_3 a_1/b_1

q_3

a_1/b_1

a_2/b_2 q_4

When J = (1), the transition at each vertex comes back itself by input a_1. Hence there are just four cycles. Furthermore, each output is b_1. Therefore P (1) ∘ ψ_σ = P (1) ⊕ P (1) ⊕ P (1) ⊕ P (1). In the same way, we have P (2) ∘ ψ_σ = P (2) ⊕ P (2) ⊕ P (2), P (4) ∘ ψ_σ = P (4) ⊕ P (444).

This is an example of Lemma 3.14. Furthermore we have the followings:

input cycles outputs branching law a_3 q_3q_4, q_2 b_2b_3, b_3 P (3) ∘ ψ_σ = P (23) ⊕ P (3) a_1a_4 q_1q_1q_3q_3q_4q_4, b_1b_4b_1b_4b_1b_4, P (14) ∘ ψ_σ q_2q_2 b_1b_4 = P (141414) ⊕ P (14) a_1a_2a_3a_4 q_4q_4q_3q_4, b_1b_2b_2b_4, P (1234) ∘ ψ_σ q_2q_2q_2q_2 b_1b_2b_3b_4 = P (1224) ⊕ P (1234)

4.4. Canonical endomorphism. The Mealy diagram of the semi-Mealy machine associated with the canonical endomorphism ρ of O_N (see § 2.3) is given as follows:

· · · · · · · · q_1 q_N · · a_1/b_1 a_N /b_N · · a_1/b_1 a_N /b_N

ρ(x) ≡ s_1xs^∗_1 + · · · + s_N xs^∗_N ,

In this case, there is no transition among states. We see that P (J) ∘ ψ_σ = P (J)^{⊕N} for each J ∈ {1, . . . , N}^∗_1 where P (J)^{⊕N} is the direct sum of Ncopies of P (J). In general, π ∘ ψ_σ = π^{⊕N} for any representation π of O_N by Proposition 4.8 in [12].

4.5. E_{2,3}. Let σ ∈ S_{2,3} be a transposition by σ(1, 1, 1) ≡ (1, 2, 1). Then ψ_σ ∈ E_{2,3}, D(M_σ) and branching laws of ψ_σ are as follows:

ψ_σ (s_1) ≡ s_1s_2s_1s^∗_1s^∗_1 + s_1s_1s_2s^∗_2s^∗_1 + s_1s_1s_1s^∗_1s^∗_2 + s_1s_2s_2s^∗_2s^∗_2, ψ_σ(s_2) ≡ s_2,

a_1/b_2 a_1/b_1

a_2/b_2 a_1/b_1 a_2/b_1

a_1/b_2 a_2/b_2 a_2/b_1

q_{21} q_{22} q_{11} q_{12}

input cycles outputs branching law a_1 q_{11}q_{21} b_1b_2 P (1) ∘ ψ_σ = P (12) a_2 q_{22} b_2 P (2) ∘ ψ_σ = P (2) a_1a_2 q_{12}q_{11} b_1b_1 P (12) ∘ ψ_σ = P (11) a_1a_1a_2 q_{12}q_{11}q_{21} b_1b_1b_2 P (112) ∘ ψ_σ = P (112)

We see that ψ^n_σ is irreducible and proper for each n ≥ 1 by Lemma 2.5 (ii), (iv).

Let σ ∈ S_{2,3} be defined by σ : ( 111 112 121 122 211 212 221 222 ) → ( 121 122 111 112 211 212 221 222 ) .

In this case, we see that ψ_σ = ψ_{12} ∈ E_{2,2} in § 4.1. D(M_σ) and branching laws of ψ_σ are as follows:

a_1/b_2 a_1/b_1

a_2/b_2 a_1/b_1

a_1/b_2 a_2/b_2

a_2/b_1 a_2/b_1

q_{21} q_{22} q_{11} q_{12}

input cycles outputs branching law a_1 q_{11}q_{21} b_1b_2 P (1) ∘ ψ_σ = P (12) a_2 q_{12}, q_{22} b_1, b_2 P (2) ∘ ψ_σ = P (1) ⊕ P (2) a_1a_2 q_{12}q_{11}q_{22}q_{21} b_1b_1b_2b_2 P (12) ∘ ψ_σ = P (1122)

4.6. E_{2,4}. Note #E_{2,4} = 16!. Let σ ∈ S_{2,4} be a transposition by σ(1, 1, 1, 1) ≡ (1, 2, 1, 1). ψ_σ ∈ E_{2,4}, D(M_σ) and branching laws of ψ_σ are given as follows:

ψ(s_1) ≡ s_{1211}s^∗_{111} + s_{1112}s^∗_{112} + s_{112}s^∗_{12} + s_{1111}s^∗_{211} + s_{1212}s^∗_{212} + s_{122}s^∗_{22}, ψ(s_2) ≡ s_2,

a_1/b_1 a_2/b_1 a_1/b_1 a_2/b_1

a_1/b_1 a_2/b_1

a_1/b_1 a_2/b_1 a_1/b_2

a_2/b_2 a_1/b_2 a_2/b_2

a_1/b_2 a_2/b_2 a_1/b_2

a_2/b_2 q_{111} q_{112} q_{121} q_{122}

q_{211} q_{212} q_{221} q_{222} input cycles outputs branching law a_1 q_{111}q_{211} b_1b_2 P (1) ∘ ψ_σ = P (12) a_2 q_{222} b_2 P (2) ∘ ψ_σ = P (2) a_1a_2 q_{212}q_{121} b_2b_1 P (12) ∘ ψ_σ = P (12) a_1a_1a_2 q_{112}q_{121}q_{111} b_1b_1b_1 P (112) ∘ ψ_σ = P (111)

4.7. E_{3,3}. Let σ ∈ S_{3,3} be a transposition by σ(1, 1, 1) ≡ (1, 2, 1). Then ψ_σ, D(M_σ) and branching laws of ψ_σ are as follows:

ψ_σ (s_1) ≡ s_{121}s^∗_{11} + s_{112}s^∗_{12} + s_{113}s^∗_{13} + s_{111}s^∗_{21} + s_{122}s^∗_{22} + s_{123}s^∗_{23} + s_{13}s^∗_3,

ψ_σ(s_2) ≡ s_2, ψ_σ(s_3) ≡ s_3 (where we use notation in § 2.2),

a_1/b_1 a_2/b_1 a_3/b_1

a_1/b_1

a_2/b_1 a_3/b_1 a_1/b_1

a_2/b_1

a_3/b_1 a_1/b_2 a_2/b_2

a_3/b_2

a_1/b_2 a_2/b_2 a_3/b_2 a_1/b_2

a_2/b_2 a_3/b_2 a_1/b_3

a_2/b_3

a_3/b_3 a_1/b_3 a_2/b_3 a_3/b_3

a_1/b_3 a_2/b_3 a_3/b_3 q_{21} q_{22} q_{23} q_{11} q_{12} q_{13}

q_{31} q_{32} q_{33} input cycles outputs branching law a_1 q_{11}q_{21} b_1b_2 P (1) ∘ ψ_σ = P (12) a_2 q_{22} b_2 P (2) ∘ ψ_σ = P (2) a_3 q_{33} b_3 P (3) ∘ ψ_σ = P (3) a_1a_2 q_{12}q_{11} b_1b_1 P (12) ∘ ψ_σ = P (11) a_1a_3 q_{13}q_{31} b_1b_3 P (13) ∘ ψ_σ = P (13) a_2a_3 q_{23}q_{32} b_2b_3 P (23) ∘ ψ_σ = P (23) a_1a_2a_3 q_{23}q_{31}q_{12} b_2b_3b_1 P (123) ∘ ψ_σ = P (123) a_1a_3a_2 q_{32}q_{21}q_{13} b_3b_2b_1 P (132) ∘ ψ_σ = P (132)

We see that ψ^n_σ is irreducible and proper for each n ≥ 1 by Lemma 2.5 (ii), (iv).

Appendix A. Proof of Lemma 3.11

Put Λ a countably infinite set and N, l ≥ 2.

Lemma A.1. Let J ∈ {1, . . . , N}^∗_1. If f ∈ BFS_N (Λ) is P (J) and there are J^′ ∈ {1, . . . , N}^∗_1 and n ∈ Λ such that f_J ′ (n) = n, then there is M ≥ 1 such that J^′ ∼ J^M .

Proof. Assume that J = (j_1, . . . , j_α), J^′ = (j^′_1, . . . , j^′_β ) and C ≡ {n_1, . . . , n_α} ⊂ Λ is the cycle of f. Put n^′_β ≡ f_j′_β (n), n^′_{t−1} ≡ f_j′_t (n^′_t) for t = 2, . . . , β and C^′ ≡ {n^′_1, . . . , n^′_β} ⊂ Λ. Because f has only one cycle in Λ, we see that C^′ = C. From this, β ≥ α and there is M ≥ 1 such that β = Mα. If M = 1, then α = β and (l_2(Λ), π_f ) is P (J) and P (J^′ ) by Proposition 2.4 (iii). Therefore P (J) ∼ P (J^′ ). By Theorem 2.3 (ii), J ∼ J^′ . If M ≥ 2, then J_1 ≡ (j^′_1, . . . , j^′_α) satisfies f_{J1} (n) = n and J^M_1 = J^′ . From the case M = 1, we see that J_1 ∼ J and J^′ ∼ J^M . □

Proof of Lemma 3.11. Assume that T = (t_1, . . . , t_α) ∈ {1, . . . , N}^α, J = (j_1, . . . , j_k) ∈ {1, . . . , N}^k for α, k ≥ 1. (i)⇒(ii): This is shown in Lemma 3.7.

(ii)⇒ (i): If there is Λ_0 such that (Λ_0, f^{(σ)}|_{Λ0} ) is P (T ), then there is n_0 ∈ Λ_0 such that f^{(σ)}_T (n_0) = n_0. Since Λ = ∐ J^′ ∈{1,...,N}^{l−1} fJ^′ (Λ), we can denote

n_0 = f_J ′ (n) and f^{(σ)}_T (f_J ′ (n)) = f_J ′ (n) for some J^′ ∈ {1, . . . , N}^{l−1} and n ∈ Λ. By computing f^{(σ)}_T (f_J ′ (n)), we have f_J ′ (n) = f_{(σ(t1 ,I1),σl(t2 ,I2),...,σl(tα−1,Iα−1),σl(tα,Iα))}(n) where I_α ≡ J^′ , I_i ≡ σ_{1,l−1}(t_{i+1}, I_{i+1}) for i = 1, . . . , α − 1. Because f_J ′ is injective, we have n = f_{(σl(t1,I1),...,σl(tα,Iα))}(n). By Lemma A.1, we see that (σ_l(t_1, I_1), . . . , σ_l(t_α, I_α)) is equivalent to J^a for some a ≥ 1 and I_α = J^′ = σ_{1,l−1}(t_1, I_1). Put T^′ = (t_{β+1}, . . . , t_α, t_1, . . . , t_β) for 1 ≤ β ≤ α − 1. Because (Λ_0, f^{(σ)}|_{Λ0} ) is P (T^′ ) for each 1 ≤ β ≤ α − 1, we can take t_1, . . . , t_α and I_1, . . . , I_α such that (σ_l(t_1, I_1), . . . , σ_l(t_α, I_α)) = J^a. Therefore I = (I_i)^α_{i=1} ∈ ITS(σ, J; T, a). By Lemma 3.7, I is minimal. In consequence, (i) is satisfied. (i)⇔ (iii): This is shown in a paragraph above Lemma 3.9. □

References

[1] O.Bratteli and P.E.T.Jorgensen, Iterated function Systems and Permutation Representations of the Cuntz algebra, Memories Amer. Math. Soc. No.663 (1999).

[2] J. Cuntz, Simple C^∗-algebras generated by isometries, Comm. Math. Phys. 57, 173- 185 (1977).

[3] K.R.Davidson and D.R.Pitts, The algebraic structure of non-commutative analytic Toeplitz algebras, Math.Ann. 311, 275-303 (1998).

[4] K.R.Davidson and D.R.Pitts, Invariant subspaces and hyper-reflexivity for free semigroup algebras, Proc. London Math. Soc. (3) 78 (1999) 401-430.

[5] S.Eilenberg, Automata, Languages, and Machines, vol A Academic Press (1974). [6] A.Ginzburg, Algebraic theory of automata, Academic Press (1968). [7] J. E.Hopcroft and J. D.Ullman, Introduction to automata theory, languages and computation, Addison-Wesley Publishing Co.Inc.Reading, Massachusetts,U.S.A.(1979).

[8] K.Kawamura, Generalized permutative representations of the Cuntz algebras. I — Generalization of cycle type—, preprint RIMS-1380 (2002).

[9] K.Kawamura, Generalized permutative representations of the Cuntz algebras. II — Irreducible decomposition of periodic cycle—, preprint RIMS-1388 (2002).

[10] K.Kawamura, Generalized permutative representations of the Cuntz algebras. III — Generalization of chain type—, preprint RIMS-1423 (2003).

[11] K. Kawamura, Polynomial endomorphisms of the Cuntz algebras arising from permutations. I —General theory—, preprint RIMS-1427 (2003).

[12] K. Kawamura, Polynomial endomorphisms of the Cuntz algebras arising from permutations. II —Branching laws of endomorphisms—, preprint RIMS-1433 (2003).

[13] G.J.Mealy, A method for synthesizing sequencial circuits, Bell System Technical J.34:

5,1045-1079 (1955).